.....

') JULICH | JUNIQ 7

QUANTUM USER FACILITY

Forschungszentrum

QUANTUM

ssssssss

=
@souip b 5
) quanten <
@ technologien A
[ ] o
" VOpenSuperQ -
. b

= \u\\\\\\\\nnm\w\m\mmuu\m\mmu il w

“\‘\‘\‘\‘\*

“ \w

| 1 H
l\ ==

hh

g ¥
281
ol e |
B g
Expenmental g
y NISQ
§ e,

Commercial
QC and QA NISQ
Devirces

Emulators

sbejuenp@®

JUNIQ

Simulator

D-Wave (HpCI@C

Quantum £E*
Annealer =Y

e
“132 EuroHPC
233

Mathematics 11, 4222 (2023)
https://doi.org/10.3390/math11194222

Article
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SHOR’S QUANTUM FACTORING ALGORITHM

Overview

» Given a composite integer N, find a nontrivial factor 1 <p <N

» For an L-bit semiprime N = p*q, find a prime factor p

» Alot of Internet security is based on this “hardness”

Public key cryptosystems like RSA used in TLS, SSH, ...

» Shor’s algorithm for a gate-based quantum computer can find p in polynomial time
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SIMULATING QUANTUM COMPUTERS ON GPUS

The quantum state
» Each simulation step transforms a quantum state W) = (¢-.-q3q2q1q0)

» Distribute all complex numbers on the GPUs (NVIDIA A100: < 40GB per GPU)
For 40 qubits: 2*° ¢’s = 16 TiB complex numbers = 16 GiB per GPU with 1024 GPUs

GPU rank 0 = 0b0000000000:

JUWELS Booster 4 A100 GPUs per node 10000000000 0--0

936 compute nodes

¢OOOOOOOOOO 1---1

GPU rank 3 = 0b0000000011:

¢000000001 10---0

¢OOOOOOO()1 11---1

JULICH | JUNIQ

Forschungszentrum QUANTUM USER FACILITY

Member of the Helmholtz Association April 2024 Page 3 Dr. Dennis Willsch Mathematics 11, 4222 (2023) lJ


https://doi.org/10.3390/math11194222

QUANTUM FACTORING ALGORITHM SIMULATOR

qubits n semiprime N ¢ Shor algorithm , , o J=di=1do
5 15 3 . t Jo Jt—2 - Jo
6 21 9 !
: : 1 _ _ | _ _ _
40 549755813699 T8 +) ——— A R, A || e B L Re A
40 549755813701 78 Jo J1 Ji=1
40 549755813713 78 L
. . 0---01) ) Mg | [ a2’
select . .
problem SHORGPU simulation on 2048 GPUs GPU #0
4 1ﬁOOOOOOOOOOO 0---0
N = 549755813701 :
a = 439314 602 906 %00000000000 11
GPU #1
> 100000000001 0---0
549755813701 = 1/}00000000001 1---1
ged(al™/2141,N) ged(al™/?1—1,N) P111111111110---0
find https://jugit.fz-juelich.de/qip/shorgpu Yt
factors produces bitstring with t bits
s/r~ j/gt extract 4 =1111001101111010011111000110110001000000001110111111011101101101100111000100114

r = 4581 286 080 order = 287448 630931475209 611 027
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QUANTUM FACTORING ALGORITHM SIMULATOR

Iterative Shor Algorithm: Details
7 =1111001101111010011111000110110001000000001110111111011101101101100111000100115

4 24
Measurement
o...0
: . , , J=Ji—1""Jo
¢1...1 Jo Jt—2 o Jo
J =
1 -
+) 7 H A ) Ry {H A ) ) Ry (- Ry H [
Jo J1 Jt—1
L
0---01) —/H xq2" xa? x a2’
» Controlled modular multiplication gates: Complicated All-to-All MPI Communcation SHORGPU

https://juqgit.fz-juelich.de/qip/shorgpu
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» Hadamard gates: Pairwise Half-of-all-Memory MPI Exchange
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QUANTUM FACTORING ALGORITHM SIMULATOR

All-to-All MPI Communication Scheme
GPU#S8 GPU#9 GPU#10 GPU#11 GPU#12 GPU+#13 GPU#14 GPU#15

mpi_rank=8 mpi_rank=9 mpi_rank=10 mpi_rank=11 mpi_rank=12 mpi_rank=13 mpi_rank=14 mpi_rank=15
mpi_xrank=0 mpi_xrank=1 mpi_xrank=2 mpi_xrank=3 mpi_xrank=4 mpi_xrank=5 mpi_xrank=6 mpi_xrank=7

; V1,0 _E | P18 _E ; V1,16 _E V1,24 , Y1 56 _E
:"@51_,;_ : :"1_,_ ' E"¢_1,_1;_ ' [ Y125 E__¢_1,_5;_ :
g L1 i ) e A s !
BT e L g D
I e O A B e
L U5 : L 113 E v Y121 : 1 L Y161 E
vl B e = e
G p T s ) s b ] | e
Every ¢, has to be sentto ¢, ,» where ¢ =ay mod N méggt%esrtitr%%lgli

~ GPU#LL computes a?ilm,Od Nand MPI_Isend()'s al wl’y MPI_Alltoallv ﬁt?p(;s/ﬁ;ilifz—iuelich.de/qip/shorqpu
> GPU#11 computes a” ¢y mod N and MPI_Irecv()’s all ¥1,y and NCCL
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Success rate

QUANTUM FACTORING ALGORITHM SIMULATOR

Simulation Results

Semiprime N

15 35 123 511 2047 8189 32765 131069 524283 2097149 33554429 536870861 8589933181 137438953319
21 57 253 1011 4087 16379 65531 262141 1048561 8388607 134217721 2147483551 34359737977 549755813701
100 % - ] ey = W . ; I x I I I
RE ].g l'g : r {?- E success , B
ma T ‘ M TN | = =
75 %4 = "Ewﬁ {A. ] | ' u Success+lucky | + F :
i "'l-*J-,i'—--«thr" da e e A ..«..n iy ul.q "
50 % = o B Bils ' _, g ¢ =
. ' L P ' 'Y o 5 Pis]l WS %
! I
J . y | § X ® o o 2 W -
E. - ‘ : * ™ i 4 L5 ' \ L
ikq 5 A B i i L
0% .1 1 iy Ij J =4 ! &‘lm ", 3 *h. h Y 'fl ™
/-

9

Ste 7138

€ | @
Tt T2 T3 TiaTis Tig Ti7 Tig Tio Too T21 Toa 123 Toa Tos Tag 127 Tag 129 T30 131 132 133 134 135 136 137 138 130 140 |

[12] [15] [18] [21] [24] [27] [30] [33] [36] [39] [42] [45] [48] [51] [54] [57] [60] [63] [66] [69] [72] [75] [78] [81] [84] [87] [90] [93] [96] [99][102]105]108]111]114]117]

Number of qubits n required for iterative Shor [conventional Shor]

» lterative Shor Algorithm needs L+1 qubits for an L-bit semiprime
» Ran Shor’s algorithm for 60000 factoring problems
> Individual large-scale scenarios on 2048 GPUs up to NV = 549 755813 701

> Observation: There are “lucky” scenarios! “lucky”: factoring works even though theoretical conditions not satisfied

A |
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QUANTUM FACTORING ALGORITHM SIMULATOR

Simulation Results

Semiprime N
16379 65531 262141 1048561 4194293 16777207 67108849 268435451
15 21 57 123 253 511 1011 2047 4087 8189 32765 131069 504283 2097149 8388607 33554429 134217721
100% 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
SucCceSssS
75 % - success + lucky
F_.C; success after order
% 50 % theory
S
Z T T
25 % &
¢ Y ¥ Y
0%
sl el 71 gl ol ol Tl zlualislTiel izl gl ol loaloloaalogloglpgloglaglog

[12] [15] [18] [21] [24] 1[27] [30] [33] [36] [39] [42] [45] [48] [51] [54] [57]1 [60] [63] [66] [69] [72] [75]1 (78] [81] [84]
Number of qubits n required for iterative Shor [conventional Shor]

» Average shows: Performance much better than predicted by theory
» Success rate approaches ~ 25 % (without “lucky”) and ~ 50 % (with “lucky”)

» Open question: Does this surprising performance stay for larger semprimes?
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FUTURE WORK 0045

Idea 1: Simulation for larger semiprimes ‘?
g’ 0.02 =
» Simulate more on exascale computers! =
» Also: Improvements to the algorithm? 0007 - - -
0 16,384 32,768 49,152 65,536
» Sample from theoretical probability distribution? Bitstring j
! 2 t t
() = 7 (sin(nrj| 2] /2") . 2t — 7| 2 | sin(n7j2| & | + 1]/2°)
Prfdl = 9o0 \ “sin(wrj20) 221 sin(r7j/2°)

» But: Only works if solution to factoring problem is known
» And: Cannot simulate errors
» Improvements from number theory?

» Can obtain accurate formula for the average success probability
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3 Jo Jt—2 Jo
} -
FUTURE WORK e o mrm s ||
Idea 2: Full simulation of multiplication circuits m---owiﬁ (] e

» So far: Implemented “oracles” (= controlled multiplication gates) as unitary permutation

GPU#8 GPU#9 GPU#10 GPU+#11 GPU#12 GPU#13 GPU+#14 GPU#15
mpi_rank=8 mpi_rank=9 mpi_rank=10 mpi_rank=11 mpi_rank=12 mpi_rank=13 mpi_rank=14 mpi_rank=15
mpi_xrank=0 mpi_xrank=1 mpi_xrank=2 mpi_xrank=3 mpi_xrank=4 mpi_xrank=5 mpi_xrank=6 mpi_xrank=7

j==-==-=== 1= ====== J==-==-=== 1= =====-=

1,24 ' Prse AT T | ' i

i R | (—=—=-=-=-- - j==—=-=-=- - f==—=-==- -

V1,25 > v /) bV voiae b YrsT

=" - j—-—---- El == - j——---- El

M ! (1 ' o ! Y150 | ' ohiss

ey a it o a T == iTToToc 1

% P35 : ' 1,51 | 1 159 |

= 3 - o= fmm=--- 1 bmmmm - 1

’W ' \P1,36 K Y144 ! v s v Yreo !

| = === A I_______I R U

1 / N7 | 5 E Uiz L Y161 E

e bm m s = I======= bm == ==

/%0\ TN v V146 ' Y15 o L Y62

: 1-=-=-=-=-- , t==-==-=-- -: 1-=-=-=-=-- JI === —:

1,31 'or39 boabrar boiss ' 1e3 o

» Instead: Can decompose into standard guantum gate set Takes 2L+3 or 2L+1 qubits

» Can only simulate half-as-large prolems |
_ _ (or ~ 1.5L qubits)
» But: Would allow simulation of gate errors!
instead of L+1 qubits!
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SUMMARY
» SHORGPU allows us to run Shor’s algorithm on 2048 GPUs upto N = 549755813701

» On quantum computers, Shor’s algorithm has been run for N = 15,21,35

» On quantum annealers, an alternative factoring algorithm has been run until N = 8219 999

» ldeas for future work:
» Larger semiprimes - Exascale!
» Full multiplication circuits - Simulate gate errors!

THANK YOU FOR YOUR ATTENTION

» More information and references:
» SHORGPU: https://jugit.fz-juelich.de/qip/shorgpu and Mathematics 11, 4222 (2023)
» JUQCS: De Raedt et al., Comput. Phys. Commun. 237, 41 (2019)

» JUQCS-G: Willsch et al., Comput. Phys. Commun. 278, 108411 (2022) ' oo
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