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Method for measuring the charge radii of charged hyperons from the time-like region
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We propose a novel method for measuring the charge radii of charged stable hadrons, with which

the first measurement of the charge radii of the ¥ and the =~

is foreseen. The method explores

the facts that the Dalitz decay ¥%(25) — YYe'e™ contains the hyperon form factors and the lowest
measurable four-momentum transfer squared can be as low as ~ 4m?2 = 1.05 x 107° GeV? in the
time-like region. We identify a kinematic region where the hyperon form factors are essential and
propose a method for subtracting the background from the data. It is estimated that the hyperon
charge radii can be measured to a precision of about 0.2 fm with the BESIII experiment and one
order of magnitude better at the future Super 7-Charm Facility. Moreover, the same method can
be used to measure the charge radius of the proton, which provides an independent cross-check on
the extraction of proton radius from elastic ep scattering or leptonic hydrogen spectroscopy.

INTRODUCTION

The size of a hadron, a consequence of the confinement
of quarks and gluons inside a finite volume, is one of the
most fundamental and simplest static properties. It is,
however, not an unambiguously defined observable but
depends on the probe used in experiments. The electric
charge radius of a hadron defines its size seen by a pho-
ton probe and is encoded in its electromagnetic form fac-
tors (EMFFs). Systematic investigations of the hadron
EMFFs from both theoretical and experimental perspec-
tives have led to a better understanding of the internal
structure of hadrons and the nonperturbative nature of
quantum chromodynamics (QCD) at low energies. For
recent reviews, see, e.g., Refs. [1-3].

Over the past decade, a remarkable surge in research
dedicated to the nucleon EMFFs has been witnessed,
which was spurred by the report of the first extraction
of the proton charge radius from the spectroscopic mea-
surement of muonic hydrogen with unprecedented preci-
sion in 2010 [4]. This value, 0.84184(67) fm [4, 5], un-
expectedly exhibited a 50 deviation from the previously
accepted one, 0.8768(69) fm [6], which was based on elec-
tron scattering and ordinary hydrogen spectroscopy mea-
surements. Recently, a high-precision analysis, based
on dispersion relations, of the world data of the nu-
cleon EMFFs in the space- and time-like regions led to
rh = 0.840(3)(4) fm [7], which fully agrees with the lat-
est CODATA value,0.8414(19) fm [8]. An important in-
gredient in this analysis is the isovector spectral func-
tion [9, 10]. For reviews on the progress on the determi-
nation of the proton charge radius, we refer to [11-16].

It is important to highlight that the definition of the
charge radius, ((r},)?) = —6dGY,/dQ?g2—, where G%,

is the electric Sachs form factor of the proton, implies a
greater sensitivity to the data at lower four-momentum
transfer squared. This underscores the significance of
measurements conducted at low momentum transfers in
accurately determining the charge radius. Currently, the
lowest accessible value of the four-momentum transfer
squared for the proton charge radius extraction is reached
by the PRad experiment, Q2 = 2.1 x 10~ GeV?[17]. The
follow-up program PRad-II under construction aims to
reach values of Q2 as low as 1075 GeV? [18].

While notable progress towards measuring the pro-
ton charge radius has been made in recent years, the
experimental knowledge of the electromagnetic struc-
ture of other baryons and, in particular, of those with
strangeness (the hyperons) is scarce due to absence of
stable hyperon targets. So far, only the charge radius
of the X7, among all hyperons, has been measured to
be 0.78(10) fm using a ¥~ beam at a mean energy of
610 GeV [19]. The fact that the kaon charge radius
(0.560=£0.031 fm) has been found to be smaller than that
of the pion (0.65940.004 fm) [20] suggests a flavor de-
pendence of the hadron size [2, 19, 21, 22]. There is also
a large spread of theoretical predictions for the hyperon
charge radii, covering the range from 0.6 to 1.0 fm for the
¥t and from 0.4 to 0.7 fm for 2~ [23-27]. To clarify how
the hadron structure depends on the valence quark con-
tent and how the flavor SU(3) symmetry of QCD is bro-
ken, a systematic study of the charge radii of hyperons
is necessary. Measurements of the hyperon and hyper-
nucleus charge radii can also shed light on the baryon-
baryon interactions; one particular example of this point
is provided by the precise determination of {(r%)?) from
the measurement of ((r%)2) — ((r%)?) using the state-
of-the-art nucleon-nucleon potentials [28], where the su-
perscripts n and d denote neutron and deuteron, respec-
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tively. Additional interest on hyperons comes from the
growing evidence that strange particles can have signifi-
cant implications for astrophysics, such as the reduction
of the maximum value of neutron star mass by the hy-
peron degrees of freedom |3, 29].

In this Letter, we propose a novel method to determine
the charge radii of charged hyperons, namely, to measure
it in the time-like region in the four-body Dalitz decay
¥(2S) — YYete™, making use of the huge ¥(25) data
sets, 2.7 x 10%, collected at BESIII [30] and 6.4 x 10!
at the potential Super 7-Charm Facility (STCF) [31].
Here, Y denotes the ¥ and the Z~. It opens an oppor-
tunity to access the hyperon EMFFs experimentally at
an extremely low four-momentum transfer squared, i.e.,
® = —Q* ~ 4m? = 1.05 x 1075 GeV?, since the elec-
tron and positron can be detected with a high efficiency
as long as their transverse momenta are larger than a
few tens of MeV (about 50 MeV at BESIII). The low
q? =~ 4m? can be reached by detecting the electron and
positron produced with a small relative momentum. The
resulting determination of the charge radii of charged hy-
perons will exhibit a high accuracy once sufficient events
are collected. Furthermore, similar reactions with YY
replaced by pp can be used to measure the proton charge
radius, which provides an independent cross-check on the
extraction of proton radius from elastic ep scattering or
leptonic hydrogen spectroscopy, although the precision of
this novel approach may not be competitive with that of
existing high-accuracy measurements, such as the PRad
experiment in ep scattering and the CREMA experiment
in muonic hydrogen spectroscopy.

DALITZ DECAY (25) — YYe e~

The considered Dalitz decay can happen through sev-
eral mechanisms shown in Fig. 1, following the notation
of Ref. [32]:

e type-X: ¥(25) = v* X (X — YY), see diagrams (a)
and (b);

o type-A: 1)(25) — YA(A — 4*Y), see diagram (c);
e type-B: ¥(25) — Y B(B — v*Y), see diagram (d).

In diagrams (a) and (b), the virtual photon is emitted
from the charm or anti-charm quark in the (25), and
the Y'Y pair is then mainly produced through two gluons.
In diagrams (c) and (d), the c¢ pair first annihilates into
three gluons (or one virtual photon) that hadronize into
a hyperon-antihyperon pair, the virtual photon, which
converts to eTe™, is emitted from the antihyperon or
hyperon, respectively, via the final-state radiation (FSR),
¥(25) = YYvisr (Visr — €7€7). The hyperon EMFFs
are embodied in the decay amplitude of the type-A and
type-B diagrams.
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Figure 1. Diagrams for the 1(2S) — YYete™ process. The
diagrams (a) and (b) are denoted as type-X, for which the
YY pair is produced via two gluons, (c) as type-A and (d)
as type-B, for which the light hadrons are produced via three
gluons (or one virtual photon).

The differential rate of the decay process 1(25) —
YYeTe™ can be written as
dr
AMt - dmy-yd cos 0*d cos §'d¢

Foso |3 ||F._| C(q?
_| ete || Y|| e |C(q ) Z |M|2, (1)
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where l;e+e—7 l%‘} and Eé_ are the three-momentum of
ete” in the ¢(25) rest frame, that of ¥ in the YY
center-of-mass (c.m.) frame, and that of e~ in the ete™
cm. frame, respectively. (0*, ¢*) and (0, ¢') parame-
terize the directions of three-momentum E{/ and E’e _in
their respective center-of-mass frames. For the process
under study, only one independent azimuthal angle is
required, as illustrated in Fig. 2, and we adopt the con-
vention ¢’ = ¢ and ¢* = 0. C(¢?) = y/(1 — e7Y) is the
Sommerfeld-Gamow factor with y = mam,. /\Eé_| and «
the fine-structure constant, and

|M|2 = |Msigna1|2 + |./\/lX|2 ) (2)
|~/\/lsignal|2 = |./\/1A+B|2 + 2Re (MA+BM;() . (3)

The decay %(25) — Y, Y,ete™, where Y,, denotes
the neutral isospin partner of the charged hyperon Y,
is dominated by the type-X diagrams since Y;, and Y,
are charge neutral.! Because the two-gluon exchange is
isospin symmetric, the type-X contribution to the de-
cay rate of 1(28) — YYeTe™ should equal to that

1 Due to charge neutrality, the leading coupling of Y, to the photon
vanishes. The EMFF of the neutral hyperon starts from the mean
square charge radius term, and is thus much smaller than that
of the charged hyperon in the small Q2 region. When precise
data become available, such contributions can, in principle, be
included in the analysis.
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Figure 2. Kinematics for the ¥(258) — YYe%e™ process.

of 9(28) — Y,Y,eTe™ up to tiny corrections. There-
fore, the contribution from |[Mx|* in Eq. (2) to the
differential decay rate of 9(2S) — YYete™ can be
eliminated by subtracting the differential decay rate of
P(2S) — Y,Y,eTe™ from that of (2S) — YYete
(since both charged and neutral ¥ and Z hyperons can
be reconstructed from proton, 7~ and photon(s), they
can be easily detected). Then the hyperon EMFFs are
contained in all the left terms, denoted as \Msignaﬂz, in
the decay rate after subtraction.

However, not only the hyperon EMFFs but also the
transition form factors from excited resonances to v*Y/Y
can contribute to diagrams (c¢) and (d). Therefore,
it is crucial to identify a kinematic region where the
ground state octet hyperon contribution dominates over
such background. When the Y'Y invariant mass myy
is large, the energy-momentum conservation forces both
my~+ and my .. to be small, and thus the hyperon /anti-
hyperon pole should dominate the type-A and type-B
amplitudes. In the subsequent analysis, we will show
that this is indeed the case. Given that the %(1385)"
and =(1530) are the lowest-lying resonance that can
couple to X T~* and Z~+*, respectively, we investigate
the $(1385)" and =(1530)~ contributions to pinpoint the
kinematic regions dominated by the ¥ and Z~ poles, re-
spectively. We define the following differential ratio

dR _ Jdcos6*dcos®'dpdl, g
dmeie-dmyy — [dcosf*dcos®/dpdly T

(4)

The amplitude of 1(25)(po) — e (p1) + et (p2) +
Y (p3) + Y (p4) can be written as,

. v _Zg v
Z,/\/l(l) = HZ)L qQM 5 (5)
where ¢ = pg — p3 — p4 the four-momentum of the virtual
photon, () =(a), (b), (c) or (d) refers to the correspond-
ing diagram in Fig. 1, and the whole decay amplitude
is decomposed into a hadronic (H*) and a leptonic (L")
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Figure 3. Differential ratio R defined in Eq. (4) for =7 (left)
and =7 . The projected subplots show the corresponding ratio
with my+5- and mg-z+ integrated out from 2.8 and 2.9 GeV,
respectively.

contribution. The leptonic operator is given by

LY = —ieii,,_ (p1)7 s, (p2) - (6)

The EMFFs are contained in the hadronic operators, for
which the vertices ¢(25)YY, ¢(25)Y*Y and ¢(29)YY*
are constructed within the orbital-spin partial-wave
framework, incorporating both S- and D-wave contribu-
tions [33-35]. The 7Y™*Y interaction is parameterized
with a magnetic dipole form factor gﬁ normalized to
the partial width of Y* — Y + v [36], and the electric
quadrupole and Coulomb quadrupole terms have been
neglected as they were found to be at the percent level
for the analogous A — N~* [37, 38]. Technical details,
including gauge invariance and off-shell effects [39-41],
are provided in the Supplemental Material [42].

Using the dipole hypothesis for the elastic hyperon
EMFFs and setting the charge radius to 0.8 fm, in the
ballpark of the proton and ¥~ radii, we present the re-
sulting ratio R, as defined in Eq. (4), in Fig. 3 for ©* and
=~ hyperons. It is shown that for myig- > 2.8GeV
(mz-z+ > 2.9GeV), the ¥* (£7) pole contributes at
least 85% (74%) to the type-A and type-B mechanisms,
which is similar with the proton case where there are
no any visible m,, or mp, bands in the Dalitz plot of
J/v — ppy [32]. We checked that this ratio is insensitive
to the input hyperon charge radius.

Therefore, it is feasible to extract the ¥+ and =~
EMFFs from the kinematic region of ms15- > 2.8 GeV
of the decay 1(259) — X+t%~eTe™ and mz-z+ > 2.9GeV
of the decay 9(25) — Z~E%ete™, respectively. The
process can be measured at BESIIIT and at the potential
STCF with two-orders-of-magnitude more events. One
notable advantage is the ability to reach an unprece-
dented low momentum transfer squared (4m?) through
this decay, which offers a way for measuring of the un-
known charge radii of the ¥+ and Z~.



SENSITIVITY TO THE CHARGE RADII OF =7
AND =~

By subtracting the type-X contribution using the £0%.0
and Z°Z° measurements, as discussed above, and em-
ploying a parameterization for the elastic EMFFs of 3+
and =7, the differential decay rates, obtained within the
previously described formalism, can be fitted to the event
distribution in the low m§+e, region to extract the shape
parameters of ¥+ and =~ hyperons, respectively. It
is instructive to investigate the sensitivity of the ete~
invariant-mass distribution to the hyperon charge radius.
We now calculate the m,+.- distribution in the range of
m?, _ <0.1GeV? with my5- > 2.8GeV for the decay
P(28) — Yt "ete™ (mz-z+ > 2.9GeV for the decay
P(25) — E-=tete) using a dipole EMFF as input.
Specifically, we utilize the simple dipole form for Gg in
conjunction with the Kelly description [43] for G ;.

In a full experimental analysis, both the type-X con-
tribution can be accounted for by a partial wave anal-
ysis similar to that performed in Ref. [32]. Here, to be
concrete, we construct the type-X amplitude to get the
signal amplitude of Eq. (3). Prior experimental studies
indicate that the type-X contribution in the suggested
kinematic region is saturated by four charmonia: 7.,
X0, Xe1 and Xe2 [44]. Transitions among the initial
1(2S5) and these X charmonia are consistently param-
eterized with two couplings: one for 7. and the other
for the three x.; states, which is facilitated by an ef-
fective Lagrangian grounded in heavy quark spin sym-
metry [45, 46]. Moreover, a phenomenological transition
form factor fy(¢®) = 1/(1 — ¢*/A%) with Ax = my,
is introduced, which has been widely used in analyz-
ing the J/v Dalitz decay [47-49]. Subsequent decays of
X — YY are described within the orbital-spin partial-
wave framework [33, 35|, similar to that of )(259) — YY
vertices. All the effective couplings are determined by
the relevant partial widths listed in the Review of Par-
ticle Physics (RPP) [20]. Technical details can be found
in the Supplemental Material [42].

First, we estimate the expected event yields for the
radii extractions of the X1 and Z~ from the ¢(25) data
sets at BESIIT and STCF by integrating the differential
decay rate given in Eq. (1) over the relevant kinematic
region of interest. It is found that there would be around
0(10?) events for both the ¥+ and =~ cases at BESIII,
and about 300 times more for both cases at STCF. To
better investigate the sensitivity to charge radii of XV
and =7, we generate synthetic data following the distri-
bution of the dipole form factor (for simplicity) for the
Y+ and =~ with 7"12; =r% = 0.80 fm using the von Neu-
mann rejection method. We generate two sets of samples
with 2 x 102 and 2 x 10* events, corresponding to sim-
ulations of the BESIII [50] and STCF [31] experiments.
Fitting to the synthetic data leads to 1.02(23) fm for 3+

and 1.13(23) fm for =~ in the context of the BESIII ex-
periment, see Fig. 4. Results for the STCF experiment
are presented in Fig. 5, yielding 0.78(4) fm for 1 and
0.80(3) fm for E~. Notice that the point-like ansatz for
¥ and Z7 is used as a reference in Fig. 4 and Fig. 5.
Consequently, effects from sources other than the elastic
EMFFs of hyperons get largely neutralized. The reduced
invariant mass distribution of ete™ exhibits a kink be-
havior at the right endpoints of the three x.; resonances
when projected onto the m,+.- axis, attributed to their
narrow widths.

We also test the robustness of the simulation results
by conservatively varying the involved parameter values,
which can be fixed in a real analysis of the experimen-
tal data. The gray bands in Fig. 4 and Fig. 5 count
the effects of amplitude parameters to the radii extrac-
tions, which are obtained by varying the S/D ratio of the
P(2S)YY vertex by 20% (the uncertainty as determined
in Ref. [34] is only 2%), varying the charmonium tran-
sition couplings by 15% and Ax in the transition form
factors fy(q?) by 0.2 GeV. That the gray bands are within
the 1o region of the optimal charge radii suggests that the
charge radius of ¥ or 2~ predominates over these am-
plitude parameters in dictating the eTe™ invariant-mass
distribution in the low m.+.- region, given the current
experimental precision. As event counts increase, a com-
bined fit incorporating all amplitude parameters and the
charge radius becomes essential for a precise radius ex-
traction using the proposed methodology.

This novel approach may also be checked by extract-
ing the proton charge radius from the analogous Dalitz
decay J/v — ppete™ at the BESIII and STCF experi-
ments; details of the applicability study can be found in
the Supplemental Material [42].

SUMMARY AND PROSPECT

In this Letter, we propose to measure the charge radii
of charge hyperons ¥ and Z~ from the time-like region
of the Dalitz decays 1(2S) — YYete™. The —Q? value
can reach ~ 4m? = 1.05 x 1075 GeV?, which is unprece-
dentedly low even for the proton charge radius measure-
ments, making use of the advantage that the electron and
positron with transverse momenta can be detected with
very efficiency.

The optimal kinematic region for extracting the elas-
tic EMFFs of X" and =~ is identified to be my+s- >
2.8GeV for the decay %(2S) — X*t%~efe” and
mz-z+ > 2.9GeV for the decay 1¥(29) — Z-=Fete,
where the involved photon-baryon coupling is dominated
by the elastic EMFFs of ¥ and Z~ and a clean back-
ground subtraction can in principle be performed. The
latter is achievable through measuring the decays into
neutral hyperons ¥(25) — X%%Te~ and ¢(29) —
20Z%+te~ and subtracting their event distributions from
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Figure 4. Fit to 200 synthetic Monte Carlo events using 0.8 fm
as the input radius value: ¥ (left) and = (right). The ex-
tracted radii from fitting to the two data sets are 1.02(23) fm
for ¥ and 1.13(23) fm for =7, respectively. Three vertical
dashed lines denote the right endpoints of the three x.; res-
onances (from left to right: xc2, xc1 and xco) projected onto
the m +.- axis. The gray bands show the effects of model
parameters to the radii extractions, as detailed in the text.
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Figure 5. Fit to 2 x 10* synthetic Monte Carlo events using
0.8 fm as the input radius value: S (left) and =~ (right).
The extracted radii from fitting to the two data sets are
0.78(4) fm for =% and 0.80(3) fm for =™, respectively. For
notations, refer to Fig. 4.

those of 1(25) — X T¥"ete™ and ¥(25) — E"EFete,
respectively.

From a Monte Carlo simulation, we find that already
with the BESIII data sample of 1(2S), the charge radii
of the ¥ and =~ can be extracted with an uncertainty
of 20% level. The precision can be significantly improved
with two orders of magnitude more events at STCF. First
measurements of the charge radii of X1 and ==, which
have not been achieved so far, are foreseen employing this
novel approach.
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Supplemental Material

A. Hadronic Operators

Here, we give some details on the hadronic operators in Fig. 1. The hadronic contributions in diagrams (c) and (d)
from the octet baryon poles are given by

HYY =0, (p3)Thyy (=) S5 (P = )T s (Po = 294, D0)€s ) (0) Vs, (P4),
Hjt = =, (p3)T% )y (203 — P0:D0)Es a5, (P0) S (po — P3)hyy (—@)vs, (pa)- (7)
For the contributions from the lowest excited decuplet resonances, the corresponding hadronic operators take the form
HE =, (p3)T 4 ey (=0, p0 = P1)S7 1 (Po = PATY o5 (PO = 2P4, P0) €y 05 (P0) Vs, (P1),
H =1is, (p3)T5 o5 (2P3 — Do, P0)€sy as) w (P0) Sy - (B0 — p3)T 24y (=0, Po — P3)vs, (pa). (8)

Here, s; denotes the polarization component of particle i, and Si/ ? and S’i/ 2 represent the Y/ Y and Y* / Y* propaga-
tors, respectively (+ and — are for the baryon and anti-baryon, respectively),

i(pimy)
S22y = Y
+ (p) p27 g/+l.€7
7’L-(p:|:my*) 1 1 2
S3/2 = l.l/iil,uj:i v — Pv — 5.2 FPplPv |- 9
v, (P) PR T imy T\ T3 e (el 10 S PP )

In addition, I'yyy and I'yy~y denote the electromagnetic vertices in the type-A and type-B diagrams in Fig. 1,
which can be parameterized in terms of three EMFFs, that is, the Dirac (F}) and Pauli (F3) form factors of the
octet hyperons and the magnetic dipole form factor (g}\/{) characterizing the strength of the magnetic dipole (M1)
Y* — Y~* transition [36], as

“"“’qum%) 7 (10)

I'yy (q) = ie ('YMFI(QQ) * oy

. 2 3(mY + my*) *
Iy (g.py-) = \f v (@) 7y 1o 11
Y v (¢ py~) =ie 3 2my ((my- + my )2 — qz)gM (q7)e Py=,pq (11)

Here, the Lorentz index « contracts with the vector-spinor of the Y* decuplet baryon while y contracts with the photon
polarization vector. The electric quadrupole and Coulomb quadrupole terms for Y* — Y~* have been neglected in
Eq. (11) as done for the amplitude A — N~* in Ref. [38] since they contribute only at the percent level [37].

The vertices I'y,5g)yy and I'yog)y-y are constructed in the Lorentz covariant orbital-spin scheme [33, 35| as

rH ) r
! 2s)yy (o) =gs (w Wy, +2my) 90 W = iy (12)

L tasyy-y (r:p0) = 759" + el yst, (13)

where 7 is the relative four-momentum between the baryon and anti-baryon of the ¥(25)YY vertex, and ¢t*¥ denotes
the D-wave tensor amplitude in the covariant orbital-spin scheme, given by

v v 72 v 7"2 v pO'T)Q 0w 2 v Po-T v v
t" (r,po) =rHr" — 39” + ngpo + ?EW g+ ngpo e (rtpl —r"pg) - (14)
$(2S5) $(2S5) $(2S5) % (2S5)

All the couplings gs, gp, fs and fp are real-valued with the relative phases between the S- and D-wave components
manifested by two phase factors d; and d2, respectively. Note that, however, gauge invariance is broken when one
combines the ¥(25)YY effective vertex of Eq. (12) with the 7YY amplitude in Eq. (10). A contact term for the



four-point 1/(259)yYY amplitude has to be introduced to restore the gauge invariance for the given process, see next
subsection for details.

As introduced in the main text, the type-X contribution to ¢/(25) — YYete™ within the targeted kinematic region
is dominated by four charmonia: 7., Xc0, Xc1 and X2, depicted solely by diagram (a) in Fig. 1. To parameterize
the amplitudes of these charmonium states, we utilize an effective Lagrangian that incorporates heavy quark spin
symmetry for ¥(25)yX vertices [45, 46]. This is combined with the description of the subsequent X — Y'Y decays
within the orbital-spin partial-wave framework. Then the type-X hadronic operators read

H a) wa(ﬂﬁc){ Z ﬂsp(PS)PX,-YY(PS —p4ypx)vsﬁ(P4)G0(PX)Fizgs)xw((b()ﬁsws),u(PO)
Xi=MNec,Xco

+ Usp (pS)FX WYY (p3 P4»PX)USI; (p4)G1,pa (pX)FZ?;S)XCIA/(qX)ESw(zs),ﬁ(po)
+ asp (pS)F; 2yy(p3 _p47pX)Us}; (p4)G2,paa5(pX)1—‘ ?25)X z,Y(qX)Esw(zs),u(pO)}a (15)

with px = p3s + p4, ¢x = po — px, and the ¥(25)yX vertices parameterized by two couplings gx and fx,

I‘”"

¥(2S) ncw(q) gx €l ax pvo,
D a8)ye0n (@) = 2V3fx (v7¢" — g"q - v),
L5 (@) = BV2[x (€9 qou,0” — 7P 0,q - ),
ngg)xrz'v(Q) 6fx (¢"v7(g"" —vPv") — q-v(g7"g"" — g7 v¥v")). (16)

Here, v = po/My(2s) denotes the heavy quark velocity. The X YY vertices are constructed within the orbital-spin
partial-wave framework as

FmYY(’", p) = 92,;’75,

Lrovy (1:0) = g3, Bu(r)ru g™ (p)

Yy (D) = 9y, € Ba(r)usdus (p)r”

ilcng}_’(r’p) gxrzBM( 73" (p)7p, (17)

where B, (r) = 7, — */(Mx + 2my) and g"(p) = g — p"p”/p?®, r is the relative four-momentum between the
baryon and anti-baryon of the XYY vertex, and v' = p,, /M, ,. Note that G denotes the propagators for these
intermediate X resonances, whose expressions are given by

i(—g" + php¥ /M%)
—MZ +iMxTx '

7
p2—M§(+iMxl—‘X7
)
p? — M% +iMxIx

Go(p) = G (p) =

G5 (p) =

(3070w + vV - Vv ). (18)

with V#(p) = —g" + ptp”/M%. Moreover, in the type-X hadronic operators given by Eq. (15), fy(¢?) = 1/(1 —
q?/A\%) is a phenomenological transition form factor that is widely used in analyzing the .J/1 Dalitz decay [47-49).
We take Ax = 0.78 + 0.20 GeV for the ¥(25) — X~* transitions motivated by the vector meson dominance model.

The real-valued parameters contained in these hadronic operators are the S-wave and D-wave couplings gs, gp
and their relative phase ¢; within I';(56)yy, and analogously, fs, fp and 02 in the vertex of I'j5gyy-y. For the
type-X contributions, we have two couplings gx and fx characterizing the radiative transitions between ¥ (25) and
X charmonia, and additionally 9 effective couplings g% contained in the XYY vertices. To determine both S-
wave and D-wave couplings solely from the partial decay widths of ¥(2S) — YY(Y*Y), prior knowledge on the
ratio Rp/s = gp/gs and the relative phase J; is necessary, which has been systematically studied in Ref. [34]. All
remaining coupling constants can be straightforward inferred from the corresponding decay widths. Moreover, the
elastic electromagnetic form factors of hyperons are normalized to their charge and magnetic moments given by
RPP [20]. The normalization of the transition form factor gx; is determined by the relevant radiative decay width
of Y* - Y + 7. The numerical values for the involved coupling constants are presented in Table I, Table II and
Table ITI.



Table I. Coupling constants fx, gx and g for the ¥(25)xcs7, ¥(2S)n.y and J/1n.y vertices, respectively. Note that the 15%
uncertainty of fx comes from the three different x.; values. And the same percentage uncertainty is also considered for gx
and ¢’ . All these coupling constant are dimensionless.

fx(Xco) Ix (xe1) Ix (Xe2) fx gx gx
0.26 0.28 0.34 0.30 £+ 0.04 0.045 0.65

Table II. Coupling constants g, (dimensionless), gy, (GeV™'), g¥  (GeV™') and gy, (GeV™!) for the XYY vertices. In
addition, g5, = 0.022 for the n.pp vertex.

9. Ireo Ixer Ixer
0.031 29x 1077 2.6 x 1072 52 x 1072
In. Ixeo Ixer Ixeo
0.023 35x10°° 3.9x 1072 1.3 x 1073

B. Gauge Invariance

The off-shell octet baryon momentum-dependent terms in the vertex I'y,4)yy break gauge invariance. In general,
one can restore gauge invariance straightforwardly by replacing the momentum derivative acting on the octet hyperon
field with the gauge-covariant derivative in the Lagrangian level, i.e., 9, — 0 —ieA,. Working at the amplitude level
in practice, it leads to the following substitutions,

K = Kl beA, KA kR — AR, (19)

with ky and ky the four-momentum of the hyperon and anti-hyperon in the vertex I'y54yyy, respectively. Adding
the generated four-point 1(25)Y Yy contact terms into the A and B-type hadronic operators of the octet hyperons,
one can get the gauge invariant elastic-pole contributions to the amplitude of 1/(25) — YYete™. The contact term
HYE  corresponding to the vertex Lyes)yy of Eq. (12) is given by

2e
3Mi(25’) (Mw(2S) + 2my)

Y, _
Hcor,ft. =Us, (pB)vSﬁ (P4) {
X (4Mi(25)g[) (p3 - p4) : €Sw(25) (pZ - pg) + 49D(p3 - p4> . €S¢(QS) (p?) - p4) . Popg

+ (49D ((p3 - po)* + (pa - po)?) + Mi(Qs)(QngD(SMw(QS) +2my) — 395)) €§w(25)> }

- degp
+ s, (P3)f, ) Vs QM)m ((Ps — pa) - poply + M a6 (P4 —pg))
_ —2egp
+ i, (1) (00) 377 (23 = p1) - ooy P + (05 = p2) -0l )
+ ﬂSp (pg)'y”vsp (p4) (26(p3 _p4) : 651/;(25)) . (20)
It should also be mentioned that the contact terms obtained by the substitution treatment can only restore the gauge
invariance exactly when the Dirac form factor of £1 equals 1, i.e., F1(¢?) =1 (F1(¢?) = —1 for £7). This does work

Table III. Coupling constants gs, gp, fs and fp for a given I's /I'sp value. Note that a 20% uncertainty in the ratio Rp/s
is considered to investigate the effects of model parameters on the radius extraction.

I's/T's+p(88.3 %) ot =" P

gs (dimensionless) 7.50 x 10~ * 8.54 x 10~ % 1.33x 1073
Rp,s (GeV™?) 0.097 0.117 0.127
cos &y 0.944 0.944 0.862

fs (dimensionless) 2.64 x 107* 1.70 x 10™* <3.64x 107"
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Figure 6. The left panel presents the differential cross section ratio R defined in Eq. (4) for the proton. The right panel shows
the fit to the synthetic data of 3 x 10® proton Monte Carlo events. The extracted proton charge radius from the data set fitting
is (0.71£0.09) fm. And the gray band shows the effects of model parameters to the radii extractions, as detailed in the text.

in the case where the photon is real. For the virtual photon involved processes, however, the off-shell effects of the
vertex Y2 TX~ have to be taken into account to preserve gauge invariance strictly [40, 41]. A phenomenological off-
shell vertex function proposed by Ref. [39] is used here for simplicity, since such off-shell contribution is not uniquely
defined. For X%, it reads

. 1— Fi(¢? eind
Ulgla) = e (14 Fila?) + -3 g+

QVFZ(q2)) ) (21)

2m2+

and similarly for =7. Combining the contact terms H, g)ﬁt and the off-shell vertex function I'yg, one can easily show
that the gauge invariance is preserved. Note that whether or not considering the vY'Y off-shell effects, the difference
is negligible in our numerical results. Thus, the off-shell contributions of the vY'Y vertex are dropped in the present

work.

C. Application to the proton

In this subsection, the radius extraction from the Dalitz decay of J/v — ppeTe™ for the proton is investigated.
Figure 6 presents the differential ratio R, as defined in Eq. (4) with the A(1232) as the pertinent decuplet state, and
the sensitivity of the e*e™ invariant-mass distribution to the proton charge radius r%, for the simulation of the BESIII
experiment. This result shows that for m,; 2 2.7GeV, the type-A and type-B decays can be accurately described
by the proton pole contribution to the J/¢ — ppyjigr process at the percent level, which is consistent with the fact
that there are no any visible m,,, or mp, bands in the Dalitz plot shown in Ref. [32]. The expected event yields for
the radius extraction of the proton from the J/v¢ data sets at BESIII and STCF are estimated to be approximately
3 x 103 and 1 x 109, respectively. Fitting the Monte Carlo generated data with 0.84 fm as the input value leads to
rf = 0.71(9) fm and 0.845(4) fmn for the simulations of the BESIII and STCF experiments, respectively. As shown
in the right panel, varying the amplitude parameters (such as the S/D ratio Rg,p of the J/¢pp vertex within the
range of the ratio for similar decays obtained in Ref. [34], gx and Ax) have a negligible effect on the accuracy of
radius extraction at the current BESIII experimental setup (the gray band completely lies within the 1o region of
the best solution). While for the STCF experiment, including the three amplitude parameters (Rs/p, gx and Ax)
as additional degrees of freedom, a combined fit reveals an additional 0.5% uncertainty arising from those model
parameters, leading to rf = 0.845(7) fm. The sensitivity analysis implies that a high precision can be achieved in
extracting the proton charge radius using the proposed novel approach. This method offers an independent cross-check
on the proton radius extracted from elastic ep scattering data or from spectrocopy of leptonic hydrogen.
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