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Developing Hamiltonian models for quantum processors with many qubits on the same chip is crucial
for advancing quantum computing technologies. Stray couplings between qubits lead to errors in gate
operations. This study underscores the importance of incorporating lattice Hamiltonians into quantum
circuit design. By comparing many-body effects with two-body stray couplings, we show how adjust-
ing circuit parameters can increase two-qubit-gate fidelity. We find that loosely decoupled qubits result
in weaker stray interactions and higher gate fidelity, challenging conventional assumptions. We investi-
gate the scenario where three-body ZZZ interaction surpasses two-body ZZ interactions, highlighting the
transformative potential of lattice Hamiltonians for novel multiqubit gates. Moreover, we investigate the
cross-resonance gate within the lattice-Hamiltonian framework and examine the impact of microwave
pulses on stray coupling. This emphasizes the necessity of developing a comprehensive theoretical
framework that includes lattice interactions, which are now critical given the sophistication of contem-
porary quantum hardware. These insights are vital for developing fault-tolerant quantum computing and
next-generation quantum processors.
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I. INTRODUCTION

A significant number of qubits and their precise con-
trol are essential for practical quantum computations to
be feasible. A major challenge in increasing the num-
ber of qubits in a quantum processor involves reducing
the interference caused by stray couplings from neigh-
boring qubits. This noise interferes with gate operations,
often resulting in errors surpassing the acceptable error-
correction thresholds [1–3]. These inaccuracies primarily
stem from the difficulties in achieving both rapid and accu-
rate gates, exacerbated by unwanted interactions between
qubits [4–6].

One-qubit and two-qubit gates are foundational for uni-
versal quantum computation, and several strategies have
been developed to improve their performance [7–10].
However, they are not the only gates available [11]. Multi-
qubit interactions, such as Toffoli gates, together with other
gates, can make a different universal set [12]. Although
multiqubit gates do not scale well and may incur additional
overhead when one is constructing many target algorithms,
their primary benefit lies in the ability to entangle more
than two qubits simultaneously. This capability, in con-
trast to the use of a sequence of one-qubit and two-qubit
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gates, can accelerate computation, reduce circuit depth,
and ensure compatibility with state-of-the-art hardware,
such as the implementation of multiqubit interactions using
programmable algorithms or in a qudit system. [13–21].
If low-error multiqubit gates can be made and executed,
several areas of research will be positively impacted, such
as quantum chemistry [22] and machine learning [23,24].
Beyond the interesting prospect of taming multiqubit inter-
actions as novel gates, one can acknowledge that such
interactions can have detrimental effect on two-qubit gates.
The effect of multiqubit interactions on two-qubit-gate per-
formance, whether subtle or significant, is yet to be fully
determined.

In the context of quantum computing, the perfor-
mance of two-qubit gates is primarily modeled by circuit-
quantum-electrodynamics (cQED) theory, which tends to
overlook the effects of multiqubit interactions, suggest-
ing that their influence is pronounced only at higher
orders [25]. Several studies have explored the role
of multiqubit interactions in quantum systems [26–28].
Many-body systems exhibit a propensity for long-range
correlations, indicating that qubit connectivity enhances
delocalization. Recent findings demonstrate the potential
for chaos in many-qubit processors within certain param-
eters, prompting consideration of many-body-localization
(MBL) theory as a crucial tool [29–31]. However, this
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approach underestimates the true strength of multiqubit
interactions, highlighting the need for more-sophisticated
theoretical frameworks. Understanding and effectively
managing these interactions is crucial for the advancement
of quantum processors [32,33].

In this study, we demonstrate that the presumed hier-
archy of many-body interactions is not valid, even within
the parameters of quantum computation. Our findings indi-
cate that multiqubit interactions can be as significant as
two-qubit interactions. Further exploration of multiqubit
interactions is essential to understand the adverse effects
of three-body entanglement on pairwise interactions. This
paper is organized as follows: First, we study multiqubit
interactions in a qubit lattice, particularly emphasizing
the importance of considering the three-body ZZZ inter-
action. In Sec. III, we validate our model by evaluating
ZZZ in an actual experimental setup in a three-qubit lattice.
In Sec. IV, we generalize our nonperturbative approach
in a triangular lattice of three qubits with three cou-
plers, and highlight scenarios in circuit parameters where
attempts to reduce two-qubit-gate errors may uninten-
tionally amplify three-body interactions, thereby posing a
challenge in increasing gate fidelity. In Sec. V, we identify
specific conditions under which three-body interactions
prevail over two-body interactions. Finally, we study cases
of microwave-driven gates in practical devices and show
they can largely benefit from one tuning circuit parameters
by reducing nonlocal parasitic interactions.

II. LATTICE HAMILTONIAN

In quantum processors, qubits are positioned at the
vertices of an underlying spatial lattice and interact by
intentional couplings along the lattice’s edges. Typically,
the time variable is treated as continuous. The Hamiltonian
of the processor acts as the generator of time evolution of
the quantum state of the lattice, which is usually derived
from the cQED formulation, involving a transformation of
the processor’s circuit Lagrangian.

A logical qubit comprises multiple physical qubits, typ-
ically arranged at the vertices of a lattice and interacting
with their nearest neighbors [34–36]. This arrangement
is predicated on the assumption that more-distant qubits
interact weakly. However, in practice, distant qubits may
exhibit significant interactions. For instance, in supercon-
ducting processors, distant qubits may interact via direct
capacitance or inductance. Moreover, weakly interacting
distant qubits with nearly matching frequencies can signif-
icantly influence each other, where activation of one qubit
may lead to the excitation of another.

Modeling in cQED has traditionally centered on
pairwise qubit interactions, often overlooking interac-
tions between distant qubits in the effective circuit
Hamiltonians.

FIG. 1. In a standard hexagonal lattice design, qubits are sit-
uated at the vertices, and couplers are placed at the midpoint
of each solid-line edge that connects the qubits. Dashed lines
in this figure represent some unintentional couplings here; how-
ever, in principle, they exist everywhere in between every pair
of qubits, making the lattice effectively an all-to-all lattice. The
triangle highlighted in yellow exemplifies intentional couplings
between qubits 1 and 2, as well as between qubits 1 and 3. How-
ever, this triangle is closed by incorporation of the unintentional
interaction between qubits 2 and 3.

In 2D lattices, the fundamental building block can be
a triangle, geometrically a two-simplex. For 3D lattices,
the basic unit is a tetrahedron, or a three-simplex, and so
forth. A 1D chain, for example, can be partitioned into line
segments, which are one-simplices. Thus, in cQED, pair-
wise interactions on one-simplices are considered. Further
extension of this concept allows the inclusion of inter-
actions within two-simplices, encompassing every three
qubits in the lattice.

Figure 1 illustrates a typical hexagonal lattice with
qubits at the vertices, interacting along the edges with their
nearest neighbors. Such configurations are instrumental in
developing quantum error-correcting codes, such as the tri-
angular color code [37]. Compared with traditional codes,
this model boasts benefits in scalability and error threshold
[38,39].

Modeling a quantum processor begins with formulating
Hamiltonian terms for every lumped electronic element in
the lattice and understanding the nature of their interac-
tions. This Hamiltonian is then subjected to various trans-
formations and simplifications, ultimately being distilled
into an effective Hamiltonian. In this reduced form, the
couplers are typically omitted, and the focus is on the two-
level qubits and their effective coupling strengths. This
process establishes the computational lattice Hamiltonian.
The more-comprehensive examination of the detailed cir-
cuit, which includes both qubits and couplers, is reserved
for the next section, in which we study the example of a
triangular lattice made with three qubits and three couplers
located between every pair of qubits.
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We investigate a qubit lattice as shown in Fig. 1, char-
acterized by its hexagonal patterns. The qubits are color-
coded for clarity. Analyzing hexagonal geometries poses
significant challenges due to their inherent complexity.
To facilitate a comprehensive understanding, we initially
focus on the simplest form of multiqubit interaction: the
three-qubit interaction. Our primary attention is on the blue
qubits, labeled 1 and 2, surrounded by orange qubits num-
bered 3–6. These orange qubits exhibit intentional cou-
pling strengths with qubits 1 and 2, as indicated by solid
lines. This lattice is deliberately designed and fabricated to
establish intentional couplings between qubits.

However, it is reasonable to consider that there is a
level of weak coupling between every pair of qubits, pos-
sibly due to factors such as weak capacitive interactions.
The presence of such unintentional couplings between all
pairs of qubits is significant. In Fig. 1, these unintentional
interactions are marked by dashed lines. The green qubits,
labeled 7–14, while not having intentional couplings with
qubits 1 and 2, are nonetheless interconnected through
unintentional couplings. For instance, in the triangle high-
lighted in yellow, the coupling strengths J12 and J13 are
intentional, whereas J23 represents an unintentional but
nonzero coupling. Theoretically estimating these coupling
strengths necessitates a detailed understanding of the lat-
tice’s complete structure, including all couplers, which is
discussed in the next section.

The lattice, encompassing both intentional and unin-
tentional interactions, forms a nearly-all-to-all interaction
network. A straightforward method to derive the lattice
Hamiltonian starts with the Hamiltonian of electronic
lumped elements in the full Hilbert space, typically lim-
ited to two-body interactions. The extensive Hilbert-space
Hamiltonian is described as [40,41]

H
�

=
∑

q,nq

ω̃q(nq)|nq〉〈nq| +
∑

p ,q,mp ,nq

√
(mp + 1)(nq + 1)

× J mp nq
pq (|mp , nq + 1〉〈mp + 1, nq| + H.c.), (1)

where p and q are indices labeling qubits, while mp
and nq denote their respective energy levels. The fre-
quency ω̃q(nq) represents the effective energy difference
between levels nq and nq + 1, i.e., �ω̃q(nq) = E(nq + 1) −
E(nq). The tilde differentiates effective qubit frequencies
in the reduced circuit. The qubits exhibit a nonharmonic
energy spectrum, leading to anharmonicity defined as
δ̃q = ω̃q(1) − ω̃q(0).

The coupling strength, denoted as J mp ,nq
p q , represents the

net coupling strength between qubits p and q. This strength
is influenced by both the energy difference between the
qubits and the individual energy levels of each qubit. It
comprises direct and indirect components, with the latter
representing the coupling mediated by a coupler element,
such as a transmission line, cavity, or another qubit. On

the lattice, as described above, the solid edges represent
intentional couplings and include the sum of both direct
and indirect couplings. In contrast, the dashed lines, which
indicate unintentional couplings, consist only of direct
coupling.

The extensive Hilbert-space Hamiltonian of Eq. (1) can
be projected onto the computational Hamiltonian (Details
can be found in Appendix B.). This projection usually
maps the level repulsion/attraction between computational
and noncomputational levels into interactions involving
more than two qubits in the Pauli basis. In a lattice consist-
ing of a total of N qubits, a block-diagonalization transfor-
mation is used to perform this projection [42,43]. The final
Hamiltonian in the computational basis can be formally
represented by the following effective Hamiltonian:

Heff

�
=

∑

qubit
i

ω̃i
Ẑi

2
+

∑

two qubits
i,j

αij
ẐiẐj

4
+

∑

three qubits
i,j ,k

αijk
ẐiẐj Ẑk

8
.

(2)

In Eq. (2), we limit our analysis to three-body entangling
interactions. The numerous noncomputational energy
levels present in the original Hamiltonian (1) manifest
themselves in the effective Hamiltonian, Eq. (2), as stray
couplings, such as ZZ and ZZZ. These couplings do not
cause state transitions in qubits, but they can accumulate
phase errors in quantum states across different levels of
entanglement. As these interactions are constantly active,
their collective effect on the phase is continuous and
pervasive.

In our study, we analyze the stray-coupling ZZ inter-
action between qubits i and j by separating the con-
tributions of two-body and three-body interactions. The
two-body contribution, denoted as ζij , is relatively straight-
forward to compute [6,44–46]. The quantity ζijk is the
three-body stray-entanglement coupling, and quantifies the
stray entanglement that can distort the intentional entan-
glement between three qubits. To evaluate the influence of
three-body interactions on the ZZ-interaction strength, it
is essential to consider all potential third qubits, whether
they interact intentionally or unintentionally with qubits i
and j . As depicted in Fig. 1, we operate under the assump-
tion that all qubits are interconnected. This leads us to infer
that qubits i and j are part of triangular interactions with
numerous third qubits, labeled as k for clarity. Hence, the
overall ZZ interaction in a network of multiple qubits is
calculated as

αij = ζij +
∑

k

ζijk. (3)

The strength of the three-body operation ζijk will corre-
spond to the operator ẐiẐj Îk within the triangle formed by
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interacting qubits i, j , and k, which makes it eligible to be
added to ZZ interaction as a three-body contribution.

However, the ZZ term is not the only stray coupling one
can consider for a circuit of qubits. In the Hamiltonian (2),
we generalized our analysis beyond the traditional focus of
pairwise stray couplings to also include three-body stray
entangling interactions, denoted as ZZZ. Essentially, in a
lattice comprising N qubits, the effective Hamiltonian can
encompass all stray entangling interactions, up to N -body
interaction. Nonetheless, for practical simplicity, we exam-
ine the effects up to three-body interactions within a lattice
of multiple qubits.

1. Two-body ZZ interaction

In this section, we assess the parasitic interactions
between the two blue qubits depicted in Fig. 1. Initially,
we use a perturbative approach to estimate the coupling
strength.

Within the perturbative regime of coupling strengths
|Jpq/[ωp − ωq]| � 1, namely, the “dispersive regime,” one
can show the following two useful symmetries:

J mn
ij = J nm

ji for all n, m ∈ {0, 1, 2, . . .},
J 01

ij + J 10
ij = J 00

ij + J 11
ij .

(4)

In the following section, we introduce another relation-
ship between different J values, as detailed in Eq. (11),
after discussing the coupler specifics. In Appendix C, we
numerically validate the identities by simulating both sides
of the equations and verifying their equalities.

By using perturbation theory, one can calculate the two-
body ZZ coupling strengths up to the third order in J as
follows:

ζij /2 ≡ (J 01
ij )2

�01
ij

− (J 10
ij )2

�10
ij

, (5)

ζijk/4 ≡ J 00
ij J 00

ik J 00
jk

�00
ik �00

jk
+ J 00

ij J 01
ik J 01

jk

�01
ik �01

jk

− J 01
ij J 00

ik J 10
jk

�00
ik �10

jk
− J 10

ij J 10
ik J 00

jk

�10
ik �00

jk
− K(1), (6)

with �
minj
ij = ω̃i(mi) − ω̃j (nj ), defined as the energy dif-

ference between the transitions |mi + 1〉 ↔ |mi〉 of qubit i
and |nj + 1〉 ↔ |nj 〉 of qubit j .

Using Eq. (4) and �
minj
ij = −�

nj mi
ji , one can show that

ζij and ζijk are both symmetric under switching i ↔ j ,
(i.e., ζij = ζji and ζijk = ζjik), indicating that ZZ interac-
tion between qubits i and j is symmetric with respect to
interchanging the qubit labels i ↔ j .

In Eq. (6), K(n) is a scalar number, and is defined as
follows:

K(n) = −
∑

i,j ,k={1,2,3}
(i<j ; i,j �=k)

J nn
ij J n,1−n

ik J n,1−n
jk

�
n,1−n
ik �

n,1−n
jk

,

which depends in the leading order on J 3/�2.
For example, in a chain of qubits, without one consid-

ering unintentional couplings, the three-body and higher
couplings are identically zero, which is due to the absence
of symplectic interaction. One can see in Eq. (6) that even
a small triangularity makes ζijk nonzero, which can even be
significant for nearly-in-resonance qubits.

2. Three-body ZZZ interaction

In a circuit with at least three qubits in triangular
interactions, perturbation theory estimates the following
ZZZ-interaction strength, which is a one-shot three-body
interaction:

αZZZ/8 =
∑

n=0,1

K(n). (7)

The perturbative three-body ZZZ interaction is generally
considered to be weaker than two-body ZZ interactions.
This is attributed to the higher-order dependence of the
three-body interaction compared with the two-body inter-
action within the perturbative parameter J/� < 1. Such an
observation is consistent with MBL theory, as highlighted
in various key studies. MBL theory suggests a distinct hier-
archy of interaction scales in weakly interacting spins. In
a triangular configuration of superconducting qubits, the
nearest-neighbor ZZ interactions are typically the most
pronounced, with the ZZZ couplings being considerably
weaker.

However, beyond the dispersive regime, qubit-qubit
interactions are stronger, as detailed in Ref. [43]. For
instance, when the frequency of the coupler approaches
that of the qubits, the strength of both two-body and three-
body interactions may challenge the established MBL
hierarchy. Specifically, this could lead to a scenario where
αZZZ is equal to or greater than αZZ , a phenomenon we
refer to as “ZZZ superiority.” Interestingly, this superiority
might even occur within the dispersive regime, as shown
in Fig. 2.

To illustrate this, we consider a triangular circuit com-
prising three qubits, each with a uniform pairwise coupling
strength J and anharmonicity δ. By comparing the strength
of the ZZZ interaction as described in Eq. (7) with the
strength of the ZZ interaction as per Eq. (3), we can iden-
tify the conditions under which ZZZ superiority emerges.
Figure 2 displays these conditions for various frequency
settings of �31: −�32, 0.5�32, 1.2�32, and 3�32. These
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ZZZ superiority

Analytical
results
Numerical
results

∆31/∆32 = 3∆31/∆32 = 1.2

FIG. 2. Phase diagram of ZZZ superiority where |ZZZ| >

|ZZ|max as a function of coupling strength |J/�| and anhar-
monicity |δ/�| at different qubit frequency detunings with � =
�32. The shaded area represents the region (red for perturba-
tive SWT and green for nonperturbative numerical analysis)
where three-body ZZZ interaction is superior to two-body ZZ
interaction.

scenarios are represented analytically in red regions with
use of the Schrieffer-Wolff transformation (SWT) and are
compared with green regions, which depict numerical anal-
ysis results obtained by our diagonalizing the Hamiltonian
(1). The discrepancy arises from the breakdown of the
perturbative SWT beyond the dispersive regime.

III. A THREE-QUBIT LATTICE

Considering that an all-to-all lattice of qubits can be
divided into numerous triangular building blocks, we
specifically focus on one such triangle in this section. In
this triangle, three qubits are pairwise connected through
three couplers. Moreover, we also account for direct cou-
plings between the qubits, as depicted in Fig. 3. The
effective Hamiltonian is calculated by both the perturbative
approach and the nonperturbative approach. A system-
atic comparison is then made between scenarios with and
without the inclusion of a third qubit. This comparative
analysis is instrumental in understanding the nuances of
qubit interactions within such a lattice configuration.

Under the parameters typically used in quantum
computing, we interestingly uncover the alteration of
multiqubit-interaction-strength hierarchy. This provides
key insights into the complex dynamics of qubit interac-
tions and challenges prevailing assumptions about how
these interactions are organized and prioritized within
quantum systems.

FIG. 3. A typical triangle of three qubits Q1, Q2, and Q3,
which pairwise interact in a combination of direct couplings gij
and indirect couplings gicr via the couplers Cr.

In Fig. 3, qubits are represented by circles and are
labeled as Qq, q = {1, 2, 3}. The rectangles symbolize the
couplers Cr, with r = {12, 23, 13} indicating the labels of
the two qubits they mutually couple to intentionally. The
coupling strength between a qubit Qq and a coupler Cr
is denoted as gqcr . Qubits interact indirectly through their
shared coupler, yet they can also have direct interactions,
such as capacitive ones. The direct coupling between qubit
q and another qubit q′ is represented as gqq′ .

For simplicity in our analysis, we assume all couplers
function like harmonic oscillators, akin to transmission
lines or cavity modes. In the model for Fig. 3, we ignore the
weak interactions between qubits and distant resonators.
This means we consider g1c23 = g2c13 = g3c12 as negligible
or equal to zero. Thus, we express the circuit Hamiltonian
in our study as follows:

H
�

=
∑

q

ωqâ†
qâq + δq

2
â†

qâq(â†
qâq − 1) +

∑

r

ωcr ĉ
†
r ĉr

+
∑

r,q,q′

[
gqq′(âq − â†

q) + gqcr(ĉr − ĉ†
r )

]
(âq′ − â†

q′),

(8)

with ωq being the bare qubit frequency, δq the qubit anhar-
monicity, and ωcr the coupler frequency. To obtain the
analytical Hamiltonian between qubits in the computa-
tional subset, first we restrict circuit parameters within
the dispersive regime, i.e., gqcr � |ωcr − ωq|, and use
the Schrieffer-Wolff block diagonalization, which helps to
make the Hilbert space of harmonic couplers separable
from the qubit subset; therefore, couplers can be safely
eliminated, and their effect renormalizes the bare qubit
frequency into the dressed values:

ω̃(nq) =
(

ωq + (nq − 1)δq

2

)
nq −

∑

r

g2
qcr

nq

�crq(nq − 1)
,

(9)
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with r summing over those resonators that interact with
qubit q via gqcr . We define �cri(mi) ≡ ωcr − ωi − miδi.

Two qubits q and q′ that share the same coupler Cr
and couple to it by the strengths gqcr and gq′cr effec-
tively interact with one another with the following effective
strength:

J
mqnq′
qq′ = gqq′ − gqcrgq′cr

2

(
1

�crq(mq)
+ 1

�crq′(nq′)

)
,

(10)

with gqq′ being the direct (i.e., capacitive) coupling
strength between the two qubits and the second term being
the perturbative indirect-coupling strength via the shared
coupler.

A few lines of algebra prove the validity of the two iden-
tities in Eq. (4), and a third one below, which turn out to be
a useful set of relations for simplifying problems:

J 01
ij − βij J 10

ij = (
1 − βij

)
J 00

ij , (11)

with βij = (δj /δi)�ci(0)/�cj (0)(�ci(1)/�cj (1)) and βji =
1/βij .

We can assess both two-body and three-body inter-
actions within the simplified three-qubit circuit, using
parameters determined in the dispersive regime. Figures
4(a)–4(c) illustrate the dependency of the ZZ interaction
on the frequency (whether bare or dressed) of a specific
qubit, in this case, Q2. Figure 4(d) presents the results for
the three-body ZZZ interaction as per Eq. (7). The preci-
sion of our theoretical derivation is corroborated by the
results of our numerical simulations.

Figures 4(a)–4(c) display the theoretical estimation of
two-qubit ZZ interactions among different pairs in a trian-
gular qubit configuration, with the variation of frequency
in qubit Q2. The dashed green lines represent second-order
perturbative results, which take into account only pairwise
interactions only up to J 2 [47]. The solid blue lines show
perturbative results based on Eqs. (5) and (6) up to third
order in J , in which naturally three-qubit correction terms
K(n) are included. Furthermore, red asterisks indicate our
numerical nonperturbative results, obtained with the use of
CirQubit. This comprehensive approach provides a deeper
understanding of the interaction dynamics within the qubit
triangle.

Comparison of the two perturbative analyses—one
focusing solely on pairwise interactions and the other
encompassing three-body interactions—provides valuable
insights into the influence of multiqubit interactions on
quantum device performance. In scenarios where the fre-
quency ω2 is considerably distinct from the frequencies
of the other two qubits, the analytical and numerical
results align closely. This suggests that the impact of three-
body corrections is relatively minor in such a domain of
frequencies.

(a) (b)

(c) (d)

Analytical results
Numerical results
Second-order SWT

FIG. 4. Two-body ZZ interaction and three-body ZZZ
interaction in a three-qubit circuit with all-to-all connectivity.
Solid lines represent the analytical results for ZZ interaction
in Eq. (3) and ZZZ interaction in Eq. (7), while the dashed
lines correspond to the second-order SWT results in Eq. (5)
for ZZ interaction, with no contribution to ZZZ interaction
since first-order and second-order terms are both zero, while
asterisks show numerical simulation results by diagonalization
of Eq. (8). Circuit parameters are as follows: ω1/2π = 4.8
GHz, ω3/2π = 5.1 GHz, δ1/2π = δ2/2π = δ3/2π =
−330 MHz, ωc12/2π = 5.8 GHz, ωc23/2π = 6.1 GHz,
ωc13/2π = 5.7 GHz, g1c12/2π = g1c13/2π = g2c12/2π =
g3c13/2π = 85 MHz, g2c23/2π = g3c23/2π = 102 MHz, and
direct qubit-qubit coupling g12/2π = g23/2π = 4 MHz and
g13/2π = 6 MHz.

However, as the frequency of Q2 approaches that of
another qubit, the results based solely on pairwise inter-
actions deviate from the other two results, the three-body
formulation and numerical data. Interestingly, Eqs. (5) and
(6), which incorporate three-body interactions, continue
to provide a reasonable approximation to the numerical
interaction strength, even near points of discontinuity. The
numerical Hamiltonian evaluates finite points in proximity
to divergences, typically where quantum states are nearly
degenerate.

Interestingly, as shown in Figs. 4(a) and 4(c), the inter-
actions IZZ and ZZI can be nullified at two distinct Q2
frequencies. These specific frequencies are accurately pre-
dicted by Eqs. (5) and (6), underscoring the effectiveness
of these equations in capturing the nuances of multiqubit
interactions in quantum systems.

In Fig. 4(b), the ZIZ interaction predominantly main-
tains a positive value across a wide range of Q2 frequen-
cies, with the exception of a few specific frequencies where
the system is nearly degenerate. It is important to note that
the primary contribution to the ZIZ interaction originates
from Q1 and Q3, rather than Q2. The gap of approximately
100 kHz between the analytical formula and the numerical
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simulation results, persists even in a well-defined disper-
sive regime where Q2’s frequency is distinctly separate
from the frequencies of the other qubits. This discrep-
ancy can be attributed to the omission of higher-order
corrections in the Schrieffer-Wolff transformation. This
transformation is used perturbatively to decouple res-
onators. More details can be found in Appendix D. By
our including higher-order decoupling of resonators, the
results become more consistent with the numerical simu-
lations, thereby increasing the accuracy of the analytical
approach.

Our nonperturbative analysis, illustrated by the red
asterisks in Fig. 4(d), supports the conventional hierar-
chy where the strength of ZZZ interactions is weaker than
that of ZZ interactions in circuits with specific frequency
arrangements, such as ω2 < ω1 < ω3 or ω1 < ω3 < ω2.
However, under certain frequency configurations, notably
ω1 < ω2 < ω3, the strength of ZZZ interactions can exceed
that of ZZ interactions such as ZZI interaction.

Our findings from examining lattice stray couplings
challenge the widely held belief that higher-order inter-
actions are always much weaker. This suggests that there
might be an oversight in conventional quantum simula-
tions. Traditionally, efforts have been focused primarily on
minimizing ZZ interactions as a means to increase gate
fidelity. However, our study indicates that this approach
could be misleading. In certain circuit configurations, ZZZ
interactions can play a significant role, potentially leading
to unwanted entanglement. This realization underscores
the need for a more-comprehensive consideration of var-
ious interaction types in the design and analysis of quan-
tum systems, emphasizing that a broader perspective is
essential for optimizing the performance and accuracy of
quantum computing technologies.

Briefly, our study delves into the expanded scope of
stray couplings beyond the ZZ interaction, focusing specif-
ically on the three-body ZZZ interaction in an existing
multiqubit device. This approach marks a departure from
previous research, which predominantly concentrated on
two-body interactions among three qubits and introduced
nonsimultaneous three-qubit gates. Our investigation thus
broadens the understanding of multiqubit interactions,
particularly emphasizing the significance and character-
istics of three-body interactions in quantum computing
systems.

IV. ZZ GATE IN A TRIANGLE

In quantum circuits, the operation of a two-qubit gate,
such as one involving qubits 2 and 3 in a triangular lat-
tice as depicted in Fig. 3, can be significantly affected
by the presence of additional qubits, such as qubit 1 in
this scenario. The influence of such external qubits on
gate performance typically arises through two main cat-
egories of interactions: (1) two-body interactions, which

occur between qubits 1 and 2, or qubits 1 and 3, and (2)
three-body interactions, involving all three qubits, qubits
2, 3, and 1, simultaneously.

Contrary to common belief, which regards three-body
interactions as weaker than and often negligible compared
with two-body interactions, this section emphasizes the
need to consider three-body interactions in circuits. This
consideration helps increase two-qubit-gate fidelity; fur-
thermore, it may pave the way toward introducing mean-
ingful instantaneous three-qubit gates. It is useful to cat-
egorize decoupling strategies into two distinct types: (1)
Hard decoupling—this method aims to find an optimal
operating point where the qubits involved in the gate oper-
ation are completely isolated, preventing even weak inter-
actions with ungated qubits. The goal is to reach a state
in which the coupling strength between the gated qubits
and any additional, nonparticipating qubit is effectively
null. (2) Soft decoupling—rather than striving for strict
decoupling, we may focus on reducing stray couplings.

A critical aspect of our research involves conducting an
extensive analysis of three-body lattice interactions among
the qubits and assessing their impact on the performance
of two-qubit gates. Each strategy has its own set of advan-
tages and challenges. The choice between hard and soft
decoupling often depends on the specific requirements of
the quantum circuit and the nature of the qubits involved.
We will understand in this section that the concept of hard
decoupling might not always be feasible or even advan-
tageous. Thus, our aim is to concentrate on mitigating
the effects of these interactions instead of trying to elim-
inate them completely. This method is particularly useful
in complex quantum circuits, where strict decoupling is
challenging to achieve, or where selective interactions can
contribute positively to the system’s functionality.

A. Hard J decoupling

Consider the three-qubit system shown in Fig. 3. Each
qubit in this system possesses multiple energy levels.
Within the triangular lattice structure, a qubit Qi can be
excited from energy level ni to energy level ni + 1. This
excitation can occur concurrently with the de-excitation of
another qubit Qj from energy level mj + 1 down to energy
level mj . The strength of coupling J

mi,nj
i j depends on a

range of parameters related to both qubits and couplers.
The common belief is that the optimum operating point

for a two-qubit gate within a triangular circuit is where
two couplings are effectively turned off (“OFF”), while the
third remains active (“ON”), thus establishing an “OFF-OFF-
ON” state. To analyze the operating point of this two-qubit
gate in the presence of a third interacting qubit, first we
begin by setting J 00

12 to zero, which is achievable at cer-
tain frequencies of the coupler C12. This is what is namely
“hard J decoupling,” which is diagrammatically sketched
in Fig. 5(a). In our simulation we apply the condition step
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(a) (b)

OFF/ON OFF/ON

FIG. 5. (a) Hard J decoupling at J12 = J13 ≈ 0 and (b) soft J
decoupling at J12 ≈ 1 MHz and J13 = 0.

by step: first we turn off coupling between Q1 and Q2, then
between Q1 and Q3, and finally we switch on and off the
controlled-Z gate between Q2 and Q3. Figure 6 showcases
circuits with parameters outlined in the caption, all config-
ured such that J 00

12 is nullified. We then focus on turning
off the second coupling, say, J 00

13 , with its values indicated
on the right axes of Fig. 6. Simultaneously, the third inter-
action, J 00

23 , marked on the upper axes, is selected to be
strong. The variation of these couplings is achieved by our
adjusting the frequencies of the couplers C23 and C13, as
shown on the lower and left axes, respectively.

The color bars in Fig. 6 represent the strengths of two-
body and three-body stray couplings. From left to right,
the column corresponds to the following interactions: ZZZ
(in green), ZZI (in blue), ZIZ (in red), and IZZ (in gray),
which we evaluate nonperturbatively, [45,47–49]. Figure
6 is a valuable tool for identifying the optimal settings for
achieving the desired gate operations, particularly where
multiple interactions coexist and influence each other. This
level of detailed analysis is crucial for the precise tun-
ing of quantum circuits, enhancing their performance and
increasing their reliability in various quantum computing
applications.

We evaluate the interaction strengths of the ZZ and ZZZ
couplings for the condition of J 00

12 = 0, ensuring that Q1
and Q2 do not interact. In Fig. 6 we achieve the decou-
pling by testing two different values for direct capacitive
coupling between Q1 and Q2, i.e., g12/2π = 4 MHz and
g12/2π = 13 MHz in the upper and lower rows, respec-
tively. Given the circuit parameters selected, the next
coupling parameter to be neutralized is J 00

13 = 0. The goal
of this setting is to either preserve or enhance the coupling
between Q2 and Q3, represented by J 00

23 . This is achieved
by our tuning the frequency of the coupler C13 within a
range of 5.4–7 GHz. As a result, the coupling strength
J13/2π varies from −3 to 9 MHz, reaching zero at the
midpoint. Consequently, any point along the J13 = 0 line
is characterized by a precise OFF-OFF interaction, which is
critical for the intended gate operation.

Regarding the exclusive ON coupling, J 00
23 , we modify

the frequency of the coupler C23 by approximately 400
MHz on the lower axis. This adjustment leads to large
J 00

23 /2π values that range from 15 to 30 MHz. We have
marked three sample points with red circles and labeled
them A–C in the upper row, corresponding to the weaker
g12, and D–E in the lower row, corresponding to the
stronger g12.

In exploring the stray ZZ and ZZZ couplings, we focus
on the horizontal line corresponding to J13 = 0 in Fig. 6.
This line signifies OFF-OFF interaction points achieved by
our setting both J 00

12 and J 00
13 to zero. While this condition

is intended to decouple Q1 from Q2 and Q3, Fig. 6 illus-
trates that residual stray couplings still exist between Q1
and the other two qubits, notably in ZZZ and ZZI configu-
rations. This observation is crucial as it demonstrates that
hard decoupling of seemingly noninteracting qubits does
not necessarily lead to the elimination of stray couplings.

The persistence of these stray couplings is attributed to
a significant factor. Although decoupling of two qubits,
labeled i and j , is achieved by our setting their J 00

ij
(computational-level coupling) to zero, these qubits remain
indirectly coupled at their noncomputational levels. These
levels include couplings such as J 01

ij and J 10
ij . It is these

higher-order couplings that the stray interactions depend
on. Thus, even when qubits are seemingly decoupled at
their fundamental computational states, indirect couplings
at other energy levels persist, leading to stray interactions
that must be considered in quantum circuit design and
operation. Details can be found in Appendix E.

The central aim of our study is to pinpoint “sweet
spots” where both two-body and three-body stray cou-
plings are minimal, specifically below 50 kHz. This quest
is particularly evident in the last column in Fig. 6. Here,
we highlight regions with low two-body ZZ interactions,
where the maximum of |ZZI | and |ZIZ| remains under 50
kHz, as indicated by red-dashed boxes. Furthermore, areas
showing both minimal ZZZ and residual ZZ couplings,
characterized by the condition max{|ZZI |, |ZIZ|, |ZZZ|} <

50 kHz, are enclosed in green outlines.
The upper and lower plots in this column represent sce-

narios of weak and strong capacitive coupling between
Q1 and Q2, denoted as g12. In the case of weak g12,
all red-dashed boundaries converge, forming an extensive
frequency range conducive to effectively decoupling Q1
from the Q2-Q3 pair without significant stray couplings.
This finding is particularly relevant for quantum devices
designed for precise two-qubit-gate operations, such as
the controlled-Z gate. Devices with such characteristics
can smoothly transition from low to high ZZ-interaction
values, while keeping spectator errors—errors affecting
qubits not directly involved in the gate operation—to a
minimum. This aspect is crucial for improving the overall
performance and increasing the overall reliability of quan-
tum gates in computational tasks.
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FIG. 6. Stray couplings in the triangular circuit with all-to-all connectivity calculated by our numerically diagonalizing the Hamil-
tonian (8) as a function of the frequencies of the resonators C23 and C13 i.e., ωc23 and ωc13 , respectively. The first row is at g12/2π =
4 MHz with nearly zero J12 and J13 at point A with coupler frequencies (ωc12 , ωc23 , ωc13)/2π = (6.66, 5.299, 6.141) GHz, point B with
coupler frequencies (ωc12 , ωc23 , ωc13)/2π = (6.67, 5.405, 6.15) GHz, and point C with coupler frequencies (ωc12 , ωc23 , ωc13)/2π =
(6.68, 5.275, 6.154) GHz. The second row is at g12/2π = 13 MHz with nearly zero J12 and J13 at point D with coupler frequen-
cies (ωc12 , ωc23 , ωc13)/2π = (5.438, 5.317, 6.021) GHz, point E with coupler frequencies (ωc12 , ωc23 , ωc13)/2π = (5.443, 5.472, 6.076)

GHz, and point F with coupler frequencies (ωc12 , ωc23 , ωc13)/2π = (5.446, 5.621, 6.098) GHz. The shaded regions denote two inter-
sections: |ZZI | ∩ |ZIZ| < 50 kHz (light red) and max(|ZZI |, |ZIZ|, |ZZZ|) < 50 kHz (light green), both on top of the IZZ interaction.
Other circuit parameters are the same as in Fig. 4 with ω2/2π = 5.0 GHz.

In Fig. 6, the dotted-dashed white line within the red
boundary, which represents a zone of low ZZ interac-
tion, portrays an ideal trajectory for a parasitic-free ZZ
gate operation between Q2 and Q3. This path transits from
nearly zero on the left side to a strong value on the right
side. Crucially, along this line, J 00

12 and J 00
13 are effectively

zero, and both ZZI and ZIZ remain below 50 kHz, suggest-
ing an efficient decoupling of Q1 from the actively gated
qubits, Q2 and Q3.

However, it is critical to take a careful look at the
impact of ZZZ interactions for the gate. A comparison
between the upper and lower plots in the last row in Fig.
6 reveals critical differences between weak and strong g12
regimes. In the weak g12 scenario (upper plot), the ideal
gate trajectory is entirely within the green boundary, indi-
cating that the three-body interaction is maintained below
50 kHz. This implies a safer operating zone where both
two-body and three-body parasitic interactions are mini-
mized. In contrast, in the strong direct coupling between
Q1 and Q2 (lower plot), the gate path falls outside this low-
ZZZ-interaction area. Here, the ZZZ value can potentially
exceed 100 kHz, suggesting a heightened vulnerability to
parasitic three-body interactions.

This observation reveals that one assuming that three-
body ZZZ interactions are weaker than two-body ZZ
interactions can lead to significant oversights in gate
design. Suppression of parasitic two-body ZZ interactions
may inadvertently introduce substantial errors from strong

three-body interactions among presumed noninteracting
qubits. Therefore, accurate assessment of three-body inter-
actions is essential to avoid flawed designs and achieve
high-fidelity quantum operations.

B. Soft J decoupling

The common desire in multiqubit circuit design is that
during the application of a two-qubit gate, other qubits are
silenced. This is usually interpreted as turning off J inter-
action between the gated qubits and other qubits. In the
previous section, we examined this concept in the context
of a triangular lattice by setting two pairwise interactions
to zero and amplifying the third. In the previous section,
we referred to this concept as “hard J decoupling.” How-
ever, our detailed analysis reveals that the situation is
significantly more complex than nullifying J interaction.

In this section, we explore the same OFF-OFF-ON inter-
action between Q2 and Q3 in an alternative setup: rather
than enforcing a complete absence of interaction of these
two qubits with Q1, we allow some weak J interactions
to occur if they contribute to reducing parasitic interac-
tions. Our goal shifts towards minimizing stray-coupling
strengths to the extent that they either disappear or become
negligible (i.e., less than 50 kHz). Enforcing zero interac-
tion between qubits is limited in scope; it only prevents
interactions between two specific energy levels of one
qubit with another qubit, which is inadequate to prohibit
transitions across all energy levels. For instance, while
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FIG. 7. Stray couplings in the triangular circuit with all-to-all connectivity calculated by our numerically diagonalizing the Hamil-
tonian (8) as a function of the frequencies of the resonators C23 and C13, ωc23 and ωc13 , respectively. The first row is at g12/2π =
4 MHz with weak J12/2π ≈ 1 MHz at ωc12/2π = 6.2 GHz. The second row is at g12/2π = 16 MHz with weak J12/2π ≈ 1 MHz at
ωc12/2π = 5.3 GHz. Other circuit parameters are the same as in Fig. 6.

hard decoupling might set J 00
12 to zero, other coupling

strengths, such as J 01
12 , could still be nonzero. The so-

called soft J decoupling is sketched diagrammatically in
Fig. 5(b).

This realization implies that the idea of completely
nullifying J interaction between qubits might be overly
simplistic, if not altogether unachievable. Recognizing this
limitation can shift the focus toward managing stray inter-
actions rather than striving for complete noninteraction.
In other words, we focus on the impact of relaxing one
of the two OFF couplings to a near-OFF state, denoted as
ÕFF. This softer approach to qubit decoupling, or “soft
J decoupling,” is explored as a potentially-more-effective
and potentially-more-realistic strategy for increasing ZZ
interaction between Q2 and Q3, as opposed to the hard-
decoupling strategy previously considered.

By setting the interaction between Q1 and Q2 to
J 00

12 /2π = 1 MHz, rather than completely zeroing it, we
introduce a “soft-decoupling” criterion. Figure 7 illustrates
how this can impact both two-body and three-body stray
couplings in different circuit configurations: the first (sec-
ond) row denotes a circuit with a weak (strong) direct
capacitive coupling between Q1 and Q2, g12 = 4 MHz
(g12 = 16 MHz). Such strength occurs at ωc12/2π = 6.2
GHz (ωc12/2π = 5.3 GHz).

The identification of “safe zones” for low stray cou-
plings is crucial, which are identifiable in the last column in
Fig. 7. These zones are defined by regions where all stray
interactions are under 50 kHz. The region marked within
the dashed green boundary in the final column presents
zones exhibiting minimal stray couplings, both two body
and three body. On comparison with scenarios of hard
decoupling, it becomes evident that in the example of

larger direct qubit-qubit coupling g12, the zone of minimal
stray interaction—termed the “stray safe zone”—extends
over a broader area in conditions of soft decoupling than in
those of hard decoupling. This suggests the practical appli-
cability of soft-decoupling techniques in managing stray
couplings.

With increasing direct-coupling strength g12, the stray
safe zones become wider. This suggests that a nonzero
direct coupling between Q1 and Q2 can better help to
keep the stray-coupling strength small as it may supply
a broader range of operational parameters. Similarly to
the previous section, in the soft isolated circuits shown
in Fig. 7 we demonstrate the ZZ gate on Q2 and Q3 can
be turned on and off by one tuning the coupler frequency
between them, i.e., ωc23 ; i.e., this gate can be turned on (off)
by one increasing (decreasing) ωc23 .

To quantify the impact of three-body ZZZ interac-
tions on two-qubit gates, we evaluate the fidelity of the
controlled-Z gate between Q2 and Q3 for both hard J
decoupling and soft J decoupling. For simplicity, we
assume there is no decoherence from the qubits to the envi-
ronment and calculate the maximum fidelity as a function
of the coupler frequencies ωc23 at specific coupler fre-
quency ωc13 within the low-error zone. The comparison in
Fig. 8 indicates that the ZZZ interaction introduces approx-
imately a 0.2% error, thus excluding the hard-decoupling
case beyond the error-correction threshold.

Overall, our comparative analysis with hard decoupling
demonstrates that the soft-decoupling scenario can pro-
vide equivalent or broader stray-free zones compared with
the hard-decoupling scenario. The comparison indicates
that higher-level interactions between gated and ungated
qubits play a crucial role and require careful management.
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(a)

(b)

FIG. 8. (a) Controlled-Z-gate fidelity between Q2 and Q3 for
the cases of hard and soft decoupling as a function of ωc23 and
time t. (b) Maximum controlled-Z-gate fidelity as a function of
ωc23 for the cases of hard decoupling (blue) and soft decoupling
(red).

These characteristics can be encapsulated in the form of
ZZZ interactions. In quantum processors, where the fun-
damental operations are single-qubit and two-qubit gates,
these interactions should be carefully suppressed either at
the design stage by one reducing connectivity or lowering
capacitive coupling, or at the gate stage by one using the
soft-decoupling method described above, which involves
tuning of circuit parameters such as the coupler frequency
to optimize performance and suppress unwanted interac-
tions. By integrating these strategies, we can increase the
reliability and efficiency of quantum processors.

V. ZZZ SUPERIORITY

We study the two-body and three-body stray interactions
in superconducting quantum processors, with a particular
focus on scenarios where the strength of three-body ZZZ

interactions surpasses that of two-body interactions. This
observation would potentially affect the design considera-
tion of future superconducting transmon architectures.

In the circuits described in Sec. IV A, we parameter-
ized the circuits so that Q1 does not J 00-interact with Q2
and Q3. We evaluated ZZZ and ZZ strengths in Sec. IV A.
We use the data and compute the ratio of |ZZZ| to the
maximum two-body interaction strength under different
capacitive-coupling strengths between Q1 and Q2, e.g.,
g12/2π = 4 MHz and g12/2π = 13 MHz. The results are
depicted in Figs. 9(a) and 9(b). While the blue region
aligns with the expected hierarchies in MBL theory, the
red areas reveal a specific domain of parameters under
which three-body interactions exceed two-body interac-
tions, particularly at coupler frequencies close to the qubit
frequencies. In these regions, ZZZ interactions become
more dominant than two-body interactions for certain cou-
pler frequencies, namely, “ZZZ superiority.” In Fig. 9, the
“ZZZ-superiority” region is highlighted, with its bound-
ary indicated by a solid green line where |ZZZ| = |ZZmax|.
The increase in the prominence of three-body interactions
with stronger direct coupling is a noteworthy observa-
tion.

The circles labeled A–F in Figs. 9(a) and 9(b) repre-
sent three sweet spots for the OFF-OFF-ON gate studied in
Fig. 6. The analysis indicates that certain ON spots that
are near the three-body superiority zone, such as point
A, are not ideal as a safe gate sweet spot. In such opera-
tional points, while ZZ strengths are small, the three-body
ZZZ interaction can exceed ZZ interactions, which can
lead to noisy gate operations. Figures 9(c) and 9(d) show
the behavior of stray couplings at the fixed frequency
ωc23/2π = 5.272 GHz, represented by a dashed white line
in Figs. 9(a) and 9(b). The behavior is examined across a
range of ωc23 frequencies for both weak and strong g12. In
the weak-direct-coupling g12 case, a narrow band around
ωc13/2π = 6 GHz can be identified in which all resid-
ual stray interactions are small. This observation indicates
that the specified frequency range may act as a zone with
minimal error, which is optimal for establishing a quan-
tum idle point. Consequently, this parameter domain is
suitable for implementing a controlled-Z gate between Q2
and Q3. Another example of a three-qubit circuit, where
three qubits are coupled to a shared coupler, is provided in
Appendix F.

This analysis highlights the intricate balance of mul-
tiqubit interactions in quantum circuits, emphasizing the
need to consider both two-body and three-body inter-
actions in circuit design. Especially in scenarios aim-
ing for high-fidelity gate operations, the findings suggest
that a nuanced understanding of these interactions can
lead to optimized strategies for quantum computing. This
approach avoids oversimplified assumptions of interaction
hierarchies and paves the way for more-effective quantum
gate designs.
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(a)

(b)

(c) (d)

FIG. 9. Absolute ratio of the three-body ZZZ interaction and
the maximum of the two-body interactions occurring in the tri-
angular circuit in Fig. 3 as a function of the frequencies of
the resonators C23 and C13, ωc23 and ωc13 , at (a) g12/2π =
4 MHz and (b) g12/2π = 13 MHz, respectively. The green con-
tour line represents |αZZZ | = max(|αZiZj Ik |). Corresponding stray
couplings at specific coupler frequency ωc23/2π = 5.272 GHz
[dashed white line in (a),(b)] are shown in (c),(d), respectively.
The gray area indicates stray couplings are less than 50 kHz,
and the light-green area shows the validity of ZZZ superiority.
Other circuit parameters are the same as in Fig. 4 with ω2/2π =
5.0 GHz.

VI. CROSS-RESONANCE GATE ON A LATTICE

A cross-resonance (CR) gate is a type of interact-
ing entanglement between two qubits, applied locally on
one qubit, namely, “control,” and makes the other qubit,
namely, “target,” undergo a ±X̂ operation, with ± being
subject to the state of the control qubit; i.e., the interacting
Hamiltonian between is ZX . This can be done in the lab-
oratory by one driving the control qubit with a microwave
pulse of frequency of the target qubit [50,51]. Here we

study the impact of microwave driving on the strength of
stray couplings.

Application of a CR gate on qubits has an impact on
the stray couplings between qubits, and this was exten-
sively studied in Refs. [45,52–54]. In Refs. [45,55,56] it
was proposed that the microwave-activated part of the
stray coupling could occur with the opposite sign of the
static stray coupling of no CR gate, so by tuning the cir-
cuit parameters, one can cancel the two and make so-called
ZZ-free qubits, which is yet to be verified experimentally.
However, the detailed impact of a CR gate on the lattice
Hamilton in the many-body form is unknown.

In this section, we study the impact of a CR gate
on ZZ and ZZZ interactions for a system of supercon-
ducting qubits. The microwave driving Hamiltonian in
the laboratory frame is Hdrive = 	 cos(ωtargett)(âcontrol +
â†

control). We take this part of the Hamiltonian into the
relevant frame of nonperturbative block diagonalization,
and together with the static Hamiltonian in the basis of
|Qcontrol, Qtarget, Qspectator〉, the final result has the following
general form:

H = αZZI
ZZI

4
+ αZIZ

ZIZ
4

+ αIZZ
IZZ

4
+ αZZZ

ZZZ
8

+ αZXI
ZXI

2
+ αZXZ

ZXZ
4

. (12)

Here classical crosstalk is assumed to be canceled. The
two-qubit version of these Pauli coefficients—αijk with one
of the three indices being the identity and the other two
from the set {I , Z, X , Y}—were analytically determined
by perturbative block-diagonalization techniques in Refs.
[45,47]. Nonperturbative numerical analysis shows that
the pairwise Pauli coefficients in the leading order of the
CR-gate amplitude scale as αZZ(	) = αZZ(0) + η2	

2 +
ηa	

a, with coupler frequency–dependent power 4 ≤ a ≤
5, and αZX (	) = μ1	 + μb	

b, with b being nearly 3.
For more discussion on the method of evaluation and the
domain of parameters, see Fig. 8 in Ref. [54]. It is evi-
dent that ZZZ interaction under the microwave drive of
a CR gate changes from its static value by the follow-
ing form, which can be verified perturbatively: αZZZ(	) =
αZZZ(0) + ν2	

2 + O(3) in the leading order, where ν2
depends on the parameters of the circuit and can be positive
or negative, meaning that the microwave-activated part of
the ZZZ interaction can add or reduce error from the circuit
lattice Hamiltonian.

We evaluate the Pauli coefficients in the lattice Hamil-
tonian of Eq. (12) numerically. To compare our simulation
results with experimental results, we study the recent mea-
surement data of a seven-qubit circuit in Ref. [6], as shown
in Fig. 10. Qubits interact by a cross-resonance gate. In
particular, Cai et al. [6] assess spectator errors through
three-qubit tomography in Fig. S7(D). In this case, let Q2
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FIG. 10. Thirteen Xmon qubits, with the bottom six qubits serving as tunable couplers. See Ref. [6] for more details.

be the control qubit, Q3 the target, and Q4 the target specta-
tor qubit, with no coupler between Q2 and Q4. Here we use
our nonperturbative approach to simulate the correspond-
ing Pauli coefficients at the driving amplitude 	/2π = 18
MHz, illustrated in Fig. 11. To match the measured ZZZ
and ZXZ data, we assume Q2 and Q4 are capacitively cou-
pled with strength g24d/2π = 4.5 MHz. Markers depict the
extracted experimental data, while curves represent results
from our numerical method. Our theory effectively predicts
the behavior of such qubit-chain devices.

Table I summarizes several static and microwave-
activated resonances—perturbative divergences—caused
by the presence of a third qubit in the circuit, as discussed
in Ref. [6]. The static (microwave-activated) resonances
are highlighted by vertical dashed blue (black) lines in
Fig. 4. The introduction of a third qubit leads to numer-
ous higher-level divergences that are not accounted for in
the two-qubit analysis.

To further our understanding of the impact of a CR gate
on the lattice Hamiltonian of three qubits, we use CirQubit
to generate numerical data for the cases where experiments

(a) (b)

(c) (d)

FIG. 11. Interaction terms with varying spectator-target detun-
ing �st with fixed CR drive amplitude 	/2π = 18 MHz when
considering parasitic interactions from the target spectator qubit:
(a) ZZI , (b) IZZ, (c) ZZZ, and (d) ZXI (ZXZ). Markers represent
the extracted experimental data in Ref. [6], and curves represent
the numerical simulation results.

have not been conducted, such as the static stray coupling
in the absence of a CR gate, 	 = 0, and the case of the
CR-gate amplitude 	 being 31 MHz, which is almost dou-
ble the experimental value of 16 MHz. Results are plotted
in Fig. 21 in Appendix G, which indicates how the lat-
tice Pauli coefficients of Eq. (12) depend on the frequency
detuning between control and target qubits �st. Interest-
ingly, we see in Fig. 21 in a large domain of �st that by one
increasing the microwave power, the ZXI and ZXZ interac-
tions become stronger, while ZZ and ZZZ stray couplings
are suppressed. The suppression of ZZ stray couplings was
predicted in Ref. [45], and is known as “ZZ freedom.” Here
we extend that result by demonstrating that it is possible to

TABLE I. Summary of three-qubit resonances in the three-
qubit subspace. The states are denoted in the following order:
|QcontrolQtargetQspectator〉 and “∼” means the in resonance takes
place between the two states. The circuit parameters are the same
as in Fig. 4.

Resonances Condition �st
2π

(MHz)

Static resonances
|001〉 ∼ |010〉 �st = 0 0
|101〉 ∼ |110〉
|001〉 ∼ |100〉 �cs = 0 137
|011〉 ∼ |110〉
|011〉 ∼ |020〉 �st = δ2 −218
|111〉 ∼ |120〉
|011〉 ∼ |002〉 �st = −δ3 213
|111〉 ∼ |102〉
|011〉 ∼ |200〉 �cs + �cs = −δ1 56
|101〉 ∼ |200〉 �cs = −δ1 −81
|111〉 ∼ |210〉
|101〉 ∼ |002〉 �cs = δ3 350
|111〉 ∼ |012〉
|101〉 ∼ |020〉 �ct + �st = δ2 −355
|110〉 ∼ |002〉 �cs − �st = δ3 175
|020〉 ∼ |002〉 2�st = δ2 − δ3 −2.5
|200〉 ∼ |002〉 2�st − 2�ct = δ1 − δ3 134.5
|012〉 ∼ |120〉 2�st = �ct + δ2 − δ3 66
CR-activated resonances
|000〉|nd + 2〉 ∼ |002〉|nd〉 2�st = −δ3 106.5
|000〉|nd + 2〉 ∼ |101〉|nd〉 �st = −�ct −137
|300〉|nd + 1〉 ∼ |202〉|nd〉 2�st = �ct + 2δ1 − δ3 −180
|003〉|nd + 1〉 ∼ |400〉|nd〉 3�st = 4�ct + 6δ1 − 3δ3 −40.3
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FIG. 12. Numerical simulation of J relations in Eq. (4). The
circuit parameters are the same as those in Fig. 4.

FIG. 13. Numerical simulation of J relations in Eq. (4). The
circuit parameters are the same as those in Fig. 9(c).

FIG. 14. Numerical simulation of J relations in Eq. (11). The
circuit parameters are the same as those in Fig. 4.

tune the circuit parameters to suppress the three-body stray
coupling ZZZ.

VII. CONCLUSION

In conclusion, this study underscores the critical impor-
tance of considering the lattice Hamiltonian and many-
body couplings in the design and operation of quantum
circuits. This approach allows fine-tuning of circuit param-
eters to mitigate the detrimental effects of stray couplings.
Furthermore, we demonstrate that three-body stray cou-
plings can be as significant as two-body interactions,
particularly beyond the dispersive regime. Effectively con-
trolling these interactions through strategic adjustments

FIG. 15. Numerical simulation of J relations in Eq. (11). The
circuit parameters are the same as those in Fig. 9(c).

Analytical results
Numerical results

FIG. 16. Least-action (LA)–SWT approach versus the analyt-
ical formula and the numerical method. The green dots represent
the LA-SWT results. The circuit parameters are same as in Fig. 4.

(a) (b) (c)

FIG. 17. Effective-qubit-qubit-coupling discrepancy from ana-
lytical simulation. (a) J 01

12 and J 10
12 as a function of direct coupling

g12 when J 00
12 is OFF. (b) J 01

13 and J 10
13 as a function of direct

coupling g13 when J 00
13 is OFF. (c) J 01

23 and J 10
23 as a function of

direct coupling g23 when J 00
23 is OFF. The corresponding coupler

frequency is given at the top of each plot.

can enhance gate performance and holds potential for the
implementation of high-fidelity two-qubit gates.

Additionally, we have shown that the dominance
of three-body ZZZ interactions can be realized within
the quasidispersive regime, suggesting the possibility of
achieving optimal quantum performance even outside the
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(a)

(b)

FIG. 18. (a) Stray couplings in the triangular circuit with all-to-all connectivity as a function of the frequencies of the res-
onators C13 and C23, ωc13 and ωc23 , respectively. The first row is at g12/2π = 4 MHz with nearly zero J12 and J13 at point B:
(ωc12/2π , ωc23/2π , ωc13/2π) = (6.67, 5.405, 6.15) GHz. The second row is at g12/2π = 13 MHz with nearly zero J12 and J13 at point
E: (ωc12/2π , ωc23/2π , ωc13/2π) = (5.443, 5.472, 6.076) GHz. (b) The first (second) row is at g12/2π = 4 MHz (g12/2π = 13 MHz)
with nearly zero J12 and J13 at point C: (ωc12/2π , ωc23/2π , ωc13/2π) = (6.68, 5.275, 6.154) GHz. In the second row J12 and J13 are
nearly zero at point F: (ωc12/2π , ωc23/2π , ωc13/2π) = (5.446, 5.621, 6.098) GHz. Other circuit parameters are the same as in Fig. 4
with ω2/2π = 5.0 GHz.

near-degenerate regimes. These findings offer significant
contributions to the fields of quantum system design and
algorithm optimization, promising increases in the effi-
ciency and robustness of quantum computing technologies.
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APPENDIX A: PERTURBATIVE ZZ AND ZZZ ON
A TRIANGULAR LATTICE

The explicit formulas for stray couplings, derived from
perturbation theory, are presented below:

αZZI = 2
(
J 01

12

)2

�01
12

− 2
(
J 10

12

)2

�10
12

+ 4J 00
12 J 00

23 J 00
13

�00
23�

00
13
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FIG. 19. Absolute ratio of the three-body ZZZ interaction and the maximum of the two-body interactions occurring in the triangular
circuit as a function of the frequencies of the resonators C23 and C13, ωc23 and ωc13 , at g12/2π = 4 MHz with points B and C in the
first row and g12/2π = 13 MHz with points E and F in the second row, respectively. Other circuit parameters are the same as in Fig.
4 with ω2/2π = 5.0 GHz.
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APPENDIX B: REDUCED-CIRCUIT
HAMILTONIAN

To derive the analytical formulas given in Eqs. (3)–(6),
we start from the Hamiltonian in Eq. (7), which describes
the circuit in Fig. 3 with three qubits coupled to one another
by three couplers. We use the rotating-wave approximation
and ignore the fast oscillating terms in the Hamiltonian to
get the new Hamiltonian as

H
�

=
3∑

r=1

ωcrc
†
r cr +

3∑

q=1

∑

nq

ωnq |nq〉〈nq|

+
3∑

r=1

∑

q=1

gqcr(cra†
q − c†

r aq)

+
∑

q�=q′

3∑

q′=1

gqq′(aqa†
q′ − a†

qaq′). (B1)

Using the first order Schrieffer–Wolff transformation, we
block-diagonalize the Hamiltonian to decouple the cou-
plers from the qubits. The only qubit Hamiltonian thus
obtained is as follows:

Hs

�
=

3∑

q=1

∑

nq

ω̃nq |nq〉〈nq| +
∑

q�=q′

∑

nq,mq′

√
nq + 1

√
mq′ + 1

+ J
nqmq′
qq′ (|nq + 1, mq′ 〉〈nq, mq′ + 1| + H.c.). (B2)
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FIG. 20. (a) Triangle geometry of three-qubit interaction
indirectly coupled via one shared coupler. Stray couplings
versus coupler frequency of the circuit: (b) ZZZ, (c) ZZI ,
(d) ZIZ, (e) IZZ, and (f) |ZZZ|/|ZZ|max. The circuit param-
eters are ω1/2π = 4.8 GHz, ω2/2π = 5.0 GHz, ω3/2π =
5.1 GHz, δ1/2π = δ2/2π = δ3/2π = −330 MHz with qubit-
coupler strength g1c1/2π = g1c3/2π = g2c1/2π = g3c3/2π =
85 MHz and g2c2/2π = g3c2/2π = 102 MHz, and direct qubit-
qubit coupling g12 = g23/2π = 4 MHz.

We then restrict this Hamiltonian to the computational sub-
space and fully diagonalize it using the Schrieffer–Wolff
transformation to the third order and rewrite it in the
Pauli basis as in Eq. (2) with the coefficients given by
Eqs. (3)–(6).

APPENDIX C: QUBIT COUPLING SYMMETRY

In the main text, we presented a number of identities for
the effective J coupling strength between qubits, Eqs. (4)

and (11). These relations can be proven with use of the
perturbative definition of the coupling, Eq. (10).

It is interesting to numerically verify these identities
beyond the dispersive regime as well, and one way to
do this is to numerically evaluate the two sides of the
identities (4) and (11) and verify their overlap. For this pur-
pose, we simulate the J relations using the nonperturbative
approach with the circuit parameters similar to those in Fig.
4. The results are shown in Fig. 12. We conduct a compar-
ative analysis between the sums J 01

ij + J 10
ij and J 00

ij + J 11
ij

to illustrate that in the dispersive regime, characterized by
J/� � 1, the relationship approximated by Eq. (4) holds.
However, as the frequency of an individual qubit, such as
Q2, approaches the vicinity of the couplers, a noticeable
divergence emerges between the two sums. Another illus-
trative example, with circuit parameters identical to those
in Fig. 9(c), demonstrates analogous results, as depicted in
Fig. 13.

Figures 14 and 15 depict the numerical simulation of
Eq. (11) using parameters similar to those in Figs. 4
and 9(c), respectively. These results exhibit significant
consistency, affirming the validity of the identity.

APPENDIX D: ZIZ DISCREPANCY

Instead of relying on a perturbative block-diagonalization
technique such as the Schrieffer-Wolff transformation,
which is primarily accurate in the dispersive regime,
an alternative approach can be used to achieve exact
multi-block-diagonalization, when analytical expressions
are not required. This technique is called the “least-action
method” [47,48], and aims to identify the block-diagonal
Hamiltonian that exhibits the highest degree of similarity
to the true Hamiltonian, as governed by the principle of
least action. By using this precise approach to decouple
the couplers from the qubits, our analysis encompasses the
higher-order interactions, as it is an exact method. Subse-
quently, the Schrieffer-Wolff transformation can be used to
fully diagonalize the qubit Hamiltonian. On comparing the
results obtained with this approach, as shown in Fig. 16,
with the ZIZ interaction depicted in Fig. 4(b), it becomes
evident that the former approach exhibits greater accuracy
than the numerical simulation.

This observation indicates that the discrepancy in the
ZIZ interaction arises primarily from the initial Schrieffer-
Wolff transformation. This is likely attributed to the fact
that the effective interaction strength between two qubits,
denoted as J mn

ij and derived with use of the SWT, does
not incorporate any higher-order contributions from the
third qubit in the circuit. However, these effects are accu-
rately captured through the numerical simulation and the
least-action method.
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FIG. 21. Pauli CR coefficients at three different driving amplitudes: 	 = 0 (black), 	 = 18 MHz (yellow), and 	 = 31 MHz (pink).

APPENDIX E: EFFECTIVE COUPLING
DISCREPANCY

Even when the effective qubit-qubit coupling strength at
the lowest order J 00

12 is zero, the qubits are still not nec-
essarily fully decoupled. We can see the effect of this in
Fig. 6. Because of the nonlinearity of the superconducting
qubits, higher-order interactions may still exist. Figure 17
depicts how the higher-order interaction strengths J 01 and
J 10 deviate from zero by several megahertz as the direct
coupling between the qubits gets stronger or when the cou-
plers are tuned closer to the qubits. As a result, parasitic
interactions can still exist between these qubits and need
to be accounted for.

In Fig. 18(a), we describe the landscape with C12 fre-
quency at decoupling points B and E. In Fig. 18(b), we
describe the landscape with C12 frequency at decoupling
points C and F . Because of the higher-order J 01 and J 10

interactions, the landscapes have significant features. In
the case of the ZZZ interaction, especially when the qubits
are strongly coupled, it can go upwards of a 1000 kHz
as ωc23 varies, even when J12 is zero. IZZ interaction also
varies significantly with ωc23 , but ZIZ interaction has little
dependence on it. In the second row of graphs, when the
direct coupling g12 is stronger, the zeroness of ZZI interac-
tion disappears and becomes narrower for ZIZ interaction.
At the decoupling points, ZZZ, ZZI , and ZIZ interactions

are all smaller than 50 kHz, whereas IZZ interaction is
significantly stronger.

In Fig. 19, we plot the ratio of the ZZZ interaction
and the maximum of ZZ interactions as we vary the cou-
pler frequencies. The plots on the left have C12 frequency
at decoupling points B and E, whereas the plots on the
right have C12 frequency at decoupling points C and F .
We see that the ZZZ interaction is stronger than all the
ZZ interactions when the couplers are tuned closer to the
qubits.

APPENDIX F: THREE QUBITS AND ONE
COUPLER

We extend our investigation beyond the case of the
three-qubit, three-coupler architecture. In this appendix,
we study the case of three qubits sharing a coupler, which
resembles the one recently studied in Ref. [27]. For sim-
plicity, we consider three transmon qubits coupled to a
harmonic oscillator as the shared coupler, as depicted in
Fig. 20(a). Our study aims to examine the behavior of such
a system in response to changes in the coupler frequency
ωc and direct coupling, i.e., g13. We present the findings in
Fig. 20.

Compared with the triangular circuit depicted in Fig.
3, our analysis reveals that when the coupler frequency
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is detuned far away from the qubits, all four stray cou-
plings are effectively suppressed to below 50 kHz at a
certain direct coupling g13. As expected, the ZIZ coupling
is the most influenced by g13, while all other couplings
remain almost constant at high coupler frequency, and
undergo significant magnitude changes at weak coupler
frequencies, where the qubit basis becomes hybridized
with the coupler subspace. Additionally, we evaluate the
ratio of ZZZ interaction to the maximum ZZ interaction
and observe that ZZZ superiority can still be achieved at
lower coupler frequencies.

APPENDIX G: CROSS RESONANCE GATE
SIMULATION

We study the impact of a CR gate on the lattice Hamil-
tonian of three qubits as shown in Fig. 10. For this aim
we use CirQubit to generate numerical data for the cases
for which experiments have not been conducted, such as
static stray coupling in the absence of a CR gate, 	 = 0,
and the case of the CR-gate amplitude 	 being 31 MHz,
which is almost double the experimental value of 16 MHz.
Results are plotted in Fig. 21, which indicates how the lat-
tice Pauli coefficients of Eq. (12) depend on the frequency
detuning between control and target qubits �st. Dashed
black lines indicate static divergences that exist in the cir-
cuit in the static undriven circuit. In contrast, the dashed
blue lines represent new divergences that appear in the
microwave-activated part.
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