Computers and Chemical Engineering 183 (2024) 108612

journal homepage: www.elsevier.com/locate/cace

Contents lists available at ScienceDirect

Computers and Chemical Engineering

Computers
& Chemical
Engineering

»

Check for

Solving crystallization/precipitation population balance models in CADET, o
part I: Nucleation growth and growth rate dispersion in batch and continuous

modes on nonuniform grids

Wendi Zhang ?, Todd Przybycien ?, Johannes Schmélder ”, Samuel Leweke ®, Eric von Lieres ™"
a Department of Chemical and Biological Engineering, Rensselaer Polytechnic Institute, Troy, 12180, NY, USA

b Forschungszentrum Jiilich, IBG-1: Biotechnology, Jiilich, 52428, Germany

ARTICLE INFO ABSTRACT

Keywords:

Precipitation and crystallization

Population balance model

Stirred tank and dispersive plug flow reactors
Finite volumes on nonuniform grid
Analytical Jacobian

Open source CADET software

We have developed, implemented and validated 1D and 2D population balance models (PBMs) in the open-
source process simulator CADET. 1D PBMs incorporate the particle size as an internal coordinate and are
associated with dynamic mass balances to describe particle-based processes in batch and continuous stirred
tank reactors. 2D PBMs include the spatial position as an additional external coordinate to describe particulate
systems in dispersive plug flow reactors. Along with particle nucleation and growth, growth rate dispersion
is considered. Using the finite volume method, cell face fluxes are reconstructed by upwind, Koren and two

weighted essentially non-oscillatory (WENO) schemes. Analytical Jacobians are derived to reduce runtime.
The implementations utilize arbitrary grids in the internal coordinate. The implementations are validated and
benchmarked using seven test cases. The L1 error norm, L1 error convergence rate, and moments up to sixth
order are analyzed. Runtime and approximation errors are reported and discussed in detail.

1. Introduction

Precipitation and crystallization represent important processes for
the separation and purification of a wide range of fine chemicals,
food products, pharmaceuticals and biopharmaceuticals (Randolph and
Larson, 1988; Myerson et al., 2002). Both processes are typically per-
formed in batch stirred tank reactors (BSTR) or continuous stirred
tank reactors (CSTR) (Wood et al., 2019). More recently continuous
operation in dispersive plug flow reactor (DPFR) formats is receiving
growing interest (Rothstein, 1993; Li et al., 2019; Burgstaller et al.,
2019; Bansode et al., 2022; Alvarez and Myerson, 2010; Jiang and
Braatz, 2019). The particle size distribution (PSD) of the final product
that exits a crystallization or precipitation reactor has a significant
impact on the design and operation of subsequent processing steps,
such as settling, centrifugation, filtration, drying, and filling, and may
also play an important role in the ultimate performance of the product.
Therefore, a powerful and flexible modeling tool is needed for the
prediction of PSD in particulate processes.

The population balance model (PBM) is in common use in the de-
scription of BSTR- and CSTR-based particulate processes and has been
shown to accurately predict the PSD in crystallization processes (Ran-
dolph and Larson, 1988; Myerson et al., 2002). The PBM is at heart a
continuity equation following a mass conservation law combined with
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a set of nucleation and growth kinetic equations that, combined to-
gether, are able to track the behaviors of a dynamic particle population
as a whole (Randolph and Larson, 1988; Hulburt and Katz, 1964).
Despite their relatively simple construction, the governing equations
themselves are hard to solve. There are special conditions where the
PBM may be solved analytically, but these conditions are of minimal
practical use. Through the effort of many researchers over the last three
decades, several algorithms for solving the PBM have been established.
Widely used algorithms can be broadly categorized into three types:
the method of moments (Smith and Matsoukas, 1998; Marchisio et al.,
2003; Yuan et al., 2012), discretization methods (Gunawan et al.,
2004; Bennett and Rohani, 2001; Qamar et al.,, 2009) and Monte
Carlo methods (Smith and Matsoukas, 1998; Lin et al., 2002). Less
common algorithms have also been used and include the spectrum
method (Mantzaris et al., 2001), the Lattice Boltzmann method (Ma-
jumder et al.,, 2012) and the method of characteristics (Pilon and
Viskanta, 2003). The discretization methods, including finite differ-
ence, finite volume, and finite element methods, are universal methods
for solving partial differential equations. Discontinuous Galerkin meth-
ods belong to the class of finite element methods and have also been
applied to the solution of the PBM (Ahmed et al., 2011).
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Among all the algorithms, the finite volume method stands out
as the most documented and used method for solving the PBM. The
finite difference method is easy to implement but may not be the best
choice for the PBM because it is not mass preserving. In addition, it
can introduce relatively strong numerical diffusion, leading to artificial
broadening of the distribution (Mahoney and Ramkrishna, 2002) and
larger errors compared with the finite volume method (Gunawan et al.,
2004). Contrary to the finite difference and finite volume methods, the
finite element and discontinuous Galerkin methods are rather complex.
Furthermore, comparative studies have shown that the latter methods
can have poor performance when sharp moving fronts, which may be
introduced by fast and nonlinear growth rates, are present (Mesbah
et al., 2009). Compared to these methods, the finite volume method
has several advantages: 1. the implementation is not difficult; 2. it suits
the hyperbolic nature of the PBM,; 3. it fully recovers the PSD; 4. mass
is always conserved; and 5. boundary conditions enter finite volume
discretizations naturally.

Using the finite volume method, Gunawan et al. (2004) tested a
high-resolution scheme with a flux limiter based on LeVeque’s analysis
of hyperbolic equations (LeVeque, 2002). Qamar et al. (2006) carried
out a numerical analysis on another finite volume high-resolution
scheme originally developed by Barry (1993). Both schemes have been
shown to offer excellent accuracy when used with a uniform grid.
However, using a nonuniform grid can improve the computational
efficiency by requiring fewer cells, particularly when the experimental
PSD data are reported on a nonuniform grid. Unfortunately, the orig-
inal high-resolution scheme uses an unmodified van Leer flux limiter
that is not valid on nonuniform grids. In addition to high-resolution
schemes, and instead of using flux limiters to limit the numerical
flux, the weighted essentially non-oscillatory (WENO) scheme, which
focuses on an essentially non-oscillatory flux reconstruction, is also a
promising candidate for solving the PBM (Liu et al., 1994; Jiang and
Shu, 1996; Harten et al., 1987). Lim et al. (2002) found that the finite
volume WENO scheme was superior to the methods of characteristics
in terms of resolving steep PSD fronts and discontinuities. Hermanto
et al. (2009) compared WENO schemes with a high-resolution scheme
and a finite difference scheme on a uniform grid and concluded that
the WENO scheme is well suited to solve the PBM as it exhibited an
average error convergence rate of 2.59 as well as a short runtime.
However, contrary to its simple expressions on uniform grids, which
aided its popularity, WENO formulations on a nonuniform grid are
rather complex.

The PBM commonly employs constitutive particle nucleation and
growth equations which are often tested together. In addition to the
most commonly seen situation where the nucleation processes generate
particles as mono-sized critical nuclei, particles may be born beyond the
critical nuclei size (Ramkrishna, 2000), a situation that has not been
investigated numerically. Apart from nucleation and growth processes,
several recent publications direct the community’s attention to the
modeling of growth rate dispersion (Myerson et al., 2002; Alvarez
and Myerson, 2010; Srisanga et al., 2015; Benitez-Chapa et al., 2020).
According to Randolph and Larson (1988), the random fluctuation that
occurs around the mean particle size can be represented by a second
order term resembling molecular diffusion. Even though this approach
is widely accepted now, its numerical aspects have not yet been studied
by any finite volume method based PBM analysis.

The analyses above are based on the one-dimensional formulation
of the PBM which is suitable for the simulation of well-mixed BSTR
and CSTR based operations. Unfortunately, the 1D PBM falls short
when newer process formats based on dispersive plug flow reactors
(DPFRs) are used. Here, a multi-dimensional PBM is needed to include
one or more spatial reactor dimensions. We have formulated a two-
dimensional population balance model (2D PBM) for the DPFR format
which incorporates both an internal particle size coordinate and an
external spatial (axial) coordinate. The lack of a convenient 2D PBM
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design tool with associated comprehensive numerical analysis and val-
idation motivated us to implement and test a 2D PBM that is specifically
formulated for DPFRs.

Both the 1D and 2D PBMs are implemented and tested in CADET
(von Lieres and Andersson, 2010; Leweke and von Lieres, 2018), a
modular, free and open-source process modeling software package that
has a C++ numerical core and can be easily accessed from a user-
friendly Python environment. CADET was originally developed as a
fast and accurate numerical solver for the mechanistic modeling of
chromatographic processes, but it has been actively developed and ex-
tended in recent years to tackle numerical challenges in the modeling of
crystallization, filtration, and fermentation processes. CADET consists
of a large network of unit operations including reactors, pumps, valves,
tubes, tanks, and uses state-of-the-art algorithms and scientific com-
puting techniques to efficiently solve differential-algebraic equations.
CADET uses the backward differential formula (BDF) implemented in
the implicit differential-algebraic solver (IDAS) as the time integrator.
Application of the BDF to the discretized PBM yields a nonlinear
algebraic equation system that is solved using Newton iterations. Dur-
ing each Newton iteration, IDAS expects a Jacobian to be provided.
Automatic Differentiation (AD) is employed to provide the Jacobian
and has been implemented in CADET in a previous release (Leweke and
von Lieres, 2018). To reduce the runtime, we also provide IDAS with an
analytical Jacobian. Symbolic expressions of the analytical Jacobian are
dependent on the solution schemes used for the internal and external
coordinates and, especially when a nonuniform grid is used, can be very
complicated.

The purpose of this research work is to 1. carry out a thorough
numerical analysis on the 1D and 2D PBMs; 2. implement, validate and
benchmark numerical schemes for the 1D and 2D PBMs in the modular,
free and open-source process modeling package CADET; 3. compare
these schemes in terms of their accuracy and efficiency under different
conditions and provide guidance on how to identify a reliable, efficient
and robust method. Overall, this work aims to provide references and
new insights into: PBM formulations for BSTR, CSTR and DPFR formats;
numerical approximations applied to the growth rate dispersion; and
finite volume methods using high order flux reconstructions on a
nonuniform grid and their associated analytical Jacobians.

2. The population balance model
2.1. Governing equations

The population balance model is a widely used mathematical frame-
work for modeling crystallization and precipitation processes. The
population balance equation is a particle-number continuity equation
which describes the evolution of the number density n of particles
in the time and space domains. The particles of interest have both
internal and external coordinates: the internal coordinate can be chosen
as any property of the particles such as the particle size or volume,
while the external coordinate can be a characteristic dimension of the
reactor itself, including the axial position. Although each coordinate
can constitute a variety of characteristic properties of particles and
reactors, the most common choice is to use a particle size x as the
internal coordinate for spatially uniform reactor format cases like
BSTRs or CSTRs, or adding an axial position z as the external coordinate
to account for spatial variations in the DPFR case.

2.1.1. PBM in a batch or continuous stirred-tank reactor (BSTR or CSTR)

The one-dimensional population balance for a well-mixed reactor,
including particle nucleation and growth processes as well as growth
rate dispersion, is

onvV) d(vgn) 0%n
Y = Finnin - Fomn -V ( ox - Dgﬁ - BOP (1)
where F;, and F,,, are the volumetric inflow and outflow rates, V' is the
reactor volume, » is the number density, n;, is the inlet number density
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distribution, v is the particle growth rate, D, is an empirically defined
growth dispersion rate which will be discussed in the next section, By, is
the nucleation kinetics and P = P(x) is the probability density function
of the particles generated by nucleation. A special case is that when the
particles are born as mono-sized critical nuclei (Randolph and Larson,
1988), rendering

a(nV)
ot

2
= Fyn;, — F,yn—V (0(gzn) — Dg% — Byd(x — xc)> 2)
where P becomes the Dirac delta function § and x, is the critical
nucleus size. This is the most commonly seen case in the literature. The
above two equations are valid in the absence of particle aggregation
and breakage processes.

The corresponding upper boundary condition for both cases is called
the regularity boundary condition: it states that the total flux in the
internal coordinate vanishes for particles of infinite sizes (Ramkrishna,
2000):

=0. 3

The lower boundary condition for Eq. (1) is
on
(nvG - Dg E)

where x,,;, is the minimum particle size considered. If particles are born
as critical nuclei, they enter the particle coordinate through the Dirac
delta function. Mathematically, Eq. (2) is equivalent to the following
PDE with a nucleation boundary condition at x, that treats nuclei as a
point source:

=0, ()]

x=xmm

anv) a(vgn) 0%n
ot = Finnin - Foutn -V < ox - Dg x> P (5)
on
(m6 - Dg5%) B ®)

The initial condition can be any arbitrary distribution for both cases:
nl,—o = ny, where ny can be a Gaussian, Log-normal, Gamma, or other
distribution.

If the solute concentration ¢ in the bulk phase is of interest, Eq. (1)
can be coupled with a solute mass balance equation:

o0
% = Fy¢iy — Fuc — pk,V /x ‘ By Px* + 3vgnx? dx, )
where ¢ is the solute mass concentration, ¢, is the inlet solute mass
concentration, p is the nuclei mass density and k, is the volumetric
shape factor of the particles. The first term inside the integral accounts
for the solute mass consumed by nucleation and the second term
accounts for the solute mass consumed by particle growth. It is worth
mentioning that the solute mass concentration is based on the total
volume instead of the solid-free volume. If particles are born as critical
nuclei, the mass balance equation becomes (Randolph and Larson,
1988; Nagy et al., 2008):

oV i
(;I ) _ Fi,cin — Fouc — pk,V (Boxi’ + 3/ vgn x° dx) . 8
X,

c

The initial condition for the mass balance in both cases is ¢|,_y = ¢y,
where ¢ is the initial solute mass concentration in the reactor.

Lastly, if the inflow and outflow rates are different, an auxiliary
equation to track the evolution of the reactor’s volume is included and
solved along with above equations:

Y _F

dr m_F

out* (9)
2.1.2. PBM in a dispersive plug flow reactor (DPFR)

If we choose the axial position within a plug flow reactor as the
external coordinate z, the 2D PBM incorporating axial dispersion is
on on *n  d(vgn) 0’n

om_ 2, p, 2N +0, 2" 4 B P, 10
or | Vexggy T Vaxga T Ty g9x2 0 a0
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where v, is the axial velocity, D,, is the axial dispersion coefficient
and P = P(x) is the probability density function of the particles
generated by nucleation. The above equation assumes that nucleation
can happen at any position inside the reactor. If the particles are born
as critical nuclei, then P becomes a Dirac delta function:

(vgn) 9%n

on on 0%n
+ Dgﬁ + Byo(x — x,). an

or - Ve W9z2  ox

The lower and upper boundary conditions for the internal coordi-
nate are the same as those for the 1D PBM as show in Egs. (3) and
4.

In the critical nuclei birth case, the Dirac delta function in Eq. (11)
can be eliminated by using a nucleation boundary condition for the
internal coordinate, leading to

2 d(vgn 2
%:—uax%+D”%— (a‘; )+Dg3772' (12)
with the updated boundary condition given by Eq. (6).
For the external coordinate z, Danckwerts boundary conditions are

applied:

on on
(nvax - Daxa) o = UgxNip x> a - =0, 13)
where L is the length of the DPFR. The initial condition for the 2d
PBM is given by n|,_, = ny, where n, is the initial distribution of the
seed particles.

n

The particle population balance Eq. (11) can again be coupled to
the solute mass balance equation:

dc dc d%c

S
5 = Vax3 + Daxﬁ - pkv'/x By Px* + 3vgnx? dx. a14)

If particles are born as critical nuclei, Eq. (10) is coupled to the
following mass balance equation:

dc _ dc D dc i B.x3 43 ® 24 15
= et w55~ ko | Box + vgnx” dx . (15)
Xe

As with the particle phase, the solute mass concentration c is also
subject to the Danckwerts boundary conditions

_ dc
=v,¢C —

. —0. 16
o in e 16)

dc
- D2
(C ax llXaz =L

The initial condition for the mass balance is c|,_, = ¢, where ¢, is
the initial spatial mass concentration distribution of the solute in the
reactor.

2.2. Constitutive equations

Constitutive equations describe the nucleation and growth kinetic
processes in the governing equations. Most of these relations have been
widely used to describe crystallization processes (Randolph and Larson,
1988; Myerson et al., 2002) and are assumed to be applicable to precip-
itation processes (Raphael and Rohani, 1999; Marchal et al., 1988). The
solute starts to precipitate or crystallize when the solute concentration
exceeds its solubility in the solvent. Supersaturated solutions can be
created by changing the temperature, evaporating the solvent or adding
an anti-solvent. The extent of supersaturation provides the driving
force for the nucleation and growth processes. We define a relative
supersaturation s as

€= Coq
§=—,
Ceq
where c,, is the solute solubility in the solvent.

New particles are formed through primary and secondary nucleation
mechanisms. Primary nucleation refers to nuclei formation when no
suspended particles are present while secondary nucleation refers to
nuclei formation around other particles or in contact with the reactor
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vessel surfaces (Randolph and Larson, 1988). An empirical equation for
primary nucleation is frequently used:

B, = kps”,

where k, is the primary nucleation rate constant and  is a constant.
Regarding secondary nucleation, an empirical power-law expression
that is frequently used in the literature (Randolph and Larson, 1988)
is considered:

B, = kys"M,

where k,, is the secondary nucleation rate constant, b is a system-related
parameter and M is the suspension density. A higher suspension density
provides a higher collision rate and, therefore, greater effectiveness for
secondary nucleation mechanisms (Randolph and Larson, 1988). M is
defined as

o
M=kup/ n x> dx.
0

Some authors use the volume fraction ¢ to replace the suspension
density M. The two can be easily inter-converted using M = p¢. The
total nucleation rate is the sum of the primary and secondary nucleation
rates:

By =B, +B,.

Note that there is no convincing evidence that secondary nucleation
takes place when particles are nucleated at sizes larger than the critical
nuclei size. Hence, secondary nucleation is generally ignored in this
case.

Particle growth can generally be defined as the process in which
solutes are transported to the particle surface and then oriented and in-
corporated into the particle lattice (Myerson et al., 2002). Current mod-
els can be classified into size-independent or size-dependent growth
models. A size-dependent growth mechanism was proposed based on
the idea that as the particle becomes larger, its total surface area
increases, increasing the probability of occurrence of dislocations on
the surface (Garside and Janci¢, 1976). A general expression for the
growth rate incorporating both size-independent and size-dependent
mechanisms is given by

vg = kgs¥(a+ryx)P,

where k, is the growth rate constant, y quantifies the size dependence,
and g, a and p are system-related constants. If a = 1, the model
becomes the three-parameter Abegg’s model (Abegg et al., 1968), if
a = 0 and y = 1, this model reduces to Bransom’s model, if a = p =
1, this model becomes Canning and Randolph’s model (Canning and
Randolph, 1967). For size-independent growth, setting y =0 and p =0
results in vg = k,s8. This is also known as McCabe’s AL law (McCabe,
1929).

Growth rate dispersion is another phenomenon closely associated
with size-dependent growth. This concept originates in experimental
observations of particle growth processes, where particles of the same
sizes and compositions exposed to identical temperature, supersatu-
ration and hydrodynamic conditions do not necessarily grow at the
same rate (Randolph and White, 1977). This is not the same as size-
dependent growth, in which the growth rate of particles of different
sizes can be experimentally measured to be different. Two theories have
been proposed to explain growth rate dispersion. The first posits that
nuclei are born with an intrinsic distribution of growth rates (Larson
et al., 1985). The second proposes that particles display the same time-
averaged growth rate, but that the growth rate of each individual
particle may fluctuate as a function of time (Randolph and White,
1977). The second theory has led to the formulation of PBMs with a
dispersion term in the internal coordinate (Eq. (2), the second term
on the right hand side): according to Randolph and Larson (1988), the
spreading of the PSD due to random fluctuations in the growth rate
can be represented as a dispersive flux in response to a gradient in
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the size distribution, analogous to a molecular diffusion flux due to a
spatial concentration gradient. There are other underlying mechanisms
hypothesized to explain growth rate dispersion (Larson et al., 1985),
but they are rarely used in the current literature. Since our primary
aim is to investigate the numerical aspects of the PBM, not the physical
nature of the phenomenon, we focus on the dispersive flux formulation
of this process (Myerson et al., 2002; Alvarez and Myerson, 2010;
Srisanga et al., 2015).

The last piece of the PBM is the solubility model. The solubility
¢, often depends on temperature or anti-solvent concentration. Well-
known solubility theories and models include, but are not limited to,
regular solution theory and the NRTL, UNIQUAC, COSMO-RS models
among others (Myerson et al., 2002). Semi-empirical models such as
the Cohn-Setschenow equation are often used in precipitation pro-
cesses (Gu et al.,, 2020). The specific functional dependence of the
solubility model is highly dependent on the nature of the crystallization
or precipitation system and it is difficult to give a general expression for
all applications. To facilitate the future implementation of the external
dependence of the solubility, we treat the solubility as a separate
pseudo-component of the solution having a concentration c,,.

3. Finite volume method discretization
3.1. One dimensional discretization: internal coordinate x

In this section, we apply the cell-centered finite volume method to
discretize Egs. (1) and (5). First, we truncate the upper bound from
infinity to a sufficiently large number x,,,, and discretize between x,,;,
and x,,,,, obtaining: x,;, = X;; < X3, < = < Xy _1;p < Xy 412 =
Xmax> Where N is the total number of cells for the internal coordinate.
For the most common situation where all particles are nucleated as
critical nuclei, x,,, is usually chosen as x,. The size of cell i is denoted
by Ax; = x;;1,—x;_1 , and its center is defined as x; = (x;1 o +X;_12)/2-

Applying the product rule to the temporal derivative and the cell-
centered finite volume discretization to Eq. (1), we obtain

Xi+1/2
/ (nﬂ + V@) dx =
i1/ ot ot

Xi+1/2 Xi+1/2
/ Fyn;, — F,ndx + / By PV dx a7
Xi—1/2 Xi-1/2

v,
Xi-1/2
on

where (vgn)l,. and D,%| are the convective and diffusive
i+1/2 & ox Xix1/2 L

fluxes at cell faces x;, », respectively. Defining the cell average number

density n; as

on

on
+ <— (an)|x’_H/2 + (an)|xH/2 + Dga

£0x

Xit+1/2

1 Xit+1/2

n; = A_x, ndx (18)

Xi-1/2
and approximating P and »n;, via the midpoint quadrature rule
T2 pdx m P(x;)Ax; and [ . dx & ny,(x;)Ax;, EQ. (17) becomes

Xi-1/2 i-1/2

ov on;
n[; + V; = Fin"[n,i - Foutni + B()PIV
on on
(an)|X,+1/z - (UGn)lxi—l/Z D X xip1p 9 Ixiiypn v 19)
+]- + .
Ax; & Ax;

i i

where P, = P(x;) and n;,; = n;,(x;). The approximation P, of the source
term P is second-order accurate. While higher order reconstructions of
the source term P are possible, they are not considered in this study
because finite volume methods for other terms are usually limited to
second order (Xing and Shu, 2006). For simplicity, we denote the fluxes
evaluated at the cell faces as

on
Ay =Dy o : (20)

Fip= (UG”)|X,+]/2:
Xi+1/2
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Therefore, Eq. (19) becomes

v on;
n; +V = Finnin,i - Foutni + BOPiV
ot ot (21)
Fiop—Fip Ajip—Aop
+( - + 14
Ax; Ax;

Finite volume discretization of Eq. (2) is performed similarly and
gives

14 on;
ni— +V—= Funy,; — Fun;
ot ot 22)
< Fop—Fip Ajap—Aop >
+( - + v
Ax; Ax;

Egs. (21), (22) along with (9) are the implementation-ready gov-
erning equations of the 1D PBM, depending on the treatment of the
nucleation source term.

The diffusive flux is approximated by the central difference quotient
which is second order on uniform grids

- ni g — N ni g —Hn;
+1 i i+1 i
Ajp1p R Aiyyp =D, — =D (23)
i+1/2 i+1/2 g g 7 >
Xi4l X A'x;

where A'x; is the distance between the ith and (i + 1)th cell center
A'x; = x;,; — x;. On nonuniform grids, it becomes first order accurate.
Higher order approximation of the diffusive flux is possible (Nishikawa,
2014; Calhoun and LeVeque, 2000) and can be included in future
work, but it is not necessary since, in the most prevalent case where
particles are born as critical nuclei, the discretization order is limited
to a maximum second order due to the boundary treatment and to flux
limiting. Approximation of the convective flux F,, by the numerical
flux F;,,/, is performed using several different schemes which are
discussed in the next section.

It is clear from Eq. (23) that one upwind and one downwind cell
must be evaluated to estimate the numerical diffusive flux A, /,. A
natural problem occurs when dealing with cells located at the domain
boundaries: to evaluate the first cell, for instance, the average number
density in the zeroth cell, which does not exist, is required. Therefore,
cells at the domain boundaries must be evaluated using the boundary
conditions. At the domain boundaries where i =1 and i = N,, Eq. (21)
reads

)4 ony Fa/z 53/2
—+V—=-———+— |V +ByPV,
"o ot < Ax; | Ax, 01
on Fyipp Anip
ny (14 +V Ne _ Nazl2 N1 v,
x ot ot Axy, Axy,

after replacing the exact fluxes with their numerical counterparts.
Similarly, if particles are born as critical nuclei, Eq. (22) gives

F) Fyph—By, A
aV+Vﬂ:<3/2 (ONTEN

nl_
a T o ix, ix,
ony Fy 1p Ay _ap
w oyt (Frce Avainl),
x ot ot Axy, Axy,

These are the final equations for cells near the boundary of the x
domain to be implemented for the 1D PBM in CADET, depending on
the nature of the nucleation.

Finally, we discretize the accompanying solute mass balance equa-
tion. The integral in the mass balance equation is first truncated from
infinity to x,,, and then approximated by the midpoint quadrature
rule. The mass balance Egs. (7) and (8) give, respectively:

oV dc
CE + VE = Encin - FomC
Ny
3 2
—pk,V 2; (BOij/.ij + 3UG,janijj) s (24)
j=

NX
CE + VE = F,c;, — F,,,c — pk,V <B0x3 +3 z UGY/-nijZ,ij) s
Jj=1
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where vg; = k,s%(a + yx;)’. Note that B, contains another integral
present in M, which is also approximated using a midpoint quadrature
rule: M ~ pk ZNX n;x3Ax;

: v L) AN

3.2. Two dimensional discretization: internal coordinate x and external
coordinate z

In this section, we apply the finite volume method to the 2D PBM
for a DPFR (Egs. (10) and (12)). A basic assumption we make from here
on is that, except for the number density n, parameters and variables
formulated in one coordinate are not explicitly dependent on the other
coordinate such that the governing equation can be discretized in the
two coordinates separately. For instance, the primary nucleation kinet-
ics B,(x,z) = k,s" does not explicitly depend on the axial coordinate z,
but only implicitly through the depletion of the relative supersaturation
s, which does depend on the axial position. Bearing this assumption
in mind, the internal coordinate x can be discretized as introduced in
the section above. The external coordinate z is analogously discretized
as: 0 = z)y < 235 < = < zy_ 120 < ZN,412 = L, where N, is
the total number of cells for the external domain z. The size, center
and distance between two adjacent centers in the external coordinate
cells are defined similarly to those in the internal coordinate: Az; =
Zigiya = 2oty 2= Eapp +2i10)/2, Az =204 — 250

To derive the discretized versions of the governing equations for the
2D PBM described by Egs. (10) and (12), we define the two dimensional
cell average as

1 Zj+1/2 Xi+1/2
n; = / / n dx dz,
Ax,-Azj Zj-1/2 Y Xi-1)2

where the first subscript i is the index for elements in the x coordinate
and the second subscript j is the index for elements in the z coor-
dinate. Performing the steps presented in the preceding section, the
corresponding implementation-ready discretized 2D PBMs are:

ony ; _ _Fi,j+l/2 - ~i,j—]/z + /i[,j+1/2 - /Ii,j—l/Z
or Az, Az,
_ - - - (25)
_Fi+1/2,j —Fi_ip; N Az — Aic)2, B, P,
Ax; Ax; i

i i

and

Aijrie —Aijoip
ot Azj Azj 26)
Fip = Fioip + Ay = Aicip
Ax; Ax.

i i

o Fyap-Fjap .

B

where the convective and diffusive numerical fluxes for the internal
coordinate, Fi /2, and Ay /2,j» are defined as in the previous section
and approximate the exact fluxes of Eq. (20) at z = z;. B); denotes B,
evaluated at z = z;. The analogous numerical fluxes for the external

coordinate F, ;. and 4, ;,,/, are, respectively, defined by

Fijp=Fjap= (Uaxn)lxistH/Z ’ 7

and

_ Mije1 =N on

A-_-+1/2=D, [ zA.’.H/z: _— s (28)
ij “ Az Y 9Z 52412

where, again, the convective numerical flux F; /2 is described in the
next section.

Cells near the domain boundary require special treatment. To fa-
cilitate discussion, the 2D discretization scheme, numerical fluxes at
the cell faces, and line sources for the 2D PBM are shown graphically
in Fig. 1. For 2D problems, there are in total eight special cases
representing four vertical and horizontal lines that are the boundary
conditions for each coordinate and four points at the intersections of

on;y  OmpN, ony; Ony_; omyy OmiN., OnN_ | d N Ny )

i o bl Bl 0 OxJ L1
these lines: —=, —eh, —, —a, —w, — ek, —, an

Their corresponding expressions are derived in a way similar to that
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Fig. 1. The regular quadrilateral grid for the two-dimensional cell-centered FVM flux reconstruction. The growth and axial convection numerical fluxes at the cell faces are
unidirectional and denoted by longer arrows. Axial dispersion and growth rate dispersion are bidirectional and denoted by smaller double arrows.

in the last section. To avoid redundancy, they are provided in the
supplementary information (SI).

The mass balance equation has only one spatial coordinate z. Ac-
cordingly, the discretized mass balance Egs. (14) and (15) read

4 L/ Al A’
9 _F,+1/2 Fioip . A= Ap
a Az; Az;
N, (29)
—pk, Z(BOIPx Ax; +3vg jn;x; 2Ax, >
j=1
and
! al Al G
9 _Fj+1/2 ~Fip . A= Aiip
or Az, Az,

J J

(30)

N,
_pkU<B0_]x +3ZUG,nx Ax>

i=1

where the numerical convective and diffusive fluxes in the spatial

- =, .
coordinate Fly , and A L1 are defined by
-, N .
Fliip ® 0ge0)) foin’ 3D
and
b -p Gl =6 b dc; 33
/2 T azxA/—Z'N ax S ’ (32)
J z
j+1/2
where the superscript / is used to further distinguish F’ 12 and A, s

from F; j,1/, and 4, ;. Cells near the domain boundarles are treated
similarly to the description above and can be found in the SI.

4. Flux reconstruction on uniform and nonuniform grids

In this section, we introduce the methods used to estimate the nu-
merical convective flux £, /2- While the development below employs »
to illustrate the algorithms for use in the 1D and 2D population balance
equations, n may be exchanged for ¢ for use in the associated mass
balance equation.

4.1. Upwind scheme

When using an upwind scheme, F,, ,2 can be directly calculated
from the cell average of an upwind cell:

Fiop= ~upwind,i+1/2 =UgG,iv1/2Mi (33)

where vg ./, is given by:

Vgivij2 = kgst(a+rxi ) 34

This scheme displays first-order accuracy. For numerical flux re-
construction using the above equations, one upwind cell is evaluated
at each time step for the convective flux (Eq. (33)). Treatment of
the cells at the domain boundaries was described in the previous
section. The upwind scheme is independent of the grid structure and
does not require adjustment when extending from a uniform grid to a
nonuniform grid.

4.2. High-resolution scheme by Koren

We also implemented and tested a representative high-resolution
(HR) scheme developed by Barry (1993). There are other HR schemes
available, including a very popular second order high-resolution scheme
tested by Gunawan et al. (2004) that was based on LeVeque’s analysis
of hyperbolic equations (LeVeque, 2002). This popular scheme resem-
bles an upwind flux plus a diffusive flux that is purposely chosen to
exactly match the second term of the Taylor expansion of the growth
term using a central finite difference method. Unfortunately, we could
not implement this scheme in CADET because the diffusive flux term
requires a fixed step size in time, which is incompatible with the
adjustable time step size used in the BDF time integrator. The Koren
HR scheme is also second-order accurate but does not require fixed
time step sizes, making it compatible with CADET.

According to Koren’s HR scheme (Barry, 1993), the convective flux
on a uniform grid (4x; = Ax) reads as

- - 1
Fiii2 = Fyrivi2 = Vg,ir12 ("i + §¢i+1/2("i+1 - "i))7 (35)

where @, , is the van Leer flux limiting function and vg ;,, is given
by Eq. (34). This scheme originated in van Leer’s k zerowise Legendre
polynomial interpolation applied to the cell average n; where « is a
parameter that can be chosen to give purely linear (x = 0) or quadratic
(x = 1/3) interpolation (van Leer, 1985). Koren showed that van Leer’s
original k = 1/3 scheme was equivalent to Eq. (35) with

n—ni_;

Ripp — 1

2
Diy1)2=Porijr12 = 3T 32 ig12 =

This scheme is globally a formal second order scheme with no flux
limiting. Following Sweby’s monotonicity theory, the scheme becomes
total variation diminishing (TVD) by limiting the flux to satisfy the
corresponding TVD properties. Various limiting functions have been
proposed such as the van Leer, Superbee and minmod etc., but the van
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Leer flux limiting function used in this study was chosen on the basis

of preliminary studies by other authors who reported good results with

this limiter (Gunawan et al., 2004; Qamar et al., 2009, 2006; Kumar

et al., 2008). The van Leer flux limiter is defined as

Dy = —’1+11/+2— lt |",+1|/2|, iyl = LA e r_lFl iy (36)
i+1/2 My — Nt €

Here, r;,/, is a local smoothness monitor for the cell face x;,,,
and ¢ > 0 is a small number used to avoid division by zero when the
solution is smooth. The van Leer flux limiter @;,,,, uses the monitor
function r;y,, to detect the smoothness near the cell face x;,,,, by
evaluating the ratio of upwind and downwind slopes. For r;;,/, < 0,
the slopes have opposing signs, i.e. a local extremum is detected and
the scheme is locally reduced to a first order upwind flux (i.e. @ = 0)
to remain TVD. When 0 < r;y,,» < 1, the approximated function in
the downwind region is smoother than in the upwind region and vice
versa for 1 < r;;,/, < 2. Here, the limiting function yields a weighted
flux reconstruction to stay within the TVD boundaries. If the local
slope is constant, i.e. r;;/, = 1, the scheme becomes an unlimited nd
order central difference scheme. Overall, the limiter avoids spurious
oscillations by balancing the cell face flux approximation between a
first order accurate and a second order accurate scheme depending on
the smoothness of the solution.

The van Leer flux limiter evaluates two upwind cells and one
downwind cell for each flux at each time step. For the cells at the
domain boundaries, the flux needs to be reconstructed differently. The
fluxes Fy/, and Fyy ., are defined by the corresponding boundary con-
ditions, as described in Section 3, while an upwind scheme (Eq. (33))
is used for F,.

It is important to note that the algorithms presented above are only
applicable on uniform grids. On nonuniform grids, unintended limiting
could reduce the overall accuracy of the HR scheme. Consider a linear
solution with slope s and a nonuniform grid with a stretching ratio of

= 3/2 such that x;,y, — x;_1;, = a(x;_y;5 — x;_3;,). The van Leer
smoothness monitor becomes: ;. /, = (0, — n_y + &)/ —n; + &) =
(s Ceimy o = Xi23y2)/ (s (Xi412 = Xi_12)) = 1/a = 2/3. The van Leer flux
limiter results in @ = 0.8, sharpening the solution despite the fact that
no limiting is required.

To address this issue, we implement and test a modified van Leer
flux limiter proposed by Hou et al. (2012):

1
Riviormivie + 5 Riviolrag izl

Dy ivif2 =
i/ Rijipp+rmivipa—1 37)
, _m=m_tE .Axi+|+Ax,- _ Axy + Ay
Mt —mite Ax,+Ax,_ T2 Ax;

and the flux on a nonuniform grid is updated to

- ~ Dppiv1/2
Fiii2 = Furmiviy2 = VGiv1)2 <"i R L "i)) (38)
i+1/2
This modification is based on the use of scaling factors to adjust
the smoothness monitor and limiting function. On a uniform grid, the
modified van Leer flux limiter coincides with the unmodified form.

4.3. Weighted essentially non-oscillatory scheme

The weighted essentially non-oscillatory (WENO) reconstruction
scheme avoids the use of flux limiters. It was first proposed by Liu et al.
(1994) as an improvement of the ENO scheme developed by Harten
et al. (1987), and then further improved by Jiang and Shu (1996). The
underlying idea of the WENO scheme is to use a convex combination of
lower order approximations based on r stencils {x;_,,, ..., x;,,_;} with
each assigned a weight to achieve (2r — 1)th order accuracy in smooth
regions. The numerical flux is given by:

r—1

1+1/2 = FWENO(Zr 1.i+1/2 = VG,it+1/2 z W, q(r) (39)
m=0
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where vg ./, is defined in Eq. (34), W, and ¢ are the weights and
polynomials for the mth stencil, respectively.

The weights are chosen in such a way that 1. near a discontinuity it
is essentially zero to avoid using that stencil; 2. it is a smooth function
of the cell averages involved and 3. the weights are computationally
efficient. According to Shu (1998), weights that satisfy the above
requirements are given by
W= —o (40)

k=0 %k
The weighting parameter «,, depends on a smoothness indicator
1 S,(,,’ ),
(r)
a, = C—mp, 41)
( 1S, :nr )4 5)

where p = 2 as suggested by Jiang and Shu (1996). The parameter
e > 0 is a small quantity originally introduced to avoid division by
zero, but was later shown to impact the convergence order (Cravero
and Semplice, 2016; Arandiga et al., 2011). We implemented a grid-
dependent ¢ = Ax; as suggested by Cravero and Semplice (2016).
This choice was shown by Cravero and Semplice (2016) to preserve
the convergence rate while providing better shock-capturing capability
compared with a constant e.

The coefficients C,, are chosen such that (2r — 1)th order accuracy
is achieved in smooth regions as expressed by the identity

¢ = Zc(r) ),

where Y1 C = 1.
Lastly, the smoothness indicators are designed to be a measure of
the total variation of the reconstruction polynomials inside each stencil:

r-1 Xiv12 / Ak, \ 2
s0=3 <Ax$k1/ <M> dx ),
okx
k=1 Xi-1/2
where —1 < m < r. These indicators are a sum of the squares of the
scaled L2 norm for all derivatives of the interpolation polynomials.
On a uniform grid, all coefficients are constant, which greatly

simplifies the algorithm. We are mainly interested in the cases where
r =2 and r = 3. Denoting ¢%) and C evaluated at x,,, /2 as q% and

€| the polynomials ¢ read
2— 1 1 2 1 3
‘I(() '= 5%t 5Nt lﬁ '= = Tptior s
3— 1 5 1 3— 1 5 1
qé )= Mt v ~ ghiv2s qﬁ ) =gt gt T i (42)
3— 1 7 11
; )= M2~ ghi-1t e

(r)

The parameters C,,’ are given by

i =2/3.¢77 =13,

c$7 =3/10.C" ) =6/10.c” =1/10. (43)
The smoothness indicators I S(’) are given by
1SQ =y = 18P ==,
15(()3) = E(n,- —2ny 1) + Z(Sn,- —dny + )
44)

3 _ 13 1
sy = 17 i1 = 2n + )+ 71 = nip1)’s
13 1
IS?) = E(n,-_z —2n_; + n,-)2 + Z(n,-_z —4n;,_; + 3n,-)2.

WENO23 (r = 2) evaluates two upwind and one downwind cells,
while WENO35 (r = 3) evaluates three upwind and two downwind
cells. For WENO23, an upwind scheme is applied to F, /2. For WENO35,
WENO23 is applied to F3;, and Fy __3/, while an upwind scheme is
applied to Fj ;.
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On a nonuniform grid, all coefficients are dependent on the grid
structure. For the cases r = 2 and r = 3, Smit et al. (2005) reported
their explicit formula as a function of the grid structure. We have
simplified the equations and summarized them below. The polynomials
qf,f), optimal weights C,(nr ) and the smoothness indicators I S evaluated
at x;,y, for WENO23 are given by

) = Axiyy . Ax; n
0 Ax; + Axpy, | Ax + Axpy, TV
_ Ax; Ax;
0’7 =( ——n; — —— i
! Ax;_y + Ax; Ax;_; + Ax;
) - Axii H4Ax @) _ Axiyy 45)
0 AXi |+ Ax; + Ax;yy ! AX;_y + Ax; + Ax;
2Ax;
) i 2
1S = (————)"(njy —n)",
0 (Ax,+Axl-+1) (41 2
2Ax;
ISP = (— L 2(n, —n,_ )2
1 (Ax,-_l +Ax,») (i = i)

The symbolic expressions for q((f_),q?_),q?_),C(()3_),Ci3_),cé3_),
1 S(()3),I Si3) and [ Sf) corresponding to the WENO35 scheme on a
nonuniform grid are rather complicated despite our simplifications. For

conciseness, they are reported in the SI.
5. Time integrator

After the discretization in space, we obtain an initial value problem
(IVP) for a large system of ODEs that is solved in implicit form:

F@,y.9) =0, y0) =y, ¥0) = Y,

where y is the state vector, y = dy/dr; the initial values of y, and
¥ must be consistent. The resulting ODE system can be a stiff system
for three main reasons. First, the nucleation term can lead to a sharp
front in the solution which is hard for the time integrator to resolve.
Second, the growth rate may be highly nonlinear when size-dependent
growth mechanisms are considered. Third, the dispersive second order
term can also cause stiffness. When using explicit ODE routines, the
time step size must be carefully chosen to ensure stability (and hence
convergence). For stiff problems, explicit time steps sizes are typically
limited by stability constraints rather than accuracy, which significantly
increases computational demands. To avoid this problem, we inte-
grate the system in time using an implicit variable-step/variable-order
backward differential formula (BDF)

dr
H) = 5 D @it ),
7 i=0

where ¢, is the order, 7, is the time at step r = 1,2,..., and 4r, is
the time step size. Step size and order are adaptively changed, with
the order ranging from one to five. The coefficient «,; is uniquely
determined from the history of step sizes and order. The BDF is im-
plemented in the implicit differential-algebraic solver (IDA) package
in the suite of non-linear and differential-algebraic equation solvers
(SUNDIALS) (Woodward and Balos, 2021). It is a robust and efficient
time integrator designed for large, stiff ODE systems.

Application of the BDF to the IVP gives a nonlinear algebraic
equation that needs to be solved at each time step z:

qr
1
G(y,)=F (tf,y,, e > a,,,-y(t,_,.)> =0. (46)
T i=0

By default, IDA uses Newton iteration to solve this equation. During
each Newton iteration, the solution of a linear system is required

+1 _
JOTT =¥y =-GO), 47)
where y” is the mth approximation to y,, G is a vector-valued residual
and J is an approximation of the system Jacobian

_0G _ 0F %0 dF

TRy T oy T a, oy
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Most of the runtime is consumed when solving Egs. (46) and (47)
repeatedly. One of the most burdensome tasks is the generation of the
Jacobian. CADET can use automatic differentiation (AD) in forward
mode as implemented in a previous release to generate the Jacobian:
the computation of the Jacobian matrix with respect to the vector
that contains the state variables y is broken down into a sequence
of elementary arithmetic operations and elementary functions which
can be automatically calculated based on the chain rule. However,
computing the Jacobian using the chain rule repeatedly and storing
and accessing it in the computer memory requires computational effort
that inevitably slows down the simulations. To reduce the runtime, we
supplement the solver with an analytical Jacobian:

r0G, oG, 0G,  09G, T
dc m ony, 0,y
0G| 0G| 0G| 0G|
- E I, E
I=| . . - (48)
Gy Gy Gy 9Gy,
dc on, ony_ 0Ceq
oG, 9G, 96G,,,  9G,,
dc on; W 0coq |

where G, is the residual for the mass balance, G, i € {I,...,N,}, is
the residual for n; and G,  is the residual for the solubility pseudo-
component. The symbolic expressions for the Jacobian are dependent
on the schemes and are complicated. For conciseness, they are given
in the SI. The correctness of the analytical Jacobian was checked by
comparing it against a Jacobian matrix obtained by AD (Piittmann
et al., 2016).

6. Implementation and numerical experiments

The discretized 1D and 2D governing equations are implemented
and solved in the modular, free and open-source process modeling
software package CADET (von Lieres and Andersson, 2010; Leweke
and von Lieres, 2018). CADET supports several platforms, including
Windows, Linux, and Mac OS. The numerical core is written in C++
and provides a Python interface and frontend. CADET was originally
developed as a fast and accurate numerical solver for mechanistic
modeling in chromatography, including consistent initialization. In
recent years, it has been actively developed and extended to tackle
numerical challenges in other fields. Implementation of the PBM in
CADET has several advantages: 1. CADET supports mathematical mod-
els and dedicated solvers for other important unit operations, including
chromatography and filtration. The implemented model family also
covers valves, switches, and tubes to model effects that are external
to the reactor (or column). The output of the PBM can be directly
linked to these units for integrated simulations of processes that consist
of multiple unit operations; 2. Existing infrastructure was reused to
allow, for example, efficient computation of parameter sensitivities via
AD (Piittmann et al., 2013). The Python frontend provides a variety
of tools to solve typical engineering tasks, such as model calibration,
process optimization, and uncertainty quantification. 3. By making the
methods and results of this work publicly available in a continuously
developed and maintained open-source software, it becomes a lasting
contribution.

The implementation of the previously introduced algorithms is vali-
dated using seven test cases. Approximation error and solver efficiency
are analyzed and benchmarked for all these cases. Analytical solu-
tions were used when available. Otherwise, numerical solutions on
fine grids were used as reference solutions. For nonuniform grids, the
intermediate points of the distribution are interpolated using univariate
splines. All tests and benchmarks are performed on a 3600 MHz AMD
Ryzen(TM) Threadripper(TM) with 32 cores and 64 threads. Unless
otherwise specified in the test cases, analytical Jacobians are used and
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IDA is configured so that the initial time step size is 107, the relative
tolerance is 1077, and the absolute tolerance is 10~7.
We calculate the normalized L1 norm to measure the difference
between two solutions:
ZNX Axilngnumerical) _ ngreference)l

Il === . (49)

N.
Zi:] Ax[ n?reference)

The experimental order (rate) of convergence based on L1 norm for the
internal coordinate x is calculated using

A

I

1
EOC;: = lOgN(B)/N(A) — L (50)

(B)

1%,

where A and B represent two independent simulations and N, is
the total number of cells for the particle space. We also analyze the
quality of the numerical solution by comparing the moments of the

distributions. The discrete pth moment M, is given by

NX

M, = fon[Ax[. (51
i=0

The volume fraction is defined as V; = n;x} Ax;/ M.

The test cases are organized as follows: cases 1 to 5 demonstrate the
successful implementation of one of the terms of the 1D- or 2D-PBM
decoupled from the mass balance equation. Cases 6 and 7 address the
1D- or 2D-PBM coupled to the mass balance equation. Model parameter
values used in these tests are reported in the SI.

6.1. Case 1: size-independent growth

In this test, we validate our 1D PBM implementation with a size-
independent growth term and compare the effectiveness of the upwind,
HR Koren, and WENO schemes. This test was also used by Motz et al.
(2002) and Qamar et al. (2006). Consider a simple population balance
equation for a BSTR:

on__, o
o Yox

with boundary condition n(0,7) = 0 and initial distribution:

1010 for 10 < x < 20,
0 otherwise.

n(x,0) = ny(x) = {

This case has the analytical solution n(x, ) = ny(x — vg?): the initial
particle size distribution travels along the positive direction of the
x coordinate with rate v;. Due to absence of nucleation and size-
independent growth processes, the size and shape of the distribution
remain constant. Because the mass balance is not considered, the
particles grow in size indefinitely.

Two initial distributions were considered: the first has a rectangular
shape with discontinuities. This provides a rigorous test for numerical
schemes and their implementation: the peak is sharp and the growth
rate is high, which together pose a challenge to the shock-capturing
capabilities of the schemes. The results are shown in Fig. 2. At =10,
all schemes captured the sharp fronts relatively well. However, as time
increased to t+ = 50 s, the solutions of all schemes spread out as a
result of the numerical dispersion. As expected, the upwind scheme
exhibited the largest numerical dispersion when using the same number
of cells N,. The HR scheme performed better in capturing the sharp-
ness. WENO23 spread out more than the HR scheme but performed
much better than the upwind scheme. WENO35 outperformed all other
schemes but introduced minor overshoots. To quantitatively study the
differences between these schemes, further analyses on the convergence
rate and runtime were carried out. Fig. 2(b) shows the normalized
L1 norm as a function of the number of cells where the slope in the
log-log plot represents the rate (order) of convergence. All schemes
exhibited a first order convergence rate. Note that the rates of all the
high-order schemes were below their designed rates. This is expected as
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the designed rate can only be achieved for smooth solutions. However,
WENO35 reached the highest convergence rate (0.8) and the smallest
error given the same number of cells. Fig. 2(c) reports the normalized
L1 norm versus runtime. Minimizing both error and runtime results in
a Pareto problem: points that are closest to the origin (0,0) are Pareto
optimal, and indicate the best algorithm to most efficiently achieve the
respective accuracy. For Pareto optimal points, one objective can only
be improved by impairing the other. All other points are dominated
by the Pareto front. In this case, the WENO35 scheme was obviously
Pareto optimal since it could achieve the smallest error for any given
runtime in the tested ranges.

The second initial distribution tested was a log-normal distribution:

(=)

- A o

no = o + e 2w (52)

V2w

where y, = 0 is the offset, A = 1010 is the area, w = 0.3 is the width,
and x,, = 20 is the center of the seed distribution. Similar to the
first distribution case, the higher-order schemes were superior to the
upwind scheme as time elapsed from ¢t = 10 s to t = 50 s. As shown in
Fig. 2(d) and quantified in Fig. 2(e), high-order schemes approximated
the analytical solution much better than the upwind scheme. Since the
log-normal distribution is smooth, the experimental convergence rates
of these schemes were much better than those for the discontinuous
distribution: the HR Koren scheme reached its maximum designed rate
of two, while the WENO23 and WENO35 rates were also within their
theoretical ranges between 2 and 3, and between 3 and 5, respectively.
The normalized L1 norm vs. runtime is reported in Fig. 2(f). Here, the
WENO35 scheme was again the best choice, as it dominated all other
schemes within the error range tested.

We further compare the performance of the schemes in terms of
the resulting calculated moments of the PSD which are of important
practical use: the moments allow the calculation of common scalar
metrics of the distribution, such as the total particle count, the mean
particle size, and the variance of the size distribution. In the above
tests, all schemes experienced numerical dispersion to a certain degree,
which also raised questions about the accuracy of the moments. In
Fig. 3(a), we compared the simulated and analytical moments for the
rectangular initial distribution case from the zeroth up to the sixth
order. Since there is no nucleation source term in this test case, the total
count of the particles is preserved and, hence, solely depends on the
initial distribution. All schemes demonstrated an accurate prediction
of the zeroth order moment, i.e., conservation of the total count of the
particles. This is a conditio sine qua non because a correct implemen-
tation of the finite volume method must always preserve the zeroth
order moment. However, the errors in other moments increased as the
order increased with the largest error seen in the sixth order moment.
The upwind scheme showed the highest relative error of around 20%.
WENO23 was slightly inferior to the HR Koren scheme and WENO35
outperformed all other schemes with a maximum relative error of less
than 2.5% for all moments. Overall, higher order schemes worked
satisfactorily for all moments (relative error < 5%) even when a modest
number of cells was used.

6.2. Case 2: size-dependent growth

In this test case we validate our implementation of a size-dependent
growth term for a BSTR model. This case was also used by Gunawan
et al. (2004), Kumar and Ramkrishna (1997) and Qamar et al. (2006).
Consider a simple population balance equation
on _ dgn)

o ox

with a growth rate that depends linearly on the particle size: v; =
vgox. We assume that the initial distribution is given by n(x,0) =
No/L x exp(~L/L), where N, is the total initial particle number
of size L and L is the mean size of the distribution. This scenario
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Size-independent growth and nucleation
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has an analytical solution (Kumar and Ramkrishna, 1997): n(x,7) =
% exp [—ée_”GU’ - vgot|-

Fig. 4(a) shows that the results of all the numerical schemes im-
plemented were in excellent agreement with the analytical solution at
times t =2 s and ¢ = 4 s. Fig. 4(b) shows that the HR Koren and WENO
schemes converged with a rate of 2. Although the HR Koren scheme had
the same rate as the WENO schemes, it exhibited a higher normalized
L1 norm for the same number of cells. Fig. 4(c) shows that the HR Koren
and WENO23 schemes were almost equal in performance and both
were Pareto optimal. The WENO35 scheme, despite having the same
experimental rate and normalized L1 norm as the WENO23 scheme,
exhibited an increased runtime caused by the higher computational
effort required.

6.3. Case 3: size-independent growth with nucleation

In this case, we validate our implementation of the nucleation term
when introduced as a point source in the 1D PBM for a BSTR. In this
case, the PBM remains decoupled from the mass balance. This test was
also used by Kumar and Ramkrishna (1997) and Kumar et al. (2008).
Consider a population balance equation:

(;—rtl = _UGS_Z + Byo(x — x.)

We assume the critical nuclei have negligible sizes (x, = 0) and
the balance equation has the initial and boundary conditions n(x,0) =
n(0,7) = 0. Hounslow (1990) has provided an analytical solution: n
?H (t— Gi), where G is a constant and H is the Heaviside function.
Since B, = B, + B,, we test the terms for both primary and secondary
nucleation by setting B, = B, =5 - 10°.

Fig. 5(a) shows the simulation results. The analytical solution has
a rectangular shape because the particles are continuously nucleated
with the same size and grow at a constant rate. The front has a
true discontinuity as no particles larger than those growing from the
nuclei nucleated at + = 0 s should exist. The upper constant value
10'° is the sum of B, and B,, indicating the correct implementation
of both nucleation terms. Both terms were also tested independently
with the same result (data not shown). Similar to case 1, all schemes
were challenged to capture the discontinuity with the upwind scheme
performing the worst and the WENO35 performing the best. The error
was analyzed at ¢+ = 1000 s with results shown in Fig. 5(b). As expected,
the experimental convergence rates for all schemes were below their
designed rates. The WENO35 scheme performed better than all other
schemes. The HR Koren and WENO23 schemes exhibited similar rates,
but the HR Koren scheme had lower normalized L1 norms for a given
N,. Fig. 5(c) shows that the WENO35 scheme performed the best
for errors below ca. 0.15, while HR Koren and WENO23 performed
similarly for larger errors.
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6.4. Case 4: size-independent growth, nucleation and growth rate dispersion

In this case, we validate our implementation of the growth rate
dispersion term. An analytical solution of the governing equation for
the given regularity boundary condition is not available. However,
an analytical solution exists if we relax this boundary condition by
assuming that the number density at infinite sizes is negligibly small.
This assumption is valid if we choose x,,,, to be large enough. Even
though theoretically nonzero, the continuous number density distri-
bution rounds down to zero above a sufficiently large x,,,, as real
particles cannot become infinitely large. Consider a population balance
equation for a BSTR, uncoupled from the mass balance,

on__, on P
or Gox | Eox2

We assume x, = 0 and that v; is a constant, introduce the nucleation
term B, as a boundary condition, and modify the regularity boundary
condition:

on on
n(x,0) = 0, (nuG - Dga) Lo = By = tghg. Sl =0,

where the last equation is a simplification of the original regularity
boundary condition by assuming n(x — o0) = 0, which will be exam-
ined by inspecting the last cell. An analytical solution was provided
by Mason and Weaver (1924) and Gershon and Nir (1969) and could
be found in the SI

The largest size considered is set to x,,,, = 500 pm in the simulations
to ensure that » in the last cell is negligible. Fig. 6 shows the analytical
and simulated results for x € [0,150]. The largest value of n in the
last cell for all the tested parameter sets were found to be 4.9 - 1074
(N, = 100), which is negligible compared with the starting value of
0.10, justifying our simplification of the regularity boundary condition.
Compared with the sharp decrease in the analytical solution in the
previous test case, the spread in the distribution is a result of the growth
rate dispersion. The larger the growth rate dispersion coefficient, the
more spread out the solution becomes.

We can define a growth Peclet number Pe; as

Peg = —.
&g

Typical growth Peclet numbers are reported to range from 5 to
10 (Randolph and White, 1977) with both ends of the range considered
in this test. For a given Peclet number, D, depends on the mean size
of the PSD, which cannot be determined with an unknown D,. This
circular dependency is resolved by fixed-point iteration: starting with
an initial guess for D,, the mean size is calculated from the simulated
PSD of interest. Then D, is updated using this mean size, and the
procedure is repeated until D, converges.

The lower bound test has a relatively small growth Peclet number
of Pe; = 5, indicating a strong growth rate dispersion. The upper
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Fig. 7. Case 5: isothermal seeded crystallization in a BSTR.

bound test has a relatively large growth Peclet number of Pe; = 10,
indicating weak growth rate dispersion. As can be seen in Fig. 6(a—
b), the upwind scheme was more dispersive and deviated from the
analytical solution more than the high-order schemes no matter which
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Pe; and ¢ was tested when using the same number of cells. However,
when Pe;; decreased, the upwind scheme demonstrated improved per-
formance because the stronger numerical dispersion inherent to the
upwind scheme reconciled with the actual modeled dispersion.
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The error and convergence rate analysis agreed with the above
observation and showed that the upwind scheme demonstrated the
largest normalized L1 norm followed by HR Koren, WENO23 and
then WENO35 for the same N,. Except for the upwind scheme, a
similar convergence rate of around 2.6 was observed for all high-order
schemes. While the experimental rates for the upwind and WENO23
were easy to explain, the rates for HR Koren and WENO35 were not
within their expected ranges and required further elaboration. There
are several convoluted factors contributing to this observation. First,
for finite volume methods, the convergence rate of the high-order
schemes for the growth flux reconstruction cannot exceed the order of
the boundary treatments. As mentioned in Section 3, the rate of the
high-order schemes were reduced as the lower boundary is approached,
rendering an order of 1 for the first cell. Furthermore, the contribution
of the first cell to the overall convergence rate when increasing N, is
also reduced, leading to an overall second-order boundary treatment.
Second, the dispersion term was approximated using a second order
approximation. Depending on how strong the growth dispersion is com-
pared with the growth, the overall convergence rate may vary between
2 and the chosen order of the flux reconstruction for the growth which
is again limited by the order of the boundary treatment. In this test, the
expected convergence rate for all high-order schemes is 2. However,
an even better convergence rate of about 2.6 was observed for the
high-order schemes implemented. This indicates that the high-order
schemes were correctly implemented as the design-order discretization-
error convergence is an asymptotic property and represents a lower
bound. Further, the same convergence rate (about 2.4) for the WENO
schemes had also been observed in our previous work (Leweke and
von Lieres, 2018). As seen in Fig. 6(d), the WENO35 scheme not only
could not reach its optimal rate due to the limitations of the boundary
treatment, but also involved more computations which increased its
runtime, making HR Koren and WENO23 the best schemes for this test
case.

A moment analysis was also performed for the case where Pe; = 10
and + = 6 s. To obtain the analytical moments, direct integration
of the analytical solution is difficult. Instead, we used Simpson’s rule
on a fine grid (10,000 points between 0 and 150) to obtain highly
accurate reference values. The relative percent error is presented in
Fig. 3(b). As expected, the zeroth order moment is always accurate,
indicating a correct implementation. The upwind scheme showed the
largest relative error for the sixth order moment, with errors as high as
140%. Overall, high-order schemes worked satisfactorily in capturing
these moments and increased accuracy can be achieved by increasing
N, at the cost of runtime.

6.5. Case 5: isothermal seeded crystallization in a BSTR

In this case, the PBM (Eq. (2)) is coupled to the solute mass
balance equation (Eq. (8)). We assume that the seed distribution is
characterized by a log-normal distribution (52) with y, = 0, A =
105, w = 0.3 and x,, = 40. Unfortunately, an analytical solution is
not available when the mass balance equation is considered. Instead,
reference solutions were obtained using the WENO35 scheme on a fine
logarithmic grid.

Fig. 7(a) shows the results. The green curve is the seed distribution.
The blue curve is the simulated results for an ideal case assuming
that the experimental conditions are carefully designed such that the
particles only grow on the seed and no secondary nucleation occurs.
A unimodal distribution was obtained. Compared with the seed distri-
bution, the final PSD seemed to be narrower due to the scaling on the
logarithmic grid. The orange curve represents a case where unwanted
secondary nucleation occurs, which affects the growth of the seed. A
bimodal distribution was observed as a result of both the growth of
the seed particles and secondary nucleation. The sharp front of the
first mode (counting from left to right) was the result of secondary
nucleation, which decreased rapidly when supersaturation s decreased
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due to the solute mass consumed by nucleation and growth, leading
to a classic tailing behavior. The second mode comes from the growth
of the seed particles. Compared to the same mode in the growth-
only case, there were significantly fewer large particles. This is not
surprising since a fraction of the total solute mass was transferred to
the first mode. The inset picture depicts the relative supersaturation
s as a function of time: the initial relative supersaturation s = 0.67
gradually decreased to zero, which stopped further nucleation and
growth. As expected, s decreased faster when secondary nucleation was
considered.

If the first mode or the secondary particles are undesirable, increas-
ing the amount of seed or using a lower supersaturation helps alleviate
the problem. The blue curve in Fig. 7(b) shows the results obtained
by decreasing the initial supersaturation (s = 0.25). Compared to the
orange curve in (a), which had a supersaturation of s = 0.67, the height
of the first mode was reduced by a factor of three. Similarly, when the
initial seed amount was quadrupled, the first mode was also substan-
tially reduced in population. In other words, a higher supersaturation or
a lower seed amount induced a stronger or an early onset of secondary
nucleation. This result agreed well with the experimental observations
made by Caillet et al. (2007), Frawley et al. (2012) and Saleemi et al.
(2012).

Further error analysis were thoroughly carried out for three differ-
ent situations (cases 5A-C). Cases 5A-B considered the growth of the
seed alone on different grid structures. Case 5C considered nucleation
and growth on a logarithmic grid. In case 5 A (Fig. 7(c), (d)) where a
uniform grid was used, the WENO35 performed much better than all
other schemes, exhibiting a convergence rate of 4.7 compared with 0.8,
1.8 and 2.0 observed in the upwind, HR Koren and WENO23 scheme,
respectively. The rates for all the high-order schemes were expected
with the WENO35 approaching its upper bound and the WENO23 lying
on its theoretical lower bound. Since the solution was not entirely
smooth, the HR Koren scheme did not reach its maximum theoretical
rate of 2.

In case 5B ((e), (f)), we are concerned with using a logarithmic
grid structure as the PSD is often reported inherently on a logarithmic
grid by the particle size distribution measurement instrument used.
Compared to the uniform grid case, the experimental convergence rate
for the WENO35 scheme decreased from 4.7 to 3.2, but was still within
the expected range. In contrast, the rates for the upwind, HR Koren,
and WENO23 schemes were slightly increased by about 0.1. Case
5C ((g), (h)) considered nucleation and growth alone without seeds.
Compared with cases 5 A and B, the rates for all high-order schemes
were dramatically decreased with a highest rate of 1.6 observed for the
WENO35 scheme. This was expected as explained in Case 4. With cases
5A-C considered, the WENO35 scheme was the best scheme for this test
case, since its performance always dominated the other schemes ((d),
), (h.

The convergence rates on nonuniform grids in this case were obvi-
ously inferior to those attained on uniform grids. This was not totally
unexpected as similar results can be found in the literature. Central
finite volume schemes are known to be only first-order accurate on
logarithmic grids (Turkel, 1986). Wellner also reported a reduced
experimental convergence rate for the WENO schemes on nonuniform
grids for an entropy advection problem (Wellner, 2016). The deteriora-
tion might be attributed to the fact that the finite volume scheme is not
generally consistent on nonuniform grids which can lead a reduction
of the rate of discretization error (Diskin and Thomas, 2010; Svard
et al., 2008). However, a formal and rigorous analysis on the grid
geometry’s impact on the discretization error convergence rate for
high-order schemes is beyond the scope of this article.

Regarding the runtime, there is one interesting note. The loga-
rithmic grid posed a bigger numerical challenge: given the same N,,
all schemes had much longer runtimes compared to their uniform
grid counterpart (Figure S1(a) and (b)). This is not surprising as the
logarithmic grid has a higher cell density near the lower and middle
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parts of the size domain where the solution resides. It can be seen
as a local grid refinement such that it better approximates the true
solution but increases the runtime as a trade-off. Further, calculations

of the high-order scheme coefficients are also more complicated on
logarithmic grids.

order reaction in a DPFR. The relative and absolute tolerances in this
case were set to 10711,

Consider a one-dimensional convective-diffusive solute transport
equation in the axial coordinate z with a first-order reaction sink term:

de__, 9 p P,
o exgz T Ve THE
6.6. Case 6: DPFR with a first-order reaction where u is the first-order reaction forward rate constant. We assume

the above equation is subject to the following Danckwerts boundary

The above five cases considered the internal coordinate x alone. conditions and an initial condition with no solute:

The finite volume discretization of the external coordinate z using the dc dc
. . . c(z,0) =0, (Vg = Dy ==);=0 = Uaxcp, = (L,1) =0,

upwind, WENO23 and WENO35 schemes were implemented in CADET 0z 0z

and thoroughly validated and benchmarked in separate studies (von where ¢, is the solute feed concentration and L is the length of the

Lieres and Andersson, 2010; Leweke and von Lieres, 2018). As a reactor. The PDE admits an approximate analytical solution given

new feature, the HR Koren scheme is implemented for the external by van Genuchten and Alves (1984) which can be found in the SI.

coordinate in this article. To demonstrate its correct implementation The solute concentration at the outlet of the DPFR is plotted as a

and prepare the 2D-PBM case, we present a case study to recapitulate

function of time in Fig. 8(a). The feed concentration was 0.1 kg/m’
the key points for the external coordinate z alone by examining a first but the solute outlet concentration in flow equilibrium was less than
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0.03 kg/m?, reflecting the fact that the solute was partly consumed by
the first-order reaction. Despite the small number of cells N, = 50 we
used in this test, the WENO23 and WENO35 schemes exhibited excel-
lent agreement with the analytical solution. The upwind scheme, on the
other hand, was again dispersive and showed minor over-predictions.
Further error analysis showed error convergence rates of (0.9, 2.0,
2.5, 2.5) for the upwind, HR Koren, WENO23 and WENO35 schemes,
respectively. Since the solute also entered the system through the left
Danckwerts boundary condition, the WENO35 scheme did not reach a
designed rate between 3 and 5, limited by the order of the boundary
flux treatment. Interestingly, for a normalized error larger than about
104, the HR Koren scheme exhibited a smaller error compared to the
WENO23 scheme using the same number of cells N,,. However, it was
surpassed by the WENO23 scheme for errors smaller than about 104,
due to the smaller convergence rate of the HR Koren scheme. Taking
the runtime into account, as seen in Fig. 8(c), the HR Koren scheme
was superior to other schemes for a normalized error larger than 1075,
but was superseded by the WENO23 and WENO35 schemes in an even
smaller error regime.

6.7. Case 7: isothermal continuous precipitation in a DPFR

In this case study we present a test corresponding to the isothermal
continuous precipitation of a solute in a DPFR. The 2D governing
equation (11) is coupled to the solute mass balance equation (15). The
PSD distribution of interest is that obtained at the reactor outlet when
flow equilibrium was achieved. Reference solutions were generated on
a fine grid since there were no analytical solutions available for this
case. Two situations were considered (cases 7A-B): case 7 A assumed
that the particles were born as critical nuclei, and case 7B assumed that
the particles were nucleated with an intrinsic log-normal distribution.
Uniform and logarithmic grids for the internal particle coordinate x
were tested for both cases. A uniform grid was consistently used for the
external axial coordinate z. To reduce complexity, the same numerical
scheme was used for the internal and external coordinates, even though
other combinations are generally possible. There are two questions
we want to answer: 1. what is the best scheme for both coordinates
and; 2. what is the optimal trajectory to increase the cell number in
both coordinates to stay on the Pareto fronts? This analysis includes
the normalized L1 norm of the distribution itself and the percent
errors of several scalar metrics. For each scheme in both cases 7A-B,
25 simulations with varying cell numbers in both coordinates were
evaluated on a 5x5 grid. The exact grid arrangement can be found in
Table S10 in the SI.

6.7.1. Case 7A: particles are born as critical nuclei

In case 7 A, particles are born as critical nuclei on a logarithmic
grid. The full 2D-PBM solutions can be obtained at any discrete time
point inside the reactor: Fig. 9(a) shows solutions at + = 80 s, when
the flow has not yet reached equilibrium and a transient behavior
was observed. The time required to reach flow equilibrium can be
identified by a residence time study, and was found to be about 120 s.
In practice, we are mainly interested in the flow equilibrium solutions
at the reactor outlet, therefore, numerical solutions obtained at t =
200 s at the outlet were used for further analysis. When comparing
numerical solutions obtained using different numbers of cells in the
axial coordinate N,,, we noticed that a sufficiently large N, was
crucial for accurate approximations. In Fig. 9(c), an insufficient N,
led to a truncated intensity of the number density distribution and
over-predictions of the amount of large particles. N, = 1 and 2 also
presented interesting special cases as the WENO35 scheme was not
fully developed and reduced to the upwind scheme. These cases were
essentially approximations of the DPFR by a single CSTR and two CSTRs
in series, with both having large errors.

Fig. 10 shows the normalized L1 norm vs. runtime. Interpretation
of this figure is similar to those in the 1D cases. However, in the 2D
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case each scheme has Pareto-optimal and dominated points, originating
from different combinations of N,, and N,. Pareto-optimal points
within each scheme were connected by a line of the same color. The
relative position of these lines determines the Pareto front across all
schemes. In case 7 A, Fig. 10(a), all high-order schemes showed similar
performance and were Pareto optimal.

Fig. 11(a) shows the normalized L1 norm vs. N, and N_,. The
surface gradients along the N, direction were steeper than that in the
N,,, direction, indicating a faster decrease of the error when increasing
N., compared with increasing N,. We observed that along the N,
axis, the gradient slope (rate) decreased as N, increased. For instance,
the slope along the N, coordinate at a fixed N., = 600 decreased
from (1.2, 1.6, 1.9, 2.8) to (1.0, 0.7, 0.1, 0.4) for the upwind, HR
Koren, WENO23 and WENO35 schemes, respectively. In contrast, the
gradient slope along the N, coordinate increased as N, increased.
For instance, the gradient slope along the N, coordinate at a fixed
N, = 200 increased from (0.9, 0.9, 0.9) to (3.2, 3.5, 3.4) for the HR
Koren, WENO23 and WENO35 schemes, respectively. These changes
can be explained in the following way. The global normalized L1 norm
for 2D case can be described by:

O ((4%)* + (42)F) (53)

where Ax and Az are equivalent cell sizes (for nonuniform grids) and
a and B are the designed rates of the discretization schemes. When
the discretization for one coordinate is fixed, for instance, if Az and
p are fixed, the observed rate for decreasing Ax would depend on the
relative values of (4x)* and (4z)?. When (4x) is decreased to an extent
such that is becomes negligible compared to (4z)?, then the global error
would only be proportional to O((4z)?). This explains the rate decrease
observed when increasing N,. The rate increase when increasing N,
can also be similarly explained: the global error was dominated by
(4z)P. However, the low rate at the beginning was because the problem
was still under-resolved as N, was too small. A true rate was revealed
when N, was sufficiently large as it is an asymptotic property.

Projections of the Pareto fronts in Fig. 11(a) onto the N -N,, plane
is shown in (b). From (b) a general trend could be revealed for all
schemes: increasing N, and N, proportionally keeps the simulation
to stay on the Pareto front. This was expected as both Ax and Az
in Eq. (53) needed to decrease at a similar rate (4x ~ 4z, « = f in
this case) to show convergence.

Regarding the runtime, increasing N, or N, led to an increased
runtime overhead, however, this overhead increased at different rates.
From the log-log-log plot of the runtime vs. N,, N, in Figure S2, we
found that the runtime increased with an order of 1 when increasing
N, for all schemes. In contrast, the runtime was increasing faster at
an order of 2 when increasing N, for all schemes involved. This can be
explained by the fact that CADET utilizes a highly optimized domain
decomposition method in the z domain which has not yet been applied
in the x domain.

Moments were used to calculate the volume-averaged mean size,
total count and count of the fine particles which are defined as particles
smaller than 10 pm in this test. Shown in Figure S9, the errors for these
metrics decreased in a similar fashion to the normalized L1 norm when
increasing N, and N,.,, which was not surprising as they were linear
combinations of the moments calculated from the distribution itself and
their global errors should converge in a similar way to the normalized
L1 norm. As revealed in Fig. 12, the HR Koren scheme was found to
be Pareto optimal for the mean size while all schemes including the
upwind scheme showed similar performances for the total count and
fine count. Another important observation here was that these Pareto
fronts were different from those in Fig. 10(a) and a different optimal
trajectory should be used if only these metrics were of interest.

The advantages of using analytical Jacobians compared to AD are
briefly demonstrated in Table 1. Although the speed-up declined as N,
and N, increased, simulations using analytical Jacobians were still
generally one order faster than those using AD.
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Table 1
Runtime using AD vs. analytical Jacobians for Case 7A. The same number of cells were used in both coordinates.
N,, Ny Upwind HR Koren
AD Analytical Speed-up factor AD Analytical Speed-up factor
10 1.22's 0.06 s 20.33 2.68 s 0.07 s 38.29
20 6.63 s 0.20 s 33.15 17.49 s 0.40 s 43.73
40 39.46 s 1.97 s 20.03 119.86 s 5.63 s 21.29
80 243.70 s 19.56 s 12.46 859.43 s 59.37 s 14.48
N, N WENO23 WENO35
AD Analytical Speed-up factor AD Analytical Speed-up factor
10 2.88 s 0.07 s 41.14 543 s 0.06 s 49.36
20 20.89 s 0.40 s 52.23 41.26 s 0.31s 61.58
40 119.37 s 4.21 s 28.35 304.97 s 3.32s 41.27
80 918.65 s 48.18 s 19.07 2266.30 s 77.97 s 16.43

The impact of a uniform grid for the internal coordinate x was also
tested, keeping everything else the same as in the above logarithmic
grid case. The Pareto front for the uniform grid case is reported in
Fig. 10(b) and the corresponding error and runtime plots can be found
in Figure S6 and S3. In contrast to the logarithmic grid case where the
upwind scheme showed the worst performance, it actually became the
Pareto optimal for a higher error regime (about 0.1) while at a lower
error regime it was superseded by high-order schemes which shared
similar performances. Except for the upwind scheme whose error de-
creased slowly along the N, and N, coordinates at a rate of around
0.8, the errors for all high order schemes decreased at a faster rate with
a maximum of 2 and 1 along N, and N, coordinates, respectively. The
runtime for the high order schemes in the x coordinate increased at a
rate of 2 while a rate of 1 was observed for the z coordinate.
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For the scalar metric errors and Pareto front analysis in Figure S10
and S11: the mean size and total count errors had similar shapes to
that of the normalized L1 norm. However, errors for the fines count
did not strictly converge as we increased N, or N.,. This might be
explained by the inconsistency of the scheme that led to decreased or
non-convergence of the local error combined with a forced cell search
(x; < 10 pm) that resulted in an irregular pattern for the number of cells
considered for the calculation of the error. The Pareto front analysis
showed that HR Koren and WENO23 were Pareto optimal for the mean
size. Surprisingly, the upwind scheme dominated all other schemes for
the total and fine particle counts. Similar to the logarithmic grid case,
these Pareto fronts were different from those in Fig. 10(b), indicating
that they had different optimal trajectories.
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6.7.2. Case 7B: particles are born with an intrinsic log-normal distribution

In case 7B, particles are born with an intrinsic log-normal distribu-
tion (52) (yg =0,4=1,0w =03 ,x, = 4.). Fig. 9(b) and (d) shows
non-equilibrium solutions at ¢ = 80 s and flow equilibrium solutions at
the reactor outlet at + = 200 s. Similar to case 7 A, an insufficient N,
resulted in under-predictions of the number density distribution inten-
sity and over-predictions of the amount of large particles, which was
evident in the volume fraction distribution. Compared to case 7 A, an
even more dramatic discrepancy in the volume fraction distribution was
seen when N, was insufficient, stressing its crucial role in reducing
errors.

Error and runtime analyses were carried out for case 7B. Fig. 10(c)
shows the HR Koren scheme was the Pareto front scheme for a normal-
ized error smaller than ca. 0.5, but the upwind scheme was dominant
for a larger error regime. Judging from Figure S7, the normalized L1
norm converged very slowly along the N, coordinate. Similar to case
7 A, the slope along the N, coordinate at N, = 400 was gradually
decreasing from (0.5, 0.2, 0.9, 0.5) to (0.1, 0.0, 0.0, 0.0) for the upwind,
HR Koren, WENO23 and WENO35 schemes, respectively. In contrast,
the error converged at a much faster rate along the N, coordinate: the
steepest slope at N, = 200 was found to be (1.0, 2.3, 2.3, 2.3) for the
upwind, HR Koren, WENO23 and WENO35 schemes, respectively. In
terms of the runtime (Figure S4), increasing the number of cells in the
internal coordinate x led to a bigger penalty than that in the external

17

coordinate z with an order of around 2.2 for increasing N, and an order
of around 0.9 for increasing N, for all schemes involved. Regarding
the scalar metrics (Figure S12 and S13), the HR Koren scheme still
resided on the Pareto front for the mean size. For the total particle
count, similar to the normalized L1 norm, the upwind and HR Koren
schemes were the Pareto optimal depending on the error regime. In
contrast, the upwind scheme was dominant for the fine particle count
errors.

When case 7B was tested on a uniform grid (Fig. 10(d)), similar
performance was observed for all schemes. Similar to the observed
performance for case 7 A, for a fixed N, the error converged slowly
when increasing N,, with a maximum order of 1.2 seen in WENO35.
The error again converged faster for a fixed N, when increasing N,
with a maximum of 1.8 seen in the WENO35. For all schemes involved,
the runtime increased at an order of about 0.8 when increasing N, and
an order of about 2.0 when increasing N,. Regarding the scalar metrics
(Figure S14 and S15), all schemes performed equally well in reducing
the errors for a given runtime.

7. Conclusions
In this article, we solved the population balance model coupled with

a solute mass balance equation formulated for stirred tank and in a dis-
persive plug flow reactor formats in CADET. We implemented several
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widely-used expressions for the particle nucleation and growth consti-
tutive equations. Due to the open source code of CADET, the mathemat-
ical expressions can be modified to accommodate different applications
in different fields which apply population balances. A special popula-
tion balance formulation that considers the case where the nuclei can
be generated beyond the critical nuclei is also presented. A finite vol-
ume method with several flux reconstruction schemes including the up-
wind, HR Koren with the van Leer flux limiter, WENO23 and WENO35
schemes for arbitrary grids was implemented, and rigorously veri-
fied and numerically bench-marked. Analytical Jacobians associated
with all flux reconstruction schemes were derived and implemented to
reduce the runtime.

The fidelity of the numerical representation of each of the terms
of the governing equations was carefully validated throughout seven
test cases. We revisited and improved some of the existing test cases
and generated several new test cases for the 1D and 2D PBM. Novel
bench-marking methodologies were developed to test solver perfor-
mances. These test cases shed light on appropriate flux reconstruction
schemes and cell numbers to use depending on the chosen crystalliza-
tion/precipitation mechanisms and initial conditions of the system.

For 1D cases, the WENO35 scheme was observed to be the optimal
scheme to use when there is only growth of an initially smooth particle
size distribution. If the initial distribution is sharp or the particles are
born as critical nuclei, the WENO35 scheme was at best similar to and
sometimes inferior to the HR Koren and WENO23 schemes due to either
increased number of calculations involved or due to limitations of the
boundary treatment. We further found that the use of logarithmic grids
resulted in a higher computational burden and a slower convergence
rate. The former was due to the grid refinement and extra computations
for the scheme coefficients, while the latter might be attributed to the
non-consistency of the finite volume scheme on nonuniform grids.

For 2D PBM cases, we found that an insufficient number of cells
N,,; in the external coordinate z led to under-predictions of the number
density distribution intensity and over-predictions of the amount of
large particles. By examining the normalized L1 norm under differ-
ent cases, we found that it decreased quickly when increasing N,
stressing its importance. Regarding the grid structure for x, the error
decreased faster on a uniform grid than on a logarithmic grid for x. This
is because the latter usually had smaller absolute values and errors in z
were dominant, leading to apparent rate reductions for increasing N,.
We further found that on a logarithmic grid, increasing N, and N,
proportionally helped the scheme to stay on the Pareto fronts. When
increasing N,,, and N,, the runtime increased at a rate of two and one,
respectively. Regarding the scalar metrics, their errors demonstrated
different Pareto optimal behaviors. Sometimes the upwind scheme
could also dominate the performance of high order schemes, but it
would eventually give away if higher accuracy is desired. Errors for the
fine particle count did not converge, possibly due to non-consistency
of the finite volume scheme on nonuniform grids and(/or) a hard grid
search. Overall, a logarithmic grid for x using the HR Koren scheme and
increasing N, and N, proportionally should be the primary choice for
2D cases. However, caution must be taken if the scalar metrics are of
special interest.

The second part of this work was devoted to incorporating the
Smoluchowski equation to account for the aggregation and fragmen-
tation processes in a stirred tank and dispersive plug flow reactor. We
notice that solving the 2D PBM using the finite volume methods has
led to a runtime increase of 1-2 orders of magnitude compared with
1D cases, which can be rather burdensome when solving complicated
optimization problems.

In this work, the external and internal coordinates are discretized
using the finite volume method. This can potentially be improved by
applying high-order methods, such as a non-oscillatory discontinuous
Galerkin method. Previous studies by Breuer et al. (2023) have shown
up to two orders of magnitude of runtime speedup in the external co-
ordinate. As both coordinates can be discretized separately, we expect

18

Computers and Chemical Engineering 183 (2024) 108612

even greater speedups in the 2D case. The method can potentially be
further improved by concurrently discretizing both coordinates. This
will require substantial changes to the core CADET code and will be
the subject of future work.
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