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Magnetic field dependence of a Josephson traveling-wave parametric amplifier
and integration into a high-field setup
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We investigate the effect of the magnetic field on a photonic crystal Josephson traveling-wave paramet-
ric amplifier (TWPA). We show that the observed change in the photonic band gap and plasma frequency
of the TWPA can be modeled by considering the suppression of the critical current in the Josephson junc-
tions (JJs) of the TWPA due to the Fraunhofer effect and closing of the superconducting gap. Accounting
for the JJ geometry is crucial for understanding the field dependence. In one in-plane direction, the TWPA
band gap can be shifted by 2 GHz using up to 60 mT of field, without losing gain or bandwidth, showing
that TWPAs without superconducting quantum interference devices (SQUID) can be field tunable. In the
other in-plane direction, the magnetic field is perpendicular to the larger side of the Josephson junctions,
so the Fraunhofer effect has a smaller period. This larger side of the JJs is modulated to create the band
gap. The field interacts more strongly with the larger junctions, and as a result, the TWPA band gap closes
and reopens as the field increases, causing the TWPA to become severely compromised already at 2 mT. A
slightly higher operating limit of 5 mT is found in the out-of-plane field, for which the TWPA’s response
is hysteretic. These measurements reveal the requirements for magnetic shielding needed to use TWPAs
in experiments where high fields at the sample are required. With magnetic shields and at a distance from
a sample at the magnet center, we can operate the TWPA while applying over 2 T to the sample.

DOI: 10.1103/PhysRevApplied.22.054018

I. INTRODUCTION

Superconducting parametric amplifiers have become
a key tool in quantum technology because they enable
low-noise readout of weak microwave signals [1]. Nowa-
days, thanks to phase-matching techniques, Traveling-
wave parametric amplifiers (TWPAs) can combine high
gain, bandwidth, and saturation power [2–8], positioning
themselves as ideal tools for scalable low-noise amplifi-
cation. However, since most TWPAs depend on super-
conductivity, they face inherent problems in the presence
of strong magnetic fields. This is particularly problematic
because many experiments involving magnetic fields at the
sample could benefit from or already rely on the low-noise
amplification provided by TWPAs. These include super-
conducting qubit experiments [9–13], experiments with
spin ensembles [14–16], spin qubits [17,18] or topological
qubits [19], as well as hybrid setups including mechanical
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[20,21] and magnonic degrees of freedom [22,23], and the
search for axions [24,25]. While magnetic-field-resilient
parametric amplifiers made from high-kinetic-inductance
superconductors have been demonstrated recently [26–31],
TWPAs resilient to magnetic fields are, to our knowledge,
yet to be demonstrated. There are several recent experi-
ments with magnetic fields at the sample that have utilized
TWPAs (see, e.g., Refs. [15,19,24,25,32,33]), emphasizing
the need for a comprehensive study of TWPAs in magnetic
field.

Here we present measurements and a theoretical
description of the effect of the magnetic field on a photonic
crystal Josephson-junction (JJ) TWPA [3]. We estimate the
maximum field that can be applied to the TWPA with-
out compromising performance, giving an indication of the
required magnetic shielding for a given stray field from the
device under test. In the process, we show that the in-plane
field along an appropriate direction can be a viable tuning
knob to change the operating frequency of a TWPA with-
out severely compromising performance. The tuning is a
consequence of the suppression of the critical current of
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the individual JJs, which is due to the Fraunhofer effect
and the suppression of the superconducting gap (see, e.g.,
Ref. [13]); the former is strongly dependent on JJ geome-
try. Because of the distinct values of the critical field and
Fraunhofer period, we can tell the two contributions to
the tuning of the JJs apart, which was difficult in previ-
ous experiments [10,13]. We also observe deviations from
the commonly used Ginzburg-Landau (GL) formula for
the gap suppression, deviations that are consistent with the
predictions of Abrikosov-Gorkov (AG) theory [34,35] for
pair breaking due to the magnetic field. In addition to the
magnetic field dependence, we show that with several lay-
ers of magnetic shields, the TWPA can be operated at about
a 40-cm distance from the magnet center in our setup with
fields above 2 T at a device under test. We also establish
an understanding of the operation of circuit quantum elec-
trodynamics (cQED) and hybrid experiments in magnetic
fields, e.g., if one wants to couple a JJ array to another
system in the presence of small magnetic fields.

Two TWPAs are used in this work, each of the com-
mercially available Argo model, made by Silent Waves.
The data in Secs. I–III were measured on one such device,
which we call TWPA A, while the data in Sec. IV were
measured on a second TWPA, TWPA B. A detailed
description and a summary of device parameters can be
found in Appendix A. The circuit diagram and JJ geom-
etry are shown in Figs. 1(a) and 1(b). The amplification
is based on four-wave mixing, where two pump photons
are converted to a signal and an idler photon via a non-
linear material—in this case a JJ transmission line. The
JJs are made with the bridge-free double-shadow evapo-
ration technique [36]. The JJ width w is designed to be
the same for all JJs. The JJ geometry is varied by modu-
lating the JJ height h, to engineer the dispersion relation,
which is essential for increasing the gain and bandwidth
of photonic crystal TWPAs. The JJ geometry is essen-
tial for modeling the experiment because one of the two
ways a magnetic field can influence the Josephson induc-
tance LJ is via the Fraunhofer effect. If a uniform current
distribution is assumed, this effect modulates the induc-
tance with a 1/|sinc(BA/�0)| dependence, where A is the
area of the flux-penetrated region of the JJ, as shown in
Fig. 1(b), and �0 is the magnetic flux quantum. Our data
show that not just the approximately 2-nm oxide barrier
itself, but also some portion of the superconducting film on
both sides is penetrated by the magnetic field, as expected
because of the finite penetration depth for magnetic fields
in a superconductor.

The transmission S21 of the TWPA without a pump
and with an optimized pump are shown in Fig. 1(c). The
measurement setup is described in Appendix B. The no-
pump data show the photonic band gap at frequency fg that
results from the dispersion engineering. When a continu-
ous microwave pump tone at the right frequency and power
is applied, the transmission around the pump is enhanced
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FIG. 1. (a) Schematic of the TWPA electrical circuit. The
series of Josephson junctions (JJs) forms a nonlinear metama-
terial. The Josephson inductances LJ,n, capacitances CJ,n, and
ground capacitances Cg,n are periodically modulated for disper-
sion engineering and chosen for impedance matching to 50 �. (b)
Schematic of a part of the JJ array of the TWPA (not to scale).
Two layers of aluminum with aluminum oxide junction barriers
form a series of junctions. The width w = 0.7 µm of these junc-
tions is the same for all, while the height h is modulated by ±5 %
to engineer a photonic band gap (on average h = 16 µm). The
field directions are named based on their orientation relative to
the junction array. On the right, a cross section of the JJ area is
shown to illustrate the Fraunhofer area in the case where the mag-
netic field penetrates the JJ. (c) TWPA transmission |S21|2 with
the pump tone turned off and on. The gap feature of the TWPA
is visible in both signals. From the pump-off data, we estimate
the gap frequency fg as the frequency of the |S21|2 minimum. The
dips beyond 8 GHz are not a feature of the TWPA, but due to the
circulators in the setup being out of specification.

due to the four-wave mixing, showing gain over a certain
bandwidth on both sides of the band-gap feature. We focus
on the gain below fg, as in our setup fg is close to the upper
edge of the working frequency range of the circulators that
were used.

II. TWPA OPERATION UNDER THE B‖,1 FIELD

To understand the magnetic field dependence of the
TWPA, we start with the B‖,1 direction [as defined in
Fig. 1(b)]. In Fig. 2, the transmission through the TWPA
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FIG. 2. TWPA transmission spectrum |S21|2 without pump
tone as a function B‖,1. The gap frequency fg is estimated by the
|S21|2 minimum and data points with fg < 8 GHz are shown and
used in the fit (red dots). Above 8 GHz the circulators are out of
specifications, causing additional features in the data and making
the fg estimate less reliable. The upper and lower edges of the
gap are calculated from our model, and shown as solid red lines.
The best fit is obtained by taking the average of these two and
fitting this to the measured fg. The plasma frequency fp, based on
the same model, is plotted as an orange dashed line.

for a range of field values B‖,1 is plotted. The two distinc-
tive features of the TWPA transmission are the frequency
of the band gap fg and the plasma frequency fp, where
the transmission is cut off. A Fraunhofer pattern is clearly
visible for both. The gap frequency fg, as marked by the
red dots, is estimated by the frequency of the |S21|2 min-
imum, and is only plotted in the region where the band
gap does not overlap with the circulator features above
8 GHz, which make the |S21|2 minimum unreliable. For
an unknown reason, fg is slightly different for positive and
negative magnetic fields, and the second Fraunhofer lobe
appears more strongly for the positive field direction. Hys-
teresis was considered as the possible reason, but we see
the same result independent of the sweep direction. There-
fore we are only able to fit the data accurately for one side.

Starting from the circuit model described in Ref. [3], we
can calculate fg and fp for each field value. The TWPA
is a transmission line made of JJs and capacitances to
ground, as illustrated in Fig. 1(a). The JJs can be mod-
eled with a Josephson inductance LJ,n+1/2 and capacitance
CJ,n+1/2, both of which depend on the junction area. The
Josephson inductance is inversely proportional to the crit-
ical current, which is in turn proportional to the area. The
Josephson capacitance is simply proportional to the area.
Thus, the modulation of h leads to a modulation of the
inductance LJ,n+1/2, capacitance CJ,n+1/2, and the capaci-
tance to ground Cg,n where index n denotes the position in
the JJ array. The capacitance to ground Cg,n of each island

is achieved by covering the entire JJ array with a dielectric
and depositing a thick copper ground plane on top. Since
the area of an island is almost entirely determined by the
area of the junctions, we assume the same modulation for
Cg,n as for CJ,n+1/2.

The combination of the modulation of LJ,n+1/2, CJ,n+1/2,
and Cg,n causes a photonic band gap that is used for phase
matching the TWPA. From this circuit model, one can cal-
culate an effective impedance Z for the TWPA, as well
as fg and fp. To calculate the magnetic field dependence
of the TWPA transmission and the parameters mentioned
above, we need to model the magnetic field dependence of
LJ,n+1/2.

We consider that the magnetic field affects the JJs by
suppressing the superconducting gap � according to AG
theory and through the Fraunhofer effect. We assume that
the capacitances CJ,n+1/2 and Cg,n are unaffected by the
magnetic field. The Josephson inductances are inversely
proportional to the gap: LJ,n+1/2 ∝ 1/�(B‖,1). For the
Fraunhofer dependence, the geometry matters. The Fraun-
hofer effect arises from an interplay of the JJ current
and the magnetic field. The most straightforward assump-
tion would be a rectangular current distribution in each
junction. However, we find that parametrizing the current
distribution to allow for more current density at the edges
of the junctions gives a better fit. It is certainly possible
that the oxide barrier is slightly thinner away from the
center of the junctions, which could mean that the actual
current distribution is indeed closer to the one we use for
fitting. The field B‖,1 is in plane with respect to the junction
array and perpendicular to the narrow side of the junc-
tions of width w. Since w is unchanged throughout the
array, the suppression of the critical current is identical
for all junctions. This significantly simplifies the mag-
netic field modeling: instead of applying a change to each
junction individually, we only need to change the average
Josephson inductance L̄J.

The full model can be found in Appendix C; the best fit
obtained using Eqs. (C6), (C8), and (C11), and using as
fit parameters the field B�,1 corresponding to a flux quan-
tum through area A, the average Josephson inductance at
zero field L̄J, and the parameter governing the current dis-
tribution χ , is shown in Fig. 2. The critical field Bc is not
used as a fit parameter because it can be read off directly
from the data. For the fit, the extracted fg around zero field
were ignored, specifically those fitted to be larger than
8.1 GHz. When the gap frequency is above this threshold,
the minimum of |S21|2 is likely a bad estimate for fg due to
the circulators being out of band. As the model also sug-
gests, the magnetic field changes the TWPA impedance,
such that at the Fraunhofer minimum |S21|2 breaks down
because the TWPA becomes reflective, which is supported
by |S11|2 measurements (see Appendix D). The features of
the measured plasma frequency are reproduced accurately.
The fact that the second Fraunhofer lobe is reproduced
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indicates that we have a good understanding of the field
dependence of the superconducting gap.

After understanding the effect of the magnetic field
based on the pump-off transmission data and circuit model,
we now proceed to look at how the amplifier figures of
merit, in particular the gain and bandwidth, change with
B‖,1 for the TWPA pumped with a microwave tone of fre-
quency fpump and power Ppump. We did not measure the
added noise of the TWPA as a function of the magnetic
field, as the measurements would have taken significantly
longer and extracting the absolute added noise would have
required additional calibration measurements of the setup.
However, the TWPA was factory characterized and we
measure similar gain in the setup; thus, we can estimate
the added noise at zero field (see Appendix E). An exam-
ple of the TWPA gain profile is shown in Fig. 3(a). We
estimate the gain profile not by subtracting the pump-off
transmission, but rather by estimating a field-independent
background without the band gap (see Appendix E for
details on the background subtraction). The gain profile
shows strong fluctuations that depend on fpump and Ppump.
In an actual experiment, if one wants to optimize the ampli-
fier gain at a particular frequency, fpump and Ppump can
be optimized to give the best signal-to-noise ratio (SNR)
at that particular frequency. We have instead decided to
smooth the gain profile with a 500-MHz window filter and
optimized on the maximum smooth gain [see Fig. 3(a)].
The bandwidth of the smoothed gain is also shown as a
figure of merit, but not used for the optimization of the
pump tone. This figure of merit is somewhat arbitrary but
convenient, as the smoothed gain landscape allows for the
extraction of a meaningful bandwidth and we found that
the optimization landscape is relatively well behaved, giv-
ing consistent optima when running the optimization from
different starting conditions.

We have tuned up the TWPA at different fields by opti-
mizing the maximum smooth gain, varying fpump and Ppump
as free parameters using the Nelder-Mead method [37].
Figures 3(b) and 3(c) show the resulting gain and band-
width. More details on the optimization and other figures
of merit are reported in Appendix E. We see that the max-
imum smooth gain remains stable up to B‖,1 = 60 mT,
although the maximum gain does decrease. Additionally,
the bandwidth of the gain does not decrease significantly
up to this field. However, the frequency range where ampli-
fication occurs is shifted by 2 GHz. This shows that an
in-plane field in this specific direction can be used to effec-
tively tune the amplification range of the TWPA across a
wide range.

III. TWPA OPERATION FOR OTHER FIELD
DIRECTIONS

In this section, we show how the TWPA responds
to magnetic fields applied in the other principal field

(a)

(b)

(c)

FIG. 3. (a) TWPA gain as a function of the frequency. All gain
curves are calculated relative to a fixed background estimate,
not to the pump-off spectrum. To obtain figures of merit that are
robust to the gain ripples, we smooth the gain as a function of the
frequency and use the maximum of the smoothed gain and the
3-dB bandwidth based on the smoothed gain. (b) Frequency of
the maximum smoothed gain and bandwidth window as a func-
tion of B‖,1. The TWPA band-gap feature can be tuned by about
2 GHz with the in-plane field, while the optimum gain remains
roughly stable, then the gain becomes compromised. (c) Max-
imum smooth gain and gain range within the 3-dB-bandwidth
window as a function of B‖,1. While the highest gain values
are continuously reduced with B‖,1, the maximum smooth gain
remains stable up to about |B‖,1| < 60 mT.

directions B‖,2 and B⊥, as indicated in Fig. 1(b), start-
ing with B‖,2. The pump-off TWPA transmissions as a
function of B‖,2 are shown in Fig. 4(a). There is a Fraun-
hofer pattern similar to Fig. 2, but with a much smaller
period, indicating a lower B�. Specifically, we find that
B�,2 = 4.55 mT, whereas B�,1 = 107.8 mT. This is in line
with the TWPA dimensions, as h/w = 22.7, which is sim-
ilar to 107.8 mT/4.55 mT = 23.7. This shows that both
datasets imply the thickness of the field-penetrated area
l [see Fig. 1(b)] to be the same, namely, 28.5 nm. This
value for l is reasonable since it should be compared to
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(d)(b)

(a)

(c) (e)

FIG. 4. (a) TWPA transmission spectrum without pump tone as a function of B‖,2. The edges of the fitted first band gap fg are shown
as red lines. The corresponding fp is shown as an orange dashed line. The fitted center of the second band gap is indicated with a
dashed red line. Note that these lines are not fitted to the data shown here. Instead, the model parameters are the same as in Fig. 2,
except for the field corresponding to a flux quantum, as the flux now penetrates the longer side of the junction. To account for this,
the value of the flux quantum was modified based on the geometry of the junctions, yielding the curves shown here. (b),(c) No-pump
TWPA transmission spectrum as a function of B⊥, scanning in the negative and positive directions, respectively. Here too, fp and fg
are shown, fitted with a GL-like phenomenological formula (see Appendix C 4). The hysteresis is much larger than for the in-plane
directions. (d),(e) Optimized maximum smooth gain and gain range as a function of B‖,2 and B⊥, respectively.

roughly half of the total thickness of the two aluminum
layers forming the JJs [38].

There are striking qualitative differences between the
dependence on B‖,2 and on B‖,1. In Fig. 4(a), we observe
a periodic closing and reopening of the band gap. This is
due to the interplay between the modulation of h, which
creates the band gap, and the Fraunhofer effect. In the
B‖,1 direction, w is nominally identical for all JJs, so
we should obtain the same Fraunhofer dependence for
all JJs, resulting in a common prefactor for all LJ,n+1/2
(assuming perfectly identical geometries), as mentioned
previously. But, in the B‖,2 direction, the different hn
result in different Fraunhofer contributions: the Fraun-
hofer critical current modulation has a smaller period for
JJs with larger h than for JJs with smaller h. However,
the JJs with large h had lower LJ to begin with. As a
result, the difference between the LJ values for the dif-
ferent junctions decreases initially with increasing field,
and at some point, this effectively cancels out the modu-
lation of the capacitances CJ,n+1/2 (which remains constant
with field) and closes the band gap. More details on this
modeling, based on the same combination of AG gap sup-
pression and Fraunhofer effect as for B‖,1, can be found
in Appendix C 2. We also see higher harmonics of the
band gap in the Fraunhofer side lobes, that are not there
for the B‖,1 direction. Lastly, there is a line of low trans-
mission with a large upward slope in the second side
lobe starting around 10 mT, but we do not understand this
feature.

The B⊥ field dependence [see Fig. 4(b) for sweep-
ing B⊥ in the negative direction and Fig. 4(c) for the
positive sweep direction] is different from the in-plane
directions. Here, we initially observe a decrease of fg,
but the transmission then suddenly breaks down. We see
strong hysteresis in the sweep direction: the maximum of
fg is offset by 2.4 mT. This is in strong contrast to the
B‖,1 and B‖,2 directions, where we estimate the hystere-
sis to be less than 1 mT. The hysteresis could be due to
Abrikosov vortices that an out-of-plane field can create in
superconducting films. The vortices can lead to increased
inductance because of the associated currents, but they
will also increase dissipation. We estimate a critical field
Bc,⊥ = 10.3 mT based on the fg dependence. The ratio of
the in-plane and out-of-plane critical fields is Bc,⊥/Bc,‖ �
0.04, which is reasonable for thin-film aluminum. A quan-
titative understanding of vortices in the JJ array is beyond
the scope of this work. More details on the B⊥ direction
can be found in Appendix C 4.

We compare the optimized gain as a function of B‖,2 and
B⊥ in Figs. 4(d) and 4(e). Notably, the gain collapses for
B‖,2 and B⊥ at 2 and 5 mT, respectively, while it is stable up
to 60 mT for B‖,1. This means that the Fraunhofer depen-
dence for the large JJ direction is imposing the strongest
field limit on TWPA performance, but the limits due to
vortices and gap suppression in B⊥ are of the same order
of magnitude. The gain and bandwidth for all three differ-
ent field directions as a function of the estimated fg are also
discussed in Appendix E.
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IV. SHIELDED TWPA OPERATION

From the previous measurements, one can estimate the
magnetic shielding required to operate a TWPA in a dilu-
tion refrigerator with strong magnetic fields at the device
under test. The cryostat used in this experiment features
a 6 T/1 T/1 T vector magnet. If the TWPA is mounted
on the mixing chamber stage, the stray fields at 6 T will
be of the order of 30 mT, which is incompatible with
TWPA operation. The magnetic shielding needs to keep
the field at the TWPA below 1 mT. For TWPAs with super-
conducting quantum interference devices (SQUIDs), the
shielding requirements are likely more stringent, because
the SQUID periods are often chosen to be of the order of
100 μT. A strong magnet that is not operated in persistent-
current mode can also lead to considerable low-frequency
noise [13] that would likely compromise a SQUID-based
TWPA. To shield the TWPA from magnetic fields, a super-
conductor is a clear candidate material. Aluminum was
readily available, and its low critical temperature means
that it can easily be heated out of the superconducting
state and cooled back down again at zero field to regain
shielding after being compromised by a field exceeding
its critical field. However, the critical field of aluminum
is not high enough to withstand the large stray field of
the vector magnet. To mitigate this, outer shields of a
high-permeability material can be used. In this experiment,
Cryoperm was used, which is a material similar to mu-
metal, but designed to perform at cryogenic temperatures.
The shield setup is described in detail in Appendix F, and
shown in Fig. 13 therein.

To test the magnetic shields, we measured the transmis-
sion through the TWPA and also the optimized gain as a
function of the field at the magnet center. If the shielding
setup were perfect, no change in the transmission or gain
would be observed. We optimized the gain at zero field and
ramped both 1-T coils (Bx and By in the magnet coordinate
system) of the vector magnet to the maximum and saw no
change in fg or in the gain. However, the shields are not suf-
ficient to fully shield the stray fields of the 6-T magnet Bz,
which likely saturates the Cryoperm shield that also leads
to the failure of the superconducting aluminum shield. As
shown in Fig. 5(a), when the magnet is ramped above
2.5 T, enough stray field penetrates the shields to change fg
and quickly suppress the gain [Fig. 5(a)]. Additionally, we
observe ripples in the transmission that become stronger
with the field. These ripples are not constant in frequency
and we believe them to be a response of the TWPA to
low-frequency noise related to the magnet, possibly due
to vibrations of the TWPA relative to the magnet. For the
dataset in Fig. 5, we did not optimize the pump settings
and ramped back down from 6 T to see if the gain would
recover, which it did [see Fig. 5(b)].

A wide range scan from 6 to −6 T and additional details
can be found in Appendix F. There we show that we can

(a)

(b)

FIG. 5. (a) No-pump transmission of the shielded TWPA as a
function of the magnetic field at the magnet center. Up to about
2.5 T, not much changes, but for higher fields, the band gap is
tuned down and there is additional noise that manifests at dips in
the signal. (b) Maximum smooth gain as a function of the mag-
netic field. Here the gain was optimized at zero field and settings
were not updated at every field. Around 2.5 T the gain changes
and is strongly reduced by 3 T.

still get high gain at fields up to 3.5 T, but only by run-
ning the gain optimization procedure again: since fg shifts,
the pump settings need to be adjusted. Between 4 and 5 T,
the TWPA transmission eventually breaks down, showing
that the shielding can still be improved. However, sweep-
ing the magnet back down, TWPA transmission is restored
with a slight shift in fg. We confirmed that a thermal
cycle above 1.5 K can reset the device and the shielding
capabilities, showing that the shields are not permanently
compromised. To have more flexibility and be able to
measure even with a compromised TWPA, we installed
cryogenic switches that allow bypassing the TWPA (see
Appendix F).

To use the TWPA with higher fields at the sample, one
could either improve the shielding or increase the distance
between the TWPA and magnet. In our case, the mag-
net is below the mixing chamber and we simply mounted
the shielded TWPA above at a distance of about 40 cm
from the magnet center. While one could mount the TWPA
higher up and still attach it to the mixing chamber, we
investigated the temperature dependence of the TWPA’s
performance to explore the possibility of mounting it at a
higher stage of the dilution refrigerator (see Appendix G).
We only measured the gain and transmission and found
no change in performance up to about 0.3 K. While we
did not perform detailed measurements of the added noise
as a function of temperature, our data would suggest that
mounting the TWPA at the cold plate (T ≈ 0.1 K) is a
viable option. Another option would be the installation of
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a compensation coil at the TWPA. Such a setup has been
shown to allow operation at higher fields [25].

V. CONCLUSION

In conclusion, we characterized the magnetic field
dependence of a Josephson junction TWPA and found that
it strongly depends on field direction. The in-plane mag-
netic field along the direction perpendicular to the junction
array can be an option for tuning the frequency of the
amplification band of a JJ TWPA down by 2 GHz at simi-
lar gain and bandwidth with fields up to 60 mT. At 60 mT,
the saturation power is reduced by about 10 dB. Mag-
netic field tuning of a TWPA with 100-μT out-of-plane
fields has been shown previously in TWPAs with SQUIDs
[3]. The in-plane field is an interesting alternative as the
field required for tuning is about 2 orders of magnitude
larger. Hence, a similar level of flux noise would lead to
less added noise. Similar ideas for the tuning of JJ arrays,
but not in the context of parametric amplifiers, have been
reported in Ref. [39]. At the same time, a few millitesla of
the out-of-plane field or in-plane field along the JJ array
can severely compromise the TWPA. We can model the
TWPA in-plane field dependence based on the magnetic
field dependence of the JJ inductances due to the Fraun-
hofer effect and the suppression of the superconducting
gap. This suggests that field dependence can be a diag-
nostic tool for extracting the parameters of the underlying
circuit from the model, as the field does not affect the
capacitances. However, we did not measure explicitly how
the added noise of the TWPA changes with the field, as
those measurements would have taken significantly longer.
Understanding critical current noise introduced by noise
in the magnetic field and possible noise from vortices are
interesting future directions.

With magnetic shields and about a 40-cm distance
between the TWPA and magnet center, we show that we
can operate the TWPA at more than 2 T at the magnet cen-
ter. From about 2.5 T we observe additional noise in the
TWPA transmission. Between 4 and 5 T, stray fields break
superconductivity in the TWPA, but after sweeping the
field back down and thermal cycling the TWPA recovers.
We also implemented cryo-switches to bypass the TWPA,
realizing a versatile test setup for cQED experiments at
high magnetic field with a near-quantum-limited amplifier.

The setup was controlled based on QCoDeS drivers
and logging [40], The measurements were run using
Quantify-core [41].

Datasets and analysis in the form of Jupyter notebooks
that create the figures are available from Zenodo [42].
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APPENDIX A: DEVICE DESCRIPTIONS

The TWPAs in this work are of the Argo model, com-
mercially available and made by Silent Waves. The field
dependence with the TWPA at the magnet center is mea-
sured on TWPA A, while the shield performance and the
temperature dependence are measured on TWPA B. The
TWPAs are fabricated and packaged by Silent Waves and
delivered as a module with SMA connectors. The two
TWPAs are similar to that described in Ref. [3], but have
single JJs instead of SQUIDs. The JJs are fabricated using
double-angle evaporation with a bridge-free design [36].
The film thicknesses of the first and second aluminum lay-
ers are 20 and 50 nm, respectively. The ground plane is
made of a thick copper layer, so there are no large extended
aluminum areas. Detailed parameters for both devices can
be found in Table I.

Silent Waves measured the TWPA figures of merit in
their setup before shipping. Electrical losses in the TWPA,
a combination of insertion loss and loss within the TWPA,
were estimated to be 4–5 dB in the factory calibration.
These losses have to be offset by the gain to improve
performance. The factory calibration estimated an SNR
improvement of 6 dB for a gain similar to that measured
in this work.
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TABLE I. Parameters of the two TWPAs in this work. Parameters are used in the modeling.

Device LJ Cg CJ w h̄ η NJ Np fg
(pH) (fF) (fF) (μm) (μm) (%) (GHz)

TWPA A 95 38 500 0.7 16 ±5 1596 28 8.7
TWPA B 133 29 490 0.7 16 ±5 1800 33 7.2

APPENDIX B: MEASUREMENT SETUP FOR
MAGNETIC FIELD DEPENDENCE

The measurement setup for the magnetic field depen-
dence of the TWPA is illustrated in Fig. 6. In the course of
previous experiments [13], it was observed that the Quin-
star circulators with a double layer of magnetic shielding
at their positions above the mixing chamber plate behave
normally up to about 2 T at the magnet center, so they
are not expected to affect the measurements of the TWPA
inside the magnet. The TWPA experiments were per-
formed with the device in the puck of a bottom-loading
dilution refrigerator (Triton 500, Oxford Instruments) with
a nominal base temperature of about 10 mK. A three-axis
6 T/1 T/1 T vector magnet was used to apply magnetic
fields to the sample. In this paper, we do not perform field
cooling of the TWPA, but we change the magnetic field
while keeping the device at base temperature. During the
cooldown, the magnet was shorted and disconnected from
its power supply to avoid the creation of vortices dur-
ing the superconducting transition of the TWPA. For the
B‖,1 axis, we mainly used the Oxford Instruments Mer-
cury iPS power supply, which can supply sufficient current

TWPA

R&S SGS100A

E5071C ENA

FIG. 6. Wiring diagram and setup for the measurements with
the TWPA inside the puck. The TWPA is mounted roughly at the
center of the vector magnet and the field dependence is studied.
Both reflection and transmission measurements were possible.

to reach a magnetic field of 1 T. For the other two axes,
we used a Keithley 2461 SourceMeter as a current source
that can only reach magnetic fields of 0.16 T, but is more
fine grained and less noisy. For all measurements of the
shielded setup, the Mercury iPS was used for all field direc-
tions, so we could see the shield performance with up to
6 T of magnetic field at the sample.

The alignment of the magnet axes was such that Bx,
By, Bz, correspond to B⊥, B‖,1, B‖,2. We took angular
scans of the magnetic field at fixed |B| to estimate the
degree of misalignment, but in particular for the B⊥ direc-
tion, the hysteresis is more significant than any potential
misalignment. Misalignment is likely less than 1◦.

The TWPA transmission and gain measurements were
performed with a vector network analyzer (VNA), and an
additional microwave source was used as a pump. The
wiring was such that we could use a room-temperature
microwave switch to measure the TWPA in reflection or
transmission and to also reverse the pump direction (see
the wiring diagram shown in Fig. 6). We use 60 dB of
attenuation in the input lines to ensure that the TWPA
input noise is low, but we do not use Eccosorb or other
filters here that would avoid pair-breaking radiation. For
operating the TWPA in an actual experiment, a directional
coupler would be used to couple in the pump tone, but to
just measure the TWPA itself, this is not necessary. The
fridge wiring is not entirely optimal for the TWPA, as the
band gap is slightly above 8 GHz, outside the specifications
of the circulators that were mounted in the fridge. For the
mounting of the TWPA in the fridge with shields, wider
range circulators were used (see Appendix F).

APPENDIX C: TWPA MODEL

Here we present the model for the TWPA with the mod-
ulation in the junction dimension h; see Fig. 1(b). The
model is based on that of Ref. [3] and is used to derive
formulas for the plasma and band-gap frequencies that can
be directly compared with experiment. The model also
returns the effective impedance of the array, which can be
used to understand the reflection at the input and output.
In the first part of this appendix, we focus on the effect of
field B‖,1. The other in-plane field direction is treated in
Appendix C 2. Appendix C 3 concerns the suppression of
the superconducting gap by the field, and Appendix. C 4
considers the perpendicular field.
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The phase matching of the TWPA is achieved by peri-
odic modulation of the Josephson inductance and capaci-
tance, by varying the size of the junctions. Let NJ be the
number of junctions in the TWPA. Then we have NJ + 1
superconducting islands, which we index with integers n =
0, 1, . . . , NJ. We index the Josephson junction between two
islands with half-integers: the junction between islands n
and n + 1 is indexed n + 1/2. Since the modulation of the
Josephson junctions is periodic, we can define the entire
array using a small set of parameters. Let L̄J and C̄J be
the average Josephson inductance and capacitance, respec-
tively, and let C̄g be the average capacitance to ground of
an island. We denote by Np the period of the modulation
and by η the junction area modulation amplitude. Then we
have, for any island n and any junction n + 1/2,

L−1
J,n+1/2 = L̄−1

J {1 + η cos[G(n + 1/2)]}, (C1)

CJ,n+1/2 = C̄J{1 + η cos[G(n + 1/2)]}, (C2)

Cg,n = C̄g

{
1 + η

2

∑
±

cos
[

G
(

n ± 1
2

)]}
, (C3)

where G = 2π/Np. Note that the modulation amplitude of
the junction area determines the modulation of LJ, CJ, and
Cg. For LJ and CJ, this is clear: these are inversely propor-
tional and proportional to the junction area, respectively.
The ground capacitance Cg is proportional to the area of
the islands because it is achieved using a single ground
plane on top of the entire junction array. Then the modu-
lation of Cg follows from the geometry of the device, as
each island consists of two junction areas, and a negligi-
ble area connecting the two junction areas [see Fig. 1(b)].
Hence, the modulation amplitude of the area of an island
is the same as that of the junctions, but we need to average
the modulation of two junctions.

We first consider the plasma frequency fp, above which
transmission through the TWPA is strongly suppressed.
For any junction, it is given by ωp = 1/

√
LJ,n+1/2CJ,n+1/2.

Note that the modulation cancels so that at zero field we
get the same plasma frequency for each junction:

ωp(0) = 1/

√
L̄JC̄J. (C4)

In general, the Josephson inductance LJ is related to the
critical current Ic of a JJ via L̄J = �0/(2π Ic), where �0
is the superconducting flux quantum and Ic is proportional
to the superconducting gap � and the junction’s conduc-
tance. An in-plane magnetic field is perpendicular to the
current flow in the tunnel barrier, so we expect a Fraun-
hofer pattern in the critical current Ic. Additionally, the
superconducting gap is suppressed with field, causing a

decrease in Ic (the gap suppression is discussed in more
detail in Appendix C 3). Therefore, we model the in-plane
field dependence of the critical current as

Ic(B) = Ic,0|sinc(πφ/�0)|[�(B/Bc)/�0], (C5)

where Ic,0 and �0 denote quantities in zero field, φ = BA
with A the area penetrated by flux [cf. Fig. 1(b)], sinc(x) =
sin(x)/x, and Bc is an appropriately chosen critical field.

1. B‖,1 direction

For the B‖,1 magnetic field direction, the Fraunhofer-
type modulation of Ic is identical for all junctions in the
array because the field is applied perpendicular to w, the
dimension of the Josephson junction that is not modulated.
As such, we can apply Eq. (C5) to L̄J, rather than separately
to each junction. Therefore,

ωp(B‖,1) = ωp(0)

√∣∣∣∣sinc
(

π
B‖,1

B�,1

)∣∣∣∣�(B‖,1/Bc)

�0
(C6)

with B�,1 = �0/(lw).
The Fraunhofer pattern depends on the junction geom-

etry as well as on the spatial distribution of the current
through the junction. In particular, the sinc functional
dependence is derived for a rectangular junction with
uniform current. In Ref. [43], a one-parameter phenomeno-
logical model was proposed (and compared to experiment)
for a rectangular junction that can interpolate between uni-
form current and current concentrated at the edges of the
junction. We assume the current density profile

J = Jmax
cosh(2xχ/L)

cosh(χ)
, (C7)

where L is the size of the junction (either h or w) and
x ∈ [−0.5L, 0.5L]. The uniform current case is recovered
in the limit χ → 0. For increasing χ , the current den-
sity in the interior decreases, while the edges stay at
Jmax. The corresponding Fraunhofer pattern amounts to the
substitution

sinc y → F(y, χ) ≡ χ2

χ2 + y2

[
y sin y

χ tanh χ
+ cos y

]
(C8)

in Eq. (C6).
We now turn to the calculation of the band gap in the

low-power limit. In this regime, to calculate the edges of
the band gap, we can use the linearized version of a set of
equations found in Appendix B of Ref. [3] relating ampli-
tudes A and B of waves with wave vectors k and k − G and
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frequency ω:

[
ω2

ω2
p


2
s

− k2
(

1 − ω2

ω2
p

)]
A (C9)

+
[
η

2
ω2

ω2
p


2
s

+ η

2
k(G − k)

(
1 − ω2

ω2
p

)]
B = 0,

[
η

2
ω2

ω2
p


2
s

+ η

2
k(G − k)

(
1 − ω2

ω2
p

)]
A

+
[

ω2

ω2
p


2
s

− (G − k)2
(

1 − ω2

ω2
p

)]
B = 0. (C10)

Here 
s is the Coulomb screening length, 
s =
√

C̄J/C̄g.
For η = 0 (no modulation), the two equations are decou-
pled and give degenerate solutions for k = G/2 (that is,
at the band edge), and for η > 0, a band gap opens at
k = G/2 (see, for example, Fig. 1 of Ref. [3]). There-
fore, by finding the frequencies for which the wave with
k = G/2 propagates, we find the frequencies of the edges
of the band gap. Setting k = G/2 and the determinant of
the system to zero, we find the values of ω for which this
system has a nontrivial solution:

ωg,± = ωp

√
(G/2)2(1 ± η/2)

(G/2)2(1 ± η/2) + 1/
2
s (1 ∓ η/2)

. (C11)

The prefactor ωp on the right-hand side should be under-
stood to depend on the magnetic field as in Eq. (C6).

With this formula, we can fit the experimental data. As
shown in Fig. 2, the center of the gap is extracted for each
field value where the gap is visible. We can take the aver-
age of the frequencies found with Eq. (C11) and run a
least-squares fitting procedure, where we vary ωp(0), χ ,
and B�,1. For the other parameters, we use the designed
values of TWPA A (see Table I). With this model, we
cannot fit C̄J and C̄g independently, since they enter into
the formula for the band gap through their ratio (in 
s)
and through ωp(0) (which also depends on the Josephson
inductance). The critical field Bc can be estimated directly
from the data, considering the value at which transmission
becomes undetectable, so we use the value Bc = 236 mT.
Now we can fit the parameters mentioned:

fp(0) = 23.0 GHz, χ = 0.668, B�,1 = 107.8 mT.

2. B‖,2 direction

For the B‖,2 direction, due to the modulation in the
dimension h of the junctions normal to the field [cf.
Fig. 1(b)], we have to modify the above results to take into
account the fact that the Fraunhofer effect modulates the

Josephson inductance of the different junctions by differ-
ent amounts. Considering junction n + 1/2, its inductance
and capacitance are [cf. Eqs. (C1) and (C2)]

L−1
J,n+1/2 = L̄−1{1 + η cos[G(n + 1/2)]}

∣∣∣∣sinc
(

π
B‖,2

B(n)

�,2

)∣∣∣∣,
(C12)

CJ,n+1/2 = C̄{1 + η cos[G(n + 1/2)]}, (C13)

with

B(j )
�,2 = B̄�,2/{1 + η cos[G(n + 1/2)]}, (C14)

where, based on the junction geometry (see Table I), we
can relate B̄�,2 to B�,1:

B̄�,2 = (0.7/16)B�,1. (C15)

In practice, we treat B�,2 as a fit parameter and then check
for consistency with the expectation from this equation; we
find a discrepancy of order 4%; see Sec. III. This small dif-
ference might effectively account for the possibly different
current distributions in the two directions, which are not
known (in other words, the χ values, which, for simplicity,
we assume to be identical, could, in fact, differ for the two
directions).

In writing Eq. (C12) we assume that B‖,2 � Bc, so
we can ignore gap suppression for simplicity; it can be
straightforwardly included by multiplying the right-hand
side of Eq. (C12) by �(B‖,2/Bc)/�0 [see Eq. (C5)]. The
measurable plasma frequency is then given by the smallest
one at the given field:

ωp(B‖,2) = min
{n}

[
1√

LJ,n+1/2CJ,n+1/2

]

= min
{n}

[
ωp(0)

√∣∣∣∣sinc
(

π
B‖,2

B(n)

�,2

)∣∣∣∣�(B‖,2/Bc)

�0

]
.

(C16)

For the band gap, assuming that η � 1 and ηπB‖,2/B̄� �
1, we can find a simple generalization of Eq. (C11) as fol-
lows: we expand Eq. (C12) to first order in η and cast the
result in a form similar to Eq. (C12) itself,

L−1
J,n+1/2 � L̄−1{1 + βη cos[G(n + 1/2)]}

∣∣∣∣sinc
(

π
B‖,2

B̄�,2

)∣∣∣∣
(C17)

with the field-dependent factor

β = π
B‖,2

B̄�,2
cot

(
π

B‖,2

B̄�,2

)
(C18)
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or, if we use the current distribution assumption leading to
the substitution in Eq. (C8),

β =
[

y sin y
χ tanh χ

(
y cot y + 2χ2

χ2 + y2

)

+ cos y
(

1 − y tan y − 2y2

χ2 + y2

)]

×
(

y sin y
χ tanh χ

+ cos y
)−1

, (C19)

where y = πB‖,2/B̄�,2. Then repeating the procedure used
to arrive at Eq. (C11), we find that the expression for the
band gap has the same form as in that equation if we
replace η → βη in the numerator and

ωp → ωp(0)

√∣∣∣∣sinc
(

π
B‖,2

B̄�,2

)∣∣∣∣�(B‖,2/Bc)

�0
(C20)

in the prefactor.
The field values B(n)

‖,2 at which the band gap closes can be
found by requiring ω+ = ω−, which leads to the condition

β = (G/2)2 − 1/
2
s

(G/2)2 + 1/
2
s

≡ βc. (C21)

This should be contrasted with the condition β = 0 that
corresponds to the (approximate) suppression of the spatial
modulation of the Josephson inductance (or critical cur-
rent). However, with our parameters we have βc � −0.716
and an approximate solution to Eq. (C21), when using Eq.
(C18) for β, is

B(n)

‖,2 � B̄�,2

[(
n + 1

2

)
− βc

π2(n + 1/2)

]
, n = 0, 1, . . . .

(C22)

The first term on the right-hand side satisfies the condition
β = 0; the correction—that is, the second term—becomes
smaller (and the approximation more accurate) as n
increases.

Finally, we note that an approximate position for the
center ωc of the band gap is found by setting η = 0 in Eq.
(C11), ωc = ωpG/2

√
(G/2)2 + 1/
2

s . This formula can be
easily generalized to estimate the position of the next band
gap by replacing G → 2G; cf. Fig. 4(a).

3. Field dependence of the superconducting gap for the
in-plane field

Here we consider the dependence of the gap on the
parallel magnetic field. Such a field can suppress supercon-
ductivity through two mechanisms: the Zeeman splitting
of the electrons forming a Cooper pair, and the so-called

orbital effect—the suppression of the order parameter by
the supercurrent that arises to screen the applied mag-
netic field. In films thin compared to the penetration depth,
t � λ, the screening of the field can be ignored, but not the
effect of the supercurrent on the order parameter. Whether
the Zeeman effect plays a significant role or not depends
on the dimensionless parameter

c = D(et)2�0

6�μ2
B

f (
/t), (C23)

where D is the electron diffusion constant, 
 is the mean
free path, and μB is the Bohr magneton [44]. The dimen-
sionless function in the last factor has the limits f (0) = 1
and f (x) � 3/4x for x 
 1. When c > 1, the order param-
eter suppression is dominated by the orbital effect and the
Zeeman splitting can be ignored. Experimentally, it was
found that c ∼ 1 for films with t ∼ 7–8 nm [45,46]. Given
the rapid increase of c with thickness, even for the thinnest
film forming the Josephson junctions, t � 20 nm, the Zee-
man effect plays only a negligible role. On the other hand,
we note that the thicker film, t � 50 nm, is still thinner than
the penetration depth in Al films of this thickness, λ > 100
nm [47].

Having to consider only the orbital effect simplifies the
calculation of the order parameter suppression, which is
analogous to that due to paramagnetic impurities, as stud-
ied by Abrikosov and Gorkov [34,35]. At low temperatures
T � Tc, we can use the T = 0 expressions up to expo-
nentially small corrections that we ignore. The amount of
gap suppression is determined by a dimensionless pair-
breaking parameter α that in the present case can be written
as α = (B/Bc)

2, where Bc is the parallel critical field (in
the notation of Ref. [35] we have the relation � = α�0/2,
where � is their dimensionful pair-breaking parameter).
While the implicit transcendental equation determining �

as a function of α has a relatively simple form amenable
to straightforward numerical solution [see Eq. (3.5) of
Ref. [35] ], no closed-form solution is available. Here we
propose a formula that interpolates between the analyti-
cally tractable limits α → 0 and α → 1, the latter value
representing the critical one at which superconductivity
disappears:

�(α) = �0

√
1 − π

4
α −

(
1 − π

4

)
αγ (C24)

with γ = (12 − π)/(4 − π) � 10.32. As shown in Fig. 7
this formula is a good approximation to the numerically
exact solution, deviating less than 2% from the latter.

Note that, due to the large exponent γ , the last term
under the square root in Eq. (C24) can be dropped if α

is not too close to unity; even with this additional approxi-
mation the deviation from numerics remains below 2% for
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FIG. 7. Normalized order parameter as a function of the pair-
breaking parameter α = (B/Bc)

2. Solid blue line represents the
numerical solution to the equation of Ref. [35] determining the
gap suppression at zero temperature within AG theory. Black
dashed line represents the analytical interpolation, Eq. (C24).
Green dashed line represents the GL-type approximation; cf. Eq.
(C25). Inset: same as the main panel, but plotted as a function of
the parallel magnetic field normalized by the critical one.

α � 0.7, corresponding to B/Bc � 0.84 (see the inset of
Fig. 7). In this range, we can therefore write

�(B/Bc) � �0

√
1 −

(
B

B̃c

)2

, (C25)

where B̃c = 2Bc/
√

π � 1.128Bc. This shows that up to
fields not too close to the critical one, the gap suppres-
sion (at zero temperature) takes the form familiar from
Ginzburg-Landau theory [valid near the critical tempera-
ture; see Eq. (4.52) of Ref. [48] ], although the effective
critical field B̃c entering this expression overestimates the
actual critical field Bc by almost 13%.

Given the above discussion of the approximate expres-
sion in Eq. (C25), one may wonder if the data can be
satisfactorily fitted just by using the Ginzburg-Landau for-
mula shown there. However, setting the critical field to
the measured value cannot reproduce the fp of the second
Fraunhofer lobe accurately; see Fig. 8(a). The thin-film AG
gap dependence fits fp more accurately because � remains
higher and is then more quickly suppressed when increas-
ing the field towards the critical one, as seen in Fig. 8(b).
On the other hand, the band-gap frequency fg can be fit-
ted as accurately with the GL formula as with the AG one
because we cannot measure it as close to Bc and we can
use the additional fit parameter χ to adjust the curve. In
both cases, we need to assume a higher current density
at the edges of the JJs, but to perform the fitting with the
GL expression, we need to assume a less uniform current
density than for the AG case; see Fig. 8(c).

Based on the model we can also estimate the TWPA
impedance Z as a function of the field; see Figs. 8(d) and

8(e). The impedance of the array is equal to Z =
√

L̄J/C̄g.

The capacitance to ground C̄g does not change with mag-
netic field, and we obtain a value for L̄J at any magnetic
field from the fit. Therefore we can calculate Z at any
value of B‖,1. At zero field we find that the TWPA is well
matched to 50 �, but the tuning of fg with B‖,1 is accompa-
nied by an increasing impedance, which diverges as the
field approaches a Fraunhofer minimum. Therefore, the
insertion loss at the TWPA grows, showing that tunabil-
ity by field in the TWPA would always come at the cost of
some reduction in performance.

4. B⊥ direction

Here we briefly discuss some aspects of the TWPA
behavior in the perpendicular field. In Figs. 4(c) and 4(d)
we see that the field where the breakdown in |S21|2 occurs
varies by scan direction, but fg is also tuned down with B⊥.
We can try to estimate Bc,⊥ by fitting the fg dependence.
The dependence of fg, suggests a GL-like expression [cf.
Eq. (C25)] of the form

fg(B) = fg(0)

√
1 −

(
B⊥−Boffset

Bc,⊥

)2

(C26)

for the band-gap edges with a different Boffset for the two
sweep directions. We do not consider a Fraunhofer con-
tribution in this direction as the field is parallel to the
JJ current. This model can describe the data reasonably
well for a plausible Bc,⊥ = 10.3 mT, which is also consis-
tent with the breakdown in |S21|2 [vertical dashed lines in
Figs. 4(b) and 4(c)]. The critical field Bc,⊥ can be related to
the coherence length ξ by [48]

Bc,⊥ = �0

2πξ 2 , (C27)

which gives ξ � 180 nm. Also, the ratio between Bc,⊥ and
the parallel critical field Bc,‖ for thin films depends on the
film thickness t as [48]

Bc,⊥
Bc,‖

= t

2
√

3ξ
. (C28)

From this expression and the measured critical fields, we
would estimate t � 27 nm, within a factor of 2 from the
thickness of the thicker film (which has a lower critical
field compared to the thinner one).

Finally, let us consider the question of hysteresis, which
we assume is due to the presence of at least one stable vor-
tex in some of the junctions. For a superconducting strip of
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(a)

(b)

(c)

(d)

(e)

FIG. 8. Details on the B‖,1 dependence of the pump-off TWPA transmission. (a) TWPA transmission spectrum without the pump
tone as a function of B‖,1, the same as in Fig. 2(a). It shows the same fit for fg and fp based on the AG model, and a fit using GL
dependence for � for comparison. The fits overlap for low fields because away from Bc the difference in �(B) [see (b)] can be
compensated by adapting the current distribution in the model [see (c)]; however, only the AG fit can accurately capture the second
Fraunhofer lobe. (d),(e) Impedance of the TWPA junction array as a function of the field. While the junction array is impedance
matched to the environment at zero field, mismatch increases as fg is tuned lower. This partially explains the reduction in gain with
increasing field; in particular, in the higher Fraunhofer lobes, there is always a considerable impedance mismatch.

width w, the field BL at which a vortex is stable is given by
[49]

BL = 2�0

πw2 ln
(

2w
πξ

)
� 2.4 mT, (C29)

where we used the width w in Table I and the coher-
ence length estimated above from the perpendicular critical
field. The value is in agreement with the observed 2.4-mT
hysteresis.

APPENDIX D: TWPA TRANSMISSION AND
REFLECTION

As mentioned in Appendix B, the setup allowed measur-
ing the TWPA transmission |S21|2 and the reflection |S11|2
using a circulator at the TWPA output. In the modeling
above, we focus on the frequencies of TWPA features (fg
and fp), and in the gain measurements, the calibration of the
fridge lines is not so essential. This is partly because the
setup to measure the TWPA in field was not particularly
adapted to TWPA characterization experiments, where one
would carefully calibrate the input and output lines to
understand the insertion loss and dissipation inside the
TWPA. Nonetheless, we have measured the TWPAs |S21|2
and |S11|2; see Figs. 9(a) and 9(b). The transmission and
reflection input have nominally identical attenuation and
the electrical losses in the TWPA are of the order of 4 dB,
meaning that one can roughly compare |S21|2 and |S11|2.
We see that close to the Fraunhofer minimum, where the
transmission drops, the TWPA |S11|2 increases to simi-
lar levels as the maximum |S21|2 at low field. Thus we

can conclude that the TWPA mostly becomes reflective,
as expected from the model.

Looking closer at the reflection data, we see smaller
moving ripples in the TWPA reflection moving as a func-
tion of B‖,1. They are also visible in the TWPA trans-
mission, but reflection measurements are likely better for
seeing small impedance mismatches. These ripples are
likely due to standing waves between the TWPA input and
output. As the magnetic field changes the inductance of the
junction array, these standing waves shift.

We looked for signs of the TWPA becoming more dis-
sipative for the B⊥ direction due to vortices in the JJ array
or in the large bond pads at the input and output. To this
end, we compared the transmission and reflection data as a
function of B⊥ (not shown) with the data in Fig. 9. How-
ever, we also see a similar level of |S11|2 for regions where
|S21|2 is already suppressed, meaning that the dominant
effect with B⊥ is also just reflection due to mismatched
impedance.

APPENDIX E: TWPA FIGURES OF MERIT AND
THE OPTIMIZATION PROCEDURE

A TWPA is an amplifier; therefore, it has the usual fig-
ures of merit, e.g., gain, added noise (noise temperature
or noise figure), bandwidth, and saturation power. For the
scope of this work, we have focused on gain, bandwidth,
gain fluctuations, and saturation power to understand how
the TWPA changes with magnetic field. In this appendix
we discuss how we measured them and how we optimized
the gain at each field. The setup in the fridge with the
magnet was not prepared to accurately measure the added
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(a)

(b)

FIG. 9. TWPA transmission (a) and reflection (b) versus B‖,1.
It is apparent that, when the TWPA transmission is reduced at
the Fraunhofer minimum, the reflection is enhanced and reaches
similar levels.

noise of the TWPAs, but both TWPAs were characterized
by Silent Waves before shipping, so we can give informa-
tion about the added noise at zero magnetic field, which we
discuss in the following.

In the factory calibration, the SNR improvement over a
HEMT-amplifier-only configuration was measured, which
can be used to estimate the added noise of the TWPAs.
The optimized gain in the factory calibration is similar to
the gain found in the Cologne setups at zero field with
TWPA A in the magnet center, and with TWPA B inside
the magnetic shields [see Figs. 10(a) and 10(c)]. Thus, the
TWPA performance in the Cologne setups is likely sim-
ilar. The factory SNR improvement for TWPAs A and
B [Figs. 10(b) and 10(d)] is similar, but TWPA B shows
smaller ripples, likely because the impedance matching is
better. To make the SNR improvement meaningful, the
noise temperature of the test setup (TSetup

noise ) without the
TWPA needs to be estimated. The test setup uses a HEMT
amplifier (LNF-LNC0.3_14B), which is specified to have
Tnoise = 3.6 K. With some additional losses in the setup,
the measured noise temperature TSetup

noise ≈ 5.7 K is plausible
[see Fig. 10(g) for data]. One can now look at the SNR
improvement as a function of net gain, defined as gain cor-
rected for insertion loss [see Fig. 10(f)]. This is shown in

Fig. 10(e) and it shows that TWPA B has a slightly bet-
ter performance. The SNR improvement can be modeled
as a/(1 + a/GTWPA), where GTWPA is the net gain of the
TWPA and a = TSetup

noise /TTWPA
noise is the ratio of the Tnoise of the

TWPA and the test setup without TWPA. We can roughly
fit the data by setting TSetup

noise /TTWPA
noise = 10, which suggests

that TTWPA
noise ≈ 0.6 K or an added noise level of about two

photons. This is in line with more recent measurements of
similar devices in the Silent Waves’ test setup where the
added noise was measured more directly. The TWPAs in
this work thus operate slightly above the standard quantum
limit.

While the added noise in the Cologne setups at zero
field is likely similar to the factory calibration, we cannot
exclude that both the magnetic field and temperature (see
Appendix G) can introduce additional noise beyond the
eventual reduction in gain. We did not measure the SNR
improvement at different fields or temperatures, because
such measurements would take significantly longer than
the gain measurements. However, since we see the clear
relation between SNR improvement and gain at zero field,
and since we see no indication of increased TWPA noise
with increasing field, the gain measurements at different
fields are likely a good proxy for SNR improvement. The
magnetic field and temperature are expected to introduce
critical current noise, which will increase the added noise
of the TWPA and small changes in the added noise might
not be directly visible in the average gain curves. With a
magnetic field, vortices might also be an additional noise
source. While the reduction in gain that we see as a func-
tion of the magnetic field and temperature clearly shows
that the TWPA is eventually compromised by both, we
cannot exclude that the added noise is compromised even
earlier. Measuring and understanding the added noise as
a function of the temperature and magnetic field is an
interesting future direction.

To estimate gain as a function of frequency, one would
ideally do a full calibration of the setup and compare
the |S21|2 with and without the optimized TWPA in the
line. Our setup for the magnetic field dependence did not
allow this and we did not take a calibration measurement
without the TWPA that could be subtracted. There are
different ways to still estimate the gain, but they have lim-
itations. One can subtract the pump-off transmission from
the pump-on transmission [cf. Fig. 1(d)]. However, since
the pump moves the TWPA band gap (because it increases
LJ), this would lead to artifacts. For TWPA A, we have
instead taken the TWPA transmission spectra at different
B‖,1 within the first Fraunhofer lobe, which has the band
gap at different frequencies, and taken the maximum at
every frequency to estimate a background without a band
gap [see Fig. 11(a)]. Taking the maximum at every fre-
quency makes it less likely to overestimate the gain, but
reflection at the TWPA input is likely subtracted from
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(a)

(b)

(c) (e)

(f)

(g)

(d)

FIG. 10. Factory characterization data for TWPAs A and B and comparison with Cologne data. Panels (a) and (c) show the gain
of the pumped over the unpumped TWPA, measured in the factory characterization as well as in the Cologne setup, for TWPAs A
and B, respectively. Gain profiles are similar but not identical, likely due to impedance mismatches in the wider setup. (b),(d) SNR
improvement of the TWPA over a TWPA bypass configuration for TWPAs A and B [for noise temperature of the setup without the
TWPA, see (g)]. (e) SNR improvement versus net gain. Net gain computed based on pump-on versus pump-off gain minus TWPA
insertion loss [see (f) for insertion loss].

the data as well. This is the background we subtracted
to get the gain curves [see, for instance, Fig. 3(a)]. Cru-
cially, we have always subtracted the same background,
such that changes in the gain with magnetic field are rel-
ative to the same background. For TWPA B, which was
mounted inside the magnetic shields, we could not move
the band gap without compromising the TWPA; there-
fore, we just linearly interpolated the background in the
band-gap region [see Fig. 11(b)], but also used the same
background for all gain estimates.

With an established background to estimate the gain
for each TWPA, we now describe the procedure to find
the optimum Ppump and fpump at different field settings.
The gain generally shows strong ripples, likely due to
impedance mismatches that could stem from deviations
from the designed periodicity of the JJ array, reflections
at the SMA connectors or the printed circuit board, box
modes from the package, and, in the magnetic field mea-
surements, our circulators being used at the edge of their
specified range. The position of the ripples shifts with fpump
and Ppump, such that one could usually achieve 20 dB of
gain at a specific frequency within the larger bandwidth
window, but only at a more limited bandwidth of 30 MHz.
For usual use cases, such as qubit readout, one could also
directly optimize on the signal-to-noise ratio at a concrete
frequency. However, for the field dependence we want
to investigate, we decided that the optimum smooth gain

(maximum of the gain averaged in a 500-MHz window)
would be a reasonable figure of merit to use as a cost
function for optimization [see Fig. 3(a)]. So at every field
we ran a Nelder-Mead optimization [37] of the maximum
smooth gain using fpump and Ppump as optimization param-
eters. The optimization usually converged with a median
of 24 iterations and was not very sensitive to initial con-
ditions. Other figures of merit are conceivable, e.g., one
could define a figure of merit that penalizes gain fluctua-
tions or one could optimize on the SNR improvement or,
with a precise setup calibration, even on the mean added
noise. Our choice, the smoothed gain, is simple, can be
measured quickly, and allows for the definition of a robust
3-dB bandwidth. Given that we used the same optimiza-
tion at every magnetic field, we believe that the optimum
smooth gain offers a good way to evaluate the TWPA
performance as a function of the field.

We can now compare the three different field directions.
In Figs. 3(b), 4(d), and 4(e), the gain was plotted as a func-
tion of the respective field strength; by looking at the gain
and bandwidth as a function of fg, we show that even for
the same fg, which tunes differently with B‖,1, B‖,2, and B⊥,
the TWPA performance differs strongly; see Figs. 12(a)
and 12(b). The only field direction for which the gain stays
high over an extended field range is B‖,1, as expected. For
B‖,2, the band gap closes and reopens, which compromises
the phase matching, causing reduced gain, while, for B⊥,
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(a)

(b)

FIG. 11. TWPA transmission spectrum for different B‖,1 (col-
ored lines). The data are taken from the main Fraunhofer lobe.
The circulators are specified in the 4–8 GHz range, which is
clearly visible in |S21|2. We take the maximum |S21|2 at every
frequency to estimate a background (black line) that we use for
subtraction in the gain estimation. This background will more
likely underestimate than overestimate the gain.

likely vortices lead to the strong dissipation. The TWPA
bandwidth is eventually reduced even for B‖,1; the outliers
in the bandwidth at high fields have much lower maximum
gain, which makes a larger bandwidth easier.

To understand the TWPA tune-up for a changing fg, we
also show the difference between the pump frequency and
gap frequency fg − fpump and pump power Ppump, obtained
by optimizing the maximum smooth gain at every field;
see Figs. 12(c) and 12(d). We find that at low fields (high
fg) the optimum fpump is slightly further away from the cen-
ter of the band gap and it moves a bit closer as the fields
tune down fg. The pump power Ppump is specified as the
power set on the microwave source, not at the input of the
TWPA. The installed attenuation between the fridge input
and the TWPA is 60 dB with additional attenuation due
to cable and component losses and reflections. For Ppump,
there appears to be a clear linear relationship between the
optimum Ppump and fg independent of the field direction.
Intuitively, this is expected because the field reduces the
critical current Ic of the JJs and hence the optimum Ppump,
as well as the saturation power of the TWPA. At several
fields, we also took measurements to estimate the 3-dB sat-
uration power, and found that it is consistently about 20 dB
below Ppump. We generally measured the gain with a VNA
signal power of −30 dBm. The signal power approaches

(a)

(b)

(c)

(d)

FIG. 12. TWPA figures of merit as a function of the estimated
fg for B‖,1, B‖,2, and B⊥. The fg tuning is different for all field
directions, but this figure shows that fg alone does not determine
performance. Panel (a) shows that the gain varies widely even
for the same fg, while the bandwidth in (b) does not change dra-
matically. Panels (c) and (d) show that the optimum Ppump and
optimum fpump are mainly a function of fg and mostly independent
of the field direction. The saturation power was measured for a
number of field strengths and directions, and was consistently
about 20 dB below Ppump.

saturation power levels only for the lowest fg, where the
gain is already severely compromised.

APPENDIX F: SETUP AND FIELD DEPENDENCE
FOR THE SHIELDED TWPA

In this appendix, we describe the mounting of the TWPA
with magnetic shielding and cryogenic switches that allow
bypassing the device. This setup then allows flexible use
of the TWPA when needed up to the fields allowed by
the shielding. The setup is illustrated in Fig. 13. Figure
13(a) shows a photograph of the fridge with the TWPA
mounted above the mixing chamber plate and the magnet
and sample positions indicated. From the datasheet of the
magnet, we can estimate the stray field at the TWPA posi-
tion: at 1 T, the stray field would already be of the order
of 5 mT, enough to severely compromise the TWPA. The
stray field for 6 T at the sample as a function of the distance
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FIG. 13. (a) Fridge photograph and wiring diagram of the TWPA. The TWPA inside the magnetic shields is mounted above the mix-
ing chamber. It is sandwiched between two double-junction isolators (LNF-ISISC4_12A) for protection from electrostatic discharge.
Two two-way switches (single pole, double throw) (Radiall R571433141) were integrated into the wiring such that the TWPA can be
bypassed. The bypass line has a separate set of circulators. (b) Circuit diagram of the switch setup. (c) Colorized technical drawing of
the magnetic shields and TWPA. Three cylindrical cryoperm shields of 1-mm strength are used. (d) Stray field of the Bz magnet at 6 T
as a function of the vertical distance from the center of the magnet for different radial distances approximately corresponding to inner
and outer shield boundaries. TWPA position and fridge stages are marked by dashed black lines. (e) MC temperature as a function of
time after a switch event, measured several times to show consistency.

is shown in Fig. 13(d). Instead of using only passive mag-
netic fields, one could also use an additional compensation
coil to cancel the stray field at the position of the TWPA
[25].

With these stray fields in mind, we contacted a com-
pany to make a mu-metal-like shielding setup for the
TWPA. A schematic of the shields is shown in Fig. 13(c).
We chose three layers of 1-mm-thick Cryoperm—an iron-
nickel alloy that undergoes special treatment. As an inner
shield, we chose an aluminum box, which should act as a
perfect diamagnet up to the critical field of bulk aluminum
of around 10 mT. The shields have holes for the two coax-
ial cables for the TWPA input and output and for a copper
braid that is used to thermally anchor the TWPA inside the
shields directly to the mixing chamber. Given that we have
a bottom-loading fridge that is used for other experiments
as well, it is crucial that the magnetic shields are not com-
promised by sweeping the field to 6 T because it would
have meant opening the fridge to remove the shields and
TWPA in case higher fields would be needed.

To preserve different functionalities in the fridge, we
also installed current-operated cryogenic switches that
allow bypassing the TWPA. This is useful, as the TWPA
does not work at high fields, and because it only gives
a signal-to-noise improvement in a frequency range that

is narrow compared to the HEMT. Also, when it is not
pumped, it adds frequency-dependent attenuation to the
line, as is evident from the ripples in the pump-off trans-
mission figures. The wiring diagram is shown in Fig. 13(b).
There are isolators (model LNF-ISISC4_12A) between the
switches and the TWPA on both sides that provide a low-
impedance path to ground and protect the high-impedance
TWPA from electrostatic discharge. Both the bottom load-
ing as well as the switching could otherwise be dangerous
to the TWPA. By testing both, we confirmed that the
TWPA is safe in this configuration. We found a good cur-
rent and time for reliable switching that does not raise
the mixing chamber temperature much. Several example
curves of the mixing chamber temperature as a function
of time after switching events are shown in Fig. 13(e).
The temperature generally stays below 25 mK and the base
temperature is reached again after about 20 min. Success of
switching was confirmed each time.

Sufficiently high magnetic fields can also be a prob-
lem for the circulators and isolators that could influence
TWPA performance via impedance mismatches. Contrary
to the Quinstar circulators used in the measurements with
the TWPA at the magnet center (see Appendix B) and
for the TWPA bypass path (see Fig. 13), the LNF isola-
tors on either side of the TWPA have only a single layer
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(a)

(b)

FIG. 14. (a) TWPA |S21|2 as a function of the field swept from
6 to −6 T for the shielded TWPA. There is strong hysteresis in
the data, likely originating from the magnetic shields. (b) TWPA
maximum smooth gain and gain range in the 3-dB-bandwidth
window at high fields. Here, fpump and Ppump were optimized at
higher fields.

of magnetic shields. These shields will likely be compro-
mised around 2 T at the magnet, at which point the TWPA
shields are also starting to fail (see Fig. 14). However, the
isolators themselves are specified to not be compromised
by magnetic fields up to 65 mT (the manufacturer states
that the magnetic shields fail before the devices themselves
do), and they are mounted above the mixing chamber plate
at a similar height as the TWPA. Thus, according to our
stray field estimates [Fig. 13(d)], the isolators will only get
close to the specified limit around the maximum field of
our magnet, 6 T, far beyond the point where the TWPA is
compromised. We can thus conclude that the field com-
patibility of the isolators is not an important factor in our
experiment.

In the main text, |S21|2 data for the shielded TWPA are
only shown up to 3.5 T and fgap starts to drop significantly
for Bz > 2.5 T (see Fig. 5). We did not sweep the field to
6 T right away, because we were initially worried that at
the highest fields, the magnetic shields might be magne-
tized, which would not be reversible while they remain
inside the dilution refrigerator. However, ultimately, we
swept the magnetic field over the maximum range. The
TWPA |S21|2 as a function of Bz for the downsweep from
6 to −6 T is shown in Fig. 14(a). It is evident that the
TWPA transmission breaks down relatively suddenly for
the highest fields and that there is hysteresis of the order

of 0.5 T. The fg exhibits a plateau between approximately
2 and −2 T. From the stray field data [Fig. 13(d)], we can
estimate the stray field at the TWPA position for 2 T at
the magnet center to be approximately 11 mT if the shields
were not present. Outside it shows the expected reduction
with the field, but also some jumps in particular between
−2 and −4 T. We possibly see a Fraunhofer lobe both at
positive and negative fields. The field direction is likely a
superposition of B‖,2 and B⊥ in the TWPA coordinate sys-
tem. While the hysteresis and sudden breakdown of |S21|2
are reminiscent of the B⊥ dataset of the unshielded TWPA,
both the sudden breakdown and hysteresis are likely due to
the magnetic shields.

For the gain measurement as a function of Bz for the
shielded TWPA, shown in Fig. 5(b), we did not adapt fpump
and Ppump, because we were interested in the performance
of the TWPA in the most straightforward mode of oper-
ation. Figure 14(b) shows additional data, where it was
attempted to optimize fpump and Ppump at higher fields. A
good fpump guess and a corresponding Ppump can usually
be based on fg, but above 3 T the band gap becomes less
visible and slightly above 3.5 T no good gain could be real-
ized. However, in the unpumped |S21|2, there is already
more noise visible above 2 T and this also shows up in
the gain curves, leading to visibly more added noise. We
would therefore conclude that the valid operating window
for the TWPA in our setup is roughly −2 to 2 T.

APPENDIX G: TWPA TEMPERATURE
DEPENDENCE

We investigate here the temperature dependence of the
TWPA response. If the TWPA could be mounted at a
higher, warmer temperature stage of the fridge, that would
increase the distance to the magnet and decrease the stray
field [see Fig. 13(d)]. Data of the TWPA transmission and
optimized gain as a function of temperature are shown
in Fig. 15. Different temperatures were stabilized using a
proportional-integral-derivative controller on the mixing
chamber heater with the mixing chamber temperature as
the signal. We stabilized each temperature for about 10 min
to ensure thermalization of the TWPA and rejected datasets
where temperature fluctuations were too high.

Apart from mounting the TWPA away from a magnet,
the temperature dependence is interesting to compare to
the magnetic field dependence, because both suppress the
superconducting gap. For a BCS superconductor such as
aluminum, a good approximation (within less than 2%) for
the temperature-dependent gap is [50]

�(T) = �(0) tanh(1.74
√

Tc/T − 1), (G1)

where we estimate the critical temperature Tc = 1.27 K
based on the thicker 50-nm aluminum film that would
have the smaller Tc [51]. Using this gap dependence and

054018-18



MAGNETIC FIELD DEPENDENCE. . . PHYS. REV. APPLIED 22, 054018 (2024)

(b)

(a)

FIG. 15. (a) Temperature dependence of the TWPA transmis-
sion. The band gap is modeled using the TWPA-B parameters in
Table I, and a temperature-dependent gap based on Eq. (G1) with
Tc = 1.27 K. (c) Best values for optimized maximum smooth
gain at different temperatures. The error bars show the maximum
and minimum gains inside the 3-dB bandwidth. Up to 0.3 K there
is no strong temperature dependence, neither for the transmission
nor for the maximum gain.

the TWPA-B parameters from Table I, we can model the
temperature dependence of fg analogous to the field depen-
dence described in Appendix C. Data and the model are
shown in Fig. 15(a). The model describes the evolution of
fg well up to about 0.6 K. For higher temperatures, the band
gap fades as overall transmission is suppressed. Instead of
|S21|2 showing a clear boundary as fp is reduced with T,
which is the case for the magnetic field dependence, |S21|2
instead develops ripples that move down with temperature.

Up to 0.3 K, the almost unchanged |S21|2 and gain sug-
gests that the TWPA is not strongly compromised, but we
did not explicitly measure the added noise at each temper-
ature. Given that the TWPA added noise is likely of the
order of 0.6 K, it is not implausible that raising the device
temperature at first does not increase the added noise too
much. However, we do not claim that the TWPA has the
same performance at 0.3 K as at base temperature, just

that our measurement of gain and device transmission do
not show a difference. We conclude that one could likely
mount the TWPA at the cold plate of the dilution refrig-
erator that is at 0.1 K. This could increase the distance to
the magnet and likely at least double the maximum field
at which the TWPA can be operated without adding more
shielding.
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