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How many vector charmoniumlike states lie in the mass range 4.2-4.35 GeV?
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In recent years many vector charmonium(like) states were reported by different electron-positron
collider experiments above 4.2 GeV. However, so far, there not only exists sizable tension in the parameters
of those states, but there is also no consensus on the number of the vector states in this energy range. To
some extend, this might be caused by the fact that the experimental data were typically analyzed in single
channel analyses employing overlapping Breit-Wigner functions, in particular ignoring the effect of
opening thresholds. In this study, we focus on the mass range between 4.2 GeV and 4.35 GeV, conducting a
comprehensive analysis of eight different final states in e e~ annihilation. Our findings demonstrate that,
within this mass range, a single vector charmoniumlike state, exhibiting properties consistent with a DD

VP = (4227 £ 4 - 1(5015)) MeV, can
effectively describe all the collected data. This is made possible by allowing for an interference with the
well-established vector charmonium y(4160) along with the inclusion of the D;D threshold effect.
Moreover, in contrast to experimental analyses, our study reveals that the highly asymmetric total cross
sections for et e~ — J/yaz and ete™ — J/wKK around 4230 MeV stem from the same physics, rooted in

molecular structure and characterized by a pole location 4/s

the approximate SU(3) flavor symmetry of QCD.

DOI: 10.1103/PhysRevD.109.116002

I. INTRODUCTION

Since the discovery of the first exotic state, i.e., y.; (3872)
also known as X(3872), in the ¢c-sector in 2003, a large
number of states was discovered in the charmonium and
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bottomonium mass range that show properties incompatible
with expectations from quark models that describe mesons
as quark-antiquark states. For recent reviews see, e.g.,
Refs. [1-6]. The amount of available data is especially rich
in the JPC¢ = 17 channel, since here states containing ¢c
can be generated directly in e e~-collisions and can there-
fore straightforwardly be studied at experiments like
BABAR, Belle, and BESIII. In this work, we focus on
vector states in the mass range from 4.2 GeV to 4.35 GeV.
This energy range hosts most prominently the y(4230) also
known as Y(4230) and potentially one additional state
located at 4.32 GeV. The latter was introduced in the
analyses of the BESIII Collaboration for the reaction
ete™ —» J/wrntx~ to account for the highly asymmetric
line shape seen in the experiments reported in Refs. [7,8].
In particular, the most recent analysis [8] revealed for the
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Mass and width of the two Y-states discussed in the introduction as extracted from the experimental analyses of the individual

channels shown by the labels. All data below a mass value below 4240 MeV is interpreted a ¥ (4230) and the one data point above refers
to the ¥(4320). The experimental values are taken from [8,9,12—19]. The red dot denotes the pole location for the ¥(4230) as extracted

in this work.

Breit-Wigner mass and width of the Y(4230) in this
channel,

My(4230) =422144+15+2.0 MeV,

Fy(4230) =41.84+29+27 MeV, (1)
and for the Y (4320)
My(4320) =4298 + 12 £ 26 MeV,
Ty = 127+ 174 10 MeV, (2)

where the first and second uncertainty is statistical and
systematic, respectively. The Y(4320) is also needed for
analyzing the J/wz°z" channel [9], and the parameters
above are consistent with the data in this channel. On the
other hand, the Y(4230) is seen in the eight additional
channels shown in Fig. 1, admittedly with largely incon-
sistent parameters, while the state dubbed Y (4320) shows
up in none of them, at least within the mass range consistent
with Eq. (2), not even in ete” — J/wKK which is
connected to ete™ — J/wnn by the approximate SU(3)
flavor symmetry of QCD. In experiments by BABAR and
Belle a state named Y(4360), with a mass of about
4345 MeV, was discovered in the y(2S)z "z~ [10,11] final
state. However, the recent BESIII measurement of the same
channel revealed that the Y (4360) emerges due to a subtle
interference of the ¥ (4230) and a state at 4390 MeV with a
width of 140 MeV [12], which is thus in a mass range close
to the w(4415), however, twice as wide. A signal at
4390 MeV with the consistent parameters was also observed
by BESIII in the A zz [13] and J /W5 [14] final states. Since
this state is outside the mass range in focus here, we do not
discuss it any further.

In the mass range from 4.2 GeV to 4.35 GeV the findings
just described raise the following questions:

(1) Why does the observed width of the Y(4230)
deduced from the J/yzz channel, differ so signifi-
cantly from that deduced from the D*Dx channel,
where the measured width is twice as large [15]?
What can we learn from the cross section differences
for ¥Y(4230) in its various decay channels? Note that
the cross section in the DD*x channel is about one
order-of-magnitude larger than those of hidden
charm decays.

Why is the Y(4230) observed in final states with
both ¢c spin 1 (i.e., J/wzr and ' 7z channels) and
¢c spin O (i.e., h.mm channel) at a similar rate,
despite being produced via a photon, which leads to
¢c in spin 1 only? Can we understand this seemingly
large violation of heavy quark spin symmetry?
Why is the Y(4320) seen only in a single channel?
Can the apparent asymmetry of the J/wzatz~ line
shape be generated by the opening of the D, (2420)D
channel just below the nominal mass of the ¥ (4320)?
Here the D;(2420) is the narrow axial vector with a
width of about 30 MeV, which decays to the zD*
channel predominantly in D-wave; the nearby
D (2430) has a width of about 300 MeV and decays
to the #D* channel predominantly in S-wave. Thus,
the broad D is not capable of producing structures as
narrow as those discussed here, although its mixing
with the narrow D, emerging from spin symmetry
violation, is relevant for the detailed description of
the data.

In this work we address the mentioned issues starting
from the assumption that the Y(4230) is a D;(2420)D
hadronic molecule, proposed originally in Ref. [20], and
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refined in Ref. [21] by taking into account the D;D cut
properly and in particular the triangle singularity mecha-
nism, which is crucial for the production of the Z,.(3900),
accounts for the line shape of the J/ywzx and in this way
leads to a pole position around 4.23 GeV. Before we discuss
in detail the observable consequences of this assumption
we present the other structure assumptions put forward for
this state in the literature, namely studies that do not need
the pole of the Y(4230) at all as well as the three types
that do call for a state in this mass range, namely the
hybrid, the hadrocharmonium and the compact tetraquark
interpretation—details are given in the following para-
graphs. This allows us to demonstrate that the implications
of a molecular structure for the Y(4230) are very specific
and significant.

In Refs. [22,23] no pole for the Y(4230) needs to be
introduced. In the former reference the structure near /s =
4230 MeV is generated from the y(4160) coupling to the
D,D, channel. While this provides a reasonable description
of the J /ywzr final state, it is unlikely that the same scenario
also allows a description of all the other final states,
especially the DD*z channel. The same comment applies
to Ref. [23], where the Y(4230) is generated from an
interference of the neighboring charmonium states. We
therefore do not consider these mechanisms any further.

In the hadrocharmonium picture an exotic hidden charm
state appears as a compact cc core surrounded by some
typically excited light quark cloud [24] . While this explains
naturally that the Y(4230) decays into J/wzz and not
D D™ as would be expected for a ¢ quark-model state, it
appears at odds with the fact that the ¥(4230) is observed
also in the h.zz final state, since heavy quark symmetry
calls for a conservation of heavy quark spin. To overcome
this problem it was proposed in Ref. [26] that the ¥ (4230)
and the next higher state are in fact emerging from a mixing
of two states, one with a spin-0 ¢c core and one with a
spin-1 core. Thus, this scenario calls for a second nearby
vector state—a currently good candidate being the above
mentioned Y (4320). Moreover, this mixing scenario implies
the existence of four spin-symmetry partners [27]. For
example, there should be two exotic 7. states, one in
between the two vector states, one significantly lighter than
the Y (4230).

Very early after its discovery, the ¥ (4230) was proposed
to be a hybrid state based either on phenomenological
calculations [28-30] or heavy quark effective field theory
[31]. In the hybrid picture, both quarks and gluons con-
tribute as valence degrees of freedom. A study of the decays
employing heavy quark effective field theory disfavors a
pure hybrid interpretation of the ¥(4230) [32]. In any case,
also the hybrid picture calls for a mixing of two nearby
vector states with different spin of the ¢c component of the

'"The hadrocharmonium picture is contrasted to the molecular
one for the Y(4230) in Ref. [25].

wave functions and thus for the existence of both Y (4230)
and Y(4320) to accommodate the decays into final states
with both spin-0 and spin-1 for the outgoing charmonium.
In addition, for a hybrid vector the decays into J/wzz and
J/wKK are connected by SU(3) flavor symmetry. The rate
in the latter channel deduced in this way is however larger
than what one finds experimentally.

In the compact tetraquark picture the states are typically
made of heavy-light diquarks and antidiquarks. This
approach calls for four nonstrange vector states with
masses in the range 4220 MeV and 4660 MeV [33,34],
since the diquarks can have either spin-1 or spin-0
allowing for the following spin couplings with positive
C parity, [0,0],, [1,0], + [0, 1], [1, 1]y, [1,1],, with the
spins of diquark and antidiquark in the brackets and their
total spin as subindex outside—note that a state that
contains two spin-1 substructures coupled to total spin-1
has negative C parity. To get the negative parity needed for
a vector state, an angular momentum of 1 needs to be
introduced between the diquark and antidiquark that in
addition flips the C parity to the needed —1. For example,
the currently preferred fit of Ref. [33] includes both
Y(4220) as well as Y(4320). An alternative approach to
compact tetraquarks, similar in spirit, but different in the
realization, is outlined in Ref. [35]. Thus, we see that three
of the nonmolecular scenarios prefer the presence of both
Y (4230) and Y (4320) while the remaining are challenged
by the decay properties of the Y(4230).

In this study, we investigate the feasibility of a combined
analysis involving eight different final states excited in
et e annihilation, namely D°D*~z, J/ywrnt 7™, J/wyK K",
heatn™, uwtu™, yo(1P)w, J/yn, and X(3872)y, in the
mass range from 4.2 GeV to 4.35 GeV, under the
assumption that the ¥(4230) is a D; D molecule. The main
message of this work is that the data available in this mass
range is consistent with the presence of a single exotic state
predominantly of molecular nature, since such a state
necessarily has a large coupling to the D;D channel.
The molecular scenario for the Y(4230) was already
advocated in Refs. [36,37] based on an analysis of older
data in the J/wzzr and h.zz channels. It is crucial to
emphasize that, while certain properties of the data emerge
naturally in the current analysis, there are cases where fine-
tuned parameters are necessary. It turns out that in order to
obtain a coherent picture, it is unavoidable to include the
interference with an additional vector state whose proper-
ties we fix to those of the well-known charmonium state
w(4160). This is illustrated in Fig. 2, where we show the fit
results with and without the y(4160) for three selected
channels; at first glance, the narrow structure in the J/yzz
channel appears incompatible with the much broader
structure observed in DD, as well as some other channels
discussed below. However, as shown in the figure this
discrepancy can be overcome by a simultaneous presence
of both y(4160) and Y (4230). Based on an analysis of the
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FIG. 2. Fitresult for D°D*~ 7", J/wa*z~, and p* u~ channels,
including the w(4160) (solid red line) and omitting it (dashed
blue line). The data for the D°D*~z* channel are from Ref. [39],
those for the J/wn*z~ channel from Ref. [8] and for y*p~ from
Ref. [18]. The vertical dashed lines indicate the positions of the
nominal mass of the y(4160) and DD threshold, respectively.

channels DD, DD*, D*D*, and DDz, Ref. [38] puts
forward the hypothesis that these two vector states could
actually be the same state. However, the data shown in
Fig. 2 indicate that this conjecture is not compatible with
the data studied in this work. Especially the u "y~ channel
shown in the bottom panel of Fig. 2 clearly shows two
individual peak structures, which can only be understood
by the presence of two resonance poles. Moreover, if the
higher peak in the up~ channel were driven by the D, D
cusp, it would appear at the D, D threshold and not about
60 MeV below.

We regard this work as some exploratory study—
accordingly some disclaimers need to be given, which will
be overcome in subsequent publications:

(i) We treat the effect of the interference of the y(4160)
with the Y (4230) perturbatively. While this simpli-
fies the fitting, it violates unitarity since only terms
linear in the vector propagators are included in the
evaluation of the hadronic cross sections.

(i1) Also, to accelerate the fitting, we approximate the
imaginary parts in the denominators of the reso-
nance propagators for w(4160), Y(4230), and
Z.(3900). Specifically, we keep dynamically the
most significant imaginary parts that exhibit strong
energy dependence within the considered mass
range. Meanwhile, contributions from more distant
channels that show minimal changes are replaced by
constants. Accordingly, the complete width of the
w(4160) is treated as a constant, and for the other
two states only the D;D and the D*D channels,
respectively, are kept dynamically.

(iii) This is a phenomenological study. In particular, we
cannot estimate uncertainties from a truncation error
in some systematic expansion. This is appropriate,
however, since we only aim at demonstrating what is
possible with a single exotic particle in the mass
range of interest. Accordingly, uncertainties of e.g.,
the pole parameters of the Y(4230) were only
roughly estimated at this stage.

(iv) We focus on the effect of the DD intermediate state
in the decays of the Y (4230), basically ignoring that
heavy quark spin symmetry also calls for the coupled
channels D,;D* and the D,D*—this is the main
limiting factor when considering the energy range.

(v) The channels with two pions or two kaons in the final
states necessitate the proper inclusion of zz/KK
final-state interactions, as discussed in previous
works [40—44]. In this study we simplify the treat-
ment of these effects. While our approximation
shows qualitatively very reasonable results, the data
for eTe™ — w(2S)nx, exhibit a very unusual energy
dependence in the subsystem invariant mass distri-
butions at \/E = 4230 and 4260 MeV, which seem to
require a more refined treatment. Consequently, data
from ete” — y(2S)zzr are not included in the
current fits.

(vi) The data currently available do not show apparent
peak structures of ¥(4230) in D*)D®) channels,
which must appear in odd partial waves to reach
JP€ = 17", This suggests that the couplings of
Y(4230) to the two-body open charm channels
are much smaller than those of the vector charmo-
nium states. In Ref. [45] it was demonstrated that
the dips seen in the data of e e~ — D*D* and DD}
are consistent with an interference from the D,D
molecular nature of the ¥ (4230).

Note that with respect to exploiting the implications of the
heavy quark spin symmetry there are more advanced studies
than this one already published [46,47]. However, both
those works focus solely on the pole locations that emerge
from solving the scattering equations for the members of the
spin multiplet { D, D, } scattering off those of {D, D*}. No
attempt is made to investigate the resulting line shapes in the
various decay channels. Contrary to those works, we here
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study the energy dependence of the cross sections in the
various decay channels. This allows us to demonstrate that
the inclusion of the w(4160) together with the strong
coupling of the Y(4230) to the D;D channel that is a
consequence of its assumed molecular nature, is sufficient to
describe all data sets studied here without the need for an
additional exotic state in the mass range of interest. This
conclusion is in line with the preliminary results of this
study announced in Ref. [48].

While preparing this manuscript we got aware of
Ref. [49], where, besides various other ingredients, the
w(4160), the Y (4230) and the D, D-channel are included.

The central finding of that work relevant for us is that in
total three poles are found in the energy range studied here.
While one of them might well represent the y(4160), only
with somewhat shifted parameters, and another one the
Y(4230), there is still a resonance needed close to
4320 MeV, albeit a very broad one (with a width more
than 300 MeV) absent in our analysis. From the information
provided in Ref. [49] it is not clear what dynamics drives the
appearance of such a pole.

A more detailed comparison with that work will only be
possible, once more details are published.

An alternative analysis to ours that includes both
w(4160) as well as Y (4230) in the energy range of interest
here but does not call for a state located at 4320 MeV is
Ref. [50]. In this work the asymmetric shape observed in the
total cross sections of zzJ /y and D* Dz can be reproduced
as an interference effect between y(4160) and the higher
energy state y(4415)—the latter state is beyond the energy
range considered in our analysis—combined with a non-
resonant background. Then the inclusion of Y(4230) is
needed for fine-tuning the agreement with data near
4.2 GeV. Another striking difference between that work
and ours is their omission of any threshold effects. As we
argue below, the significance of the DD threshold in the Y
line shapes is a direct hint towards its molecular nature—
accordingly Ref. [50] argues that their analysis is consistent
with a ¢c structure of the ¥(4230). Thus, studying observ-
able differences between the results of that work and ours is
important to pin down the nature of the ¥ (4230). We come
back to this when discussing the results. It should also
be mentioned that the relatively large cross section seen in
ete” — h.nr—where the final state contains a ¢c pair
in spin zero, contrary to the production of a ¢¢ pair with spin
one—suggests a considerable amount of heavy quark spin
symmetry (HQSS) violation. This phenomenon, highly
unnatural for a cc structure, is explained naturally by
prominent D;D loops, since the two-meson intermediate
state decorrelates the heavy quark spins. Therefore, the
similarity in size between the J/wzz and the h.mzm cross
sections suggests a molecular structure of the ¥(4230).

The paper is structured as follows. We start with some
general considerations about the diagrams to be included in
the molecular approach. Then, in Sec. III, we describe in

some detail the formalism employed. Section IV contains
the fitting results as well as their discussion. We close with
a summary and outlook in Sec. V. Additional technical
details of the calculations are delegated to Appendixes.

II. GENERAL CONSIDERATIONS

In the molecular scenario, the coupling of some physical
Y states to the nearby continuum channel, %, h,, that forms
the molecule is maximal [51,52], see also [4] for a review. In
fact, this large coupling is what encodes the molecular
nature of a given state. Accordingly, the transition of Y to
the channel h;h, dominates over the others and the
diagrams containing this coupling appear always at leading
order. In effective field theories (EFTs), the relative impor-
tance of the diagrams is controlled by power-counting rules,
as presented for similar systems, e.g., in Refs. [53,54].
However, our case involves several additional complexities
such as the presence of the unstable particle D; in the
transition, exploration of a relatively wide energy range, and
the analysis of three-body final states. To illustrate the
second point, we note that for the energies near the Y (4230)
peak, triangle diagram (c) of Fig. 3 is potentially important,
as long as we look at D*D invariant masses close to the
mass of the Z,.(3900). Indeed, not only the D*D inter-
mediate state is in this case nearly on shell, but also the
nearby triangle singularity significantly enhances the con-
tribution of this diagram [55]. However, this diagram is
suppressed over a large fraction of the Dalitz plot apart from
this range. Therefore, in what follows, we employ a more
pragmatic strategy to consider the most natural and phe-
nomenologically motivated production mechanisms and
investigate their relative importance in different energy
regimes. Due to this, we postpone an estimation of the
theoretical uncertainties to a later publication.

A.ete” - DD~ n*

The most direct access to a molecular state is provided by
its imprint on the near threshold cross section of the channel
that forms the molecular state, since as outlined above the
coupling of the molecule to its constituents is large. The
same reason is also the origin of the unnaturally large
nucleon-nucleon scattering lengths [4,51,56]. This phe-
nomenon arises from the existence of nearby molecular
states in both the spin-1 channel (with the deuteron as a true
bound state) and the spin-0 channel (with a closely located
virtual state). The D;(2420) is unstable with a width
of about 30 MeV. It decays predominantly into D*z in
D-wave, thus the final state with closest connection to a
possible molecular nature of the Y(4230) is the D*Dx
channel. The corresponding diagrams are shown in Fig. 3.

Both diagram (a) and diagram (c) scale directly with the
large YD D coupling. Moreover, they are both enhanced
by the near on shell D; propagator—after all we are near
the pole of a narrow state. In our study we also treat the
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Diagram contributing to e*e~ — DD*x. (a) tree level, (b) Y (4230) contact term, (c) Triangle, (d) w(4160) contact term, where

for the last three the final-state interactions in the doubly heavy subsystem are included.

Z.(3900) as a hadronic molecule, in line with Ref. [21].
Accordingly the coupling of the Z, to the D*D channel is
also large. Moreover, the triangle diagram, which is part of
diagram (c), is enhanced by a very close by triangle
singularity [55]. Thus, we expect diagrams (a) and (c) to
contribute significantly to the observables.

The pole of the ¥ (4230) is located about 60 MeV below
the nominal D, D threshold, which is about twice the width
of the D(2420). This width still allows for a resonance
signal even at /s = 4230 MeV [57,58], however, with a
significant kinematic suppression—the large coupling of
the Y (4230) to the D; D channel with the D; — D*z decay
in D-wave develops its effect mostly above the D,D
threshold. However, although violating HQSS, the narrow
D(2420) is expected to mix with the much broader
D{(2430). In this way the narrow D;(2420) also gets an
S-wave decay [59], which does not so strongly suffer from
the above mentioned kinematic suppression allowing it to
contribute significantly to the Y(4230) peak in the zD*D
channel. In particular, the decays of the D;(2420) to D*x
both in S- and D-waves are therefore included in diagrams
(a) and (c). In this paper, whenever referring to D; without
mass number, we talk about the narrow D,(2420), to
simplify notation.

In addition, because of the large width of the D (2430),
its residual effect acts effectively like a very short ranged
contribution. We thus do not calculate loop contributions
involving this broad state explicitly but parametrize it by a
point coupling of the Y (4230) to zD*D with S-waves in all
subsystems. Since the D*D in S-wave also undergoes
final-state interactions, the just mentioned point coupling
cannot occur in isolated form, but needs to get dressed by
the Z.(3900) propagator that parametrizes the D*D S-
wave interaction. This results in an expression that is
represented by diagram 3(b)—details for the expressions
employed are given in Sec. III as well as in the
Appendix A. This construction is automatically consistent
with the Watson theorem [60].

Finally, in the experimental data for the zD* D channel the
width of the structure around 4230 MeV is notably broader
than that observed, e.g., in the J/wzz channel—see Fig. 2.
Because of this, the parameters extracted for the ¥ (4230) in
the two channels by the BESIII Collaboration are incon-
sistent with each other—cf. Fig. 1. A possible mechanism
that allows for a combined fit of the various channels is that
the y(4160) also has some small coupling to the D*Dz. The
experimental signal observed could then be interpreted as
the result of an interference of the signatures from the two
resonances. Also for the yw(4160) we assume that the
coupling is in S-wave with respect to all subsystems and,
as before, also here the direct transition y(4160) — D*Dx
gets dressed by the D* D final-state interaction parametrized
by the Z.(3900) propagator. The corresponding diagram is
shown in Fig. 3(d). We are aware that, if the y(4160) were
(predominantly) a D-wave charmonium, there should also
be angular momenta in the final state as a consequence of
HQSS. However, the data do not call for an additional
coupling structure and we thus omit it from our study.

B.ete” — J/y(nx/KK)

Next we turn to the discovery channel of the Y (4230),
ete” — J/wnr, where the highly asymmetric line shape
lead to the claim for the existence of an additional state
called Y(4320) [7.8]. Again, driven by the assumed
molecular nature of the Y(4230), contributions that run
through the D|(2420)D intermediate state are sizable and
need to be considered. Then, to reach the J/wzx final state,
possible topologies are either box diagrams [see Figs. 4(a)
and 4(b) as well as Fig. 5 for a complete set of box
diagrams] or a triangle followed by a Z.(3900) propagator
[Figs. 4(c) and 4(d)]. As before we need to allow for
additional processes and also here include a diagram for the
contact transition of the Y (4230) to the J/yzz final state
[Fig. 4(e)], as before dressed by the final-state interaction
that leads to the occurrence of the Z.(3900)—see Sec. III B
for a detailed discussion. Furthermore also in this channel
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J/ ----7
Y (4230) Y (4230)
D*
et e a et I/
7 ™ 7 U
7 7
7 7
+ // //
€
(c) D, D* D) D)
_ — J/
Y (4230) D Z.(3900) D™
_ , T
€ 7’
7
+ .
e , ™
(d) D+ D* ///
7
_ J/
Y (4230) D Z+(3900)
-
+ s s + g g
‘ (e) /// /// ¢ (f) /// ///
Y (4230)  Z.(3900) $(4160)  Z.(3900)
e J/p e I/

FIG. 4. Diagram contributing to e*e™ — J/wzz. The thin lines in the box and triangle denote D* or D mesons. (a),(b) boxes,
(c) triangle, (d) triangle counterterm, (e) ¥(4230) contact term, (f) y(4160) contact term, where for the last two the J/yz final-state
interactions are included.

J/ J/b
Y (4230)
D(D™) D*~(D%)
€+ 7777777 ﬂ.+
e N0 RS T T T T e N RS T T T nt
DY(D7) ) D)
- - TrJr - T
Y (4230) Y (4230)
D*(D*+) D*O(D*_)
et I/ et I/
e N R T T T e N RS T ot
D*t(D*) D*~(D*)
---- gt - T
Y (4230) Y (4230)
D(DT)
et J/P et I/

FIG. 5. Decomposition for the box topology of ete™ — J/wn'n~.
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e

I/

FIG. 6. Strange source for ete™ — J/wKTK".

we allow for a contribution of the y(4160), shown in
Fig. 4(f).

To come to the full amplitudes, the zz final-state
interaction needs to be taken into account as well. Since
the initial photon generates a ¢c-pair, which is isoscalar,
and the final ¢c pair is isoscalar as well, the pion pair must
be isoscalar with even angular momentum (the latter also
follows from parity conservation). In the vicinity of the
Y (4230) pole, the 7z system is probed in the energy range
from its threshold up to about 1.1 GeV. Since the scalar-
isoscalar 7z interaction has a strong coupling to the KK
system, the final-state interaction is included by employing
a formalism that explicitly treats the coupled channels.
Since the full treatment of the system is technically very
demanding [44] (see Refs. [40-42] for related studies)
because of the intricate singularity structure of the pertinent
integrals, in this exploratory study we employ an approxi-
mate treatment that still allows for a sensible description
also of the 7z spectra—details are given in the next section
and in Appendix B.

The coupled channel treatment of the zz/KK final-state
interaction provides us at the same time access to J/wKK
final state. To make the latter calculation complete, we also
need to take into account strangeness in the source, as
shown in Fig. 6. This does not introduce any additional
parameters, since we demand that the vertices are consistent
with the SU(3)-flavor symmetry. Naturally, the strangeness
sources are also included in the calculation of the J/ynrx
final state.

Y (4230)

D(D+) D*—(D*O)
P N VA ot
e N R T T T
DY(D7) D*+(D*)
- - - = ﬂ_+
Y (4230)
D*(D* 1)
et he

FIG. 7.

C.ete™ - h.r

The diagrams contributing here are in principle analogous
to those for the J/ywzx channel, shown in Fig. 4. However,
in contrast to that channel, we exclude diagrams containing a
Z.(3900). This is based on the observation that Z.(3900)
does not show a significant contribution to the /.7 invariant
mass distribution. Additionally, we point out that the
Z.(4020) is not included in this work, since this would
require a complete treatment of the {D,D"), D,D*)}
coupled channels, and of the {DD*, D*D*} subsystems,
which is postponed to future work. Moreover, the contact
terms that drive the contributions shown in diagrams (e)
and (f) of Fig. 4 in the J/wzx channel are omitted here as
they violate spin symmetry. This symmetry violation is
overcome by the loop diagrams as a result of the spin
symmetry violation that enters through the mass differences
of D and D* as well as D; and D,—the former one being
included explicitly in the calculation, the latter one by
choosing an energy range where the D, contribution should
be negligible. For a detailed discussion on how the spin
symmetry gets restored in the heavy quark limit even in the
presence of hadronic molecules, see Ref. [61]. In summary,
for the h.zx channel we only include the box topologies
shown in Fig. 7, expecting some deviations from experiment
as a result of the omission of the Z,.(4020). On the other
hand, it is not expected that the Z.(4020) will generate
significant structures in the total cross section of h.zr,
which is the focus of the current work, since in this case, the
narrow peak from Z.(4020) in the =mh. subsystem is
smeared. The same effect is demonstrated explicitly in this
work, where the narrow structures of the Z.(3900) seen in
the J/wr subsystem do not visibly modify the energy
dependence of the cross section for J/yaz.

D.e*te” — X(3872)y

If Y(4230) is a DD hadronic molecule and both
Z.(3900) and X(3872) are D*D hadronic molecules with

Y (4230)

D*-{-(D*)
+- Nl a o T
o ot
D*—(D*O)
_————
Y (4230)
D*O(D*—)
+ he

Diagrams contributing to eTe™ — h.atx".
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¥ Y vy
D D*
_ X(3872)
Y (4230) D Y (4230) 1 (4160)
X (3872) X(3872)
FIG. 8. Diagram contributing to X(3872)y.

I1(JP€) = 1(177) and I(JFC) = 0(17+), respectively, the
production mechanism of the latter pair in ¥ (4230) decays
must be analogous [62]. Only that the particle radiated off
in the course of the Y (4230) decay must have positive C
parity for the transition to the Z. and negative C parity for
the transition to the X(3872). Thus, all that needs to be
done to get from the diagram that generates the Z,. in
Y (4230) — nZ, to the one that generates the X (3872), is to
replace the pion in the final state by a photon. The resulting
diagrams are shown in Fig. 8.

E.ete” - utp~

For each reaction discussed so far the electromagnetic
production mechanism and the strong decay were entangled
in a special way. What makes the ete™ — utu~ especially
interesting is, that here we may isolate production from
decay, since the total cross section is by far dominated by the
real valued tree-level diagram (first diagram in Fig. 9) and
the hadronic cross sections only contribute significantly
through their interference with the mentioned dominating
one. Moreover, the decays of ¥ (4230) and y(4160) into the
same hadronic channels induce some mixing of these in the
y* — y* transition amplitudes. The diagrams contributing to
the process are shown in Fig. 9. The mentioned mixing of
the two vector resonances is depicted here as the hatched
blob. The imaginary part of this mixing amplitude is given
by the respective interference terms that contribute also to

et utoet

e~ n e

Y (4230) /¥ (4160)

the various exclusive hadronic channels discussed above.
It is dominated by the transitions Y(4230) - DD*z —
w(4160), since the DD*r cross section is by far the largest
hadronic cross section. The details of the calculations can be
found in Sec. III C 8. Therefore, the simultaneous study of
the hadronic channels and the ete™ — pu~ channel
provides a sanity check for the size of the induced mixing
of the vector states, which turn out to be significant.

F. Further channels

As shown in Fig. 1, in addition to the channels discussed
in detail above, the Y (4230) is seen also in the final states
@y 0, N /w and w(2S)zz. In this work we do not study this
last decay channel as the y(2S)z invariant mass distribu-
tions vary so dramatically when the total energy is changed
mildly form 4.226 MeV to 4.258 MeV [63] that there must
be some highly nontrivial interplay of different mecha-
nisms at work that to our understanding are not yet
understood microscopically (while in Ref. [43] a descrip-
tion of the invariant mass distributions is provided, no
attempt is made to understand the energy dependence of the
total cross section).

For the first two channels, both triangle diagrams as well
as direct transitions contribute as shown in Figs. 10 and 11,
respectively. Below we discuss the results for these channels
as well.

ut et ut
Y(4230)®\P(4160)

peoooen p

FIG. 9. Diagrams contributing to e e~ — p*pu~. The hatched circle in the rightmost diagram indicates the mixing of the two vector
states driven by their common decays to the channels DD*z, J /wzr, y .o, J /wn and X(3872)y considered in this analysis—for details

see text.

Y (4230)

7
7/
7
7/
7
7/
D Y (4230)  \
Xco

w

¥ (4160)

N
N
N
N
N
N

Xco

FIG. 10. Diagrams contributing to y.q.
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FIG. 11.

III. FORMALISM

In this section the formalism underlying the calculations
is presented in some detail with additional material pro-
vided in the Appendix A. Those readers most interested in
the results and their physical interpretation may want to
jump to Sec. IV immediately.

A. The Y(4230) as a DD state

We can write the D;D wave function as a negative
C-eigenstate

ID\D(C = -1)) D) = |DDy)).

LT
—\ﬁ(ll

As the Y (4230) is predominantly produced by c¢ it must
be an isosinglet. Following the convention,

1 1 1 1

— — :D():_ — — _—D+_—
‘2,+2> cu, ’2,+2> cd,

I 1 I 1

., = :D___ _—, = :DOI

‘2, 2> d, ‘2, 2> cu, (3)

the isosinglet wave function is given by [l =0) =

V(1) = [41)), resulting in

ID,D(C = —1,1 = 0))

1 _ _
=3 (IDYD™) +|DYD°) + [D* DY) + [D°DY)).  (4)

The effective Lagrangian for the coupling of DD to
Y(4230) and DD self-interactions reads [37],

Ly = % (D'YiD" — DifyiDY)
+g:1[(DyD)' (D1 D) + (DDY) (DD, (5)

where the couplings gy, and g¢; include the heavy quark
mass normalization of the fields. Typically a proper field
redefinition allows one to absorb the effect of nonpertur-
bative hadron-hadron scattering into a pole term. This is not
possible only if there is more than one pole on the physical

Y (4230)

]

s M l

P(4160) "\
J/ J/

Diagrams contributing to J/y.

sheet in the mass range of interest [64]. Since this is not the
case here we can safely set the parameter g, to zero.” Thus,
we get for the DD scattering potential,

G, (), ©)

v(E)=-%

where the bare Y propagator reads,

1

GolE) = 2 E =)

(7)

with wy for the on shell energy of the Y (4230) from the
field normalization and E = +/s. Here we dropped the spin
indices although G and various other propagators below
refer to the propagation of a spin one particle. The reason is
that in our nonrelativistic treatment the spin structure
simply refers to a &”/—the spin simply runs through
unchanged. The relation of the bare propagator Gy(E) to
the full propagator Gy (E) is given by the Dyson equation,

Gy = Gy + Gogyo(20yZp,p)groGy- (8)

From this one finds for the D, D scattering amplitude,

2
g
MDlD—>D1D = —%GY(E)’ (9)
with
1 . _
Gy(E) = =—(E —my— gYOZD p(E) +il4y,/2) L (10)

Za)y

Note that the last term in the denominator was added to
account for the contribution to the width of the Y (4230)
from the various inelastic channels. The self-energy X for a
resonance R can be derived from the standard, scalar one-
loop diagram, which reads in dimensional regularization
for the intermediate two-body state a, up to terms irrelevant
in what follows:

*We checked that the inclusion of this parameter does not
allow us to improve the fit, however, leads to large correlations
between gy, and g;.
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G Gl 4
(- w

FIG. 12. The Y(4230) induced production of the D D pairs from a pointlike source. The solid lines denote D; and D mesons as well as
the bare propagator G, double line stands for the dressed propagator of the Y (4230), and the wiggly line corresponds to the initial

photon.

2wRia(s) =

1 mgz - mil +s mil
(47)* 2s log m?
a2

/11/2(& m1212’ mﬁl)

2s

ctog (Mt M= £ )|

2
a
2 2 1/2 2 2
’/”l1/12—i_n’lz12_‘g_l1 / (S’maZ’mal)

(11)

Here s = E2. The masses in the expression refer to the
masses of the two particles propagating in channel a. To
come from this to the expression for the self-energies
employed in the propagators, we use

Z4(s) = Z4(s) = Re(Z, (mj)). (12)

With this subtraction, the real part of the inverse Y
propagator vanishes at E = m, and it reduces significantly
the correlations between couplings and bare masses [65].

Using the DD scattering amplitude and the Y (4230)
propagator Gy, one is in the position to derive the pointlike
production operator My via the Y(4230) to DD (see
Fig. 12 for the graphical illustration),

My = (¢ = aGogyo)(1 + 20yZp, pGygye).  (13)

where c is the direct coupling of the photon to DD in the
quantum numbers JP¢ = 17~ which vanishes in the HQSS
limit, and « is the source term coupling of the photon to the
bare Y state. Equation (13) gives the impression as if it had
a pole at the bare mass m, however, from Eq. (8) one
gets that,

(1+ 20y Z(E*)Gy(E)gyo) = Go(E)'Gy(E).  (14)
which allows us to rewrite Eq. (13) as

My = (a + Eb)Gy(E)gyo. (15)

Here, in the purely one channel D;D problem, unitarity

requires the parameters to be real. However, allowing
for additional complex phases at the photon-resonance

couplings enables us to effectively include other effects,
such as interference between y(4040) and w(4160), as
will be discussed below.

B. Production in the presence of coupled-channel
final-state interactions

Through hadronic final-state interactions, unitarity links
contact terms to resonance propagators—a special exam-
ple of this was already demonstrated above; Eq. (13)
contains both a contact term to the final state as well as the
resonance contributions collecting the interactions in that
final state. As demonstrated there, employing unitarity
makes the tree-level production term vanish and the final
amplitude, Eq. (15), is proportional to the dressed reso-
nance propagator.

Analogously one cannot discuss other tree-level oper-
ators or contact terms involved in the decay transitions
without the inclusion of the nonperturbative final-state
interactions in the relevant subsystem parametrized via
the pertinent resonance propagators. In analogy to the Y
propagator provided in Eq. (10) we find for the propagator
of the Z.(3900) from solving the related Dyson equation,

1 1

GZ = N
2wz E—my — Zi 9iZigi

(16)

where the sum in the denominator runs over all relevant
channels, which for the Z.(3900) are D*D and J/yx [66]
(denoted as channels 1 and 2 respectively) and E is the
energy in these subsystems. Furthermore, g; stands for the
couplings of the Z.(3900) with the channel i, and Z; refers
to the self energy in the corresponding channel. As before
the trivial spin structure of the propagator is not shown. As
the energy range studied in this work is far above the
threshold of J/yx, the contribution of this channel to the
self-energy is well-approximated by a constant whose real
part can be absorbed into the bare mass m.

The production amplitude F, for channel 2, shown in
Fig. 13, can now be expressed as

Fy =M)(1+2,9,Gz9,) + M, Z,9:G29,
= Gz(My(E —my — g1Z1) + M Z19195). (17)
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FIG. 13. Feynman diagram for production of channel 2. The scattering amplitudes 7';; in the channels ij(i, j = 1,2) are related to the

Z, propagator as T;; = g;Gzg;.

with M; denoting the production operator for channel i.
The expression for F'; can be easily obtained from Eq. (17)
by interchanging 1 and 2. Defining M, = ¢, M, and M, =
g,M,, the form factor F can be therefore expressed by

P GZ<91[(E— mO)A:/Il +9§22(1‘:’11 —1‘:/12)}) (18)
D|(E = mg)My + g1Z, (M, — M))]

which takes the form already expressed in the Feynman
diagrams in Sec. II, namely that it is given by some vertex
structure for the source term, times the Z,. propagator times
the respective channel coupling. As indicated in the lower
line of Fig. 14, the effective coupling of the Z,. to the J/yx
channel, here abbreviated as g,, contains besides a contact
term also a triangle topology. The same is true for M,, as
shown by the upper line of Fig. 14. The triangles for M, and
g, in this figure are essentially identical, except for the
couplings of Y and Z,. to D-mesons, which are evidently
different. In particular, they incorporate the D*) D) J /y
vertex in P-wave, causing the principal value part of these
triangles to depend on a regulator that must be renormalized
by a contact term, consistent in both cases. In the picture
advocated here, where the decay of Y(4230) is predomi-
nantly governed by diagrams involving the DD intermedi-
ate state rather than those depicted in Fig. 14, it is reasonable
to assume that the overall coefficient M, connecting M, and
g, is real-valued. While formally present in the transition
amplitude, we observed that the fits to the experimental data

do not need the term proportional to (M, — M), since it

, T Remmmmm—= = ™
e A B
Y .7 Y
—_— J/w —+ — J/'l/;
AN N C
N N T
, T  R=mmmm === ™
L A B
Z. ’
I+ - I/
C

(AB,C) ={(D*,D*,D),(D*,D,D),(D,D*,D*)}

FIG. 14. Upper line: Feynman diagrams for production oper-
ator for Y(4230) — J/wzz. In the full amplitude the J/w and one
of the pions undergo final-state interactions driven by the Z,.
Lower line: the corresponding transition Z,. — J/yx.

was consistently found to be zero. We thus omit the
corresponding terms from the start and employ for the
production amplitude,

(), (1)

a; ' (a, + E

F—Gz<g1 (12)( ?2) )>’ (19)
[ep1est (a2 +E)

with agj ) being free parameters to be determined in the fit.
These form factors appear in both the Y and the y decays.
The corresponding strength parameters of the latter reso-

nance are denoted as ﬂf-j ),

C. Observables
1. ete- - D'D*~n*

With D°D*~z* being the channel with the most direct
access to the molecular nature of the ¥ (4230), one expects
the tree-level decay, shown in Fig. 3(a), to provide the most
significant contribution followed by the triangle loop and
contact interactions. As argued in Appendix A, see the
discussion below Eq. (A16), the D,(2420) can decay into
D*r in both S- and D-wave, such that the spin structure of
the Y — D°D*~z* amplitude can be written as

i mii 9 i ii
| poe = GY{W?%T”) 191 (31 ph — p26i)

V2
- hilzswﬂéij> [GDI (ED*JT)

= 29507 p,pp*Gz(Epp-)] }673]; , (20)

where we introduced as shorthand notation hf, =

s/ p/ (V3f) and hT, = \/2/3K \/mp Tp/ f .
The D, — D*x couplings /) and A’ are fixed from the
D, decay properties—details are given in Appendix A. To
respect the Goldstone theorem, stating that the pion ampli-
tude has to vanish in the chiral limit for p, — 0, the S-wave
vertex and other amplitudes below scale with the on shell
pion energy @, = /m2 + p2. The indices i, j are the spin
indices and a summation over j is assumed. The tree-level
diagram is shown in Fig. 3(a). Additionally, the produced
DD* pair can rescatter into the Z.(3900) shown in diagram
3(c) via a triangle loop. The Lagrangian further allows for a
direct pointlike transition of the ¥ (4230) — D°D*~z" in an
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S-wave, corresponding to diagram in Fig. 3(b). The phase of
this diagram is fixed by the rescattering of the DD* pair into
the Z.(3900), where the formalism described in Sec. III B
1s used,

(MP2mVE = Gy (Epp ) gzowg [ (0" + Epp)8]. (21)

This expression agrees with Eq. (19), only that the
generic name g; used there was now adapted to the notation
employed in this section.

The relative factor of 2 between the tree-level and Z,
contributions comes from the isospin coefficient of
the Y(4230) wave function shown in Eq. (4), as the
Z:(3900)x" pair is produced via Y(4230) — D} D~ and
Y(4230) = DD,. The coefficients of the isotriplet pro-
duction of the Z.(3900) from D*D and the C = —1
eigenstate are absorbed into the coupling gz, of the
Z.(3900) with DD*.

Formally, the Y(4230) should be treated as emerging
from a DD*rn three-body system, which can be most
conveniently handled using time-ordered perturbation
theory [67]. In preparation for this more complete treat-
ment, that we will attack in a subsequent publication, we
evaluate also the loop integrals in this work using the same
formalism. Thus, the scalar triangle with pion emission is
given by

[ & 1
bpb* = (27[)3 8(UD](UD(1)D*
1 1
X . (22)
E—a)D]—a)DE—a),,—a)D*—a)D
where the D; energy is given by wp =

\/(le —ilp,/2)* + 2, with mp, and ', for the mass
and width of the D,, respectively. The other particle
energies are defined analogously, however, with their
widths neglected. The width of the D can here be treated
as constant, since the D pole is sufficiently high above the

i
Y—J/yrn

V2

xD* threshold [58]. We checked that the energy depend-
ences of the various loop diagrams included in this study
agree to the analogous loops evaluated covariantly. As
argued above, a simultaneous treatment of ¥ — J /w7 and
Y — DD*r is possible only if also the interference with the
w(4160) is included. The contribution of w(4160) —
DD~z is parametrized as

i —
Ml//—»DD*zr - Gl//gZOGZa)ﬂ

X [ﬂﬁ”(ﬂg) + EDD*)éij] ej)ju (23)
again in line with Eq. (19). The free parameters that appear
in the equations above were fixed in a fit to data—the
resulting values are listed in Table II.

Here, a comment is in order. As our focus lies in
examining the interference effect between Y(4230) and
y(4160) on the line shapes in various channels—specifi-
cally, forete™ — D°D*x, J Jyra*tn~, J/wK* K=, h.n"n~,
xco(1P)w, J/wn, and X(3872)y—we derive the correspond-
ing observables by multiplying the amplitudes M and
M,,, discussed in this and subsequent sections, by the same
complex couplings g,z = exp(idg,)em%/fx of the photon
with the resonance R as defined in Eq. (A23), where R
represents both Y(4230) and w(4160). Clearly, for all
channels listed above, only the relative phase of the two
resonances plays a role. This is, however, not the case for
ete™ — utu~, where the two phases enter individually, see
Sec. III C 7 for details.

2.e*e” > J/yntx-
The Feynman diagrams for ete™ — J/wntx~ are

shown in Fig. 4. The dominant contributions corresponding
to the molecular nature of the ¥ (4230) are the box, below
denoted as MY, and triangle, MA, topologies, since those
contain the D, D intermediate state. As the second triangle
in Fig. 4(c) is divergent, due to the internal P-wave vertex
that is connected to a J/y coupling to a pair of D)
mesons, a counterterm M@ is also introduced,

zryil 9 o i ij z i
=Gy (M{’/KT ) f-o (hld(Spn:lpflrl - 5jp;zz1) — hi;@518")

X 2((MOV! - (MEY + (M) |€3h, + (Pay, <> Pay):

. 2 ) . "
f//—»!/ynm = Gl//[ﬂ(l )(ﬁé ) + E‘//W”I)}gf;f//ﬂw”] GZ(EJ/U/TH)eJl/y/ + <p771 <> Pﬂz)’

(24)

where gf}‘w is the coupling of Z. — J/wr, given by the triangle transition shown in Fig. 14,

Z.ik : .
gJ}l//n' - gZO(MzA)Ik + a),[ZCéT&lk.

(25)
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To reduce the runtime of the numerical evaluation of the
loop integrals only two out of four contributions of the
Y(4230) wave function shown in Eq. (4) with p, < p,,
are considered, as the differences due to isospin breaking
are negligible small. For example, for the box topologies
shown in Fig. 5 only the particle content spelled out first at
each line in the boxes is evaluated explicitly, while those in
brackets are included via a multiplication with a factor of 2.

The ¥(4230) contact term M3/ has two contributions,
one in the zz invariant mass from the subtraction poly-
nomial of the zz final-state interaction and the other in

J/wrn from the chiral contact term and intermediate
Z.(3900),

ik i 2 2
(MYET)" = G gom, [y (0 + Eyjy)]

2
+ QM+ —Q, MEX, (26)

V3

with céT denoting the free parameter of the triangle counter-
term. The amplitudes of the loop diagrams are given below,
where the notation and numerical implementation are
discussed in Appendix D,

(MD)‘ﬂ = BI(QTQJ/V/D*DM Q%Pf/rz - Pﬁrﬂf - 5[j(Pn2 : QI)) + BH(g’z[gJ/y/DDM Pﬁ:ﬂﬁ - 5'i[(Pn2 : QH))

+ B™(gT9;/upp Phdin).
(MA)jl = TD]DD*g%OGZ(EJ/y/ﬂ)(MZA)ﬂ

(MEV! = TN G910 Py’ = 8 (s, - 4)) + T3(9591 100+ Phadlt)
+ T3(F9syp D+ A Prs — Phydiil — 87 (i - Pay))-

(M(AjT)jl = TDIDD*gZOGZ(SJ/wﬂ)CéT5jlwn2,

where the ¢y, qu, qu, 41 qj» qq; denote the relative
momenta at the J/wD®) D) vertex for the different box
and triangle topologies. Additional free parameters come
from the production polynomials of the Y(4230) and

¥(4160) contact terms, namely agz), a<22) and ﬁ(lz), ﬁg)
respectively, as well as the triangle counterterm céT. The

inclusion of the zz — KK final-state interaction is discussed
in Appendix B.

3.ete” > hn*n~
In general, one expects the diagrams for h.z" 7z~ to be
analogous to J/wzz, apart from the fact that the Y (4230)
contact term is omitted as it violates HQSS. In addition,
since the h.m subsystem does not show any prominent
signal of the Z.(3900), no triangle operators are included
in this study. Meanwhile, the .z subsystem shown in
Ref. [68] shows a strong peak from the Z.(4020), which
would, however, require to include the coupling of
Y(4230) — D,D*, as the Z.(4020) couples strongly to
D*D*. On the other hand, the Z.(4020) is not anticipated
to generate significant structures in the total cross section
of h.zm, which is part of the current analysis. The inclusion
of this state will be postponed for the upcoming full
coupled channel analysis, such that for now we only
consider the box topologies, where the free parameters
are fixed by D°D*~z*, J/wrtn~ and the two-body final

states. The amplitude therefore reads,

(27)

i o GYQyO
Y—h.nmr — \/§ [

h, m
X Mmmmh(.eljmpnzefh» (28)

1, 67 = 1y (3P} Py — 8 pa)]

1s*m

with M[“™ given by

4gm3/*2,/m my, m

h.nrm D D" h My h.nm h.nm

Mg™ = “( 1+ By ). (29)
\/§fﬂf)(c‘0

4. ete” - J/wK*K~

With J/wzz included in the study, we can also easily
access J/wKK, as the main contribution is expected to go
via the zz — KK final-state interaction in the S-wave,
where no new parameters need to be introduced. Here the
contributions of the triangle topologies are negligible, as
the partial wave projection on the zz system contains a tiny
S-wave piece due to the presence of the near on shell
Z.(3900) in the J /wr subsystem. The amplitude is given by

i J/wKK ! . i i
MY—»J/(//KI( =Gy <(MY/KT ) - (hld(3p1pj1 - 511’%)
P ij il
+ hlsa)ﬂ'léj) |:M§’—>J/1//KK

8 g i 7 (30)

an—KK

116002-14



HOW MANY VECTOR CHARMONIUMLIKE STATES LIE IN THE ...

PHYS. REV. D 109, 116002 (2024)

where we collected the loop diagrams in the amplitude

(Mloop )j[

Jjyrx) T (MD)/’Z + (MA)jl (31)

and

2
(M{/gfl()kl = <921M6m + 7§922M<1)(K>5k1- (32)

Furthermore, M’YI_) Jjwkk 1S @ strange source shown in
Fig. 6. We postpone the inclusion of strange triangles,
including the Z.,(4000), to a later, more complete analy-
sis. In this sense we regard this channel in this analysis as a
consistency check. On the other hand, the Z.;(4000) can
only appear in conjunction with an additional kaon within
the triangular mechanism. Consequently, this state is
expected to contribute significantly only in the energy
range around 4470 MeV, well-exceeding the energy range
of interest in this study, even when accounting for the
Z., width.
5.ete” -y, 0w
The Feynman diagrams are shown in Fig. 10. The main
contribution is expected from the triangle, which scales like
the scalar triangle as both the D; - Dw and DD — y, are
S-wave at leading order. Additionally, there are two S-wave
contact terms for the ¥(4230) and yw(4160) respectively,

i Y i
GY( )(Loa)mJ/y/mDT)(Lom + C;((O(u)em’

Y_)Zc()w
M,ll,_))( 0w G.//C;((.Omewa (33)
where c2 cy and ¢/ , are free parameters. The
Xco@> Y p® Xco®@ p .

width of the w is included by convolving the cross section
for a fixed @ mass with the @ spectral function—see,
e.g., Ref. [69].
6. e*e” — J/yn

For J/yn, the couplings of the triangle shown in Fig. 11
are fixed. The vector-vector-axial vector vertex of the
contact terms must couple via e*”° which reduces to a
three-dimensional €/ in the rest frame of the incoming
particles,

) 1 o
lY—>J/w17 =Gy <_% [h’fd(3pf7p§ - 5”17%)

- h?sa)ﬂaij]Tj/ll/ﬂ (glj)/e/* ’ ql) + C}//W”Pé) €mjl€31/y/’
i l il
w=Jyn G‘/’CJ/W'? ! p'7€1/1/f’ (34)

where ¢ denotes the relative momentum at the J/y vertex
and cf/w and ¢ 1y are free parameters. We do not consider

the mixing of the singlet #; and octet 7z to the physical #

and 7’ states, but just match ng = 7, as the mixing effects
are small.

7.e*e” — X(3872)y

The diagrams for Y(4230) — X(3872)y are shown in
Fig. 8, and are analogous to Y(4230) — Z.x as well as
J/wn. However, the quality of data for X(3872)y does not
allow one to distinguish between the triangle and contact
transition of ¥Y(4230) — X(3872)y, such that we omit the
latter from the start.” The vector-vector-axial-vector
coupling of D; — D*y scales with €/, such that the
amplitude is given by

i J i
GYCX Ty, € e €7€X’

Gl//CX}/ lll€7€X’ (35)

i

M Y-Xy —
i
y—Xy T

. Y ]I/ . . .
with cy, and cy, being free parameters to be determined in
a fit.

8. ete” -utpu-
As already explained in Sec. I E we consider three main
contributions for ete™ — utpu~, namely,

Octemouty = Gterfe + *|1 + AR + Amix|2 (36)

e —utp
with

atree_ = 4”(X2 (37)

ete —>’u+ﬂ 3S

for the tree-level amplitude and we introduce,

Ar = Z 9yRGRYyR (38)
R=Yy
and
le = ZgyRGRMmleR'gJ/R/ (39)
R£R'

where g, = exp(idg,)em}/fr defined in Eq. (A23) with
Og, denoting a phase factor discussed in Sec. IV. The
individual terms in Eq. (36) represent the different diagrams
shown in Fig. 9. The imaginary part of MRR is fixed by
unitarity and can be reconstructed from the optical theorem

ImMER" — 22 / dI;M* (R = f)M(R = f),  (40)

*We can get equally good fits to the data by replacing the
triangle by the contact term, since the quality of the data does not
allow one to see the different energy dependences of the two
amplitudes.
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where f = DD*x, y.ow,J/wn and X(3872)y are all final
states with significant contributions from both y(4160) and
Y (4230) studied in this work. Note that the sum runs over
all allowed final states with the given particle content—
accordingly f = [DD*z] should be understood as

[DD*z] = {D~D*°z*,D~D**z°, D" D*'z~,
D*D* 7%, D°D** 7=, D°D*7",
D°D*=zt,D°D*070}. (41)

Since all those channels are connected via isospin symmetry,
they can be included via a proper multiplicity factor—clearly
for that we need to neglect, e.g., the mass differences
between the different channels. For example, for DD*xn
we denote decay amplitudes for the transition of ¥ (4230)
and w(4160) to the experimentally measured channel
D°D*~n" as A and B, respectively,

M(Y - D°D*~zt) = A,
M(y —» D°D*"7n") = B, (42)

where in accordance to Eq. (39) A and B do not contain the
resonance propagators, but only the decay vertices.
Summing over all channels one therefore obtains,

A 4230w (4160) _ 1Z/clrlfx\/l*(l,t/—>f)/\/l(Y—’f)
-

mix - 5

1 1
=— | dIl4| B*A +—-B*A
2/ < 3 >

1
-1 / dIT 6B°A, (43)

where f € [DD*rn] was defined in Eq. (41). The factor 4 in
Eq. (43) arises from the four different decay modes of the
Y (4230) wave function given in Eq. (4). For each mode the
subsequent D decay can produce a charged or a neutral
pion, e.g., DY can decay into D*°z° and D**z~, where the
amplitudes scale as 1 and 1/+/2, respectively, due to the
isospin factors. The additional factors arising in the other
channels are 3/2 for J/wzzx and 1 for y.ow,J/wn and
X(3872)y. The real part of MR can in principle also be
constructed dispersively, however, there is still freedom in
the subtraction constant. So for now we just approximate it
via a real constant

sz = 15 fan e MR ). 4
f

IV. FIT STRATEGY, RESULTS AND DISCUSSION

In 2022 and 2023, BESIII published new XYZ data sets
for J/watz~ [8] and D°D*x [39] with very impressive
statistics. Those data clearly highlight the asymmetric line
shapes of the total cross sections in these two channels. It
turns out that from those channels most of the parameters
specific for the Y(4230) are fixed. The Z.(3900) shows
up prominently only in the DD* [70] and J/yza* [71]
subsystems of those channels. To get a better constraint on
the light quark SU(3) singlet and octet components (for
details see Appendix B) we also include J/wK* K~ in the
first fit. This may overestimate the contributions of the
contact term in J/wKTK~ to some extent as it needs to
compensate for a possible contribution from the missing
Z.+(4000) triangle, but allows us to reduce the correlation
of the parameters. We do not include the data for the
J/wn’z° channel in the fit, due to their reduced statistics in
comparison to J/wa"z~. Since utpu~ is the only channel
showing a clear separation of the Y (4230) and y(4160)
signals and their interference, it is also included in the first
fit. This further allows us to properly separate photon and
strong couplings, since in the hadronic channels they only
appear as a product. With this in mind, our fit strategy is the
following:

(1) The resonance parameters of the Y(4230) and
Z.(3900), as well as the channel dependent para-
meters of D°D*~z, J/wntn~, J/wK+*K™ and putu~
are fitted simultaneously to the D°D*~z, J /yn*n~,
J/wK*K~ and u*u~ total cross sections, the DD*,
J/wn* and ztz~ invariant mass distributions, and
the pion Jackson angle extracted from D°D*~z*.

(2) With the resonance and channel dependent para-
meters of D°D*~z*, J/yntn~ and pTu~ being
fixed, the remaining parameters in the channels
Xeow,J/yn and X (3872)y are fitted to the corre-
sponding cross sections data.

(3) Atlast, the parameters obtained in the previous steps
are used as initial parameters for a global fit to all
observables.

If we were working with a complete formalism, with all
relevant channels dynamical and unitarity imposed, all
parameters would necessarily be real. However, here some
ingredients are approximated. e.g., as shown in Ref. [72]
the direct transition of a photon to the D;(2420)D
intermediate state that predominantly couples to the
Y(4230), if it is a hadronic molecule, is suppressed by
heavy quark spin symmetry, since this narrow D state has
a light quark cloud with j = 3/2. On the other hand, there
is no such suppression for the transition of the photon to
D,(2430)D, where the broad D, (2430) has its light quark
cloud with j = 1/2. The D;(2430)D intermediate state
may thus act as a doorway state to feed the production
of the molecule. This effect can be included effectively
via a complex coupling of the Y(4230) to the photon.
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Moreover, the w(4160) production from a photon sits in
the tail of the w(4040) [18]—an effect which may also be
included by allowing for a complex coupling. It is worth
noting that, while all hadronic cross sections are sensitive
to the difference of those two phases only, the leptonic
cross section eTe~™ — uTu~ probes the phases individu-
ally, as shall be discussed below. It turns out that all other
parameters of the model can be chosen real valued.

The results of the fits are shown in Figs. 15-20; the
parameters and statistical uncertainties that emerge from
the fit are listed in Table I. The numerical inputs for the
particles masses and widths are given in Table II. We see
that the interplay of the y(4160) and Y (4230) is important

TABLE 1. Parameters of the model as determined in the fit. We
find the value of f/, to be strongly dependent on the fit range in
D°D*~z*, such that we did not assign an uncertainty to this
quantity.

Name Value
Y my (4227 £+ 0.4) MeV
gro — (104 £0.2) GeV
rr (544 1) MeV
1/fy —(0.012 +0.001)
Sy, (17.1 £0.1)°
v 1/f, —(0.023 £ 0.003)
8,y (67 +2)°
Z my, (3884 + 1) MeV
970 (4.15 4 0.06) GeV
rz (48 + 1) MeV
DD*x ) — (128 £ 12)
o) —(3.95 £ 0.01) GeV
g — (2024 18)
0 —(3.89+0.1) GeV
J/pyrtn~ a§2) —(1339+4)
9 —(14.9£0.9)1073
9s (24 + 1)1073
hy —(16.8 £2.4)1073
hs (15+0.7)1073
B (0+0.1)
ey —(0.440.1) GeV?
L 456 MeV
Xeo® o (1.469 £ 0.015) GeV?
et (0.36 £0.07)1073
oo — (16 +0.5)1073
J/yn iy (67.3 £3.4)1073 GeV~!
i (298 +11)1072 GeV~!
Xy ck, (0.71 £ 0.15) GeV?
c%, (0.017 £ 0.003) GeV
urp Crnix (0.6 £0.01)

TABLE II. Input values for masses and widths used in this
work, taken from the central value of the Review of Particle
Physics by the Particle Data Group [66].

Parameter Value [MeV]
ml 135

mE 139.6
mE 493.7
m, 547.9
m, 782.7
m% 1864.8
m$ 1869.7
my 2006.9
mit 2010.3
mp, 2420.8
myy 3096.9
my, 3414.7
mp, 3525.9
mX(3872) 3871.7
mw(4160) 4191

p- 83.4 x 1073
I'p, 31.7
Ly a160) 70

and shows a nontrivial impact in almost all final states. This
naturally explains the large scatter of the resonance
parameters of the ¥(4230) in the single channel analyses
of BESIII—cf. Fig. 1.

With the central values of the parameters fixed in the fits,
the pole parameters of the ¥ (4230) can be extracted from
its propagator. We find

sp ) = (4227 +4- % (50j§)> MeV, (45)

where the uncertainty estimation is described in
Appendix C.

We now discuss the results for the various channels in
some detail. The results for the D°D*~x channel are shown
in Fig. 15. The apparent peak structure around 4.22 GeV
emerges in our study from the interplay of the w(4160) and
Y(4230). Remarkably, this interplay manifests differently in
the D°D*~z and J /wnr channels—we refer to Fig. 2 for an
illustration. In addition to this, we find a strong enhance-
ment at the DD threshold in the cross section, mainly
driven by the prominent D, decay in the D-wave. The
deviations of our results from the data, starting around
4.35 GeV, are expected, as the molecular scenario predicts
an additional bound state in the D,D* channel [25,46,47],4
which will be included in a subsequent study. The peak at

*Another bound state is expected in the D,D* channel,
however, this channel does predominantly decay into D*D*z
and not into the channel studied here, D*Dx.
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FIG. 15.

Fit results for the D°D*~x cross section, the D®D*~ invariant mass distribution and the pion Jackson angle. D°D*~z% R-scan

and XYZ data are from Ref. [15], D°D*~ invariant mass distribution is from Ref. [70].

low DD* invariant masses is generated by the interplay of
the tree-level two-step decay Y(4230) - D;D — D*zD,
the contact mechanism and the triangle operator. The last
two mechanisms involve the rescattering of DD* into the
Z.(3900). The resonance parameters of the Z.(3900) are
very poorly constrained. The fit seems to prefer masses
slightly above the DD* threshold, however, for the whole
mass range of approximately my € [3.86,3.9] GeV, the
data are described with similar quality. In the current fit
the pole closest to the real axis of the Z.(3900) appears at
the +— sheet with respect to the J/wx and DD* channels,
respectively [where +(—) denotes the sign of the imagi-
nary part of the three-momentum in each channel],

with \/Sgél(g 900) (3884 — i44/2) MeV. In comparison
to Ref. [73] we find a slightly higher mass, however,
double the width for the Z.(3900). It remains to be seen if
this feature is caused by the incomplete 7z — KK final-
state interaction, used in this work. The data for the pion
Jackson angle are also reproduced well. Contrary to
Ref. [36], in this study, the S-wave is more prominent

| ——-- va230) T D'n Vs =423 GeV
—— Tree-level

| —— Triangle
.......... lu(4160) CT

—— Total

do/dspn [a.u.]

2.25
Vsp'n [GeV]

due to the presence of the y(4160) as well as the S-wave
decay of the D,(2420).

Naturally, a prominent contribution from the DD inter-
mediate state not only influences strongly the energy
dependence of the total cross section but also the D*z
invariant mass distributions. Our predictions for those at
total energies near the Y (4230) pole location and near the
nominal D D threshold are shown in the left and right panel
of Fig. 16, respectively. In both panels the peak from the D,
is clearly visible at the upper end of the spectrum. While the
data currently available do not allow us to provide an
unambiguous determination of the various parameters
leaving some freedom in the actual height of the D, signal,
the presence of such a peak is a model independent
prediction of the molecular scenario. Any model that does
not account for the D; D as a prominent component of the
Y (4230) wave function will not show such a structure—as
such this invariant mass distribution is a crucial observable
to either support or disprove the molecular picture.

The results for the J/wzrz final state are shown in
Fig. 17. A linear noninterfering background of 9 pb is

--—- Y(4230) CT D*nm Vs =4.3GeV /.{Dl
5001 _._ Tree-level i g,\
Sa00f T Triangle A
B W(4160) CT
=3001 — Total
&
S 200
100
01— ; - : =
2.15 2.20 2.25 2.30
Vspn [GeV]

FIG. 16. Predictions for the D*z invariant mass distributions to be measured in eTe™ — DD*z. The left (right) panel shows our

prediction at 4230 (4300) MeV.
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JVnn iDiD ---- Box > [JIwKK b,b ---- Box
L T e S T Triangle 41 nn/KK CT
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® 401 I dataBESHI ® 3]

201 L R (5P | B IR iy b Rk
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200/ J/¥T VS =4.23GeV nn Vs =4.23GeV

S 3001
S

£ 200
3
5
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FIG. 17. Fit results for the J/wx* ™ cross section and the J/wx* and z*z~ invariant mass distributions. J/ywz*z~ XYZ data from

Ref. [8], J/wa™ and 27z~ invariant mass distribution from Ref. [71]. The data for the J/wKK channel are taken from Ref. [19].

added due to the presence of the J/wx continuum. The
loop contributions, dominant in the molecular scenario,
enhance the cross section at the DD threshold, allowing
for a description of the highly asymmetric line shape
with just a single pole—in the experimental analyses of
Refs. [7,8] this asymmetry was generated by the additional
state Y (4320) as described in the introduction. It should be
noted that also in Ref. [50] an analysis is presented, where,
in particular, the J/wnx data is described with essentially
the same resonance content as presented here, along with
the addition of a w(4415) state, but without including
threshold effects. In this case, the asymmetry of the peak in
the total cross section is driven by interferences, predomi-
nantly involving y(4160) and y(4415). While we regard
our explanation of the data as more natural, since the data
indicate some structure right at the D D threshold, at some
point experiment will allow us to choose between the two
explanations, not only since the energy dependences in the
mentioned energy range are different (but not sufficiently
to be distinguished given the current quality of the data),
but also since an analysis of the type presented in Ref. [50]
will provide completely different DD* and D*z invariant
mass distributions compared to the ones shown in Figs. 15
and 16, respectively.

The J/wz* invariant mass distribution shows a promi-
nent peak, generated by the Z.(3900) pole, the D*D
threshold and the nearby triangle singularity, and its
reflection. In principle, the J/wz* and D°D*~ line shape
can also be described by just including the triangles and
introducing a contact interaction for DD* — DD*, where
the cusp is then generated simply by kinematic effects of
the DD* rescattering without any resonance structure.

However, we find that the strength of the DD* — DD*
transition potential, necessary for producing the pro-
nounced structure in the D*D invariant mass distribution,
becomes too large to justify a perturbative approach. We
confirm the observation made in Ref. [74] that with this
strength parameter the next order in DD* scattering
becomes larger than the perturbative rescattering; more-
over, resumming the scattering series generates a pole in
the subsystem. Based on this, we argue that the existing
data calls for the presence of a Z.(3900) pole.

As pointed out in the Introduction, the y(4160) needs to
be included to get a consistent simultaneous description of
the J/wnn and D*Dx final states. We allow this well-
established vector charmonium state to contribute to both
of these channels (as well as to all other channels included
in the analysis), however, the fit reveals that no significant
coupling of the y(4160) to the J/wzx is needed. Indeed,

the fit puts the parameter ﬂgz)’ introduced in Eq. (24), for the
production of the y(4160) to a value consistent with zero.

The results for the yp~ final state are shown in the
upper panel of Fig. 18. The cross section is completely
dominated by the real tree-level amplitude, shown as the
first diagram in Fig. 9. Accordingly, following Eq. (36), the
signal of interest to us reads to very good approximation

_ tree

Octe—pty- etesutu
~ 20,55 -Re(Ag + Apix).- (46)

This quantity is shown in the lower panel of Fig. 18. As
argued above, we allow for complex couplings at the
resonance-photon vertices. Contrary to all observables
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FIG. 18. Fit results for the "~ cross section. Upper panel: the

measured Born cross section. Lower panel: the same, however,
with the cross section from the tree-level amplitude subtracted.
The data are taken from Ref. [18], where the data points with an
uncertainty smaller than 32 pb are shown in black to better
highlight the structure in the data.

studied so far, where only the relative phase of the Y (4230)
and y(4160) contributions played a role, this leptonic cross
section is sensitive to the individual phases of these
resonance contributions. The phases of those couplings
are thus fixed by the fit to the " u~ cross section.

In Ref. [18] a sum of Breit-Wigner terms with complex
couplings is used to parametrize the data including the
w(4040),y(4160), S(4220) = Y(4230) [and the y(4415),
which is, however outside our energy range of interest].
We find that the complex phase §,,, called for by the fit in
the production vertex of the y to the photon agrees within
uncertainties to the one of the experimental paper. With
this phase included we can reproduce the p*u~ lineshape
in the energy range studied. We see that the contribution of
the w(4160) is dominant in comparison to that of the
Y (4230) at least in the energy below 4.2 GeV, as expected
in the molecular scenario, since the coupling of a photon to
the D, D channel violates spin symmetry [26]. One should,
however, keep in mind that there should also be some
suppression of the coupling of the y(4160) to the photon,
if it indeed is predominantly a D-wave charmonium state.
The peak in the data near 4230 MeV in our fits emerges
from both the interference of the two resonances and the
Y (4230) itself. The main contribution to the imaginary part
of the pertinent mixing matrix element of the y(4160)
and the Y (4230) is generated from the DD*z intermediate
state—this part is fixed completely by the data for
ete~ — DD*x. As outlined above, the corresponding real
part is here taken as a free parameter that is adjusted in the

g
=
P )
3 - s : .
& ~0.02 ™o MLt i == Mixing
~ / e m
" y z
-0.04 S : Re
= ;. —— Tree
—-0.06 :
415 420 4.25 430 435
Vs [GeV]

FIG. 19. Contributions to the cross section difference from the
real and imaginary parts of the mixing of ¥(4230) and ¥(4160)
inete™ — utu~, denoted by A, in Eq. (39). The brown dash-
dotted curves here and in Fig. 18 are identical.

fit. It is reassuring, however, that the real and the imaginary
part of the mixing amplitude contribute with comparable
strength, as shown in Fig. 19. Although the energy
dependence emerging from the real and imaginary part
of the mixing amplitude, A, resembles that of a single
resonance structure, it emerges from an interplay of the
different resonance propagators as well as the mixing
amplitude, MRR a5 outlined in Eq. (36) and below. One
may naively expect that the imaginary part of the mixing
matrix element does not contribute to the total cross
section significantly, as only interferences of the strong
amplitudes with the real tree-level amplitude matter
quantitatively. However, the phases of the resonance
propagators in Eq. (36) nontrivially mix real and imaginary
parts of the mixing amplitude, allowing both contributions
to interfere with the tree-level amplitude.

The fit result for J/w K"K~ is shown in the top right of
Fig. 17. Note that the line shape emerging for this channel
is closely linked to that of the J/wzz channel—there are
no new independent parameters entering for this hidden
strangeness channel. In our fit the contact term is the
dominant contribution. A possible reason is that it needs to
absorb the effects of the Z.,(4000) and the corresponding
triangle diagrams not included in this analysis, though
their main effect is expected at the energies above those
considered here. The boxes again show a very strong
enhancement in the cross section at the DD threshold
explaining the apparent asymmetry in the data. We find the
Y - J/yrta~ — J/wKTK~ contribution generated by
the zz/KK FSI to be by far dominant in the studied
energy range, in comparison to the box with strange
D-mesons, as shown in Fig. 6, where only the D,D cut
goes on shell. At higher energies, above the D:DK
threshold at about 4.47 GeV, the D DK intermediate state
in this box will go on shell. Consequently, we expect a
more pronounced contribution from the strange source
in this mass range. Starting from this energy also the
Z,,(4000) generated via the triangle mechanism should
contribute considerably.
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| herm DD

—-— D;(2420) s-wave
---- D1(2420) d-wave
— Box

I dataBESII

415 420 425 430 435 440  4.45
VS [GeV]

FIG. 20. Prediction for the h.z* 7~ cross section. The data are
taken from Ref. [13].

It should be stressed that in our analysis the unusual
energy dependences of the J/wzz and J/wKK cross
sections emerge from the same physics, which is natural
given the approximate SU(3) flavor symmetry of QCD,
while in the experimental analyses the former is driven by
an interference of the Y(4230) with the new resonance
Y(4320) [8] and the latter predominantly by the shifted
threshold for J/wKK vs J /yzr with some small distortion
from an interference with another new resonance, called
Y (4500) [19].

To complete the discussion of the final states with three
hadrons, in Fig. 20 we show the cross sections with an A,
in the final state. These rates are of particular interest, since
the A, has its ¢c pair in the spin singlet state, which was
originally produced in a spin triplet via its coupling to
the photon. Thus, in this transition the heavy quark spin
changes, at odds with heavy quark spin symmetry.
However, besides violations of that symmetry due to the
relatively small charm quark mass, spin symmetry con-
servation can also be circumvented by the presence of
hadronic molecules; In the molecular picture it is natural to
expect the h.zx and the J/wzr cross sections of similar
order of magnitude as is confirmed by the data, since only
in the presence of a molecule the two-meson loops that
decorrelate the heavy quark spins appear at leading order
for both channels as explained above. Moreover, by using
values for both the J/yD®D®) and the h D* DX
couplings available in the literature (details on how the
various couplings were determined are given in
Appendix A), we can describe the cross sections in both
channels, providing additional support for the molecular
picture. In the h.zz channel we observe a discrepancy
between the data and our prediction starting already at
around 4.3 GeV. We think this reflects the omission of the
D,D* channel in our study; only once this channel is
incorporated we can include the Z.(4020) which might be
responsible at least for some part of this discrepancy.

We now turn to a discussion of remaining hadronic two-
particle final states, also included in Fig. 21. As one can
read from the figure, the energy dependences of the y g,
the J/wn, and the X(3872)y cross section are rather
different; while the first one shows a very narrow structure,

80

Jiyn Db viaaso) T
H Triangle

W(4160) CT

Total

data BES llI

4.15 4.20 4.25 4.30 4.35 4.40

1001 Y ow ot ,./ \ b:D

; ---- Y(4230) CT
i ! \ i —-— Triangle

80 ! \ .......... W(4160) CT

o —— Total

60
data BES IlI

o [pb]

401

20+

4.15 4.20 4.25 4.30 4.35 4.40

Vs [GeV]
06 DD
X(3872)y 17 —— Triangle
0.51 O W(4160) CT
0.41 —— Total
— : I dataBESII
503
0.2
01 1
0.0 e = - 11‘
415 4.20 4.25 4.30 435 4.40
Vs [GeV]
FIG. 21. Fit results for the J/y#, y.ow and X(3872)y cross

section. The data sets are from Refs. [14,16,17], respectively.

the structure in the second is already a lot broader and the
one in the last is more than four times as broad as the first—
this is also reflected in the resonance parameters extracted
in the single channel analyses of the BESIII Collaboration
collected in Fig. 1. In contrast to this, our model allows us
to describe all three cross sections with consistent reso-
nance parameters as a result of an interplay of the two
vector resonances y(4160) and Y (4230); the narrow peak
in the y .o channel emerges from a destructive interference
of the triangle diagram shown in Fig. 10(a) and the
w(4160) contact term, shown in Fig. 10(c), since the
energy dependences of the two contributions are quite
different, as can be clearly seen in Fig. 21—we included the
width of the @ by a convolution of the cross section with
the omega spectral function as explained above which is the
origin of the not vanishing cross section below the nominal
Xeow cross section. The mechanism we propose here is
different to that studied in Ref. [75], however, the energy
dependence found there appears inconsistent with that of
the newest data set for this channel measured at BESIII
[16]. Also for the J/wn and X(3872)y final states the
interplay of the two resonances is crucial, but less dramatic.
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V. SUMMARY AND OUTLOOK

In this work we simultaneously analyzed the lineshapes
of the cross sections for e* e~ to seven hadronic channels in
the mass range from 4.2 GeV to 4.35 GeV as well as data
for ete™ — uTu~. We show that a description of all those
channels is possible with consistent resonance parameters
for a single Y state with the pole,

Y(4230)

nola (4227 t4-3 (50*8)> MeV.

This was made possible mainly because of two features
of our model: We included the interference of the exotic
Y (4230) with the more conventional y(4160) and consid-
ered the effects of the D,;D intermediate states. The
prominence of the latter is natural in a scenario, where
the ¥(4230) is a hadronic molecule in this channel. The
interference of the Y(4230) and w(4160) is especially
important to get a consistent description of both channels
D°D*~n* and J/watx~, making a substantial impact on
the former. It is at the same time necessary to describe the
utp~ cross section, where the mixing of the two vector
states deduced from the strong decay channels is in fact
consistent with what is needed for the leptonic final state.
We interpret this as providing additional support for the
mixing scenario advocated here. The explicit inclusion of
the D, D intermediate states reflects itself in a significant
distortion of line shapes, which are especially prominent in
final states with a J/y and two light mesons. In particular,
contrary to the experimental analyses, in our study the
energy dependences of the total cross sections for et e~ —
J/wnr and ete” — J/wKK emerge from the same phys-
ics as expected from the approximate SU(3) flavor sym-
metry of QCD.

For the other final states, within our model especially the
energy dependence of the y.qm cross section is nontrivial,
which emerges from the distinct energy dependences of the
triangle diagram, influenced by the D, D intermediate state,
and the y(4160) contact term, which does not. Moreover,
within our analysis we understand that the very different
lineshapes of the y.w cross section and, e.g., the J/yn
cross section emerge naturally through the interference of
the Y (4230) with the y(4160).

To summarize, we have demonstrated that the data for
electron-positron annihilation in to various final states in the
mass range from 4.2 GeV to 4.35 GeV are consistent with
the existence of just a single vector charmoniumlike state in
this mass range—the y(4230) also known as ¥ (4230), with
properties consistent with it being a D, (2420)D hadronic
molecule. Moreover, we show that a consistent description
of all channels with the same resonance content is possible
only, if we allow for an interference with the conventional
w(4160) resonance.

The nontrivial insights of this work were possible only
because we studied various final states simultaneously—to
get access to reliable resonance parameters this appears to
be unavoidable, while single channel analyses have the
tendency to provide resonance parameters with a wild
scatter as shown in Fig. 1.
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APPENDIX A: LAGRANGIAN AND PARAMETER
DETERMINATION

To construct the Lagrangian we define superfields
representing the different light-quark spin multiples [76].
The ground states of heavy mesons with light quark
quantum numbers j© = %‘ will be denoted by H,. In the
presence of one unit of angular momentum there are two
spin multiplets, one with j” = 3* and one with j© = 1*.In
the following the former is of relevance, which is denoted
by T,. The states in the latter have widths of the order of
300 MeV and are only included implicitly. All together we
may thus write,

144
Hl(lQ) 2 [Da Yu— DaYS]?
1 1+;5 w 3 , 1
TSIQ) 2 |:D!2aYU \/;chwyS <g” - gy (Yﬂ - U”)):| ’

(A1)

where a is the SU(3) flavor index. We have, e.g., for

P 1-
J =35

D, = (D°,D*,D}),

Dy, = (D;O, D", D). (A2)
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The superfields creating heavy mesons are given by

A9 =y H vy =D iy, + Dhys]

. l y 3 . S 1 i} 1+¢

s

2

. (43)

The corresponding superfields containing an antiheavy quark Q can be constructed using the charge conjugation operator

C = iy*y°, where we are following the convention CD\2'C~" = D{?) and D9 c-' = -p; 2.
_ 1 _ ﬁ
HEQ)Z[D(>7”—D2 )y] 5
_ ; 1—¥. 6 ;
AP = por @ty =1 FDi@nt, 4 D@y,
2 5 3 1-¢
0 Q)uv
TE/I )”: |:Dga)'u l/ 2D(1ay}/ ( -3 }/ﬂ_vﬂ)y >:|T’
—(C 0 1- y, 3 @ 1
T =y T2y = =5 [ 2a Oy, + \/;D(lguﬁ (9’” - 57”(7” - U”)?’s)] . (Ad)
|
The heavy field operators contain a factor /My and u=-exp (i o
therefore have dimension 3/2. Pseudoscalar mesons couple V2f,)
through the vector V, and axial-vector A, current con- oy
.. 4 s zt K+
taining an even and odd number of boson fields, respec- V2 6
tively, _ - 2 ng 0
ively ® = T S+ K. (A7)
K- K° 2
1
V, = 5( u’0,u + uo,u’) ve
i
A, = 5( u'd,u — ud,u’), (A5)  with f, = 92 MeV denoting the pion decay constant in the

conserving chiral symmetry. Chiral symmetry violation is
introduced via constructions of the kind,

e =ulypu’ £uyu, (A6)

with y = 2BM, where M is the quark mass matrix and B
is a scale parameter related to the chiral condensate. Here

the exponential parametrization is employed for the light
Goldstone boson fields,

chiral limit. The Lagrangian is constructed by imposing
invariance under heavy-quark spin and chiral transforma-
tion [77-79]. The kinetic terms are

Lo = i(Hyu, D HL) + f” T (0udut) + (1)

+ <Tl};(iquléa - 6baAT)Ta;4>’ (AS)

and the relevant terms for the interaction are given by

_ - h _
Lin = 9H ApursHE) + KT A 1) 4 T (D, 0, r5HLE)
X
h , _ _ ;
+A_2<T;<]Q)} (bAﬂ)baySH((JQ)> +9<H2Q)Aab}’5H;(]Q)> + k< ”/(abT )
X
h A - —
3 T AD sty ) + 22 (T2 (A WD)ursH?) + He. (A9)
X

116002-23



LEON VON DETTEN et al.

PHYS. REV. D 109, 116002 (2024)

The relation between the decay width and the effective
coupling of a resonance R with total angular momentum J
decaying into the two-body final state @ in the narrow width
approximation is given by [66]

mLRp( <21 T >ZMM| (A10)

FR—m =

where mp denotes the resonance mass, the phase space
factor is p,(m%) = 2p,(mg)/(16zmyg) and p, denotes the
relative momentum of the decay particles in the rest frame
of the resonance,

V01 = O+ 2 (o = (g =)
(2mpg) ’
(A11)

pa(mR) =

with m, ; for the masses of the particles in channel a. The
summation runs over the polarizations of the final and
initial state, respectively, if necessary. The pertinent matrix
elements can be read off the Lagrangian given in Eq. (A9)
straightforwardly allowing one to determine the couplings
from the experimentally measured decay widths.

The squared matrix element for the transition of
D** - D’¢,,, summed over the D* polarizations, is
given by

2 )2
Z|MD*D;:|2 : Cabl;fﬂD<mD ) mp-mp,  (Al2)

pol

where the coefficient c¢,, can be read off from the
Goldstone boson matrix provided in Eq. (A7); ¢, o =1
and c, ., = 1/v2. Using Eq. (A10) we extract for
Dt > D0ﬂ+

12]0,,277:F(D*+ — D077,'+) M+
an(mD*)3 mpo

(A13)

lg(D** — DOx*)| = \/

~ 0.57,

where the central values listed in the Review of Particle
Physics by the Particle Data Group [66] were used,

[(D** - D°z*) = BR(D** — D%z *) - TR/

=0.677-834keV =564 keV. (Al4)

Analogously from D** — D*z° we find,

gD+ = D[ =[PP = DY)
pﬂD(mD*)3 mp+
~0.57, (A15)

with T'(D** — D*z%) = 25.6 keV. It is this value that we
use in our calculations in line with Ref. [80]. Since in this
work we do not aim at a calculation with controlled
uncertainties but more at demonstrating the consistency
of the existing data with just a single molecular state in the
mass range studied, we feel safe to not keep track with
the individual uncertainties of the parameters employed.
The interaction of the jI =3* doublet {D,,D;} with
{D*,D} and the Goldstone bosons @ given in Eq. (A9)
can be reexpressed as

/

Lrpz == VT3 (T Dry¥(0,0,@)ysH Q) + Hee.,  (Al6)
where i’ = (hy + hy)/A,.

The decay of the narrow D into D*z is predominately in
a D-wave, since the S-wave is suppressed by heavy-quark
spin symmetry, which calls for the conservation of the light
quark total angular momentum in the decay. However,
violations of this symmetry in the charm sector can be
sizable. To get an estimate for the S-wave strength in the D,
decay, we can use the fact that the spin partner of the Dy,
the D,, can only decay into D*z and Dx in a pure D-wave
due to the total angular momentum conservation [59].
Adding the partial widths, according to Eq. (A10), the total
width of the D, is given by

] pﬂD

Ty, = Dz ZlMDz_)D*
Dy pol
]pﬂD(mD
+gTZZ|MDPD#, (a17)
2 pol

with

32K

D,—D*zl” = 573 Pzp*\Mp,) Mp,Mp-,
M & (mp,)*

ol 2f:

3 4p"
Z|MD2—>D;1| 23 zan( 02)4’”1)2’"0, (A18)
ol fx

where the factor 3/2 in front of each term results from
adding the partial widths of the D*)* 70 and D*)°z+ in line
with what was done for the decay of the D*. Using I'p, =
47.3 MeV [66], one can extract ' = 0.82 GeV~!l. Our
calculation is not sensitive to the sign of this coupling
which we chose positive.
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Allowing for a D*zS-wave, the expression for the total
width of the D, reads,

2
r, = lpn’D* (le) Z‘MS_WWC* |2
1 3 mD] S D,—D*n

19 (M2
+_p7rD ( Dl) Z|M%TX%EE

2, (A19)
3 le pol
From Eq. (A16) one finds,
2
D IMbvae |2 = 72 Pos(mp,)'mp mpy. (A20)
pol ”

where again a factor 3/2 was included to account for the
two possible final states. With /' fixed above, one finds
Fj")‘lwave = 15 MeV, in agreement with Ref. [59]. Since the
total width of the D (2420) is 31 MeV [66], the remainder
must be generated by the S-wave decay. Using

!

. hs *T
Lpba = IW(DM - Da" )00, (A21)
one gets
vy h/2 2 3
Z|Mi)l_fniz P = 6f .2 2’"01 mp-, (A22)
pol n

where w, denotes the energy of the pion and again the
factor 3/2 accounts for the two decay channels D —
Dz and D**z°. This leads to 4} = 0.57. Below we
study a pion angular distribution, which is sensitive to the
relative sign of /' and h),. We here already account for the
observation that the data call for equal signs of the two.

Photons couple via the field-strength tensor F* =
J9,A, —d,A,, where A, denotes the photon field. In
this way gauge invariance is preserved automatically.
The production of a vector resonance from a photon is
thus described by

2
Uy nmy
Ly, =5, f VP WV,,aw,

where V,, = 9,V, —d,V, and V denotes either the field for
the Y(4230) or the w(4160). The implications of heavy-
quark spin symmetry on charmonium production from
photons are discussed later in the chapter, but as the
production of the Y(4230) must go via the broad
D;(2430), thus we may allow for an additional phase in
case of a pointlike production. For the decay of Y (4230) —
X (3872)y we can describe the E1 transition of D; going to
D*y with the following Lagrangian:

(A23)

‘CTHy = % <T2Ha>Ei, (A24)
where E' denotes the electric component of the pho-
ton field.

We now come to the description of the ground state
doubly heavy vector fields of relevance to this study. Heavy
quark spin symmetry allows us to write QQ superfields
[81]. The # = 0 superfield R(?9) contains the {J/y, 7.}
doublet,

5 14 1-
RO = ~—= / —1¥s] (A25)

[J/ l//” yﬂ 2 ’

where the interaction with D/D* is given by the
Lagrangian,

9 D)ir AT
£HHR = H2HR <R<QQ)H2aﬁHlu>’ (A26)

with Ad,B = A(0,B) —
tors are

(0,A)B. The resulting vertex fac-

Viwop = gJ/y/DD(el/x// “q),
Voo = QJ/I,,D*Dieijkff;/.,,eﬁ)* a
VJ/WD*D* = —9y)yD*D* [(61/1,1 : 52)(61 "1)

— (€sy-a)(er-€2) + (€5, - €1)(€2-q)], (A27)
with g = k(lQ) - k§Q> = denoting the relative residual
momentum between the D mesons. At leading order the
masses of the multiples are degenerate mp- = mp = my
and ¢ simplifies to g = p; — myv — py + myv = p; — ps.
The coupling is traditionally parametrized as

my y/Mamp

, A28
meJ/x// ( )

91/wAB =

which includes the leading spin-symmetry violating effects

via the mass factors. The £ = 1 superfield P(QQ) contains
the spin triplet y.q, ¥.1, ¥» and the singlet A,

1+4
2

. 1
POO¥ — ()(” Yat Nod Prvgysxy

b= i) 5L (a2)

Due to the Proca constraint, P*v,, the leading order
Lagrangian for the interaction of the # = 1 spin-multiplet
with D and D* contains only a single term,

[’HHP - lgHzHP <P<QQ>”H2ayyH1u>' (A30)
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From this the vertex factors evaluate to

_ he
Vipp = =29 “(ep ‘ehf.)\/mh(.mb*mz),

2
mp.

j— o h( o } E3 *
Voo = 2iG" €qproP ejhcelfez" -
h,

= 2ighf€"jk€§,(€’f"€§k\ [m3.my,

where we fixed a = 0 such that p” = m,, . The coupling is
parametrized as

(A31)

m 1
he X0
g — _

—<= , A32
3 f){uo ( )

where f;,, =416 MeV was determined using vector-
meson dominance [54] and f, == 510 £ 40 from numeri-
cal results of QCD sum rules [82]. Those parameters carry a
systematic uncertainty which is difficult to quantify. In the
fits we allow f,, to vary within 10% of its value, while we
fix f, , to its central value, since our fit is not sensitive to
this quantity.

APPENDIX B: INCLUSION OF zn-KK
FINAL-STATE INTERACTIONS

An amplitude M corresponding to the given isospin /
(the isospin index is omitted in what follows) can be
projected to a partial wave M’ with definite angular
momentum [/,

Mi(s) = L/l dz M(s, 2)PI(2),

2v2% ) (B1)

where P! denotes the Legendre polynomial of degree [, z
the scattering angle and @ = 0, 1, 2 is a symmetry factor for
identical particles in initial and final states (e.g., a = 2 for
AA - BB, a = 1for AA — CC, and a = 0 for AB — AB).
The full amplitude can be reconstructed using the ortho-
gonality relation of the Legendre polynomials,

M(s.z) = V2°) (21 + 1)M!(s)P'(2).

[

(B2)

On the other hand, from the unitarity of the S-matrix the
discontinuity of the production amplitude M! is given by

discM(s) = 20) T (s)op(s)Mi(s).  (B3)
k

1 = (4m?/s)O(s —4m?) and the subscript
indices J, k, ..., refer to the coupled channels, which in our
case correspond to zz and KK. Furthermore, T j; corre-
sponds to the meson-meson coupled-channel amplitude.
The solution is given by Muskhelishvili Omnés function
encoding the zz/KK final-state interaction. Therefore, the
full amplitude is given by the sum of the amplitudes M
and I, involving the left-hand and right-hand (unitarity)
cuts only, respectively, which reads,

where 6, =

MP(s) = M; +T; = M; + Zij [(Pn—1)k + Z - / %Q;ll 2l (Z)M%(Z)]
3 Im §

where P, _; is a polynomial of the order n — 1, which is
discussed below, and Q is the S-wave Omnés matrix.
The amplitudes M correspond to the diagrams discussed
in Secs. IIB and IIC, while the right-hand cut in I’
emerges from the zzz/ KK FSIin an S-wave. The necessary
input for the amplitude 7" and the Omnés matrix is taken
from Refs. [83,84]. We now have a closer look at the
principal value integral. Using the shorthand notation

T -

= MP A+ ) [sz,-k <(73,,_1)k +Zpy. / [...]) T iT,kakMgg], (B4)
|
ey, [ELD oy, [l L8 10
: z(zl— 5)
- [ 2L
+];];(_SI)PV./dzZ(Z1_S)

S Qi Tuo M, = f(z) we get,
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The integral in the last line can be evaluated analytically,

o [t (1)
V. =—In[ ——,
s Zz(z —s5) s \§/sp—1

and that in the second needs to be done numerically.
However, in the exploratory study we aim at here, we
neglect this part which we expect to play a role of a
correction. The quality of the fits we achieve might be taken
as justification of this treatment a posteriori, although some
shift in importance of different contributions in a complete
analysis cannot be excluded. Thus, the modified zz and
KK S-wave is given by

0+ Zﬂ,k -

. 1 1
' (’Tfk"k e (s/sT—l) Tyt
(B5)

(M mod —

such that the full amplitude (B4) is approximated as

Mjmod = Mﬁ?o + (M?)mod' (B6)

This also enables us to project the FSI onto the KK-
channel, allowing us to also determine Y(4230) —
J/wrrn — J/wKK.

The subtraction polynomial (P,_;) ; In Egs. (B4) and
(B5) is matched to the Y(4230) — J/wep¢ chiral contact
term. In Ref. [85] it was found that both SU(3) singlet and
octet components of the light quarks contribute in the
Y(4230), which can be decomposed as

¥(4230)) = (e1|V#) + sl Vi) @ V). (B7)
where
ylen 1 (uit + dd + s5),
V3
. 1 _
Vi — — (uii + dd — 2s5). BS
\/6( ) (B8)

The Lagrangian Ly,,,, at leading order in chiral expan-
sion is given by [86]

‘CYV/(/)(/) =01 <V7Jt;> <u u”> + h <va‘];><u ul/>vﬂvy
+ gs () (VEu,u') + hg (J) (VEu,u,)v*v* + H.c.,
(B9)
with J = (y/+/3)1. The resulting S-wave projected chiral

contact terms relevant for the J/wzar J/wKK final states
are given by

2 g
MY, = —F\/Ww(gl +78§> (s = 2m3)

h1+

/) Oz
] _x

+ — > {H—q( 3”

2
—]72 N/ My, (91 2%) (s — 2’"%{)

0
MKK_

+h1 22\/_{ s (1_0?1(>], (B10)
with ¢* = A'2(m3, mj . 5)/(2my), resulting in
[QP,_1]p = QUMY + %leMKK,
QP, 1 ]kx = QMR + \%szM%K- (B11)

To summarize, the amplitudes, incorporating the 77/ KK
FSI, used in our calculations, are provided by Egs. (BYS),
(B6), and (B11).

APPENDIX C: POLE UNCERTAINTY

Within our calculation the pole position is fixed by three
parameters [see Eq. (10)]; gyg, mq and I, with my (I5,)
influencing only the real (imaginary) part of the pole
location and gy, influencing both. To estimate the uncer-
tainty of the pole position we performed a y? fit, however,
with two approximations. First, we only allow the three
resonance parameters m, gyg, and I, to vary. Second, as
J/wrr has the best statistics of all the available data and the
fit suggests a negligible contribution of the y(4160) to this
channel, it is by far the most restrictive final state for the
Y (4230) pole location. Therefore, to estimate the uncer-
tainty of the ¥ (4230) pole location, we focus solely on the
J/wrr channel. We checked that the inclusion of DD*x
yields no significant change to the uncertainty of the pole,
supporting that the main influence on the pole position is
driven by the data on the J/wzz channel. In the analysis, we
allow m( and T, to vary within +10 MeV and g,, by
40.2 MeV around their best-fit values. These parameter
ranges allow the pole to vary over a sufficiently wide range,
including all values within the 1o range around the best-fit
pole position. Within these ranges random combinations of
the three parameters are picked under the requirement that
for each parameter set the change in the y? value must lie
within,

(C1)

)(%est fit — < A)(Z(p, 3),

2
A'random parameters

where the three in A »(p, 3) indicates that three parameters
are varied, and p = 0.683 corresponds to the 16 band. To
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FIG. 22. Uncertainty estimate of the Y(4230) pole position.
Upper three panels: total cross sections for J/ya*z~, D°D*~n™,
and ptu final states with the 1o uncertainty band extracted from
fits to the J/wnn data and propagated to the other channels, as
described in the text. Red line in all plots corresponds to the best
global fit to all data considered in this study (see the main text for
details). Lower panel: the best pole position of the ¥ (4230) (red
dot) and the 16 uncertainty (blue ellipse) extracted from fits to the
J/wrr data.

evaluate A (p, k) the x* cumulative distribution function
needs to equate p,

1 ki Ap\
F(k/2)y<§’7> -

where " and y denote the regular and lower incomplete
Gamma functions, respectively,

(C2)

y(x,a) = /a der=le™, MR(a) >0. (C3)
0

Solving for k = 3 degrees of freedom, the 1o deviation in

the y? value reads,

Ap(p = lo.k = 3)~3.525.

The fits only included data from 4.2 GeV to 4.35 GeV
because this energy interval is expected to be under control
due to the theoretical mechanisms considered in this work.
As mentioned in the main text, deviations of our results
from the data beyond this energy range are expected due to,
in particular, the absence of contributions from the D,D*
and D,D* channels. The results for N ~ 300 random
generated parameter sets that fulfill the condition of
Eq. (C1) are shown in Fig. 22. The upper panel shows
the obtained 1o uncertainty band for the J/wzx total cross
section, while the bottom plot shows the corresponding
spread of the pole position, which results in

s = <4227 +4- % (50j§)> MeV. (C4)

In addition, the two plots in the middle of Fig. 22
demonstrate the effect of the 1o uncertainty extracted from
fits to the J/wzrm channel on the total cross sections in the
DD*n and p*p~ channels. As pointed out earlier, the
variations in these channels are considerably less pro-
nounced compared to those in the J/wzz channel.

Our error estimate in Eq. (C4) is supported by the
observation that the uncertainty we find using this method
is of the same order of magnitude as that provided by the
BESIII Collaboration extracted from the J/wzz channel.

APPENDIX D: LOOP CALCULATION
1. Triangle

The triangle diagram shown in Fig. 23 only has one time
ordering and is given by

d31 1 1
T p,pp* —/(

271')3 Sa)DlewD* E — le —Wp
1

9
E—-w,—wop —wp

(D1)

Pr

/’t,_
l N =P
l .

FIG. 23. Momentum assignment of the triangle loop.
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with

wp = \/m%) + 2,
wp = \/sz + P+ pZ-2Ip,z,

Cl)Dl = \/(le - iFD|/2)2 + 12,

g =\ + i

In the center of mass frame of the Y(4230) one can
choose the momenta in a way that only the D* has an
angular dependence, where p, = p,(0,0,1)T, such that
z = cos § denotes the cosine of the polar angle of the loop
momentum /. Due to the width of the D; only the last
propagator in Eq. (D1) has poles on the real axis, as in
comparison the D* width is negligible small. We define

(D2)

FED = —E !

= , D3
SCUDCUDI E— CUDI —Wp ( )

such that f is regular in /. The integral can now be rewritten
as

1 A
Toor = G /0 dif(E, 1)

1 1 1
X dz )
-1 CUD*E—CU,T—O)D*—CUD

where the trivial integration over the loop momentums
azimuthal angle is performed. Doing a variable trans-
formation,

(D4)

Ips
@ p*

dCUD* =

dz, (D5)

the angular integration becomes

(Do)

The inverse factor of [ is canceled by f(E, [), while p, is
canceled by the phase space integration.
With the relation

1 _ p(x _1 x()) F ind(x —xy), (D7)

X — Xy ie

where P denotes the Cauchy principal value, Eq. (D6)
becomes,

1
E—a),[—a)D*—a)D+i€

:‘P<wm—«EiwD—m»)

—ind(wp — (E — w, — wp)). (D8)
The 6 function can be rewritten as
()%
5<CUD* - (E — Wy — CUD)) = Ip 5(2 - 20)7 (D9)
with
2 2 2 _(E—w. — 2
e~ Petmy —(Ezormop) )

2lp,
Now Eq. (D4) takes the form

[ o )

4ﬁmﬂﬁ (D11)
with
P(/‘Uu*(Z—l)d 1 )
@+
wpr(z=—1) P wp = (E = @, — wp)
E—wp|_ —w, —
:10g< Op =1 — @n — Op > (D12)
E—O)D* =—1 —Cl),z—CUD
Finally we arrive at
A F(E1 E-wp|,_; —w,—
I(E) = dlf( -1 [log(‘ Oplz=1 ~ @ T DD )
0 Pz E—-wp |- -0, —wp

E—-wp|._), -0, —
n m@( DD Je=1 = Or = @b ﬂ (D13)
E—-wp| - -0, —op
where the remaining radial integration can be preformed
numerically. In case of the J/wD®)D®) vertex, which

scales with the loop-momentum itself, the integrand is
modified accordingly,

&I Num(l, py, p,)

G,G,,
271'3 8601602603 12

T(C,Num) = C / (D14)

with Num denoting the momentum factors in the numerator
and C being a constant.

To decrease the number of sample points needed to
achieve a stable result, it is useful to further split the /
integration at the poles of the propagator, as the distribution
of Gauss-Legendre sample points is more dense at the
integration borders,
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l+p1/4 \
_l_p\* /:Z—Pl—PQ

FIG. 24. One time ordering of the first Feynman diagram
shown in Fig. 5.

A rore A
[ra= "1 [
0 o Jr "

where the /¥ correspond to the poles of the propagator in /,

which can be calculated analytically for each propagator.
|

(D15)

2. Box

The Integral for the scalar box shown in Fig. 24 is
given by

I/ d3l Num(l,pl,pz) 1
o (2ﬂ')3 16(1)](1)2(1)3(1)4 E—(D] —
1 1

X . (D16)
E—ws—w3—w2E—a)4—a)3—a)5—a)6

In this work the second cut corresponds for most box
topologies to DD*x, which can go on shell. Analogous to
the triangle we isolate the singularity and define the
remaining part in a function f(E,[,¢,z, pi,p,) that is
regular in / and z. However, different to the triangle, it is not
possible to perform the integration of the polar angle
analytically as f is also dependent on z, such that we
perform a numerical subtraction,

1

d3
1= (27)3f(E,l,§0,Z,P1,P2)

E—a)5—a)3—a)2

A 2 ! Evlv s Ky ’ - E,l, N N N
:/ dllz/ dgaU ao /B Loz p1pa) = f(E. L .20, 1. P2)
0 0 -1

E—-ws—w;—w,

! (D17)

1
+f(E,l,(p,zo,p1,P2)/ dz

-1 E—w5—w3—w2’

where z, is the pole of the propagator. The integration of
the second summand can now be done analytically,
resulting in

1 1
/dz
—1 E—a)s—a)3—a)2

_10g|:(E_w5 — w3 _a)2)|z:1 (D18)
(E — W5 — W3 — 602)|z——1

The remaining ¢ and / integration are performed numeri-
cally using Gauss-Legendre integration. Analogously to the

triangle the radial integration is split according to
Eq. (D15). The general notation used in this work is

&*INum(l, p;. p,)
B(C,N =) C G,G,G5, (D19
( um) ZT: /2”3 160, w,@04 1G12G3, ( )

where >, stands for the sum over the different time
orderings and G; denotes the propagators for the different
cuts, e.g., Gy = 1/(E—wp, —wp).
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