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o Three sets of solutions for different currents and electrode design parameters.
o Effective conductivities and currents shift reaction-rate and current distributions.
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Reaction-rate distribution inside porous electrodes influences the overall performance of Li-ion batteries. The
design parameters greatly determine the reaction-rate distribution. Therefore, investigating the relationship
between the design parameters and the reaction-rate distribution is vital for improving battery performance. In
the present paper, the reaction-rate and current-density distributions are analytically derived across porous

electrodes at a short time scale with a Tafel approximation of the Butler-Volmer equation. Three sets of solutions
are obtained based on applied currents and design parameters of porous electrodes. In all three sets of solutions,
the effective ionic and electronic conductivities are found to shift the reaction from the current-collector to the
separator interface. The applied current also influences the reaction-rate and current-density distribution. High
C-rates increase the nonuniformity of reaction-rate distribution and the non-linearity of the current distribution.
In contrast, low C-rates benefit the uniformity of reaction and linearity of current density.

1. Introduction

Li-ion batteries (LIBs) nowadays have become ubiquitous in our daily
life. Their applications range from mobile electronics to electric vehicles
and stationary energy storage [1,2]. As an energy storage device, the
energy and power are expected to be as high as possible to meet the
rapidly increasing demands. The manufacturers widely adopt the porous
electrode structure to increase the energy/power density due to the
numerous advantages [3,4], such as the enlarged interfacial areas,
reduced ionic diffusion pathways, increased heat dissipation rate, etc.
However, the multiple physical and (electro)chemical processes inside
porous electrodes make optimizing the battery design and performance
challenging. An in-depth understanding of porous electrodes is therefore
highly needed.

One of the most complicated properties is the reaction-rate distri-
bution inside the porous electrode [5-9]. At a short-time scale, the
reaction-rate distribution can be derived analytically by a porous elec-
trode model. Linear or Tafel approximation of the Butler-Volmer equa-
tion has been applied to help the equation derivations at the low or high
overpotential [6,7]. It was proposed that the reaction-rate distribution
across porous electrodes is determined by four dimensionless ratios
[5-7], namely the dimensionless current density, the dimensionless
exchange current, the ratio of the charge transfer coefficient, and the
ratio of effective conductivities. To perform a more detailed investiga-
tion, Chen et al. [8] applied a linear approximation to the Butler-Volmer
equation. An explicit analytical solution was derived for the
reaction-rate and current distributions inside the porous electrode. The
effective ionic and electronic conductivities are critical in shaping the
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reaction-rate and current distributions. It was found that the effective
ionic/electronic conductivity also has a saturated effect on shaping the
reaction-rate and current distributions, suggesting that imporving the
battery performance by increasing conductivities should take the limit
into consideration. At high overpotential, the linear approximation are
not appliable anymore. In contrast, the Tafel approximation should be
considered. However, the details of the reaction-rate and current dis-
tributions when Tafel approximation is applied are not yet covered by
literature.

The present paper applies a Tafel approximation to the Butler-
Volmer equation to derive the reaction-rate and current distributions
across the porous electrode analytically. Three sets of solutions are ob-
tained. The electrode parameters and applied current are found to
determine the selection of a particular solution. These analytical solu-
tions ultimately help to investigate the reaction-rate and current dis-
tributions inside porous electrodes.

2. Model development

The present paper considers a battery cell with a single porous
electrode. Fig. 1 shows a layout of the cell, which includes a metallic Li
foil, a porous separator, and a porous graphite-based electrode
immersed in a liquid electrolyte. For simplification, the graphite will be
represented by C. The larger gray and smaller black circles denote the
electrode active particles and the conducting additives, respectively. &
and L represent the thickness of the separator and the whole cell. The
thickness of the C-based porous electrode, therefore, equals to L — 6. The
Li-metal/separator interface, the separator/C-based porous-electrode
interface and the C-based-electrode/current collector interface are
defined as LS, SC, and CC interfaces at x = 0, x = §, and x = L,
respectively.

At the moment when the current begins to be applied, the cell is
assumed to be in a pseudo-equilibrium state. Therefore, all derivatives
related to Li concentration gradients in both the electrode and electro-
lyte can be ignored. The system of equations can then be expressed as

do
i =—0c— i1 (8) = 0.i1(L) =1, )
dod
= — ch—xz, i(8) =1,ir(L) = 0, #)
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Fig. 1. Schematic representation of a C-based porous electrode/Li cell.
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where i; and i, represent the electronic current and ionic current density
(Aom‘z), ®; and ®, are electrical potentials (V) in the solid and liquid
phases. Note that subscripts 1 and 2 denote properties in the solid and
liquid phases. oc and k¢ are the effective electronic and ionic conduc-
tivity (Sem™') in the solid and liquid phases, respectively. The effective
conductivity represents the actual moving pathway of species in a
porous medium. Detailed explanations can be found elsewhere [10,11].
7 stands for the charge-transfer overpotential (V) at the surface of
active materials, and Uc is the equilibrium potential of the electrode
active material (V). a is the specific area (mz-m’3) in the porous elec-
trode, jc the reaction rate (molem 2es™1) for the charger-transfer reac-
tion, and 2 is the exchange current density (Aem~2). I is the applied
current density (Aem~?) to the cell, and R and T the universal gas
constant (Jomol’loK’l) and absolute temperature (K), respectively.

Assuming that the overpotential is large enough, one exponent term
in the Butler-Volmer equation vanishes (Tafel approximation). Consid-
ering a large positive overpotential, the second term (cathodic term) is,
therefore, negligible.

;0 ct ct 0 ct
L0 aFn (1 —a)Fy i aFn
—c — R S il = . 6
=F [CXP< RT ) exP( RT FEP\ R ©)
Substituting Eq. (6) into Eq. (3) gives
diy . 4 aFn
. aFjc = aig exp( =T ) @

Differentiating Eq. (7) once more and substituting derivatives of ®;
and @, (Egs. (1) and (2)) give

dex (“ "

Pin L PURT ) alaF  (aFy" di _aF diy (A, _d®,
d? C dx " RT "\ RT ) dx RT dx \ dx dx
ok dh (B B
RT dx oc  Kc

(8)

Note that the derivative of Uc(c}) vanishes because the Li* concen-
tration in the solid is constant for a short time interval. Using the current
conservation in Eq. (5), Eq. (8) can then be rewritten as

dziz aF dlz iz 11— iz
= e—= —— N =1,i,(L)=0.
dx> RT ° dx ° (K‘C oc »12(8) (L) =0 ©®

Define

_ 1/0’C z_aF
"“1Joc+1/xc’" _RT

11 / ih(x) = 1
. (— + —) ,and normalized current i, (x) = M 10)
Kc Oc 1

Eq. (9) can then be reformulated as

i, diy, ;
szzlh2 oaztz,zz(ﬁ) =1—y,,(L)=—7. an

To reduce the order of Eq. (11), the following technique is used

o diy &y, dp(hy) dp(iy) di,
p(h) =2 2= == et 12)

(&) dx’ dx? dx diy  dx
Substituting expression in Eq. (12) into the left-hand side of Eq. (11)

gives

dp(i)  diy diy,

=1Ih" e —2 13
d, Sdx O tdx"? a3
Simplifying Eq. (13) according to definition Eq. (12) leads to
dp(i :
M =W iy . 14)
di,

Integrating Eq. (14) gives the following expression
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—(5,(8))7] (15)
Back-substitution of the definition from Eq. (12) into Eq. (15) yields

diy (x) _
dx dx

90) T 1) - (140)) ae)

Eq. (16) can be further simplified to

diy(x) I, 2 o2 dib(8) [, 2 2 di(d)
20 I G0)” -~ (o) + T2 T [ )+ e

w,, 2 (dir(6) I )
—7{(12()6)) +W< e —7(17)>]-

According to Eq. (3), the following equation holds: d‘2 &0 — gFj.(5).
Note that jc(5) represents the reaction rate at the SC 1nterface. Substi-
tution of this equation into Eq. (17) yields

a7

0 o35 -2 >>]

2

Defining y = jc(8) — %(1 —7)? and A% =

be rewritten as

diy(x) I ., 2
o = L) +s47]. 19)

where s is a sign indicator based on the value of y. Parameter y de-
termines the different branches of Eq. (19) and is named the Case-
determining Condition (CDC). Three cases can therefore be distin-
guished according to the CDC. In case (i) y >0, that is jc(6) >

’2"2(1 — )%, sis +1 and A2 = 12h2‘/’ In case (ii), y < 0, that is jc(6) <
’th(l —7)% then s =—1 and A2 = — 2%y, In case (ii)) A = 0. Ac-
cording to these three cases, the solutions of Eq. (19) vary.

2.1. Case (i)

Considering the first case, Eq. (19) can be rearranged as
di In?
# =—-dx. (20)
(h(x) +42 2
The solution of Eq. (20) has the following form

[atan (’ZA@) — atan (%)} e

I :7(x75)‘ 21)

Resolving i/2 (x) gives

2

/ Ih
i,(x) =A tan {7

A(x—9) +atan<

-y
3l

Eq. (22) agrees with the first boundary condition in Eq. (11). Intro-
ducing the second boundary condition gives

In? 1—y y
tan {TA(Lfé)ertan(T)} =-7- 23)
Rearranging Eq. (23) yields

y) +atan (%) -0, 24)

In? 1 -
%A(Lfé)qtatan( )

This equation may have a solution depending on parameter values.
Now, differentiating Eq. (21) with respect to x results in
1 diy(x) 1 _In?

1w @5)
Lt (b/a)" de A2
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From Eq. (25), the reaction rate can be expressed as

Ldi, I di, PnA

I 1-N\T\°
Je(x)= Fade-Fadi— 7Fa 1+ (tan [TA(X—E) +atan( A )}) } .
(26)
Replacing 1, (x) in Eq. (22) with i, finally leads to
. ; 1 1—y
i>(x) =i, (x)] + Iy =AI tan 7A(x—5)+atan i +1y. 27)
2.2. Case (ii)
Considering the second case, Eq. (19) can be rewritten as
2
: diy (x) _ﬂ (28)
(iz( )) —A? 2
with an apparent solution
[ - atanh( ) + atanh(T’)] 2
A = 7 (x — 6), (29)
where tanh(y) = % Expressing i,(x) gives
/ In? 1-—
i,(x) =A tanh { - %A(x — §) +atanh <Ty>] . (30)

which agrees with the first boundary condition in Eq. (11). Applying the
second boundary condition produces

In? 1—y Y
tanh{—TA(L—S)-&-atanh(T)} = (31)
Rearranging Eq. (31) gives

n?
77A(L §) + atanh ( ) + atanh (A) (32)
Eq. (32) may have a solution depending on parameter values. Then,
differentiating Eq. (29) with respect to x obtains
1 di,(x) 1 In?

—_—=— (33)
—(i/z(x)/A)z dx A2 2

from which the reaction rate is found as

1 di, Idi, PhA?

I 1-N\1\
Jc(x):Fa dx Fadx 2Fa | (tanh 77A(x7§)+atanh (T)} ) :| '
(€0
Replacing i,(x) in Eq. (30) with i, leads to
. ; n? 1—y
i>(x) =i,(x)I + Iy = Al tanh TA(X — 68) 4 atanh )|t Iy . (35)
2.3. Case (iii)
Case A = 0 gives
J ] 2
Lf’lz (x)2 :%dx, (36)
(lz (x))
Thus
1 1 In?
— = ——(x—0), 37
ihH(x) 1—vy 2 (x=9), G7)
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; l—y
ip(x) = m (38)

Then differentiation of Eq. (38) gives

1 di(x) In

(39)
; 2 ’
(’2(")) dx 2
from which the reaction rate is expressed as
2

. ldi, I di, PR 1—y
J=Fa'dx Fadx 2Fa 1_;,_”':(17*17)(),,5) (40)

Replacing i,(x) in Eq. (38) with i, leads to

, 1—y1

() =i+ ly=— =Dy (41

1+ 1/12(1271;/) (x _ 5)

3. Experimental

The electrodes used in this paper were obtained from commercial
18650-type cylindrical batteries manufactured by Tianjin Lishen Battery
Co., Ltd. These batteries were dismantled in an argon-filled glove box.
Then pieces of the electrodes were taken out for the subsequent physical
and electrochemical measurements. For the physical measurements, the
thickness of electrodes and particle size were measured by a micrometer
caliper and a scanning electron microscope. The thickness of a separator
was also measured. For the electrochemical measurements, the graphite-
based anode was selected and cut into discs with a diameter of 14 mm.
2032-type coin cells were subsequently assembled using the as-prepared
graphite-based electrodes as working electrodes and Li metal foil as
counter electrodes. A 2400-type Celgard separator (25 pm thick) and 1
M LiPFg electrolyte in a solvent mixture of EC:DMC:DEC with a 1:1:1
volume ratio were used.

4. Results and discussion

As derived in Section 2, the current and reaction-rate distributions
can be expressed by one of the three cases according to the adopted
parameters. To find the exact case for a particular set of parameters, the
value of CDC y has to be checked. Note that y = jc(5) — %(1 -2
However, it is challenging to obtain the value of y since the reaction rate
at the separator/porous electrode interface jc(5) is not explicitly
expressed and influenced by multiple factors [8]. A simple situation is
considered to help in illustration. As described in the reference [8], a
large enough value of ¢ and k¢ will force the reaction rate to be evenly
distributed across the porous electrode with a linear approximation of
the Bulter-Volmer equation. Here assuming a large and equal value of o
and xc, i.e. 6c = k¢, also leads to a uniform reaction-rate distribution for
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the Tafel approximation. This assumption will be proven at the end of
this section. In this situation, uniform reaction-rate distribution can be
explicitly expressed as

1

je= =% (42)

Ca(lL—8)F

With the situation (jc(5) = j&), CDC y can be denoted as y*, which is
expressed as
1 Pr?

P L R
V== 2ar Y

I _a(l/ec + 1/kc)?

~a(L—8)F 8aRT (43)

Fig. 2 shows the specific CDC y* in Eq. (43) as a function of the
applied current density (I) given values for (a) oc = k¢ = 0.2 Sem ! and
(b) 6c =kc =05 Sem~!. The remaining parameter values are shown in
Table 1. This specific CDC y* is a quadratic function of the applied
current I. Other parameters, such as a, L — §, oc and ¢ also influence the
shape of the function curve. All three cases of CDC can occur, depending
on the given parameter values. In Fig. 2a values of o¢ and xc are mod-
erate. Then for current densities up to 13C (1C = 45 A m™~2), case (i)
holds. For even larger currents (densities), case (ii) tends to occur. At
13C, case (iii) applies. In Fig. 2b where o¢ and k. are large, case (i) holds
in most of the scenarios. For a completely general situation, jc(6) is
influenced by the battery parameters set and cannot be explicitly
expressed. However, the dependence of the CDC on current (density), oc
and «¢ should be similar. In most scenarios, case (i) shows the dominant
role. Other factors, such as the specific area a and thickness of the porous
electrode L — §, also play an important role, according to Eq. (43).
Except the factors mentioned here, any other factors causing nonuni-
form reaction rate distribution also take part in the determination of the
CDC, such as electrolyte concentration, Bruggeman coefficient, porosity,
etc.

Fig. 3 shows the dependence of the reaction-rate jc and current-
density i, distributions on the effective electronic and ionic conductiv-
ities (oc and xc) when the applied current is 1C. In Fig. 3a-b, k¢ is kept as
a constant 1072 Sm ™, while o changes from 103t0107' Sm~!. When

Table 1

Parameter values used in the simulations.
Parameters Values Units
a 2.05¢10° m!
2 0.63 Aem 2
R 8.314 Jemol leK !
T 298 K
F 96500 Cemol
5 25¢107° m
L 95010°° m
I —450 ~ —22.5 Aem 2
oc 1073-107! Sem™!
Kc 10321071 Sem !

Fig. 2. The illustration of specific CDC y* as a func-

4 -4
(@) x107 i (b) 3 x10° .
1 . ]
Case (i) 10 2.54
0 Case (iii) 2l
13C
"o 2 15F Case (i)
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tion of I at the condition of (a) o6c = kc = 0.2 Sem™!
and (b) 6c = kc = 0.5 Sem ™ '. The gray line (zero line)
represents the case of y* = 0, corresponding to case
(iii). The region above the gray line stands for the
condition of y* > 0, corresponding to case (i). The
region below the gray line stands for the condition of
y* < 0, corresponding to case (ii). The red line rep-
resents the y* from 1 to 20C (red dots). The black
solid line shows y* from 0 to 1C as a reference since
this current range does not match the Tafel approxi-
mation. The blue dot denotes the intersection be-
tween y* and the gray line. (For interpretation of the
references to colour in this figure legend, the reader is
referred to the Web version of this article.)

1
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Fig. 3. The visualization of (a, ¢, and e) reaction-rate jc and (b, d, and f) current-density i, distributions inside the porous electrode as a function of effective
electronic (o¢), ionic conductivities (kc) and normalized position. In (a, b), the conductivity values are xc = 102Sm ! and 6c = 107310 Sm™L. In (c, d),
conductivities are with 6c =1072Sm ! and xc = 103-10"1 Sm™. In (e, f), conductivities are xc = 6c = 107°-10"! S m~!. The white lines in (a—d) indicate the case

of Kc = oc.

oc keeps as a small value, such as 103sm?, jc shows a dominant
distribution near the CC interface (x = 1). When oc increases, the
dominancy of jc at the CC interface decreases and finally disappears. The
current density i shows a corresponding change with the increasing
values of oc. Small value of 6c makes iy a sharp change near the CC
interface. Increasing o¢ releases this sharp change at the CC interface.

Fig. 3c—d shows the opposite value selection of oc and k¢ as those
shown in Fig. 3a-b. o¢ is kept as a constant 10~2 S m ™, while k¢ ranges
from 1073 to 1071 S m™’. A small value of xc leads to a dominant dis-
tribution of jc near the SC interface (x = 0.26). Increasing k¢ will release
the dominance of jc near the SC interface. Similarly, the current density
iy also shows a sharp change near the SC interface with a small «c.
Increasing k¢ also releases the sharp change at the SC interface.

Fig. 3e-f shows jc and iy for a special case xc = oc. Both o¢ and k¢
range from 1073 to 1071 S m ™. It can be seen that in this specific case,
the reaction rate is symmetric with respect to the mid-point of the
electrode thickness (x = (L + §) /2). When both xc and oc are very
small, jc show dominating distribution at both the SC and CC interfaces.
When both conductivities increase, the reaction rate starts to move to-
ward the inside of the electrode. At the same time, the values of jc at
both interfaces decrease. When both «c and o¢ are large enough, for

example, 0.1 S m™! or above, jc approaches a uniform distribution.

The charge-transfer reactions inside the porous electrode involve
electronic and ionic transport, which can be analytically expressed by oc¢
and kc. A small value of oc makes the electronic transport across the
porous electrode difficult and, consequently, leads to a dominant reac-
tion near the current-collector interface. On the contrary, a small value
of kc leads to a sluggish ionic transport resulting in a prominent reaction
near the separator interface. When both of oc and xc are small values,
the electronic and ionic transport are difficult to occur therefore causing
a compromised reaction distribution near both the separator and
current-collector interfaces. When both o¢ and «c are large enough, the
electrons and ions are easy to transport. Therefore, a distribution close to
uniform can be found.

According to the notations given in Fig. 3, four limiting types of jc
and i, are summarized in Fig. 4. These four limiting types are similar to
those observed in the linear approximation of the Butler-Volmer equa-
tion [8]. When both k¢ and o are large enough, the reaction is evenly
distributed, as shown by type (i). A small value of 6¢ leads to a dominant
reaction near the CC interface shown by type (ii), while a small value of
kc makes the reaction dominant near the SC interface, shown by type
(iii). When both the values of xc and oc are small, the reaction is
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0 0.2 0.4 0.6 0.8 1
Normalized position

Fig. 4. Four limiting types of (a) the reaction-rate distribution jc and

dominant at both the SC and CC interfaces (type (iv)). The i, distribution
also shows four different limiting types accordingly (Fig. 4b). The
saturation phenomenon can still be observed. However, saturation
values cannot be analytically expressed because of the influence of the
current.

Two practical examples are presented to help illustrate the results.
The ionic conductivity typical for Li-ion batteries ranges from 0 to 1 S
m~L. The salt concentration in the electrolyte and the temperature also
alter the ionic conductivity [12,13]. The electronic conductivity of
LiFePO4 (LFP) particles is as low as ~1077 S m~! [14]. With the elec-
trode porosity and Bruggeman coefficient considered, the effective
electronic and ionic conductivities inside the porous electrode are even
smaller. Conductive coatings are deposited on active particles, and
conducting additives are added to improve the electronic conductivities
and alleviate the nonuniformity of the reaction of the LFP electrode. For
graphite electrodes, a relatively high effective electronic conductivity
and a low effective ionic conductivity cause a dominant reaction near
the separator/electrode interface.

Aside from k¢ and oc, the applied current I is another important
factor influencing jc and i, as shown by Egs. (26) and (27) for case (i),
Egs. (34) and (35) for case (ii), and Egs. (40) and (41) for case (iii). To
make jc and iy comparable at different C-rates, the normalized reaction
rate jo/ j& and current density iy/I are compared. Note that ji represents
the uniform reaction-rate distribution, which is defined by Eq. (42). jc/
jé and ip/I'in case (i) can therefore be expressed by Eq. (44) and (45). For
the other cases, similar expressions can be obtained.

. A2 12 1-N\T\’

JC/JCZ?m 1+(tan{7A(x75)+atan< Ag})] “4
2 —

i /I=A tan {%A(x—&) -&-atan(1 1 y)} +y (45)

Notably, both the ratios of jc/ j& and i,/ I are a function of applied

a

g 25

5 —0.5C

= 2 —1cC

—~ 5C

- —10C

g 15

®

£

2 1 o
0.5

0 0.2 0.4 0.6 0.8 1
Normalized position

Fig. 5. Normalized (a) reaction-rate distribution jc/ j¢ and (b) current-density distribution i,/I at different C-rates with the condition k¢ = 6c = 0.1 Sem™".
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i, (A-m?)

0 0.2 0.4 0.6 0.8 1
Normalized position

(b) the current-density distribution iy inside the porous electrode.

current. Fig. 5 shows jc/ ji and i,/I at different C-rates with the condi-
tion of kc = 6c = 1071 S m™~L. At 0.5 and 1 C-rate, the reaction rate is
close to the uniform distribution. The current density is also linearly
distributed. Increasing applied currents to 5 and 10C makes the jc/ ji
nonuniform, and the current densities become non-linearly distributed
accordingly.

Besides «c, oc, and I, other parameters of the porous electrode, such
as specific area (a) and thickness of the porous electrode (L — §), also
matter in determining the reaction-rate and current-density
distributions.

In practical applications achieving uniform reaction distribution is
always beneficial for the energy/power output. Only in such a case the
active materials can be fully utilized at particular (dis)charging condi-
tions. Therefore, achieving uniform reaction distribution is essential for
designing high-energy/power Li-ion batteries [15,16]. For a
high-energy battery, using moderately high conductivities can be help-
ful to fully extract the energy since low C-rates are the most commonly
used scenario. The design with high conductivities is also beneficial for
high-power batteries because the intermediate and high C-rates are the
target.

5. Conclusions

In the present paper, a rechargeable battery made of a single porous
electrode and a flat metallic lithium counter-electrode is considered to
investigate a particular case of reaction-rate and current-density distri-
butions in the porous electrode. The explicit mathematical expressions
for the reaction-rate distribution inside the porous electrode are ob-
tained for a short moment after switching on the current. Two as-
sumptions are used. Battery assumed to reside in equilibrium before the
current is switched on. No concentration gradients or current flows exist
before the moment of applying currents. Applying a Tafel approximation
to the Butler-Volmer equation produces three different analytical solu-
tions for the reaction-rate and current-density distributions. These three
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solutions can be applied separately depending on the value of the CDC.
The design parameters of the porous electrode and the applied current
(density) determine the CDC value. In most of the scenarios, case (i)
applies. The effective electronic and ionic conductivity values shift the
reaction rate between the SC and CC interfaces, resulting in four limiting
types. In addition, the applied current also influences the reaction-rate
and current distributions. Large C-rates increase the nonuniformity of
reaction-rate distribution and non-linearity of current distribution in
porous electrodes.
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