no radial updates radial updates (o0=1.84)
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MOTIVATION

Ergodicity and convergence of HMC

Ergodicity violations due to potential barriers
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MOTIVATION

Ergodicity and convergence of HMC

Ergodicity violations due to potential barriers
 In-principle: infinite potential, e.g. vanishing
fermion determinant

* In-practice: regions separated by exponentially
large potential

[Wynen et al., arXiv:1812.09268]
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MOTIVATION

Ergodicity and convergence of HMC

Ergodicity violations due to potential barriers Convergence of HMC

 In-principle: infinite potential, e.g. vanishing * Proof for geometrical convergence of HMC on
fermion determinant non-compact manifolds

* In-practice: regions separated by exponentially
large potential [Kennedy, Yu, to be published]

[Wynen et al., arXiv:1812.09268]
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MOTIVATION

Ergodicity and convergence of HMC

Ergodicity violations due to potential barriers Convergence of HMC

 In-principle: infinite potential, e.g. vanishing * Proof for geometrical convergence of HMC on
fermion determinant non-compact manifolds

* In-practice: regions separated by exponentially
large potential [Kennedy, Yu, to be published]

[Wynen et al., arXiv:1812.09268]

Radial updates:
Augment HMC with Metropolis-Hastings update in radial direction
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MOTIVATION

Ergodicity and convergence of HMC

Ergodicity violations due to potential barriers
 In-principle: infinite potential, e.g. vanishing
fermion determinant

* In-practice: regions separated by exponentially
large potential
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Radial updates:
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M OTIVATI O N Talk by Dominic Schuh at 4:15 PM
”Simulating the Hubbard Model

.. with Normalizing Flows”

Ergodicity and convergence of HMC J

Ergodicity violations due to potential barriers
 In-principle: infinite potential, e.g. vanishing
fermion determinant

* In-practice: regions separated by exponentially
large potential

[Wynen et al., arXiv:1812.09268]

Radial updates:
Augment HMC with Metropolis-Hastings update in radial direction
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HUBBARD MODEL

Setting the stage

e Hubbard Hamiltonian in particle/hole basis

T T Y
X

(x,y)
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HUBBARD MODEL

Setting the stage

e Hubbard Hamiltonian in particle/hole basis

H=—KZ(

Member of the Helmholtz Association

S¢]

(x,y)

~ 208
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Slide 2

a,tay — b;by) + %Z (a:gax — b,'crbx)2
X

Exponential discretization
Hubbard-Stratonovich introduces
non-compact auxiliary fields ¢,
Integrate out fermionic DoF

z 2, — log det M[ip] — log det M[—ig]
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HUBBARD MODEL

Setting the stage

Sle]

Z Pz, — —log det M[ip] — logdet M[—ig]

Fermionic contrlbutlon

" 2UB

e Fermion matrix: Ulybyshev et al., arXiv:1712.02188

e Manifolds of vanishing det M[i¢] with codimension 1
e Separated regions constitute problem for perfect Molecular Dynamics
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HUBBARD MODEL

Setting the stage

Slo] 2U,B z d2, —log det M[igp] — log det M[—ig]
— RZ
e Fermion matrix: Ulybyshev et al., arXiv:1712.02188

e Manifolds of vanishing det M[i¢] with codimension 1
e Separated regions constitute problem for perfect Molecular Dynamics

e Define radius R = \/Zx,t Pit

9 JULICH
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RADIAL UPDATES

Initial configuration ¢ = (¢4, ¢,, ..., P,4) e e.g. output of HMC
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RADIAL UPDATES

Initial configuration ¢ = (¢4, ¢,, ..., P,4) e e.g. output of HMC

Sample update y ~ ]\/‘(()’ 02) e Tunable standard deviation o
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RADIAL UPDATES

Initial configuration ¢ = (¢4, ¢,, ..., P,4) e.g. output of HMC

Tunable standard deviation o

Sample update y ~ N(0,52)

Scales radius R = eYR

Propose new configuration

~

b=c’¢

e’ has median of 1
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RADIAL UPDATES

Initial configuration ¢ = (¢4, ¢,, ..., P,4) e e.g. output of HMC

Sample update y ~ ]\/‘(()’ 0-2) e Tunable standard deviation o

Propose new configuration * Scales radius R = e?R

~

¢ = e”qb e ¢’ has median of 1

e Independent of proposal distribution
Accept/reject with acceptance probability e Low computational cost

“(Qb' QE) = min(1, exp{—AS + dy}) « Special case of RDMH or TMCMC
o Satisfies detailed balance

l) JULICH

Forschungszentrum

Dutta, arXiv:1008.5227v2 & Dutta et al., arXiv:1106.5850v3
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RESULTS

Resolving ergodicity violations N,=2,N,=1,U=18B=x =1
X ’ ' y
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RESULTS

Resolving ergodicity violations N,=2,N,=1,U=18B=x =1

no radial updates

20
16°
o9 T I e
e
W o9y :
©
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RESULTS

Resolving ergodicity violations N,=2,N,=1,U=18B=x =1

no radial updates radial updates (o =1.84)
10°
10
oy
10-6-g
< 0 ko
10712 5
=
-10
1o~
-20
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RESULTS

Resolving ergodicity violations

N,=2,N,=1,U=18,8=k=1

Marginalized distributions
no radial updates

radial updates (0= 1.84)
[
— exact
¢
0.2 ez
§
Q
0.1-
0.0 — |
-20 -10 0 10 20 -20 20
i
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RESULTS

Resolving ergodicity violations _ _ _ _
CI)x Z ¢xt Nx 2’ Nt 8’ U 18, ,B K 1
t

=

<
[
o

=
o
o
U-I .
True one-site density

10—20

0
®,
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RESULTS

Resolving ergodicity violations _ _ _ _
q)x=2¢xt N,=2,N,=8,U=18,=k=1
t
20 no radial updates radial updates (0 =0.555)
10°
iy
10-5 @
)
©
2
10‘1°'q,
)
o=
@)
10—15 g
|_
10—20
-20 -10 0 10 20 -20 -10 0 10 20
¢1 q)1
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RESULTS

Autocorrelations, Scaling and Parameter Tuning

e Compute 7, int as a function of o for increasing N,
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RESULTS

Autocorrelations, Scaling and Parameter Tuning

» Compute 7, jut as a function of ¢ for increasing N;

e Consider two observables:

no radial updates radial updates (o0 =0.555)

20
10°
— 2
¢ 00 - ZX CDX <0 10—5 g
C
S
é‘\‘ 0 10—10%
* 01 = Xxt $xe (Charge) g
-10 10—15g
=
10—20
-20
-20 -10 0 10 20 -20 -10 0 10 20
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RESULTS

Autocorrelations, Scaling and Parameter Tuning

N,=2;N:t=1
0=,/ §(§¢X't)2 O= Z(I)f/d
9 x 10! 3x10?!
: ¢ data $ data
[]
- s
= . $
.
101 e ¢ L3
| = 3
a 101 [P
-.... . [ ; Igﬂ
0 - .‘ II"."- 8 x 10°- Ei iii;
4 x 10° Pastegn, X E‘Iﬂg
2x 10! 10° 2x 1071 10°
g (o)
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RESULTS

Autocorrelations, Scaling and Parameter Tuning

N,=2;N:t=1
0=,/ §(§¢er)2 o= Zdb‘/d
9x 10! 3x10?
| ¢ data $ data
[)
o s
~ [ ]
101 I! ¢ Ii
‘ . ;
s 101+ P
] '."-. * E = 3 E#IH
4% 1001 Poarnage, *2"* 8 x 10° tigtnt £
2 x10-1 100 2 x 1071 10°
o o
Slide 9
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e Random walk and
diffusive regime for
small g, i.e. Tjpr X 02
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RESULTS

Autocorrelations, Scaling and Parameter Tuning

Ny=2; Ne=1
0=, /§(§¢Xrt)2 (9=Z¢f/d
9 x 101 3 x 10!
] ¥ data # data | * Random walk and
diffusive regime for
, small g, i.e. Tjpr X 02
e Linear regime for large
£ - ) 0, i.e. Tint X 0
[ ] . .
- = (XY e Fit function
A - _ — 2
=, Lot ¥ 3 Tint(0) =ac™ +b +co
_ ey (] #EI
J *s .,-'- %%ﬁ EHE
4% 10° LI 8 x 10°1 iiﬂigﬁi
2 %101 10° 2x10°1 10°
o g
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RESULTS

Autocorrelations, Scaling and Parameter Tuning

Ny=2; N:=1; Fit Tine(0) =aoc 2+ b +co

Z(Zdbx,t)z; Omin = 1.837+0.055 O =D ¢ild; Omin = 1.447+0.054
X\t i
9 x 10%4 . 3 x 10! ; _ _
Tinil0) fit Tint(0) fit e Fit function
a=2.71+0.13 a=0.763+0.047
b=1.67+0.33 b=7.35+0.16 _ _ -2
c=0.88+0.11 c=0.508+0.069 Tint(d) =aoc™“+b+co
. ¢ data ¢ data
! i
: :
- . | |
C 1 |
~ I! ! $ :
101 . I LX T i
1 = l 3 i
Sy | | |
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RESULTS

Autocorrelations, Scaling and Parameter Tuning

i o- 30y

Fit with
— a=2.67x0.11
E B =-0.54%+0.02
o)
¢ O= z_¢i/d
1
a=2.01+0.11
B=-0.46x0.044
10—1 il ' | R
100 10° Ho*
d= Nth
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July 30t 2024

Slide 10

e From theoretical

considerations
Omin(d) & a— %> +0d™H
Fit function
Omin(d) = adP
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RESULTS

Autocorrelations, Scaling and Parameter Tuning

Ny = 2; Fit Tint, min(d) = adf

10°
¥ 0=2¢id
Fit with
102-  a=5.4=x11
_ B=1.246+0.069
£
£ Eoo= 2 (2
101 -
| Fit with
A a=4.7%3.0
T B=1.16%0.24
109 : E— : S
100 101 102

d:Nth

* Tint(omin) Scales
almost linearly with d
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RESULTS

Autocorrelations, Scaling and Parameter Tuning

Ny = 2; Fit Tint, min(d) = adf

103
¥ 0=2¢id
Fit with
102-  a=5.4=x11
c B=1.246+0.069
£
I-:E I 0= Z(z¢x,t)2
101 -
i Fit with
A a=4.7+3.0
T B=1.16+0.24
109 : ——— : : : :
100 101 102

d: Nth

* Tint(omin) Scales
almost linearly with d
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Radial acceptance rate at omin (Nx = 2)

1.0
3:80
03{e o ° o
0.0 —— . -
2 8 16 32 64
d=Nfo_-

o At oip radial
acceptance rate ~30%
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SUMMARY AND OUTLOOK

Take home message and future avenues

W Radial updates successfully restore ergodicity in the Hubbard model

« Capability to jump over large or even infinite potential barriers

no radial updates radial updates (0=1.84)

20
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SUMMARY AND OUTLOOK

Take home message and future avenues
’ Radial updates successfully restore ergodicity in the Hubbard model

W Radial updates reduce autocorrelations at low computational cost
Nyx=2; Ny=1; Fit Tine(0) =@0~ 2+ b + co

« Can be used to tune additional parameter o

o= Z(de)z; Omin = 1.837£0.055 0=39i/d; Omin = 1.447%0.054
!

X\t

’ 9x 10! 3x 10!

Tint(0) fit Tint(0) fit
a=2.71+0.13 a=0.763+0.047
b=1.67+0.33 b=7.35+0.16
c=0.88+0.11 ¢=0.508+0.069

\ ¢ data ¢ data
| |
i i
o ] i i
= 1 I
~ s H |
‘_ i X3 i
101_ - : E :
b ! 3 !
.y | 10 $5¢ | ()
'-.' i = ’ Eg i ]
= i - ; 9530
- | o8 0| [] §§
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SUMMARY AND OUTLOOK

Take home message and future avenues

’ Radial updates successfully restore ergodicity in the Hubbard model

W Radial updates reduce autocorrelations at low computational cost

4
4

N, = 2, Fit omin(d) = ad?

« Can be used to tune additional parameter o

* Oopip X d”%° at leading order

Omin

107! ;
10° 10! 102
d=Nth
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SUMMARY AND OUTLOOK

Take home message and future avenues
’ Radial updates successfully restore ergodicity in the Hubbard model

W Radial updates reduce autocorrelations at low computational cost

« Can be used to tune additional parameter o N, = 2: Fit Tye v (d) = ad®

103
’ ° . —-0.5 1 - I O=Z¢’/d
Omin X d at leading order : -
i ing radi — §oitiho
’ * Tipt Scales almost linearly when employing radial updates = =1.246=0.
g T 0=/3(3b)
10% Fit with
- _ a=4.7%3.0
B=1.16+0.24
O T
10100 101 102

d= NXNt
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SUMMARY AND OUTLOOK

Take home message and future avenues

’ Radial updates successfully restore ergodicity in the Hubbard model

W Radial updates reduce autocorrelations at low computational cost

4

’ * Tipt Scales almost linearly when employing radial updates

Radial acceptance rate at omin (Nx =2)

« Can be used to tune additional parameter o 1.0

* Oopip X d”%° at leading order

(r)
aarcc

- Optimal radial acceptance rate ~30% 038 . ° .

0.0 —=——— . , .
2 8 16 32 64
d= Nth
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SUMMARY AND OUTLOOK

Take home message and future avenues

’ Radial updates successfully restore ergodicity in the Hubbard model

’ Radial updates reduce autocorrelations at low computational cost

W Outlook: Scaling to larger systems and realistic simulation

* Increase N, and add more spatial dimensions

4

July 30t 2024

Member of the Helmholtz Association

Nx=4; Ny=1; Fit Tie(0) =a0~2+ b + co

o= Z(Z@,,)Z; Omin = 1.349+0.017 O =2¢i/d; Omin=1.016+0.038
X\t i

3x10!

4% 10! Tint(0) fit Tint(0) fit
a=1.875%+0.064 ' a=0.5+0.052
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SUMMARY AND OUTLOOK

Take home message and future avenues

’ Radial updates successfully restore ergodicity in the Hubbard model

’ Radial updates reduce autocorrelations at low computational cost

- - - - - = i = ﬂ
W Outlook: Scaling to larger systems and realistic simulation Moz B Ol = 00
- - - 104 3 o0=3¢/d
 Increase N, and add more spatial dimensions o
D a0
E I B=-0.63+0.018
° ¥ o0=\/3(3p.)
10714 Fit with
— a=2.27+0.27
B=-0.58+0.078
10! 102
d=NXNt
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SUMMARY AND OUTLOOK

Take home message and future avenues
’ Radial updates successfully restore ergodicity in the Hubbard model

’ Radial updates reduce autocorrelations at low computational cost

Ny =4, Fit Tint, min(d) = adf

W Outlook: Scaling to larger systems and realistic simulation  10°

2 o=2¢id
* Increase N, and add more spatial dimensions Fit with
1021 _ a=3.85%0.55
’ c B=1.059+0.041
E
& T o0=/3(30.)
1011 - Fit with
__a=44x14
B =1.004+£0.098
10750 101 102
d=Nth

Forschungszentrum
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SUMMARY AND OUTLOOK

Take home message and future avenues

’ Radial updates successfully restore ergodicity in the Hubbard model
’ Radial updates reduce autocorrelations at low computational cost

W Outlook: Scaling to larger systems and realistic simulation

Increase N, and add more spatial dimensions Rodekamp et al., arxiv:2406.06711v1

’ « Perform realistic simulation with tuned acceptance rate, e.g. Perylene

9 JULICH
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SUMMARY AND OUTLOOK

Take home message and future avenues

’ Radial updates successfully restore ergodicity in the Hubbard model
’ Radial updates reduce autocorrelations at low computational cost
’ Outlook: Scaling to larger systems and realistic simulation

W Bonus: Geometric convergence of HMC
« Talk by Xinhao Yu on Friday, August 2" 2:55 PM

”On the geometric convergence of HMC on Riemannian manifolds.”
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RESULTS

Ergodicity for very small o

« Strong ergodicity problem
forc =0

* Reduced ergodicity
problem for ¢ = 0 but
slow exploration

Member of the Helmholtz Association

0=0.14
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0=0.02

0=0.16

Slide

0=0.04

0=0.18

Oy =D Pt for Ny=2, Ny =8
t 0=0.06

-14 =12 -10
one-site log prob. density
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RESULTS

Tunneling of HMC

* In practice: energy
violations due to
imperfect MD

«  HMC can tunnel through
potential barriers

« Also happens at ~99%
acceptance rate for long
trajectories

Member of the Helmholtz Association
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o0=0.02

=20

Slide

Oy =Dy for Ny=2, N;=16
t

o=0.04 o=0.05

-14 =12 -10
one-site log prob. density

o=0.06
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RADIAL UPDATES

The Algorithm - Pseudocode

function RADIAL_UPDATE(¢, o)

y = SAMPLE_NORMAL(mean = 0, standard_deviation = ¢?)

~

$=e’¢
a = exp{—(S(¢) — S($)) + dv}
u = SAMPLE_UNIFORM(low = 0, high = 1)
If u < athen
return ¢
else

return ¢

[ X ]
9 JULICH
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RADIAL UPDATES

The Algorithm - Pseudocode

fori =0to N do

cfgs
¢ = HMC(¢)

if i % radial_frequency == 0 then
for j = 0 to NR,gjg1 dO
¢ = RADIAL_UPDATE(¢, o)

Member of the Helmholtz Association July 30t 2024
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RESULTS
2-SITE MODEL

" LATTICE 2024 -~

(NUMERIGS) @) JULICH



RESULTS

Autocorrelations, Scaling and Parameter Tuning

Ny=2; N:=1; Fit Tine(0) =aoc 2+ b +co

Z(Zdbx,t)z; Omin = 1.837+0.055 O =D ¢ild; Omin = 1.447+0.054
X\t i
9 x 10%4 . 3 x 10! ; _ _
Tinil0) fit Tint(0) fit e Fit function
a=2.71+0.13 a=0.763+0.047
b=1.67+0.33 b=7.35+0.16 _ _ -2
c=0.88+0.11 c=0.508+0.069 Tint(d) =aoc™“+b+co
. ¢ data ¢ data
! i
: :
- . | |
C 1 |
~ I! ! $ :
101 . I LX T i
1 = l 3 i
Sy | | |
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RESULTS

Autocorrelations, Scaling and Parameter Tuning

Ny=2; N:=4; Fit Tjne(0) =ac 2+ b +co

o=, /Z(%d)x,ty  Omin = 0.859+0.026 O =Y i/d; Omin = 0.836+0.083
I

5% 102 ; 3 x 102 ]

Tint(0) fit Tintl0) fit e Fit function
a=3.89+0.36 a=1.95+0.31
b=22.5+2.2 b=54.3+2.7 _ =2
c=12.3+1.4 c=7.0+1.9 Tint(0) =ao ™+ b +co
¢ data ¢ data
- 1071 t ¢ : \. :
I | ) i
¢ : } ¥ |
) | i3 X | 14
} Y Miglly, 11
4 x 101 L % 101-
X I% (] 6x10 i : E
10-1 10° 10-1 10°
o o
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RESULTS

Autocorrelations, Scaling and Parameter Tuning

N,=2; N;=8; Fit Tie(0) =ao 2+ b+ co

¢ |
j— + 2 X 102 I
f}k} "1

10-1 100 10-1 10°
o o
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RESULTS - 4-SITE MODEL
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Autocorrelations, Scaling and Parameter Tuning
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RESULTS - 4-SITE MODEL

Autocorrelations, Scaling and Parameter Tuning
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RESULTS - 4-SITE MODEL

Autocorrelations, Scaling and Parameter Tuning
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RESULTS - 4-SITE MODEL

Autocorrelations, Scaling and Parameter Tuning
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