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Distribution factors are indispensable tools in the design and analysis of power transmission
grids. Recently, they received a renewed interest in the field of topology optimization, leading to
the definition of bus merge and bus split distribution factors. In this article, we introduce a unified
derivation of the most relevant distribution factors based on matrix algebraic manipulations. This
approach facilitates the generalization to more complex grid modification, in particular simultaneous

switching events or bus splits.

I. INTRODUCTION

Distribution factors are ubiquitous in the analysis and
operation of power transmission grids and have been
used for decades [I]. Power transfer distribution factors
(PTDFs) and line outage distribution factors (LODFs)
are introduced in various text books such as [2]. They
describe the change of real power flows after the change
of power injections (PTDFs) or line outages (LODFs).
More recently, bus merge and bus split distribution fac-
tors were introduced in [3] [].

The impact of topology changes is commonly evaluated
by mapping the problem to PTDFs. For instance, a line
outage can be treated by adding fictitious power injec-
tions at the terminal buses of the line. This approach is
very instructive and thus used in text books such as [2].
However, it comes at the expense of a heavy notation, in
particular in the case of bus split distribution factors [4],
which may impede the generalization to more complex
situations.

The ongoing transition of the electric power system en-
tails great challenges for flexibility [5] and stability [6].
Grid planning and operation require novel tools to face
these challenges [7],[8]. For instance, congestion is rapidly
increasing in the European transmission grid, causing
costs in the billions of Euros every year [9]. Dynamic
topology reconfiguration may reduce congestion with ex-
isting infrastructures [10], but generally leads to hard
optimization problems. Distribution factors are widely
used in planning and optimization and should be able to
efficiently describe arbitrary changes in the grid topology.

In this article we introduce a unified algebraic deriva-
tion of distribution factors, including line modifications,

* joost.van.dijk@tennet.eu
T ld.witthaut@fz-juelich.de

line outages, line closing, bus splits and bus mergers. The
common idea is to formulate any modification as a low-
rank matrix update and then apply the Woodbury matrix
identity and related tools generalizing ideas presented
in [II]. The approach is highly flexible and thus read-
ily generalized to multiple simultaneous modifications of
the grid. We are confident that this unified approach
promotes the applicability of distribution factors, in par-
ticular in dynamic topology reconfiguration, and enables
further generalizations.

The article is organized as follows. We provide a brief
overview over the relevant literature in Sec. [Il and in-
troduce the background and the necessary tools from al-
gebraic graph theory in Sec. [[TI] In Sec. [[V] we discuss
modifications of a single branch or bus, starting from line
modification and line outages and then preceding to bus
merges and bus splits. We generalize these results to
multiple branch modifications in Sec. [V]]

II. LITERATURE OVERVIEW

The linear power flow or DC approximation is widely
used in power system analysis and design [2]. This ap-
proximation is applicable if voltages are close to the set
point and losses and grid loads are not too high. It ap-
plicability has been investigated numerically in [12 [13]
and analytically in [I4]. The application of DC power
flow and various distribution factors in unit commitment
models was reviewed in [I5], including some topological
aspects such as the treatment of phase shifting trans-
formers.

Different algebraic methods for treating topology mod-
ifications were discussed in the literature. Sparsity is a
common theme in linear power flow and can be exploited
to improve computation efficiency [I6]. The application
of sparse methods in the analysis of the topology changes
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was pioneered in [II], [I7]. An early review of sparse ma-
trix methods was provided in [18].

A purely algebraic derivations of LODFs for multiple
outages was presented in [19] and [20], where the lat-
ter article focuses on the application of the Woodbury
matrix identity or inverse matrix modification lemma.
Similar methods where used in [21] 22] to address prob-
lems in general flow networks beyond power grids, in-
cluding in particular the effective resistance of graphs.
Graph theoretical aspects of this approach were discussed
in |23} 24], including the scaling of LODFs with distance
and the analysis of collective effects of multiple outages.
Line closings have been treated in [25]. Extensions of the
Woodbury matrix identity to pseudo inverses relevant for
network flow problems were treated in [26]. The case of
network splits under multiple outages was treated in [27].
An alternative approach to topology changes based on
the superposition approach was presented [28].

A graph dual approach to PTDFs and LODFs has been
introduced in [29, B0]. This approach shifts the attention
from buses to branches and carries out all calculations in
terms of real power flows instead of phase angles. This
formulation is explicitly useful in linear optimal power
flow problems [31], [32].

Distribution factors are formulated in terms of the in-
verse of the nodal susceptance matrix. Topology modi-
fications are then described by low-rank updates of the
inverse as described above. Alternatively, one can work
on the level of the linear set of equations that constitute
the DC approximation. In practice, such linear equations
are solved via an LU decomposition of the nodal suscep-
tance matrix [33]. Efficient formula to update this LU
decomposition after a low-rank change of the matrix B
are available [34H36]. Partial matrix factorizations to up-
date for outages and other topology changes were treated
in [37].

IIT. BACKGROUND AND NOTATION

In this section we summarize the fundamental equa-
tions and introduce some useful notation. Linear power
flow describes the flow of real power in high voltage grids,
neglecting Ohmic losses as well as changes in the voltage
magnitude [2, B8]. The power flow equations are lin-
earized, such that the flow depends linearly on the dif-
ference of the nodal voltage phase angles.

So let 6,, denote the voltage phase angle at a bus or
node n. The real power flow over a branch or edge (n, k)
reads reads

fn%k = bnk(gn - 91@)7 (1)

where b,, is the effective susceptance of the branch
(n, k). The flows have to satisfy the energy conservation
law or Kirchhoff current law at every bus or node,

Pn=_ fask- (2)
k

where p,, is the power injection as bus n, i.e. the differ-
ence of power generation and consumption including the
consumption by shunt elements. We will always assume
that the grid is balanced, i.e. that >, p, = 0. The two
equations and fully determine the real power flow
in the grid. The validity of the linear power flow or DC
approximation was studied in detail in [12HI4].

We introduce a compact vectorial notarial that will fa-
cilitate the further analysis. Buses or nodes are labeled
consecutively as n = 1,...,N,, and all power injections
are summarized in a vector p = (p1,...,pn, ). Branches
or edges are either labeled by their endpoints (n,m) or
consecutively as e = 1,..., N.. To keep track of the di-
rection of power flows we fix an orientation for each edge.
The grid topology and the orientation is summarized in

the node-edge incidence matrix E € RV»*Ne with com-
ponents [39]
+1 if line e starts at node n,
E,.=<( —1 ifline e ends at node n, (3)

0 otherwise.

The real power flows are summarized in a vector f =
(fi,-.., fn.) " and the branch susceptances in the diag-
onal matrix 8B = diag(bi,...,bn,).

The two defining equations of the linear power flow
equations are then written in vectorial form as

f=9BE'0, (4)
p=Ef. (5)

Substituting the first equation into the second one thus
yields a linear equation connecting power injections and
voltage phase angles,

p=EBE'60=DB6. (6)

The nodal susceptance matrix B € RV»*Nn can we writ-
ten in components as

Zfi"l b, forn =k,
By = —b,r if n # m and n, m are adjacent,
0 otherwise.
(7)

Technically, B is a Laplacian matrix [39]. It always has
one zero eigenvalue with the corresponding eigenvector
(1,1,...,1)" such that it is not invertible. This is no
major problem, the set of equations @ is solvable since
we assume that the grid is balanced ), p, = 0. In prac-
tice, we can use the Moore-Penrose pseudo-inverse BY.
In the current setup, the pseudo-inverse can be calculated
as [22]

N IR
BY=(B+J) -+ (8)

where J € RV»*Nn i a matrix of all 1s.
One can avoid using the pseudo-inverse by fixing a
slack bus k& where the voltage is fixed as 6y = 0. We



TABLE I. List of symbols and variables. Vectors are written
as boldface lowercase letters and matrices as boldface upper-
case case letters.

be effective susceptance of branch e
Ab, change of effective susceptance of branch e
diagonal matrix of all branch susceptances
z Nodal susceptance matrix for the grid topology x
¢ indexing variables typically used for branches

real-power flows over branch e

B

B

67

E node-edge incidence matrix
fe

f vector of all real-power flows
J

matrix of all 1s

n,k,l indexing variables typically used for buses
N, number of buses or nodes in a grid

Ne number of branches or edges in a grid

Ve vector with +1 at terminal ends of branch e
Pn real power injection at bus n

D vector summarizing all real power injections
On voltage phase angle at bus n

(7] vector of all voltage phase angles

1 unit matrix

Un nth standard unit vector

-

superscript denoting matrix transpose

then remove the kth row of the power injection vector
p, the phase angle vector 6 and the node-edge incidence
matrix E. The nodal susceptance matrix B = EBE "
then has dimension (N,, — 1) x (NV,, — 1) and is of full
rank if the grid is connected. In the mathematical liter-
ature, B is referred to as a grounded Laplacian. We can
thus work with the ordinary inverse B~ instead of the
pseudo-inverse. In the remainder of this article we will
follow this definition for the sake of simplicity.

We emphasize that the inverse of the grounded Lapla-
cian B~ or equivalently the pseudo-inverse of the Lapla-
cian encodes the essential aspects of the power grid as it
relates the state variables to the power injections,

0 =B 'p.

Hence, our analysis will mainly focus on the inverse B ™.
We can further augment this matrix to describe the re-
lation of flows and power injections and flows,

f=BE"'B'p. (9)
=:PTDF

The matrix PT DF is referred to as the matrix of power
transfer distribution factors.

A summary of the symbols and variables used in this
article is provided in Table[[] to improve the readability.

IV. SINGLE BRANCH MODIFICATIONS
A. Branch modifications and line outages

In this section we review basic methods to deal with
finite changes at a single branch of a grid such as a line
outage. While the resulting equations are standard tools
in power engineering, we focus on a purely algebraic devi-
ation which facilitates the generalization in the following
sections.

So assume that the initial reference grid is described
by the grounded Laplacian B,.. Then the grid is subject
to a modification of an arbitrary branch e such that the
effective susceptance changes as

be — be = be + Ab,. (10)

In case of a line outage we have be = 0 or, equivalently,
Ab, = —b..

This entails a change of the matrix B and the grounded
Laplacian matrix

B, =B, =B, + Abucu, .
B, -+ B,, = B, + Ab.v.v]

e
where we use the subscripts » and m to denote the ref-
erence and the modified topology, respectively. Here and
in the following, u. denotes the eth standard basis vector
in the space of branches and v, = Fu,.. Physically, the
vector v, describes a unit power injection at the from
end of branch e and a unit power ejection at the to end
of branch e.

We evaluate how this topology change affects state
variables and power flows assuming that the power in-
jection vector p remains unchanged. To this end, we
compute the inverse of the grounded Laplacian using the
Sherman—Morrison formula [40].

B! = (B, + Abv.v])™!
=B ' — B 'v.Ab.(1+ Abv! B 'v,) v Bt
(11)

We can now directly read of the PTDF matrix for the
new grid topology,

PTDF,, =8,,E' B, (12)
Ab,
_ [11 +
[]1 B Ab,
1+ Ab.v] B v,

ueuZ} PTDF,

vew! Bt

Furthermore, we can also discuss the impacts of the
topology modification on the level of the real power flows.
We denote the flows in the reference grid topology as f,
and the flows in the modified topology as f Using

m*



equation @D and p = Ef,., we obtain

fm = %TILETB;zlEf'r
=9,E'B,'Ef,
Ab,
1+ Abv] B, 'y,

Ab,
= (]l—|— 5 ueu2—> i
Ab, /b,
14+ Abv] B v,

B,.E'B 'v.w B'Ef,

%77LETB;1VeUZfr
In the last step, we have used the relations
Ab,
B,, = (]1 + 5 ueueT> B,

B, E'B'Ef, = f,
uwE'B'Ef =b'u!B,.E"B'Ef, =b'u] f,.

The changes of the real power flows are particularly in-
teresting in the case of a line outage, hence we now set

Ab. = —b.. Then the previous equation can be rewritten
as

Tp-1 T
.fm = fr + <1—beUTB1ue%mE Br E - ]]-> ueue .fr

=:LODF.,
(13)

Here, LODF. . denotes the eth column of the matrix of
line outage distribution factors.

To conclude the treatment of line outages we rewrite
the results in terms of the power transfer distribution
factors to enable a direct comparison to the literature.
The PTDFs of the references grid are written as

PTDF.") =u] PTDF, u; = b/ B, 'u;.  (14)

Furthermore, we denote by PTDF(T) the eth row and

PTDF(T) the ith column of the PTDF matrix. For a
branch e = (i, j), Eq. (12)) then assumes the familiar form

PTDF,, = PTDF,

PTDF") - PTDF)
- e PTDF().

L+ (PTDFY) - PTDF(”)

for all rows except for the eth row that vanishes com-
pletely. The power flow in the modified grid topology
then read

PTDF") - PTDF!)  _
fm:fr_ - - uefr'

b ) ")
2+ (PTDF\") — PTDF."))

Notably, [be + Ab.(PTDF() — PTDF(’"J))] u] f, tells
the angle difference between i and j after the outage

Finally, we can treat the closing of a transmission line
e in a similar way. In this case we have b, = 0, but we
have to ensure that the line e is included in the incidence
matrix E and the diagonal matrix 2. Then we have

fm=1F.+LCDF. u/0, (15)
where the line closing distribution factors (LCDF) are
defined as

1

T
14+Abev, B, "v.

LCDF.. = Ab, ( B 'E - 1) U,

(16)

The PTDF matrix in the modified grid topology then
reads

PTDF,, = PTDF,
v B!

1 —1 ’
Tbc + V;FBT Ve

— (PTDF() - PTDF))

for all rows except for the eth row that requires a more
careful treatment.

B. Phase shifting transformers

Phase-shifting transformers (PSTs) are commonly used
to optimize active power flows by setting the phase shift
angle [4I]. In the DC approximation, PSTs can be in-
cluded in two equivalent ways. First, the effect of a phase
shifting transformer (k,l) can be described by effective
power injections injections at the terminal buses k£ and .
Let by; denote the series susceptance of the transformer
and @53 the phase shifting angle. Then the effective
power injections are given by

p=p—bubii . (17)

The flow on all branches except for the PST itself are
then given by
f=8BE B 'p=PTDFjp,

while a correction has to be applied for the branch (k,1)
itself (see below). A modification of the PST can be
easily combined with any other topology modification. A
change of the PST phase angle is described by a change of
the effective injection p, while the topology modification
is accounted for by a change of the PTDF matrix.

Alternatively, we can describe the impact of PSTs in
terms of Phase Shifter Distribution Factors (PSDF) [15].
In this case one does not include the PSTs in the effective
power injections. We collect all phase shifting angles in a
vector @Mt = (gshife ON) T, where we set g5 = 0
for every ordinary transmiséion line e. Then the real
power flows are given by

f=PTDFp
= PTDFp+ PSDF ¢ (18)



with the PSDF matrix
PSDF, .

o be — be(PTDFfrom(e) — PTDFtO(e)) ifl=e
—be(PTDFfmm(e) — PTDFm(e)) if ¢ 7& €.

The PSDF approach provides a separation between the
effects due to the nodal power and the effects due to the
PST, which can be useful in optimization problems. It
allows to readily integrate modifications of the PSTs and
the grid topology: Changes to the PST phase angle are
represented explicitly, while change of the topology are
included in the PTDF and the PSDF matrices. These
matrices have to be updated according to Eq. in
case of a branch modification.

C. Bus Merge Distribution Factors

Our previous results are readily extended to describe
the closing of a switch or the merging of two busbars. An
ideal switch s is is treated as a branch with two possible
values of the susceptance: bs = 0 in the open state and
bs — oo in the closed state. We note two important facts
before we proceeds. First, the nodal susceptance matrix
B diverges in the closed state, but the inverse B~ is well
defined as we show below. Second, modeling the closing
of a busbar is far easier that modeling its opening. Here
we start with the closing and come back to the opening
in the following section.

To describe the closing of a switch or the merging of
two busbars we start from Eq. and carry out the
limit Abg — o0,

B '=B"! []l - (VIB;IUS)_IVSVIB,TI] (19)
We can further invoke the limit in Eq. for the power
transfer distribution factors for all branches e # s,

PTDF,, = PTDF, 1+ (v.B;'v.) 'v.v!B;'].

Here, we use the tilde to denote an incomplete PTDF
matrix missing the row s. To determine the flow over
the closed switch or busbar coupler, we have to proceed
differently. Using Kichhoff’s current law for the from side
of the switch s we find

fs = Pfrom(s) — Efrom(s),: -PTDF, -p. (20)

D. Bus Split Distribution Factors

In practice, bus splits are often more important than
bus mergers. Consider for example the operation of bus-
bar couplers, which are typically closed. However, it can
be advisable in some cases to open one or few busbar
couplers to influence the real power flow and eventually
mitigate congestion. An elementary example is shown in

Fig. In the original grid configuration the maximum
real power flow is 44.922 pu on the branch (3,6). After
the busbar 5 has been split, the maximum real power
flow is 42.233 pu on the branch (1, 7).

In this section we introduce the algebraic treatment for
a single busbar coupler. Initially, the coupler is closed
such that the two busbars effectively constitute a sin-
gle node of the network. Then we want to describe the
impact of the opening of the coupler making the two bus-
bars two separate nodes with no direct connection. Three
technical challenges have to be dealt with. First, a switch
or busbar coupler s can be modeled as a branch with two
possible values: b, — 0 (open) and b, — oo (closed).
We must formulate the theory in a way that allows to
evaluate the two limits in a convenient way. Second, two
coupled busbars effectively constitute a single node of the
network. If we start our computation from this single-
node description, then we have to add a new node to
describe the opening of the busbar. Finally, transmission
grids must be operated in a (n—1) secure way [2]. Hence,
we have to formulate the theory such that it allows for
an efficient (n — 1) contingency analysis.

Let the matrix B,,, describe the grid where all switches
or busbar couplers are closed and have been merged into
a single node each. This configuration will serve as the
reference grid. Furthermore, let B, describe the grid
where the busbar coupler has been opened. Hence, we
have to describe the two uncoupled busbars as separate
nodes such that the dimension of B, is larger than the
dimension of B,,. This is the grid of interest which shall
be analyzed in terms of congestion or (n — 1) stability.

To connect the case of interest to the reference case,
we introduce a third network configuration B, where the
switch or busbar couplers is closed, but where the nodes
have not been merged. In this configuration, the inci-
dent branches must be assigned to the node (busbar),
where they are connected when the coupler opens. The
two matrices B, and B, have the same dimension. The
different configurations are shown for an elementary ex-
ample in Fig. [T}

Notably, the matrix B, diverges in the limit by — oo,
hence we have to replace it in the calculations to obtain
a convergent final result. The inverse B, ' exists in the
limit by — oo and is singular.

Our computation is based on the inverse matrices
B;:C’o. Once these matrices are known, we can easily
compute the nodal phase angles 6 as well as the power
transfer and the line outage distribution factors. We as-
sume that we explicitly compute B,_n1 once for the refer-
ence grid. Then we want to obtain B ' for the grid of
interested in an efficient way.

We proceed via the intermediate grid configuration.
The inverse matrix B ' is obtained from B, ' by a sim-
ple padding procedure. That is, the rows and columns of
the matrix B;f corresponding to the coupled busbars are
simply copied and inserted at the correct position. The
only challenge for practical implementations is a correct
bookkeeping. At this step, one also has to update the
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FIG. 1. A bus split in an elementary test grid. Bus number 5 is split into the two buses 5 and 7 (marked in red color). The

three columns show the different grid configurations used in the derivation of the bus split distribution factors: (a) the ‘merged’
configuration before the split, (b) the ‘closed’ configuration before the split, and (c) the ‘open’ configuration after the split.
The bottom row shows the inverse of the grounded Laplacian in the three different configurations B ;ﬁcp. We use the test grid
case6uw from the software Matpower 8.0 [42] which is based on an example in [2].

vectors p in a consistent way. Power injections must be
assigned to the node where they shall be connected after
the opening of the coupler.

Now we address how to compute B, ' from B.'. To
this end we first assume that the busbar coupler s is an
ordinary branch with finite effective susceptance bs. At
this stage the opening of the coupler is mathematially
equivalent to a line outage. We then have to invoke the
limit by — oo to describe an ideal busbar coupler. To
carry out this limit, we must modify the description of
line outages.

The starting point is Eq. with Ab, = —bs which
yields

B,' =B ' +b,B.'v,(b, — Vv B'v,) o] Bt
(21)

We now have to invoke the limit b, — oo to model an
ideal coupler, which proves difficult in the current formu-
lation. For instance, B;luS vanishes while by diverges,
such that the product bSBc_llls is undefined in the limit.

We thus have to rewrite Eq. in a more convenient
form. To this end we derive the following matrix identi-

ties starting from the definition B, — B, = b,/ ,

1
bov! B! = - vibwuw! B!
7 7
1
= v! [B. - B,|B_'
1
=——v/[1-B,B.]. (22)
vV Vg

applying this identity repeatedly, we furthermore obtain

b
by —b*v! B 'v, = b, — VTSV v, [1-B,B., v,
bs T -1
= v.B,B v
V;rljs S c
1
— muj (B, — B,B.'B,]v,. (23)

We see that the right-hand of the equations in Eq.
and Eq. no longer contains the quantities bs and
B 'v, that diverge or tend to zero in the limit b, — oco.
The matrices B, and B.' are well defined such that
the limit can be carried out without major problems.
Hence we obtain the following results for the matrix B
describing the grid with the open coupler as well as the
power transfer and line outage distribution factors.
Hence we rewrite Eq. for the matrix B;l using

Eq. and its transpose as well as Eq. .



Lemma 1. The inverse grounded Laplacian of the grid
with open coupler is given by

-1
B;' = B;'+ [v] (B, - B,B.'B,) v,
x (1-B.'B,)v.w! (1-B,B."). (24)

Proof. The result follows from Eq. (21]) using Eq.
and its transpose as well as Eq. (23). As the resulting
expression does not contain b, explicitly, the limit by —
oo is straightforward. O

Corollary 1. The PTDF matrixz of the grid with the
open busbar coupler is given by

PTDF,=PTDF,.+bsdf v (1-B,B;') (25)

with the bus split distribution factor vector

bsdf — [u: (B, — B,B;'B,) ys} -

xB,E" (1-B,'B,)vs. (26)

Proof. We start from Eq. @D for the grid with the open
busbar coupler,

f,=%B.,E'B,'p.
N————
=:PTDF,

Substituting the expression for B;l from lemma |1{ the
yields the result.

Corollary 2. The columns of the LODF matriz of the
grid with the open busbar coupler are given by

1

Tp-1 €
1-bev, B] 've

(27)

LODF., = ( B,E'B,'E - ]1) e,

with

E'BI'E-E'B'E + [uj (B, — B,B;'B,) us] o
xE"(1-B,'B,)vw, (1-B,B,')E.

vIB'v, =vI B v, + {uj (B, — B,B;'B,) ys} -
xv, (1-B.'B,)vsv] (1-B,B;")v..

Proof. This result follows from the definition of the line
outage distribution factors in Eq. , replacing the ref-
erence grid B, ! by the grid with the open busbar coupler

B! using lemma O

E. Alternative treatment of bus splits

The effect of a bus split can also be computed in a dif-
ferent way using ideas of [I7]. In this approach one uses

another intermediate grid B, topology with an additional
idle bus. That is, we add a bus that is not connected to
any other bus and has a power injection of zero. The
bus split then corresponds to rewiring branches from the
existing bus to the new one. These topology changes can
be treated equivalently to line outages or closings.

Let us illustrate this approach using the same example
as in Fig. [I] The rewiring is described by the change of
the grounded Laplacian

AB =B, B,
0 0 0 b2’5 0 —b2’5
0 0 0  bys 0 —bys
o 0 o 0 0 0
bas  b3s 0 —bas—b3s 0 0
0 0 0 0 0 0
—bys —bss O 0 0 bos+b35
bas bas
bs5 bss
_} 0 0 —b2’5 —b3’5 0cO O
Tl 0| ( bys bss 000 c>
0 0
0 —c

where we used the short hand ¢ = by 5 + b3 5. We can
then compute the inverse for the open topology as

B,'=(B.+AB)™!

using again the Woodbury matrix identity.

V. DETECTING ISLANDING

A line outage or busbar split may split up a grid
into mutually disconnected islands. Here we briefly dis-
cuss how islanding can be detected from the (inverse)
grounded Laplacian. This is especially important in
topology optimization, where a large number of possi-
ble busbar splits are considered. In this case we need
a simple criterion to exclude busbar splits that lead to
islanding.

Islanding can be detected from the Laplacian as fol-
lows. One can show that the number of zero eigenvalues
of the Laplacian matrix exactly equals the number of
connected components of a graph [43]. Grounding the
Laplacian removes one of the zero eigenvalues such that
we obtain the following statement: A grid is disconnected
if and only if the grounded Laplacian has a zero eigen-
value. This condition is equivalent to a vanishing deter-
minant, det(B) = 0.

We first consider a line outage described by a change
in the grounded Laplacian

B, -+ B,, =B, —bw.v,.

€



We assume that the grid is connected before the outage
such that det(B,) # 0. Using the matrix determinant
lemma, we can write the determinant after the outage as

det(B;,) = (1 — bev, B, 'v.) det(B,).
Hence we find the following criterion: The failure of a
line e leads to an islanding if
1—bv! B v, =0. (28)

This criterion can be generalized to the opening of
a busbar coupler or switch s. Using the notation of

Sec. and Eq. (23), we have
det(B,) = (1 — b,v! B_ 'v,) det(B.)
1 det(B.)
(wlvs)? by

S

=v/![B, - B,B.'B,|v,

The factor det(B.)/bs remains finite in the limit by — 0.
It is non-zero if the original grid topology is connected.
Hence we find that the opening of a busbar coupler or
switch leads to an islanding if and only if

v, [B,— B,B_'B,|v, = 0.

We note that this criterion can be extended to the case
of multiple outages or multiple busbar splits as treated
in the next chapter, but becomes highly sensitive to nu-
merical errors.

VI. MULTIPLE BRANCH MODIFICATIONS

In this section we generalize the above results to mul-
tiple grid modification, including multiple line outages
and multiple switches or busbar couplers. In the latter
case we will introduce a convenient notation to evaluate
different settings of switches or couplers.

A. Finite topology modifications and line outages

We start with the case of finite grid modifications or
line outages. The resulting expressions are commonly
referred to as generalized line outage distribution factors
(GLODF) or multiple line distribution factors (MODF).

Let M = (e1,ea,...,epn) be a list of branches that
are modified and Ab; the change in the susceptance of
branch e;. The change of the diagonal matrix B8 and the
grounded Laplacian matrix can thus be written as

B, > B, =B, + > Abjucu.

B, = B, =B, +» Abv.v/

Ab, 0 T
e1
=B, + (Vel I/eM) :
T
=U 0 AbM VEM
=:A

The inverse of the grounded Laplacian in the modified
grid can be computed using the Woodbury matrix iden-
tity

B! = (B, +UAU")™!
=B'-B'U (A*l + UTB;lU)A UTB .
(29)
The PTDFs of the modified grid then read
PTDE" = (b, + Ab,)v, B, . (30)

We remark that this formulae involves the inverse of an
M x M matrix. In most applications we have M <
N, such that this update is much more efficient than
computing B! directly. In some cases, such as (n — 2)
contingency analysis, one can even carry out the inverse
analytically [24].

B. Bus Merge Distribution Factors

We now generalize the above results to describe the
closing of switches or busbar couplers. As before,
we summarize these flexible elements in a list M =
(e1,€2,...,en). An ideal switch e; is is treated as
a branch with two possible values of the susceptance:
b; = 0 in the open state and b; — oo in the closed state.
Starting from the results on finite topology changes in
Eq. , we have to evaluate the limit b; — oo. Further-
more, we will introduce a convenient notation to treat
different settings of the switches or busbar couplers.

To proceed, we assume that the network is always con-
nected, even if all flexible elements are open or out of
operation. That is, we compute B, for the grid where
Ab; = 0 for all e; € M. Furthermore, we define the ma-
trix K = U " B 'U and its diagonal part K4 = diag(K)
as a convenient short-hand. We then define the variables

biu; B;luei

1+ biv! B, 'v,,

(31)

i

and summarize them in in the diagonal matrix

E:dlag(glvaf]\/[)

At this point we can easily carry out the limit b; — oo if
the switch e; is closed and obtain

o
gi_{+1

Hence, the matrix E is always finite with zeros or ones
on the diagonal.

We can now proceed with Eq. , aiming to replace
the matrix A with the more well-behaved matrix =. To
this end, we rewrite Eq. as

AKd(]l +AKd)_1
& A=K;'E(1-8)7". (32)

if switch e; is open,
if switch e; is closed.

=)
[l



Equation can thus be written as

B, =B;'-B;'U(A'+K) 'U B;"
=B;'-B'U(K.,2'+K-K,) U B}’

=B ' -B'UE(K.+ (K- K,)E) 'U "B
(33)

This expression contains only the matrix 2 and not the
matrix A such that we can easily carry out the limit
b; — oo if the switch e; is closed. Using Eq. 7 we can
directly read of the PTDFs in the modified grid for any
branch a ¢ M,

PTDE? =b,v] B} u,. (34)

C. Bus Split Distribution Factors

We will now generalize the bus split distribution factors
introduced in Sec. [V D] to the case of multiple switches
or busbar couplers. As before, the matrix B, describes
the grid where all switches or busbar couplers are closed
and have been merged into a single node each and B,
where all switches and busbar couplers are closed, but
where the nodes have not been merged. We obtain B *
from B,_n1 by copying the respective rows and columns.

We now compute the impact of opening the switches
or busbars summarized in the list M = (e, ea,...,en).
The grounded Laplacian matrix of the open grid is given
by

—b1 0 VT

B, =B, + (,,61

VEM)

T
=U 0 —bm Veu

with b; — oo for an ideal switch or busbar coupler. The
Woodbury matrix identity yields

B,'=(B.+UAU ")}
—1
-B'-B'U (A—1 + UTB;1U> UTB:!

—1
-B' B 'UA (A + AUTBglUA) AU'B:'.
(35)

As before, we need to rewrite the above expression to
evaluate the limit b; — oo. The two relations and

are generalized to
AUTB' = U WUT (BB - 1)
A+AU'B;'UA
—(W'U)"'UT (B,B;'B, - B,)UU U)™".

Substituting these relations into Eq. yields
B,'=B,'+(1-B,'B,)U (36)
T 1 o 1
X [U (B, — B,B> BO)U] U (1-B,B.).

We note that a substation can consist of several physical
breakers or disconnectors. In this case we do not have
to model each element separately as a switch, reducing
the size of the matrix to be inverted. For example, any
bus split can be included by modeling only the busbar
coupler explicitly [4].

Finally, given the inverse of the grounded Laplacian,
one can readily compute the power transfer and line out-
age distribution factors.

VII. SUMMARY AND OUTLOOK

This article introduces a unified algebraic approach to
distribution factors in linear power flow. Distribution
factors are common tools in power system analysis and
operation and a unified treatment can improve the appli-
cability of these tools. The algebraic formulation facil-
itates the generalization of distribution factors to com-
plex topology modifications, such as multiple line outages
or bus splits. The common theme is the formulation of
topology modifications as low-rank updates and the ap-
plication of the Woodbury matrix identity. Similar spar-
sity oriented techniques have been discussed in [1I].

Our results are particularly useful in topology opti-
mization [I0], when multiple grid topologies have to be
evaluated. We show how to efficiently update the line
outage distribution factors after branch modifications,
bis splits and bus mergers, thus enabling an efficient
(n — 1) security analysis. We have also shown how to
efficiently detect whether a bus split leads to islanding.
In the future, our algebraic treatment may be applied to
generalized linear approximations [44] [45] to treat aspects
of reactive power and voltage stability.
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