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A R T I C L E I N F O A B S T R A C T

Editor: A. Schwenk A reliable determination of the pole parameters and residues of nucleon resonances is notoriously challenging, 
given the required analytic continuation into the complex plane. We provide a comprehensive analysis of such 
resonance parameters accessible with Roy–Steiner equations for pion–nucleon scattering—a set of partial-wave 
dispersion relations that combines the constraints from analyticity, unitarity, and crossing symmetry—most 
prominently of the Δ(1232) resonance. Further, we study the Roper, 𝑁(1440), resonance, which lies beyond the 
strict domain of validity, in comparison to Padé approximants, comment on the role of subthreshold singularities 
in the 𝑆-wave, and determine the residues of the 𝑓0(500), 𝜌(770), and 𝑓0(980) resonances in the 𝑡-channel 
process 𝜋𝜋 → �̄�𝑁 . The latter allows us to test—for the first time fully model independently in terms of the 
respective residues—universality of the 𝜌(770) couplings and the Goldberger–Treiman relation expected if the 
scalars behaved as dilatons, in both cases revealing large deviations from the narrow-resonance limit.
1. Introduction

Understanding the particle spectrum of QCD is notoriously chal-
lenging, maybe best exemplified by the decade-long controversy sur-
rounding the very existence of the 𝑓0(500) and, even more so, the 
nature of this lowest-lying resonance in QCD [1]. In particular, a 
reliable determination of the pole parameters and residues requires 
controlling the analytic continuation far into the complex plane, a 
daunting task when only limited input in the physical region is avail-
able. In the case of the 𝑓0(500), a breakthrough was achieved in 
Ref. [2] by first solving 𝜋𝜋 scattering in the physical region using 
Roy equations [3–5]—a set of partial-wave dispersion relations (PW-
DRs) that implements all constraints from analyticity, unitarity, and 
crossing symmetry—and then using the same dispersion relations to 
perform the analytic continuation. Subsequently, different variants and 
refinements of such PWDRs were studied [6,7], further corroborating 
the 𝑓0(500) parameters and extending the analysis to the 𝜌(770) and 
𝑓0(980) resonances [8,9]. Moreover, similar techniques have been ap-
plied to determine two-photon couplings [9–12], and to extend the 
analysis to higher energies [13] (addressing the controversial case 
of the 𝑓0(1370)), to 𝜋𝐾 scattering [14–17] (resolving the situation 
around the 𝐾∗

0 (700) resonance), and to 𝜋𝜂 scattering [18] (determining 
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the resonance parameters of the 𝑎0(980)). Over the last two decades, 
the application of PWDRs has thus substantially advanced our under-
standing of the mesonic resonance spectrum, to the extent that pre-
viously controversial states are now well established in the PDG re-
view [19].

In comparison, similarly rigorous studies of nucleon resonances are 
scarce. A first step was taken in a program setting up and solving 
PWDRs for pion–nucleon (𝜋𝑁) scattering [20,21] in the form of Roy–
Steiner (RS) equations [22–25], which has led to a number of applica-
tions regarding the pion–nucleon 𝜎-term [26–29], low-energy constants 
in chiral perturbation theory (ChPT) [30,31], and nucleon form fac-
tors [32–35], see also Refs. [36–38]. Since RS equations are built upon 
hyperbolic dispersion relations, they automatically couple 𝑠-channel, 
𝜋𝑁 → 𝜋𝑁 , and 𝑡-channel, 𝜋𝜋→ �̄�𝑁 , partial waves, all of which need 
to be solved in a coupled system of integral equations [21]. For the an-
alytic continuation into the complex plane, this means that not only 
𝑠-channel resonances, most prominently the Δ(1232), can be studied, 
but also the residues of resonances contributing to the 𝑡-channel pro-
cess, such as the 𝑓0(500), 𝜌(770), and 𝑓0(980), are accessible. In this 
work, we provide a comprehensive study of all nucleon resonance pa-
rameters that can be captured by analytically continuing the system of 
RS equations in either Mandelstam variable.
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Fig. 1. Complex domain of validity for the 𝑠-channel (left) and 𝑡-channel (right) RS equations. The solid lines correspond to the optimized hyperbola parameters from 
Ref. [20], the dashed ones to the case 𝑎 = 0. Red and blue (green and orange) lines denote the constraints from the 𝑠- (𝑡-) channel Lehmann ellipse, and the black 
lines the various cuts of the partial waves. Finally, the black dots indicate the (approximate) position of the known resonances, and the gray circles a subthreshold 
singularity in the 𝑆-wave that sits very close to the circular cut.
In the 𝑠-channel, the most prominent resonance occurs in the 
isospin-3∕2 𝑃 -wave, the well-established Δ(1232). However, even in 
this case, the uncertainty of mass and width of the resonance amounts 
to a few MeV [19], motivating a more rigorous determination based on 
the RS approach. Moreover, it has been found that a substantial part of 
the uncertainty in predictions of the neutrino–nucleus cross section at 
next-generation neutrino-oscillation experiments derives from 𝑁 → Δ
form factors [39–41], and consolidating the Δ pole parameters thus con-
stitutes an important first step for improvements, both from experiment 
and in lattice QCD. Second, the Roper, 𝑁(1440), resonance lies beyond 
the strict range of applicability of the RS equations, but we can still 
obtain estimates for its pole parameters from Padé approximants, after 
benchmarking the method for the Δ resonance. In addition, a Padé-
based extraction allows us to directly access the Riemann sheet closest 
to the physical region, which otherwise becomes a complicated task due 
to the interplay of 𝜋𝑁 and 𝜋𝜋𝑁 cuts. Finally, an 𝑆-wave subthreshold 
singularity deep in the complex plane was observed in Refs. [42–44], 
and we will comment on such a structure in our formalism.

In the 𝑡-channel, a rigorous determination of the various residues 
allows us to study to which extent the vector and tensor couplings 
𝑔
(1)
𝜌𝑁𝑁

and 𝑔(2)
𝜌𝑁𝑁

obtained from the analytic continuation of the nu-

cleon electromagnetic form factors comply with the expectations from 
a narrow-resonance approximation, improving upon previous determi-
nations [45], e.g., by profiting from modern experimental input on 𝜋𝜋
and 𝜋𝑁 scattering. Moreover, we can, for the first time, provide a re-
liable determination of the 𝑆-wave couplings 𝑔𝑆𝑁𝑁 , for 𝑆 = 𝑓0(500)
or 𝑆 = 𝑓0(980), defined model-independently as the residues at the 
respective poles, and study whether a Goldberger–Treiman relation 
𝐹𝑆𝑔𝑆𝑁𝑁 = 𝑚𝑁 [46–50] is fulfilled when 𝑔𝑆𝑁𝑁 and the decay con-
stant 𝐹𝑆 are interpreted as (complex) residues of the pertinent am-
plitudes. Renewed interest in such considerations has been triggered 
recently in the context of one-boson-exchange models [51] and dila-
ton physics [52–54], providing further motivation to clarify the 𝑓0(500)
properties beyond the narrow-resonance picture.

2. Roy–Steiner equations

The complete system of RS equations decomposes into a set of 
PWDRs for each channel, e.g., for the 𝑠-channel partial waves 𝑓𝐼𝑠

𝑙𝐼
, 

where the index 𝐼 = ± determines the total angular momentum 𝑙 ± 1∕2
2

and 𝐼𝑠 = {1∕2, 3∕2} the 𝑠-channel isospin, according to
𝑓
𝐼𝑠
𝑙𝐼
(𝑊 ) =𝑁

𝐼𝑠
𝑙𝐼
(𝑊 ) + 1

𝜋

∞

∫
𝑡𝜋

d𝑡′
∑
𝐽𝐼 ′

𝐺
𝐼𝑠

𝑙𝐽𝐼𝐼 ′
(𝑊 , 𝑡′) Im𝑓𝐽

𝐼 ′
(𝑡′)

+ 1
𝜋

∞

∫
𝑊+

d𝑊 ′
∑
𝑙′𝐼 ′𝑠𝐼 ′

𝐾
𝐼𝑠𝐼

′
𝑠

𝑙𝑙′𝐼𝐼 ′
(𝑊 ,𝑊 ′) Im𝑓

𝐼 ′𝑠
𝑙′𝐼 ′

(𝑊 ′), (1)

with 𝑚𝑁 , 𝑀𝜋 nucleon and pion masses, 𝑠, 𝑡 Mandelstam variables, 
𝑊 =

√
𝑠, and thresholds 𝑊+ = 𝑚𝑁 +𝑀𝜋 , 𝑡𝜋 = 4𝑀2

𝜋
. 𝑁𝐼𝑠

𝑙±(𝑊 ) refers 
to the nucleon Born terms, 𝑓𝐽

± (𝑡) to the 𝑡-channel partial waves, and 

the kernel functions 𝐾𝐼𝑠𝐼
′
𝑠

𝑙𝑙′𝐼𝐼 ′
, 𝐺𝐼𝑠

𝑙𝐽𝐼𝐼 ′
emerge from the partial-wave pro-

jection of the underlying hyperbolic dispersion relations [25,55,56]. 
More details on the conventions for the partial waves are provided 
in Appendix A and Appendix B, and for the full details of the RS sys-
tem we refer to Ref. [21]. Crucially, the analytic continuation of the 
functions 𝑁𝐼𝑠

𝑙± , 𝐾𝐼𝑠𝐼
′
𝑠

𝑙𝑙′𝐼𝐼 ′
, and 𝐺𝐼𝑠

𝑙𝐽𝐼𝐼 ′
in 𝑊 is known (and similarly in 𝑡

for the 𝑡-channel equations), in such a way that the RS formalism al-
lows for a robust evaluation of the partial waves in the complex plane 
once their imaginary parts are determined. The solution of the cou-
pled system of PWDRs is described in great detail in Refs. [20,21,32], 
based on the following input: (i) 𝜋𝜋 and 𝜋𝜋 → �̄�𝐾 amplitudes for 
the 𝑡-channel equations [6,7,14]; (ii) 𝜋𝑁 phase shifts and elasticities 
for the high-energy part of 𝑠-channel partial waves as well as partial 
waves beyond 𝑃 -waves [57–60]; (iii) 𝜋𝑁 scattering lengths from pio-
nic atoms [61–65]. As output, the solution gives the 𝑠-channel partial 
waves with 𝑙 ≤ 1 below the matching point 𝑊m = 1.38 GeV and the 𝑡-
channel ones with 𝐽 ≤ 2 up to the two-nucleon threshold.

These kinematic ranges are determined by the domain of validity 
of the RS system, which follows from the consideration of the large 
Lehmann ellipse [66] and Mandelstam double-spectral functions [67]. 
In particular, hyperbolic dispersion relations are constructed along tra-
jectories of constant (𝑠 − 𝑎)(𝑢 − 𝑎) ≡ 𝑏, where the hyperbola parame-
ter 𝑎 can be chosen to maximize the domain of validity, leading to 
𝑎 = −23.2𝑀2

𝜋
and 𝑎 = −2.7𝑀2

𝜋
for the 𝑠- and 𝑡-channel equations, re-

spectively [20]. Here, we need to extend this analysis into the complex 
plane, leading to the results shown in Fig. 1. The argument follows 
closely the well-known strategy to construct the largest Lehmann el-
lipse in 𝑏 that does not reach into the double-spectral regions, see, e.g., 
Refs. [2,10,15,20,68]. We find that both for 𝑎 = 0 and for the optimized 

values of 𝑎 all interesting resonances are safely contained within the 
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Table 1

Pole parameters of the Δ(1232), in the conventions of Ref. [19]. 
The ranges quoted by Ref. [19] are based upon Refs. [69–72].

𝑀𝑅 [MeV] Γ𝑅 [MeV] |𝑟| [MeV] 𝛿 [◦]

Ref. [69] 1215(2) 93(1) 50(1) −39(1)
Ref. [70] 1211(1)(1) 98(2)(1) 50(1)(1) −46(1)(1)
Ref. [71] 1210.5(1.0) 99(2) 51.6(6) −46(1)
Ref. [72] 1210(1) 100(2) 53(2) −47(1)

Ref. [19] [1209,1211] [98,102] [49,52] [−48,−45]

This work 1209.5(1.1) 98.5(1.2) 51.3(9) −47.4(4)

domain of validity,1 the exception being the Roper 𝑁(1440) just be-
yond the allowed region. However, in this case, another complication 
concerns the interplay with the 𝜋𝜋𝑁 cut, due to which this pole is, in 
any case, not directly accessible from the analytic continuation of the 
RS equations. For the analytic continuation of the 𝑡-channel equations, 
we find that the optimization along the real axis decreases the domain 
of validity in the complex plane, yet without affecting the low-energy 
resonances. In practice, we observe that the differences in the extracted 
resonance parameters between 𝑎 = 0 and the optimized values are neg-
ligible compared to other sources of uncertainty, and therefore continue 
to use the same values as in our previous work [20,21].

3. 𝚫(𝟏𝟐𝟑𝟐)

The most prominent feature in 𝜋𝑁 scattering is inarguably the 
Δ(1232) resonance. Despite its location close to the 𝜋𝜋𝑁 threshold, 
it is, to an excellent approximation, an elastic 𝜋𝑁 resonance (in 𝑓 3∕2

1+ ), 
and therefore ideally suited to determine its resonance position by ana-
lytic continuation of 𝜋𝑁 RS equations. We obtain for mass and width

𝑀𝑅 = 1209.49(83)(68)(15)(1)(11)MeV,

Γ𝑅 = 98.46(39)(81)(41)(8)(62)MeV, (2)

with a correlation 𝜌𝑀𝑅Γ𝑅 = 0.65. The uncertainties arise from (i) flat 
directions in the space of subthreshold parameters, (ii) the phase shifts 
at the matching point, (iii) further input for 𝑠- and 𝑡-channel partial 
waves, (iv) the 𝜋𝑁 scattering lengths, (v) the 𝜋𝑁 coupling constant. In 
particular, we observe that the uncertainty in the 𝜋𝑁 scattering lengths 
only plays a minor role, while the remaining systematic effects in the 
RS solution dominate, contrary to the situation in the case of the 𝜋𝑁
𝜎-term. We can also determine the residue at the pole, see Appendix A
for its precise definition, and find for modulus and phase

|𝑟| = 51.31(30)(57)(33)(6)(48)MeV,

𝛿 = −47.39(36)(1)(5)(2)(7)◦, (3)

with a correlation 𝜌|𝑟|𝛿 = 0.11. While our results are in agreement with 
previous determinations in the literature, see Table 1, the RS approach 
allows for unprecedented control over the uncertainties in each step of 
the calculation, both for the low-energy 𝜋𝑁 amplitudes on the real axis 
and their analytic continuation.

At this level of precision also the effects of isospin breaking need 
to be discussed. The pole parameters in Eqs. (2) and (3) refer to the 
isospin limit defined by the elastic reactions 𝜋±𝑝 → 𝜋±𝑝, motivated by 
the fact that these channels dominate the data base. Isospin-breaking 
corrections are taken into account accordingly, most notably in the 
scattering-length input [73–75]. In consequence, the parameters for 
the Δ(1232) correspond to a weighted average of the Δ++ ≃ 𝜋+𝑝 and 

1 We disagree with the findings of Ref. [44] that the 𝑠-channel RS equations 
can only be analytically continued for 𝑎 ≥ −2.59𝑀2

𝜋
. This conclusion is drawn 
3

from an incorrect parameterization of the respective Lehmann ellipse.
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Table 2

Pole parameters of the 𝑁(1440), where 𝑟 denotes the elastic residue. 
The ranges quoted by Ref. [19] are based upon Refs. [69,70,72,88]. 
The uncertainties in our results refer to the 𝜋𝑁 amplitude and the 
Padé expansion, respectively, with correlation coefficients 𝜌𝑀𝑅Γ𝑅 =
0.8, 𝜌|𝑟|𝛿 = −0.8.

𝑀𝑅 [MeV] Γ𝑅 [MeV] |𝑟| [MeV] 𝛿 [◦]

Ref. [69] 1353(1) 203(2) 59(1) −104(2)
Ref. [88] 1369(3) 189(5) 49(3) −82(5)
Ref. [70] 1363(2)(2) 180(4)(5) 50(1)(2) −88(1)(2)
Ref. [72] 1375(30) 180(40) 52(5) −100(35)

Ref. [19] [1360,1380] [180,205] [50,60] [−100,−80]

This work 1374(3)(4) 215(18)(8) 58(15)(17) −65(2)(11)

the Δ0 ≃ 𝜋−𝑝, 𝜋0𝑛 charge states. There have been studies of isospin-
breaking effects in the Δ++–Δ0 system in the literature [57,76–79], 
including ChPT [80] and first results in lattice QCD [81–83], but a 
model-independent evaluation in terms of the respective pole param-
eters would require solving RS equations beyond the isospin limit. Such 
work has just begun for 𝜋𝜋 scattering motivated by radiative correc-
tions in 𝑒+𝑒− → 𝜋+𝜋− [84–87], and would become even more challeng-
ing for 𝜋𝑁 scattering.

4. 𝑵(𝟏𝟒𝟒𝟎)

Mass and width of the Roper are quoted in Ref. [19] in terms of the 
ranges given in Table 2. As can be seen in Fig. 1, the pole location lies 
close to the border of the strict range of validity, so that one might hope 
that useful information could still be obtained from the RS approach. 
Unfortunately, the analytic continuation of 𝑓 1∕2

1− via the 𝜋𝑁 cut does 
not provide access to the pole closest to the physical region, which 
instead lies on the third sheet accessed via the 𝜋𝜋𝑁 cut. Accordingly, 
the pole obtained in analogy to the Δ(1232), 𝑀𝑅 = 1473(35) MeV, Γ𝑅 =
73(14) MeV, merely produces a reflection of the true Roper pole on the 
second sheet.

Instead, we can use Padé approximants to access the adjacent Rie-
mann sheet [89], at the expense of additional uncertainties from the 
choice of expansion point and degree of the Padé series, see Appendix C. 
Following the strategy for error quantification from Ref. [13] (see also 
Refs. [90–94] for recent applications), we obtain the results summarized 
in Table 2. In comparison to previous work, we find a mass parameter 
within the range from Ref. [19], while we see an indication for a slightly 
larger width. The elastic residue is also largely consistent, yet affected 
by substantial Padé uncertainties. In general, our uncertainties are sig-
nificantly larger than the ones quoted in Refs. [69,70,88], but already 
the spread among previous evaluations does cast doubt on the relia-
bility of the uncertainty estimates. In this work, we have propagated 
both the uncertainties from the 𝜋𝑁 amplitudes and the Padé expan-
sion, which should allow for a robust uncertainty quantification. As 
a cross-check on the method, we also evaluated the Δ(1232) param-
eters using Padé approximants, yielding 𝑀𝑅 = 1209.8(1.5)(0.1) MeV, 
Γ𝑅 = 98.3(1.7)(0.2) MeV, |𝑟| = 51.2(2.2)(0.1) MeV, 𝛿 = −46.8(2.2)(0.2)◦, 
in excellent agreement with Eqs. (2) and (3).

5. Subthreshold singularities

Subthreshold singularities in the 𝑆-wave 𝑓 1∕2
0+ are known to oc-

cur when a given amplitude parameterization does not account for 
the full left-hand-cut structure [95,96]. More recently, such singular-
ities were also reported in a simplified solution of RS equations [44], 
which appears surprising since, by construction, the kernel functions 
in the PWDRs ensure the correct analytic behavior. Such a singu-
larity is present in our solution as well, at 𝑀𝑅 = 913.9(1.6) MeV, 
Γ𝑅 = 337.7(6.2) MeV (in good agreement with 𝑀𝑅 = 918(3) MeV, Γ𝑅 =

326(18) from Ref. [44]). Fig. 1 shows that this singularity occurs close 
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Table 3

Resonance parameters for 𝑓0(500), 𝑓0(980), and 𝜌(770). 
The pole positions and residues are taken from Ref. [8], 
slightly adjusting the 𝑆-wave to be consistent with the 
input for the 𝜋𝜋∕�̄�𝐾 𝑇 -matrix used in the RS solu-
tion [21]. The decay constants 𝐹𝑆 are defined in terms 
of the analytic continuation of the scalar form fac-
tor 𝜃𝜇𝜇 [9,103] and the photon coupling 𝑔𝜌𝛾 parame-
terizes the residue of the electromagnetic form factor, 
see Appendix B. In practice, we use the implementations 
from Refs. [32,101] (extended to 𝜃𝜇𝜇 in the context of 
Refs. [104,105]). The value of 𝑔𝜌𝛾 is updated according 
to the dispersive studies of 𝐹𝑉

𝜋
in Refs. [106–108]. The 

errors for 𝐹𝑆 and 𝑔𝜌𝛾 include uncertainties propagated 
from the respective form factor as well as the resonance 
parameters (including correlations).

𝑓0(500) 𝑓0(980)√
𝑡𝑆 [MeV] 458(14) − 279(10)𝑖 1002(9) − 23(8)𝑖

𝑔𝑆𝜋𝜋 [GeV] 0.95(19) − 3.48(11)𝑖 0.40(26) − 2.30(15)𝑖
3.61(13)𝑒−1.30(5)𝑖 2.33(18)𝑒−1.40(10)𝑖

𝐹𝑆 [MeV] 137(5) − 58(5)𝑖 −150(26) − 73(8)𝑖
149(6)𝑒−0.40(3)𝑖 167(25)𝑒−2.69(8)𝑖

𝜌(770)√
𝑡𝜌 [MeV] 762.5(1.7) − 73.2(1.1)𝑖

𝑔𝜌𝜋𝜋 5.99(7) − 0.54(12)𝑖= 6.01(8)𝑒−0.09(2)𝑖
𝑔𝜌𝛾 5.01(8) − 0.11(9)𝑖 = 5.01(7)𝑒−0.02(2)𝑖

to the circular cut, and while numerically less pronounced than the 
Δ(1232) pole, we have checked that the singularity persists under the 
same parameter variations used before to quantify uncertainties in the 
RS solution.

However, the physical interpretation of this singularity is far from 
obvious, as its position, far in the complex plane, casts doubts on its 
relevance for observables in the physical region. The situation can be 
contrasted with the 𝑓0(500) resonance, in which case a direct connec-
tion to 𝜋𝜋 phase shifts can be established, e.g., by studying chiral tra-
jectories [1,97–100]. Demonstrating such a connection in the 𝜋𝑁 case 
will be challenging, in view of the large kinematic range to be spanned 
and less reliable effective-field-theory tools than in the mesonic case. 
For these reasons, we consider the interpretation of the above 𝑆-wave 
singularity an open question for the time being.

6. 𝒕-channel residues

The analytic continuation of the 𝑡-channel amplitudes is qualita-
tively different from the 𝑠-channel ones, in that resonance positions 
themselves are not accessible, but instead, the residues of known 𝜋𝜋
resonances describing the coupling to �̄�𝑁 can be determined. The res-
onance parameters, therefore, constitute input quantities for the current 
analysis but are derived from detailed dispersive analyses [8,9,32,101]
and entail interesting applications themselves [102]. In particular, Ta-
ble 3 provides a comprehensive collection of the corresponding reso-
nance parameters consistent with the hadronic amplitudes used for the 
solution of the 𝜋𝑁 RS equations, see Appendix B for precise definitions. 
Our results for the 𝑡-channel residues are collected in Table 4.

Starting with the 𝜌(770), the analytic continuation of the 𝜋𝜋→ �̄�𝑁

amplitudes allows us to quantify the departure of the vector and ten-
sor couplings 𝑔(1)

𝜌𝑁𝑁
and 𝑔(2)

𝜌𝑁𝑁
from narrow-resonance expectations. We 

find

𝑔
(1)
𝜌𝑁𝑁

𝑔𝜌𝜋𝜋
= 0.50(12) + 0.55(5)𝑖 = 0.74(6)𝑒0.82(15)𝑖,

𝑔
(2)
𝜌𝑁𝑁 = 1.46(12) + 0.54(3)𝑖 = 1.55(11)𝑒0.35(4)𝑖, (4)
4

𝜅𝑣𝑔𝜌𝜋𝜋
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Table 4

Residues of the 𝑡-channel amplitudes 𝜋𝜋 →
�̄�𝑁 describing the couplings of 𝑓0(500), 
𝑓0(980), and 𝜌(770) to �̄�𝑁 , see Appendix B
for precise definitions. The errors include un-
certainties propagated from the resonance pa-
rameters as well as (i)–(v) for the 𝜋𝜋 → �̄�𝑁

partial waves (including correlations).

𝑓0(500) 𝑓0(980)

𝑔𝑆𝑁𝑁

12.1(1.4) − 13.9(5)𝑖 9.1(9) − 2.9(5)𝑖
18.4(9)𝑒−0.86(6)𝑖 9.6(9)𝑒−0.31(6)𝑖

𝜌(770)

𝑔
(1)
𝜌𝑁𝑁

3.31(69) + 2.99(36)𝑖 = 4.46(36)𝑒0.73(15)𝑖

𝑔
(2)
𝜌𝑁𝑁

33.4(2.7) + 9.0(1.0)𝑖 = 34.6(2.4)𝑒0.26(5)𝑖

where 𝜅𝑣 = 𝜅𝑝 − 𝜅𝑛 = 3.706 is the isovector anomalous magnetic mo-
ment of the nucleon and both expressions become unity in the narrow-
resonance limit. Compared to Ref. [45], quoting 0.93(11) + 0.45(5)𝑖, 
1.69(20) + 0.58(7)𝑖 for the two quantities (the uncertainty only refers 
to 𝑔𝜌𝜋𝜋 ), we observe similar imaginary parts, but significantly smaller 
real values. Part of the difference originates from 𝑔[45]

𝜌𝜋𝜋
= 5.7(3), the re-

mainder from the analytic continuation of 𝑓 1
±(𝑡). A similar effect has 

also been observed in the case of the electromagnetic form factor of the 
pion 𝐹𝑉

𝜋
[101]

𝑔𝜌𝛾

𝑔𝜌𝜋𝜋
= 0.83(1) + 0.06(2)𝑖 = 0.83(1)𝑒0.07(2)𝑖, (5)

which in Ref. [45] is assumed to be unity, demonstrating the impact 
of modern data and robust techniques for the analytic continuation. 
We conclude that both for the pion (5) and the nucleon (4) cou-
plings to the 𝜌(770) deviations from a narrow-width approximation 
are substantial, including sizable imaginary parts in the case of the 
nucleon. This is also reflected in the tensor-to-vector coupling ratio, 
𝜅𝜌 = Re𝑔(2)

𝜌𝑁𝑁
∕Re𝑔(1)

𝜌𝑁𝑁
= 10.1(2.4) found here, for the first time with 

fully controlled and quantified uncertainties, compared to earlier deter-
minations, 𝜅𝜌 = 6.6 [45] or 𝜅𝜌 = 6.1(2) [109]. The relevance of such a 
large value for 𝜅𝜌 in nuclear physics is discussed in Ref. [110].

Finally, for the 𝑆-waves, we can extract the coupling 𝑔𝑆𝑁𝑁 , again 
defined model-independently in terms of the residue at the pole, see 
Table 4 for the results. Combined with the residues 𝐹𝑆 from Table 3, 
we can thus evaluate the combinations

𝐹𝑓0(500)𝑔𝑓0(500)𝑁𝑁

𝑚𝑁

= 0.90(28) − 2.78(20)𝑖

= 2.93(24)𝑒−1.26(9)𝑖,

𝐹𝑓0(980)𝑔𝑓0(980)𝑁𝑁

𝑚𝑁

= −1.69(27) − 0.25(15)𝑖

= 1.70(27)𝑒−3.00(8)𝑖, (6)

which would be expected to become unity if the scalar could be inter-
preted as a dilaton, reflecting a generalized Goldberger–Treiman rela-
tion [46]. Such interpretations have become of recent interest for the 
𝑓0(500) [52–54], but our result in Eq. (6) shows that as simple a relation 
as 𝐹𝑆𝑔𝑆𝑁𝑁 = 𝑚𝑁 is difficult to reconcile with its large width, leading 
to a sizable imaginary part in both 𝐹𝑆 and 𝑔𝑆𝑁𝑁 that does not cancel in 
the product. In fact, the real part of our result, Re𝑔𝑓0(500)𝑁𝑁 = 12.1(1.4), 
agrees well with 𝑔𝑓0(500)𝑁𝑁 = 12.2(2.3) [8.7(1.7)] from Ref. [51]—based 
on matching SU(2) [SU(3)] ChPT and dispersion relations—and simi-
larly for earlier work [111–118]. The fact remains, however, that only 

the complex-valued residue is a physical observable.
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7. Conclusions

In this work, we have provided a comprehensive analysis of nucleon 
resonance parameters that are accessible with Roy–Steiner equations. 
As key results, we obtained a precision determination of the pole pa-
rameters of the Δ(1232), a new evaluation of the Roper pole position 
via Padé approximants, as well as the couplings of 𝑓0(500), 𝜌(770), and 
𝑓0(980) to �̄�𝑁 defined model-independently in terms of the respec-
tive residues. Based on these results we could show that universality 
for the 𝜌(770) couplings is strongly violated in nature, already in the 
mesonic case, but even more so for the nucleon. Moreover, we showed 
that the 𝑓0(500) does not fulfill a generalized Goldberger–Treiman re-
lation when evaluating all ingredients in terms of complex residues, 
reaffirming that its large width impedes an interpretation as a dilaton 
field.
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Appendix A. Conventions for 𝒔-channel amplitudes

The 𝜋𝑁 partial waves 𝑓𝐼𝑠
𝑙±(𝑊 ) for isospin 𝐼𝑠 and angular momentum 

𝑗 = 𝑙 ± 1∕2 are related to the 𝑆-matrix elements via [55]

𝑆
𝐼𝑠
𝑙±(𝑊 ) = 1 + 2𝑖|𝐪|𝑓𝐼𝑠

𝑙±(𝑊 ), (A.1)

with center-of-mass momentum

|𝐪| = 𝜆1∕2(𝑊 2,𝑚2
𝑁
,𝑀2

𝜋
)

2𝑊
, (A.2)

and 𝜆(𝑎, 𝑏, 𝑐) = 𝑎2 + 𝑏2 + 𝑐2 − 2(𝑎𝑏 + 𝑎𝑐 + 𝑏𝑐). They fulfill the unitarity 
relation

Im𝑓
𝐼𝑠
𝑙±(𝑊 ) = |𝐪||||𝑓𝐼𝑠

𝑙±(𝑊 )|||2 𝜃(𝑊 −𝑊+
)

+
1 −

(
𝜂
𝐼𝑠
𝑙±(𝑊 )

)2
4|𝐪| 𝜃

(
𝑊 −𝑊inel

)
, (A.3)

where the elasticity parameters 𝜂𝐼𝑠
𝑙±(𝑊 ) account for the inelastic effects 

above 𝑊inel = 𝑚𝑁 + 2𝑀𝜋 . The elastic 𝜋𝑁 cut defines the analytic con-
tinuation onto the second sheet

𝑓
𝐼𝑠 (𝑊 ) =

𝑓
𝐼𝑠
𝑙±,I(𝑊 )

, (A.4)
5

𝑙±,II 1 − 2𝑖|𝐪|𝑓𝐼𝑠
𝑙±,I(𝑊 )
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where we have already assumed Im𝑊 < 0 as required for the search 
for a resonance at

𝑊𝑅 =𝑀𝑅 − 𝑖
Γ𝑅
2
. (A.5)

In practice, the resonance position is therefore inferred from a null 
search of 1 − 2𝑖|𝐪|𝑓𝐼𝑠

𝑙±(𝑊 ) on the first sheet, evaluating the momen-
tum according to Eq. (A.2) for complex values of 𝑊 . The residues are 
defined via [19]

𝑓
𝐼𝑠
𝑙±,II(𝑊 ) =

𝑟
𝐼𝑠
𝑙±|𝐪|(𝑊𝑅 −𝑊 )

. (A.6)

Appendix B. Conventions for 𝒕-channel amplitudes and form 
factors

We define the 𝜋𝜋 partial waves 𝑡𝐼
𝐽
(𝑡) for isospin 𝐼 and angular mo-

mentum 𝐽 via the 𝑆-matrix elements

𝑆𝐼
𝐽
(𝑡) = 1 + 2𝑖𝜎𝜋(𝑡)𝑡𝐼𝐽 (𝑡), 𝜎𝜋(𝑡) =

√
1 −

𝑡𝜋

𝑡
, 𝑡𝜋 = 4𝑀2

𝜋
, (B.1)

which implies the unitarity relation

Im 𝑡𝐼
𝐽
(𝑡) = 𝜎𝜋(𝑡)

|||𝑡𝐼𝐽 (𝑡)|||2𝜃(𝑡− 𝑡𝜋). (B.2)

The residues are defined via [8]2

𝑡00,II(𝑡) =
𝑔2
𝑆𝜋𝜋

16𝜋(𝑡𝑆 − 𝑡)
, 𝑡11,II(𝑡) =

𝑔2
𝜌𝜋𝜋

(𝑡− 𝑡𝜋)
48𝜋(𝑡𝜌 − 𝑡)

, (B.3)

with resonance poles at

𝑡𝑅 =
(
𝑀𝑅 − 𝑖

Γ𝑅
2

)2
. (B.4)

Couplings to external currents are parameterized in terms of residues 
as well. For the vector current, the matrix element is defined as

⟨𝜋±(𝑝′)|𝑗𝜇(0)|𝜋±(𝑝)⟩ = ±(𝑝+ 𝑝′)𝐹𝑉
𝜋
(𝑡), (B.5)

with 𝐹𝑉
𝜋
(0) = 1 and unitarity relation

Im𝐹𝑉
𝜋
(𝑡) = 𝜎𝜋(𝑡)

[
𝑡11(𝑡)

]∗
𝐹𝑉
𝜋
(𝑡)𝜃(𝑡− 𝑡𝜋). (B.6)

Writing the form factor on the second sheet as

𝐹𝑉
𝜋,II(𝑡) =

𝑔𝜌𝜋𝜋

𝑔𝜌𝛾

𝑡𝜌

𝑡𝜌 − 𝑡
, (B.7)

one has [101]

1
𝑔𝜌𝛾𝑔𝜌𝜋𝜋

= 𝑖
𝜎3
𝜋
(𝑡𝜌)

24𝜋
𝐹𝑉
𝜋,I(𝑡𝜌). (B.8)

We proceed analogously for the scalar current, i.e., starting from [103]

𝛿𝑎𝑏𝐹 𝜃
𝜋
(𝑡) = ⟨𝜋𝑎(𝑝′)|𝜃𝜇

𝜇
|𝜋𝑏(𝑝)⟩, (B.9)

where 𝜃𝜇𝜇 denotes the trace of the energy-momentum tensor, and the 
unitarity relation

Im𝐹𝜃
𝜋
(𝑡) = 𝜎𝜋(𝑡)

[
𝑡00(𝑡)

]∗
𝐹𝜃
𝜋
(𝑡)𝜃(𝑡− 𝑡𝜋), (B.10)

we define the form factor near the pole as

𝐹𝜃
𝜋,II(𝑡) =

√
2
3
𝐹𝑆𝑔𝑆𝜋𝜋𝑡𝑆

𝑡𝑆 − 𝑡
, (B.11)

√

2 Note that 𝑔[9]

𝑆𝜋𝜋
= 2𝑔[8]

𝑆𝜋𝜋
.
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in such a way that in the narrow-width limit the residue 𝐹𝑆 coincides 
with the definition of the decay constant ⟨0|𝜃𝜇𝜇 |𝑆⟩ = 𝐹𝑆𝑀

2
𝑆

. Its general, 
complex value follows via analytic continuation

𝐹𝑆

𝑔𝑆𝜋𝜋
= 𝑖

√
3
2
𝜎𝜋(𝑡𝑆 )
8𝜋𝑡𝑆

𝐹 𝜃
𝜋,I(𝑡𝑆 ). (B.12)

The 𝜋𝜋 → �̄�𝑁 partial waves 𝑓𝐽
± (𝑡) are related to the 𝑆-matrix ele-

ments according to [20,56,58]

𝑆𝐽
±(𝑡) =

𝑖

𝑐𝐽

√
2

√
𝑝𝑡

𝑞𝑡
𝐹 𝐽
± (𝑡), (B.13)

𝐹𝐽
+ (𝑡) =

𝑞𝑡

𝑝𝑡
(𝑝𝑡𝑞𝑡)𝐽

2√
𝑡
𝑓𝐽
+ (𝑡), 𝐹 𝐽

− (𝑡) =
𝑞𝑡

𝑝𝑡
(𝑝𝑡𝑞𝑡)𝐽 𝑓𝐽

− (𝑡),

where

𝑝𝑡 =
√

𝑡

4
−𝑚2

𝑁
, 𝑞𝑡 =

√
𝑡

4
−𝑀2

𝜋
, (B.14)

the ± label refers to parallel or antiparallel antinucleon–nucleon he-

licities, and the coefficients 𝑐𝐽 = 1∕
√
6 (1∕2) for 𝐽 even (odd) appear 

when expressing the 𝑆-matrix elements in isospin basis, corresponding 
to 𝐼 = 0 (𝐼 = 1), respectively. The unitarity relation reads

Im𝑓𝐽
± (𝑡) = 𝜎𝜋(𝑡)

[
𝑡𝐼
𝐽
(𝑡)
]∗
𝑓𝐽
± (𝑡)𝜃(𝑡− 𝑡𝜋). (B.15)

Starting with the scalar form factor, we have

𝜃𝑁 (𝑡) = 1
2𝑚𝑁

⟨𝑁(𝑝′)|𝜃𝜇
𝜇
|𝑁(𝑝)⟩,

Im𝜃𝑁 (𝑡) =
𝜎𝜋(𝑡)

4𝑚2
𝑁
− 𝑡

3
2
[
𝐹𝜃
𝜋
(𝑡)
]∗
𝑓 0
+(𝑡)𝜃(𝑡− 𝑡𝜋), (B.16)

and with residues parameterized as

𝑓 0
+,II(𝑡) = −

𝑝2
𝑡

2𝜋
√
6

𝑔𝑆𝑁𝑁𝑔𝑆𝜋𝜋

𝑡𝑆 − 𝑡
,

𝜃𝑁,II(𝑡) =
𝐹𝑆𝑔𝑆𝑁𝑁𝑡𝑆

𝑡𝑆 − 𝑡
, (B.17)

we obtain

𝑔𝑆𝑁𝑁

𝑔𝑆𝜋𝜋
= 𝑖

√
6

𝜎𝜋(𝑡𝑆 )
4𝑚2

𝑁
− 𝑡𝑆

𝑓 0
+,I(𝑡𝑆 ). (B.18)

These parameterizations are again chosen in such a way that the 
narrow-width limit agrees with the standard Lagrangian definition, 
leading to the Goldberger–Treiman relation 𝐹𝑆𝑔𝑆𝑁𝑁 = 𝑚𝑁 [46]. For 
simplicity, we have limited the presentation to 𝜋𝜋 intermediate states, 
but for the numerical analysis we include �̄�𝐾 contributions in the uni-
tarity relations for all scalar amplitudes and form factors [20,30,32], 
which is critical for a realistic description of the 𝑓0(980).

Finally, for the 𝑃 -wave we follow the conventions from Ref. [45]
and define residues 𝑔(𝑖)

𝜌𝑁𝑁
that in the narrow-width limit reduce to

𝑔
(1)
𝜌𝑁𝑁

= 𝑔𝜌𝜋𝜋 = 𝑔𝜌𝛾 , 𝑔
(2)
𝜌𝑁𝑁

= (𝜅𝑝 − 𝜅𝑛)𝑔𝜌𝜋𝜋, (B.19)

referred to as vector and tensor coupling constants, respectively. The 
nucleon form factors are defined as

⟨𝑁(𝑝′)|𝑗𝜇(0)|𝑁(𝑝)⟩
= �̄�(𝑝′)

[
𝐹𝑁
1 (𝑡)𝛾𝜇 +

𝑖𝜎𝜇𝜈𝑞𝜈

2𝑚𝑁

𝐹𝑁
2 (𝑡)

]
𝑢(𝑝), (B.20)

with 𝑞 = 𝑝′ − 𝑝, and normalized to the charge and anomalous magnetic 
moment 𝜅𝑁 . Moreover, two-pion intermediate states contribute to the 
isovector combinations 𝐹𝑣

𝑖
(𝑡) = (𝐹𝑝

𝑖
(𝑡) − 𝐹𝑛

𝑖
(𝑡))∕2, and the unitarity re-

lations become simplest for the Sachs form factors

𝑁 𝑁 𝑡 𝑁
6

𝐺
𝐸
(𝑡) = 𝐹1 (𝑡) +

4𝑚2
𝑁

𝐹2 (𝑡),
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𝐺𝑁
𝑀
(𝑡) = 𝐹𝑁

1 (𝑡) + 𝐹𝑁
2 (𝑡), (B.21)

with

Im𝐺𝑣
𝐸
(𝑡) =

𝜎𝜋(𝑡)𝑞2𝑡
2𝑚𝑁

[
𝐹𝑉
𝜋
(𝑡)
]∗
𝑓 1
+(𝑡)𝜃(𝑡− 𝑡𝜋),

Im𝐺𝑣
𝑀
(𝑡) =

𝜎𝜋(𝑡)𝑞2𝑡
2
√
2

[
𝐹𝑉
𝜋
(𝑡)
]∗
𝑓 1
−(𝑡)𝜃(𝑡− 𝑡𝜋). (B.22)

The residues are parameterized according to

𝐺𝑣
𝐸,II(𝑡) =

𝑔
(1)
𝜌𝑁𝑁

+ 𝑡𝜌

4𝑚2
𝑁

𝑔
(2)
𝜌𝑁𝑁

2𝑔𝜌𝛾

𝑡𝜌

𝑡𝜌 − 𝑡
,

𝐺𝑣
𝑀,II(𝑡) =

𝑔
(1)
𝜌𝑁𝑁

+ 𝑔
(2)
𝜌𝑁𝑁

2𝑔𝜌𝛾

𝑡𝜌

𝑡𝜌 − 𝑡
,

𝑓 1
+,II(𝑡) =

𝑚𝑁𝑔𝜌𝜋𝜋

12𝜋

𝑔
(1)
𝜌𝑁𝑁

+ 𝑡𝜌

4𝑚2
𝑁

𝑔
(2)
𝜌𝑁𝑁

𝑡𝜌 − 𝑡
,

𝑓 1
−,II(𝑡) =

√
2𝑔𝜌𝜋𝜋
12𝜋

𝑔
(1)
𝜌𝑁𝑁

+ 𝑔
(2)
𝜌𝑁𝑁

𝑡𝜌 − 𝑡
, (B.23)

and can be calculated from

𝑔
(1)
𝜌𝑁𝑁

𝑔𝜌𝜋𝜋
= −2𝑖𝜎𝜋(𝑡𝜌)

𝑚𝑁𝑞
2
𝑡

𝑝2
𝑡

[
𝑓 1
+,I(𝑡𝜌) −

𝑡𝜌

4
√
2𝑚𝑁

𝑓 1
−,I(𝑡𝜌)

]

= 𝑖
√
2𝜎𝜋(𝑡𝜌)𝑞2𝑡

[
𝑓 1
−,I(𝑡𝜌) +

√
2𝑚𝑁

𝑝2
𝑡

Γ1I (𝑡𝜌)
]
,

𝑔
(2)
𝜌𝑁𝑁

𝑔𝜌𝜋𝜋
= 2𝑖𝜎𝜋(𝑡𝜌)

𝑚𝑁𝑞
2
𝑡

𝑝2
𝑡

[
𝑓 1
+,I(𝑡𝜌) −

𝑚𝑁√
2
𝑓 1
−,I(𝑡𝜌)

]

= −2𝑖𝜎𝜋(𝑡𝜌)
𝑚𝑁𝑞

2
𝑡

𝑝2
𝑡

Γ1I (𝑡𝜌), (B.24)

where the linear combination

Γ𝐽 (𝑡) =𝑚𝑁

√
𝐽

𝐽 + 1
𝑓𝐽
− (𝑡) − 𝑓𝐽

+ (𝑡) (B.25)

vanishes at 𝑡 = 4𝑚2
𝑁

.
Finally, we comment on the parameterization of the dimensionful 

residues in Eqs. (B.7), (B.11), and (B.23), where, in analogy to the con-
vention for the 𝜋𝜋 residues (B.3), we kept the dependence on the full 
complex pole, while Refs. [9,45] take 𝑡𝑆 →𝑀2

𝑆
, 𝑡𝜌 →𝑀2

𝜌
, respectively.

Appendix C. Padé approximants

A Padé series for a function 𝑓 (𝑠) is constructed in terms of approxi-
mants

𝑃𝑁
𝑀
(𝑠, 𝑠0) =

𝑄𝑁 (𝑠, 𝑠0)
𝑅𝑀 (𝑠, 𝑠0)

, (C.1)

with polynomials 𝑄𝑁 and 𝑅𝑀 of degree 𝑁 and 𝑀 , in such a way 
that the first 𝑁 +𝑀 + 1 terms of the Taylor series around 𝑠0 agree. 
De Montessus’ theorem [89] guarantees that if 𝑓 (𝑠) is regular inside a 
domain Ω, except for poles with total multiplicity 𝑀 , then the sequence 
𝑃𝑁
𝑀
(𝑠) converges uniformly to 𝑓 (𝑠) for 𝑁 →∞ in any compact subset of 

Ω excluding the poles. Accordingly, Padé approximants can be used to 
perform the analytic continuation to the adjacent Riemann sheet as long 
as the truncation error in 𝑁 can be controlled. In practice, we choose 
𝑀 = 1 or 𝑀 = 2 (the additional pole serving as a means to mimic the 
effect of nearby singularities), study the convergence in 𝑁 , and choose 
the point 𝑠0 on the real axis to minimize the resulting statistical 𝜋𝑁
and systematic Padé error (determined as the difference between the 

highest orders 𝑁 and 𝑁 − 1 for which stable Padé approximants can 
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be constructed from the derivatives of 𝑓 (𝑠)). For more details on the 
numerical implementation and the estimate of the systematic effects, 
we refer to Ref. [13]. The numerical results in the main text correspond 
to Padé sequences with 𝑀 = 1, i.e., only one pole in the denominator. 
For the 𝑁(1440), the minimum total error—including both truncation 
and 𝜋𝑁 uncertainty effects—is found for the Padé approximant 𝑃 4

1 at 
the optimal value 𝑠0 = (1.35 GeV)2, while in the Δ(1232) case, the most 
precise results are obtained for the approximant 𝑃 5

1 at 𝑠0 = (1.22 GeV)2. 
In addition, considering 𝑃𝑁

2 sequences, we found the Roper pole at 
𝑀𝑅 = 1362(5)(3) MeV and Γ𝑅 = 209(14)(5) MeV, hence fully consistent 
with the 𝑃 4

1 result. The second singularity is located around 
√
𝑠 ≃ (1.8 −

0.3𝑖) GeV with large uncertainties.
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[8] R. García-Martín, R. Kamiński, J.R. Peláez, J. Ruiz de Elvira, Phys. Rev. Lett. 107 

(2011) 072001, arXiv :1107 .1635 [hep -ph].
[9] B. Moussallam, Eur. Phys. J. C 71 (2011) 1814, arXiv :1110 .6074 [hep -ph].

[10] M. Hoferichter, D.R. Phillips, C. Schat, Eur. Phys. J. C 71 (2011) 1743, arXiv :
1106 .4147 [hep -ph].

[11] M. Hoferichter, P. Stoffer, J. High Energy Phys. 07 (2019) 073, arXiv :1905 .13198
[hep -ph].

[12] I. Danilkin, O. Deineka, M. Vanderhaeghen, Phys. Rev. D 101 (2020) 054008, 
arXiv :1909 .04158 [hep -ph].

[13] J.R. Peláez, A. Rodas, J. Ruiz de Elvira, Phys. Rev. Lett. 130 (2023) 051902, arXiv :
2206 .14822 [hep -ph].

[14] P. Büttiker, S. Descotes-Genon, B. Moussallam, Eur. Phys. J. C 33 (2004) 409, 
arXiv :hep -ph /0310283.

[15] S. Descotes-Genon, B. Moussallam, Eur. Phys. J. C 48 (2006) 553, arXiv :hep -ph /
0607133.

[16] J.R. Peláez, A. Rodas, Phys. Rep. 969 (2022) 1, arXiv :2010 .11222 [hep -ph].
[17] I. Danilkin, O. Deineka, M. Vanderhaeghen, Phys. Rev. D 103 (2021) 114023, 

arXiv :2012 .11636 [hep -ph].
[18] J. Lu, B. Moussallam, Eur. Phys. J. C 80 (2020) 436, arXiv :2002 .04441 [hep -ph].
[19] R.L. Workman, et al., Particle Data Group, PTEP 2022 (2022) 083C01.
[20] C. Ditsche, M. Hoferichter, B. Kubis, U.-G. Meißner, J. High Energy Phys. 06 (2012) 

043, arXiv :1203 .4758 [hep -ph].
[21] M. Hoferichter, J. Ruiz de Elvira, B. Kubis, U.-G. Meißner, Phys. Rep. 625 (2016) 

1, arXiv :1510 .06039 [hep -ph].
[22] J. Baacke, F. Steiner, Fortschr. Phys. 18 (1970) 67.
[23] F. Steiner, Fortschr. Phys. 18 (1970) 43.
[24] F. Steiner, Fortschr. Phys. 19 (1971) 115.
[25] G.E. Hite, F. Steiner, Nuovo Cimento A 18 (1973) 237.
[26] M. Hoferichter, J. Ruiz de Elvira, B. Kubis, U.-G. Meißner, Phys. Rev. Lett. 115 

(2015) 092301, arXiv :1506 .04142 [hep -ph].
[27] M. Hoferichter, J. Ruiz de Elvira, B. Kubis, U.-G. Meißner, Phys. Lett. B 760 (2016) 

74, arXiv :1602 .07688 [hep -lat].
[28] J. Ruiz de Elvira, M. Hoferichter, B. Kubis, U.-G. Meißner, J. Phys. G 45 (2018) 

024001, arXiv :1706 .01465 [hep -ph].
[29] M. Hoferichter, J. Ruiz de Elvira, B. Kubis, U.-G. Meißner, Phys. Lett. B 843 (2023) 

138001, arXiv :2305 .07045 [hep -ph].
[30] M. Hoferichter, J. Ruiz de Elvira, B. Kubis, U.-G. Meißner, Phys. Rev. Lett. 115 

(2015) 192301, arXiv :1507 .07552 [nucl -th].
[31] D. Siemens, J. Ruiz de Elvira, E. Epelbaum, M. Hoferichter, H. Krebs, B. Kubis, 

U.-G. Meißner, Phys. Lett. B 770 (2017) 27, arXiv :1610 .08978 [nucl -th].
[32] M. Hoferichter, C. Ditsche, B. Kubis, U.-G. Meißner, J. High Energy Phys. 06 (2012) 

063, arXiv :1204 .6251 [hep -ph].
[33] M. Hoferichter, B. Kubis, J. Ruiz de Elvira, H.-W. Hammer, U.-G. Meißner, Eur. 

Phys. J. A 52 (2016) 331, arXiv :1609 .06722 [hep -ph].
[34] M. Hoferichter, B. Kubis, J. Ruiz de Elvira, P. Stoffer, Phys. Rev. Lett. 122 (2019) 

122001, arXiv :1811 .11181 [hep -ph], Erratum: Phys. Rev. Lett. 124 (2020) 199901.
[35] A. Crivellin, M. Hoferichter, Phys. Lett. B 845 (2023) 138169, arXiv :2302 .01939

[hep -ph].
[36] Y.-H. Lin, H.-W. Hammer, U.-G. Meißner, Eur. Phys. J. A 57 (2021) 255, arXiv :
7

2106 .06357 [hep -ph].
Physics Letters B 853 (2024) 138698

[37] Y.-H. Lin, H.-W. Hammer, U.-G. Meißner, Phys. Rev. Lett. 128 (2022) 052002, 
arXiv :2109 .12961 [hep -ph].

[38] A. Antognini, Y.-H. Lin, U.-G. Meißner, Phys. Lett. B 835 (2022) 137575, arXiv :
2208 .04025 [nucl -th].

[39] D. Simons, N. Steinberg, A. Lovato, Y. Meurice, N. Rocco, M. Wagman, arXiv :
2210 .02455 [hep -ph], 2022.

[40] E. Hernández, J. Nieves, M. Valverde, M.J. Vicente Vacas, Phys. Rev. D 81 (2010) 
085046, arXiv :1001 .4416 [hep -ph].

[41] L.A. Ruso, et al., arXiv :2203 .09030 [hep -ph], 2022.
[42] Y.-F. Wang, D.-L. Yao, H.-Q. Zheng, Eur. Phys. J. C 78 (2018) 543, arXiv :1712 .

09257 [hep -ph].
[43] Q.-Z. Li, H.-Q. Zheng, Commun. Theor. Phys. 74 (2022) 115203, arXiv :2108 .03734

[nucl -th].
[44] X.-H. Cao, Q.-Z. Li, H.-Q. Zheng, J. High Energy Phys. 12 (2022) 073, arXiv :2207 .

09743 [hep -ph].
[45] G. Höhler, E. Pietarinen, Nucl. Phys. B 95 (1975) 210.
[46] P. Carruthers, Phys. Rep. 1 (1971) 1.
[47] M.L. Goldberger, S.B. Treiman, Phys. Rev. 110 (1958) 1178.
[48] M.L. Goldberger, S.B. Treiman, Phys. Rev. 111 (1958) 354.
[49] Y. Nambu, Phys. Rev. Lett. 4 (1960) 380.
[50] M. Gell-Mann, M. Lévy, Nuovo Cimento 16 (1960) 705.
[51] B. Wu, X.-H. Cao, X.-K. Dong, F.-K. Guo, Phys. Rev. D 109 (2024) 034026, arXiv :

2312 .01013 [hep -ph].
[52] R.J. Crewther, L.C. Tunstall, Phys. Rev. D 91 (2015) 034016, arXiv :1312 .3319

[hep -ph].
[53] O. Catà, R.J. Crewther, L.C. Tunstall, Phys. Rev. D 100 (2019) 095007, arXiv :

1803 .08513 [hep -ph].
[54] R. Zwicky, arXiv :2312 .13761 [hep -ph], 2023.
[55] W.R. Frazer, J.R. Fulco, Phys. Rev. 119 (1960) 1420.
[56] W.R. Frazer, J.R. Fulco, Phys. Rev. 117 (1960) 1603.
[57] R. Koch, E. Pietarinen, Nucl. Phys. A 336 (1980) 331.
[58] G. Höhler, Methods and results of phenomenological analyses, in: H. Schop-

per (Ed.), Landolt-Boernstein - Group I Elementary Particles, Nuclei and Atoms, 
vol. 9b2, Springer-Verlag, Berlin, Heidelberg, 1983.

[59] R.A. Arndt, W.J. Briscoe, I.I. Strakovsky, R.L. Workman, Phys. Rev. C 74 (2006) 
045205, arXiv :nucl -th /0605082.

[60] R.L. Workman, R.A. Arndt, W.J. Briscoe, M.W. Paris, I.I. Strakovsky, Phys. Rev. C 
86 (2012) 035202, arXiv :1204 .2277 [hep -ph].

[61] Th. Strauch, et al., Eur. Phys. J. A 47 (2011) 88, arXiv :1011 .2415 [nucl -ex].
[62] M. Hennebach, et al., Eur. Phys. J. A 50 (2014) 190, arXiv :1406 .6525 [nucl -ex], 

Erratum: Eur. Phys. J. A 55 (2019) 24.
[63] A. Hirtl, et al., Eur. Phys. J. A 57 (2021) 70.
[64] V. Baru, C. Hanhart, M. Hoferichter, B. Kubis, A. Nogga, D.R. Phillips, Phys. Lett. 

B 694 (2011) 473, arXiv :1003 .4444 [nucl -th].
[65] V. Baru, C. Hanhart, M. Hoferichter, B. Kubis, A. Nogga, D.R. Phillips, Nucl. Phys. 

A 872 (2011) 69, arXiv :1107 .5509 [nucl -th].
[66] H. Lehmann, Nuovo Cimento 10 (1958) 579.
[67] S. Mandelstam, Phys. Rev. 112 (1958) 1344.
[68] M. Hoferichter, B. Kubis, D. Sakkas, Phys. Rev. D 86 (2012) 116009, arXiv :1210 .

6793 [hep -ph].
[69] D. Rönchen, M. Döring, U.-G. Meißner, C.-W. Shen, Eur. Phys. J. A 58 (2022) 229, 

arXiv :2208 .00089 [nucl -th].
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