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A R T I C L E I N F O A B S T R A C T

Editor: A. Schwenk We investigate the feasibility of measuring the proton charge radius through dimuon photoproduction off a 
proton target. Our findings indicate that the Bethe-Heitler mechanism, which dominates at small momentum 
transfers, allows for an extraction of the proton electromagnetic form factors in the extremely low 𝑄2 region 
below 10−3 GeV2 in the spacelike region, when the incident photon beam energy exceeds several hundred MeV. 
The optimal kinematical region and a sensitivity study of the proton charge radius from dimuon photoproduction 
are presented. Such a measurement is expected to provide an alternative to the elastic muon-proton scattering 
measurements such as MUSE at PSI and AMBER at CERN.
1. Introduction

The determination of the proton charge radius with high accuracy 
has promoted significant efforts from both the theoretical and experi-

mental communities since 2010, when the first muonic hydrogen spec-

troscopic measurement of the proton charge radius was reported [1]. 
Incorporating the updated reevaluation [2] revealed an unexpected 5.6𝜎

discrepancy, in that the radius from muonic hydrogen turned out to be 
significantly smaller than the radius given by the CODATA group av-

eraging over elastic electron-proton scattering and electronic hydrogen 
spectroscopic measurements [3,4]. To date, the smaller radius about 
0.84 fm from the muonic hydrogen spectroscopic measurement has been 
confirmed by several independent determinations: two electronic hy-

drogen spectroscopic results, one in 2017 [5] from a measurement of 
the 2S→4P transition combined with measurements of the 1S→2S tran-

sition [6,7] and the other in 2019 [8] from a direct measurement of 
the 2S→2P Lamb shift, an electron-proton scattering measurement in 
2019 [9], and from the theoretical side, a dispersion theoretical anal-

ysis of the full-range form factor data in 2022 [10], as well as precise 
lattice QCD calculations recently [11–13]. Given this progress, the latest 
recommended value of the proton charge radius by the CODATA group 
has been updated to 0.84075(64) fm [14], consistent with the muonic 
hydrogen spectroscopic value. For reviews on the progress in the deter-

mination of the proton charge radius, we refer to [15–18].
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From this, one might conclude that the proton radius “puzzle” has 
been solved, shifting the focus from a puzzle to precision [19]. How-

ever, some tension still exists, as one recent measurement in 2022 of the 
hydrogen 2S1∕2–8D5∕2 transition [20] combined with the 1S1∕2–2S1∕2
value measured in Ref. [6] led to a value of 0.8584(51) fm, showing a 
3.1𝜎 deviation from the above quoted CODATA value. Furthermore, it is 
crucial to address the missing piece in the determination of the proton 
charge radius through muon-proton scattering (such a determination 
will be called the muon-proton scattering value of the proton charge ra-

dius). This is also essential for testing the lepton flavor universality, a 
cornerstone of the Standard Model.

There are currently two projects proposed to implement elastic 
muon-proton scattering measurements of the proton charge radius, 
that is, MUSE at PSI aiming at accessing the 𝑄2 range from 0.002 to 
0.07 GeV2 [21] and AMBER at CERN [22] with 0.001 GeV2 < 𝑄2 <
0.02 GeV2. One of the challenges in the muon-proton scattering exper-

iment is to construct a clean muon beam, as the commonly used sec-

ondary muon beam is always contaminated by electrons and pions [23].

In this work, we perform a systematic feasibility study on extract-

ing the muon-proton scattering value of the proton charge radius in 
the dimuon photoproduction on a proton target. Both the Bethe-Heitler 
(BH) process (upper panel in Fig. 1) and the timelike Compton scattering 
(TCS) process (lower panel in Fig. 1) contribute to dimuon photoproduc-

tion1. Notice that the BH process has the same hadronic operator in its 
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1 All Feynman diagrams in this work were drawn using FeynGame-2.1 [24].
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Fig. 1. Diagrams for the 𝛾(𝑘)𝑝(𝑝) → 𝑝(𝑝′)𝜇+(𝑙+)𝜇−(𝑙−) process. The upper panel 
shows the Bethe-Heitler mechanism and the lower panel shows the Compton 
scattering mechanism.

amplitude as elastic muon-proton scattering, making it a viable alter-

native to access the muon-proton scattering value of the proton charge 
radius without the need for constructing a muon beam. Similar reactions 
were proposed to test the lepton universality when extracting the pro-

ton charge form factor [25], to measure the deuteron charge radius [26], 
and to study the parton structure of the proton [27,28].

2. Formalism for dimuon photoproduction on a proton

To access the proton charge radius, i.e., to extract the low-𝑄2 pro-

ton electromagnetic form factors (EMFFs) through the BH process, it 
is essential to identify the optimal kinematic region where the back-

ground TCS process is significantly suppressed. To this end, we present 
some necessary formulas for calculating the contributions of the BH and 
TCS processes to the dimuon photoproduction off a proton 𝛾(𝑘) +𝑝(𝑝) →
𝑝(𝑝′) +𝜇+(𝑙+) +𝜇−(𝑙−), see also Refs. [25,27–31]. The general expression 
for the differential cross section of a 2 → 3 reaction with one massless 
particle in the initial state is given by

𝑑𝜎
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where 𝜆(𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑦2 + 𝑧2 −2(𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥) is Källén’s triangle func-

tion, 𝑠 = (𝑝 +𝑘)2 =𝑚2
𝑝 +2𝑚𝑝𝐸𝛾 , and 𝑚2

𝑙𝑙
= (𝑙+ + 𝑙−)2, with 𝑚𝑝 the proton 

mass, 𝑚𝜇 the lepton mass and 𝐸𝛾 the photon energy in the lab frame 
where the target proton is at rest. The polar and azimuthal angles (𝜃∗, 
𝜙∗) describe the direction of the muon momentum 𝑙− in the 𝑙𝑙 c.m.

frame, while the angles (𝜃′ , 𝜙′) represent the direction of the scattered 
proton momentum 𝑝′ in the 𝛾𝑝 c.m. frame.

The amplitude for the diagrams in Fig. 1 can be written as
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−𝑖𝑔𝜇𝜈
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where 𝑡 = (𝑝′ − 𝑝)2 is the transfer momentum squared of the exchanged 
photon for the BH mechanism, 𝐿TCS∕BH denotes the leptonic operator 
consisting of the fundamental quantum electrodynamics (QED) vertices 
of the lepton, while 𝐻TCS∕BH represents the hadronic operator, incor-

porating the non-pointlike structure of the proton as seen by the photon 
probe that is described conventionally by two independent form factors, 
𝐹1 and 𝐹2, known as the Dirac and Pauli form factors, respectively. The 
leptonic and hadronic tensors are:

𝐿
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for the BH process, and
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for the TCS process, with ΓBH, ΓTCS,𝑖∕𝑓 the 𝛾𝑝𝑝 vertices. Employing the 
on-shell assumption for ΓTCS,𝑖∕𝑓 , we have

Γ𝜇BH = 𝛾𝜇𝐹1(𝑡) +
𝑖𝜎𝜇𝜈(𝑝′ − 𝑝)𝜈

2𝑚𝑝

𝐹2(𝑡), (5)
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𝑖𝜎𝜇𝜈𝑘𝜈

2𝑚𝑝

𝜅𝑝, (6)

Γ𝜇TCS,𝑓 = 𝛾𝜇𝐹1(𝑚2
𝑙𝑙
) −

𝑖𝜎𝜇𝜈(𝑙+ + 𝑙−)𝜈
2𝑚𝑝

𝐹2(𝑚2
𝑙𝑙
). (7)

Here, 𝜅𝑝 = 1.793 is the anomalous magnetic moment of the proton [32], 
which provides the normalization for the Pauli form factor 𝐹2 . The un-

certainty associated with the on-shell approximation for the TCS process 
is completely negligible for our purpose as discussed in detail in Ap-

pendix B. Further, the so-called Sachs form factors are

𝐺𝐸 = 𝐹1 − 𝜏𝐹2, 𝐺𝑀 = 𝐹1 + 𝐹2, (8)

where 𝜏 = −𝑡∕(4𝑚2
𝑝) for the BH process and 𝜏 = −𝑚2

𝑙𝑙
∕(4𝑚2

𝑝) for the TCS 
process.

Note that the EMFFs of the proton in the spacelike region, at the pho-

ton point, and in the timelike region are accessed by the ΓBH, ΓTCS,𝑖 and 
ΓTCS,𝑓 , respectively, corresponding to the momentum transfer squared 
𝑡 < 0, 𝑘2 = 0, and 𝑚2

𝑙𝑙
> 0. Our focus is on the experimental strategy for 

extracting ΓBH. The same conventions as in Refs. [25,26] are used for 
choosing the two kinematic variables (𝑡 and 𝑚2

𝑙𝑙
) to investigate the differ-

ential cross section. To be concrete, we investigate the differential cross 
section of 𝛾𝑝 → 𝑝𝜇+𝜇− as a function of the momentum transfer squared 
𝑡 and the invariant mass squared of the lepton pair 𝑚2

𝑙𝑙
, with the lepton 

angles 𝜃∗ and 𝜙∗ integrated out. This implies that we only need to detect 
the momentum and angle of the recoiling proton (cf. Eq. (1)), and fur-

thermore, its scattering angle can also be fixed, as we shall show. This 
impressive feature of fixing the scattering angle in detection makes the 
dimuon photoproduction on a proton significantly more advantageous 
than the elastic muon-proton scattering for experimental design and im-

plementation, despite the suppression with 𝛼 in the cross section. The 
following kinematic relations are useful:

|𝑝 ′|lab = 2𝑚𝑝

√
𝜏(1 + 𝜏), (9)
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, (11)

with 𝜏 = −𝑡∕(4𝑚2
𝑝), where |𝑝 ′|lab and 𝜃lab

𝑝′
are the magnitude and angle 

of the momentum of the recoiling proton in the lab frame, respectively.

In Fig. 2, we plot the allowed range of the momentum transfer 
squared 𝑡 depending on the incoming photon lab energy 𝐸𝛾 . We find 
that when the photon lab energy exceeds 0.8 GeV, the minimal value 
of the momentum transfer squared 𝑄2 = −𝑡 can reach 10−3 GeV2, the 
lowest value accessible by AMBER. Then we focus on exploring the com-

petition between the TCS and BH processes for photon lab energy above 
0.8 GeV.

Fig. 3 shows the contour plot of the ratio of differential cross sections 

from the TCS and BH processes, 𝑑𝜎TCS∕𝑑𝜎BH, in the (−𝑡, 𝑚2

𝑙𝑙
) plane for 
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Fig. 2. The kinematically allowed 𝑡 range for various incident photon lab ener-

gies.

Fig. 3. Counter plot of the ratio of differential cross sections from the TCS and 
BH processes, 𝑑𝜎TCS∕𝑑𝜎BH , at the photon lab energy 𝐸𝛾 = 1.2 GeV. The dashed 
lines show the value of cos𝜃lab

𝑝′
.

an incident photon lab energy of 1.2 GeV. The magenta area, which 
occupies a large fraction of the small-𝑄2 and low-𝑚2

𝑙𝑙
region, indicates 

where 𝑑𝜎TCS∕𝑑𝜎BH < 0.001. It makes measuring the proton charge ra-

dius from the reaction 𝛾𝑝 → 𝑝𝜇+𝜇− through the BH process in this 
kinematic region feasible.

Notice that Eq. (9) establishes a one-to-one correspondence between 
the lab momentum of the proton and the spacelike momentum transfer 
squared 𝑡. Furthermore, for a given value of 𝑡, the invariant mass squared 
of the lepton pair 𝑚2

𝑙𝑙
can be obtained from the angle of the recoiling 

proton in the lab frame, 𝜃lab
𝑝′

, via the kinematic relation of Eq. (10). This 
allows for the extraction of the proton electromagnetic form factors from 
experimental cross sections at various |𝑝 ′|lab points with fixed lab angle 
𝜃lab
𝑝′

.

The dashed curves shown in Fig. 3 represent various contours for 
different fixed values of the lab angle 𝜃lab

𝑝′
of the recoiling proton within 

the specified kinematic region. For cos 𝜃lab
𝑝′

> 0.62, the lowest value of 
10−3 GeV2 for −𝑡 accessible by AMBER can be reached. In the remaining 
analysis, we restrict ourselves to the proposed optimal kinematic setup, 
3

i.e., 0.001 GeV2 < −𝑡 < 0.02 GeV2 with 𝐸𝛾 = 1.2 GeV and cos𝜃lab
𝑝′

= 0.7.
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Fig. 4. Fits to 5 × 106 synthetic Monte Carlo events that adhere to the sample 
distribution of the BH differential cross sections, see the descriptions in the text. 
The green line and band show the best fit with the dispersion-theoretical param-

eterization for the proton EMFFs and the corresponding uncertainty, estimated 
using a Bayesian technique.

3. Sensitivity to the proton charge radius

It is instructive to study the sensitivity of the cross section of the 
proposed reaction to the proton charge radius, which is necessary for 
future experimental investigations. We employ the same strategy as in 
our previous work [33], that is, fitting the proton EMFFs to the Monte 
Carlo pseudodata of the 𝛾𝑝 → 𝑝𝜇+𝜇− cross sections generated using the 
von Neumann rejection method, adhering to a specified distribution. As 
depicted in Fig. 3, within the proposed optimal kinematic region, the 
differential cross section of dimuon photoproduction on the proton can 
be accurately described by the BH process, with an uncertainty smaller 
than 0.1%. A very compact expression for the BH differential cross sec-

tion can be found in Refs. [25,30]. We present the expression in our 
notation in Appendix A.

To proceed, we use as input the dipole electric form factor with 
𝑟
𝑝

𝐸
= 0.840 fm and Kelly’s magnetic form factor [34] to produce a sam-

ple distribution of the BH differential cross section. The cross section, 
after integrating −𝑡 over the range from 0.001 GeV2 to 0.02 GeV2, is 
estimated to be 124 nb (∼(100) nb) using this prescription for the pro-

ton EMFFs. Considering the experimental setup where a photon beam 
from gamma-ray sources with a flux of 107 photons/s (e.g., ELSA at 
Bonn [35], MAMI at Mainz [36], GRAAL at the European Synchrotron 
Radiation Facility [37] and LEPS at SPring-8 [38] have gamma beams 
above 1 GeV with 106-107 photon flux available; see also Ref. [39] for a 
proposal of generating high brilliance 𝛾 rays up to 1 GeV using a 10-PW 
laser) impinges on a 1 m long Time-Projection Chamber (TPC) target2

filled with pressurized hydrogen gas up to 20 bar, approximately 5 ×106
events of the desired BH signal would be available after several months 
of data collection.

In Fig. 4 we display the fit results using the dispersion relation pa-

rameterization of the proton EMFFs (for details, we refer to the recent 
review [41]) to 5 ×106 Monte Carlo events divided into 20 bins. The plot 
shows the cross section normalized to results from the standard dipole 
form factors for the proton, 𝜎dip, that is, 𝐺𝐸 = 𝐺𝑀∕(1 + 𝜅𝑝) = 𝐺𝐷 =
(1 − 𝑡∕(0.71 GeV2))−2. The extracted proton charge radius is 0.848(8) fm 
with the uncertainty, which is propagated from the pseudodata, esti-

mated using a Bayesian technique as detailed in Refs. [41–43]. In this 
study, we implement the delayed rejection adaptive metropolis algo-

rithm (DRAM) [44] to do the Bayesian simulation. We find that a cross 
section measurement with a 0.5% uncertainty will allow for an extrac-

tion of the muon-proton scattering value of the proton charge radius at 
the 1% level.

2 For the measurement of low-energic recoil protons, a TPC-type active target 

is necessary [22,40].
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Additionally, the full leading order QED radiative corrections to both 
the TCS and BH processes in the 𝛾𝑝 → 𝑝𝜇+𝜇− reaction have been inves-

tigated recently by Refs. [29–31]. When real data become available, 
such radiative corrections can also be included in the analysis to ex-

tract the proton charge radius. The radius obtained in this way can be 
directly compared with the upcoming measurements from the elastic 
muon-proton scattering experiments.

4. Summary and prospect

In this work, we present a systematic study of the dimuon photopro-

duction off a proton with the aim of extracting the muon-proton scatter-

ing value of the proton charge radius, which has not been measured yet. 
We have shown that the Bethe-Heitler process dominates in the small 
momentum transfer region. The optimal kinematical setup to extract the 
proton charge radius is proposed to be 0.001 GeV2 < −𝑡 < 0.02 GeV2

with 𝐸𝛾 = 1.2 GeV and cos𝜃lab
𝑝′

= 0.7, where the background contribu-

tion from the timelike Compton scattering process is smaller than 0.1%. 
Moreover, with a Monte Carlo simulation, we demonstrate that the pro-

ton charge radius can be measured at the 1% level with several months 
of data collection using an experimental setup where a photon beam 
from gamma-ray sources with a flux of 107 photons/s impinges on a 
TPC active target with a length of 1 meter. Such a measurement will 
shed light on the proton charge radius problem and on the lepton uni-

versality of the Standard Model.

Declaration of competing interest

The authors declare that they have no known competing financial 
interests or personal relationships that could have appeared to influence 
the work reported in this paper.

Data availability

Data will be made available on request.

Acknowledgements

We are grateful to Wei-Zhi Xiong and Hai-Qing Zhou for useful dis-

cussions and Wei-Zhi Xiong for a careful reading of this manuscript. 
YHL and UGM are grateful to the hospitality of the Institute of Theo-

retical Physics, Chinese Academy of Sciences (CAS), where part of the 
work was done. This work is supported in part by the CAS under Grants 
No. YSBR-101 and No. XDB34030000; by the NSFC under Grants No. 
12125507 and No. 12047503; and by CAS through the President’s In-

ternational Fellowship Initiative (PIFI) under Grant No. 2025PD0022.

Appendix A. Differential cross section of the Bethe-Heitler process

Here, we provide the explicit expression for the differential cross 
section of the BH process used in the sensitivity study. After converting 
the variables from 𝑚𝑙𝑙 and cos𝜃′ to 𝑚2

𝑙𝑙
and 𝑡, and integrating out cos𝜃∗

and 𝜙∗ in the differential cross section given in Eq. (1), we obtain

𝑑𝜎BH

𝑑𝑡𝑑𝑚2
𝑙𝑙

= 𝛼3

(𝑠−𝑚2
𝑝)2

4𝛽
𝑡2(𝑚2

𝑙𝑙
− 𝑡2)4

1
1 + 𝜏

× (𝐶𝐸𝐺
2
𝐸
+𝐶𝑀𝜏𝐺2

𝑀
) , (A.1)

with 𝛼 = 𝑒2∕(4𝜋) the fine-structure constant, 𝛽 =
√

1 − 4𝑚2
𝜇∕𝑚

2
𝑙𝑙

the lep-

ton velocity in the 𝑙𝑙 c.m. frame, where the weighting coefficients 𝐶𝐸,𝑀

multiplying the EMFFs of the proton have the following general struc-

ture:

(1) (2) 1
(
1 + 𝛽

)

4

𝐶𝐸∕𝑀 = 𝐶
𝐸∕𝑀 +𝐶

𝐸∕𝑀 𝛽
ln

1 − 𝛽
. (A.2)
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The coefficients 𝐶 (1)
𝐸∕𝑀 and 𝐶 (2)

𝐸∕𝑀 are expressed through Lorentz invari-

ants as

𝐶
(1)
𝐸

= 𝑡(𝑠−𝑚2
𝑝)(𝑠−𝑚2

𝑝 −𝑚2
𝑙𝑙
+ 𝑡)(𝑚4

𝑙𝑙
+ 6𝑚2

𝑙𝑙
𝑡+ 𝑡2 + 4𝑚2

𝜇𝑚
2
𝑙𝑙
)

+ (𝑚2
𝑙𝑙
− 𝑡)2[𝑡2𝑚2

𝑙𝑙
+𝑚2

𝑝(𝑚
2
𝑙𝑙
+ 𝑡)2 + 4𝑚2

𝜇𝑚
2
𝑝𝑚

2
𝑙𝑙
],

𝐶
(2)
𝐸

= −𝑡(𝑠−𝑚2
𝑝)(𝑠−𝑚2

𝑝 −𝑚2
𝑙𝑙
+ 𝑡)[𝑚4

𝑙𝑙
+ 𝑡2 + 4𝑚2

𝜇

× (𝑚2
𝑙𝑙
+ 2𝑡− 2𝑚2

𝜇)] + (𝑚2
𝑙𝑙
− 𝑡)2[−𝑚2

𝑝(𝑚
4
𝑙𝑙
+ 𝑡2)

+ 2𝑚2
𝜇(−𝑡

2 − 2𝑚2
𝑝𝑚

2
𝑙𝑙
+ 4𝑚2

𝜇𝑚
2
𝑝)],

𝐶
(1)
𝑀

= 𝐶1
𝐸
− 2𝑚2

𝑝(1 + 𝜏)(𝑚2
𝑙𝑙
− 𝑡)2(𝑚4

𝑙𝑙
+ 𝑡2 + 4𝑚2

𝜇𝑚
2
𝑙𝑙
),

𝐶
(2)
𝑀

= 𝐶2
𝐸
+ 2𝑚2

𝑝(1 + 𝜏)(𝑚2
𝑙𝑙
− 𝑡)2

× [𝑚4
𝑙𝑙
+ 𝑡2 + 4𝑚2

𝜇(𝑚
2
𝑙𝑙
− 𝑡− 2𝑚2

𝜇)]. (A.3)

Appendix B. Uncertainty of the on-shell approximation to the TCS 
process

The TCS process discussed above involves an intermediate proton 
that has the four momentum with 𝑝2 ≠ 𝑚2

𝑝. The half-on-shell 𝛾∗𝑁∗𝑁
vertex contains more degrees of freedom than the free nucleon elec-

tromagnetic vertex (that is, Eq. (7)), and introduces additional off-shell 
contributions to the TCS process. The off-shell electromagnetic inter-

action of the nucleon has been intensively investigated in the litera-

ture [45–50]. We use an extension of the minimal-substitution prescrip-

tion for coupling the electromagnetic field to hadronic systems proposed 
in Ref. [50] to estimate the off-shell contributions to the TCS process.

The half-on-shell electromagnetic current operator of the nucleon 
reads [50]

Γoff (𝑝′, 𝑝) = 𝛾𝜇𝐹1(𝑞2) +
𝑖𝜎𝜇𝜈𝑞𝜈

2𝑚𝑝

𝐹2(𝑞2)

+ 𝑞2

𝑚3
𝑝

𝑝′2 −𝑚2
𝑝

2𝑚𝑝

[
𝛾𝜇𝐷1(𝑝′2, 𝑞2) +

𝑖𝜎𝜇𝜈𝑞𝜈

2𝑚𝑝

𝐷2(𝑝′2, 𝑞2)
]
, (B.1)

where 𝑝(𝑝′) is the on(off)-shell momentum of the proton, and 𝑞 = 𝑝 −
𝑝′ denotes the photon transfer momentum. The first line is exactly the 
free 𝛾𝑁𝑁 operator, while the second line presents the off-shell effects 
in terms of two finite-difference derivative functions 𝐷1 and 𝐷2. Their 
definitions are given by

𝐷𝑖(𝑝′2, 𝑞2) = 2𝑚2
𝑝

𝐻𝑖(𝑝′2, 𝑞2) −𝐻𝑖(𝑚2
𝑝, 𝑞

2)

𝑝′2 −𝑚2
𝑝

, (B.2)

with 𝐻𝑖 (𝑖 = 1, 2) the off-shell electromagnetic form factors of the pro-

ton, which are scalar functions of 𝑝′2 and 𝑞2. Note that the off-shell terms 
in Eq. (B.1) contribute only when 𝑞2 ≠ 0 by construction.

Due to the absence of any experimental input for these off-shell form 
factors, we rely on model calculations to estimate the off-shell contribu-

tions to the TCS process. Following Ref. [51], we employ

𝐻1(𝑝′, 𝑞2) =
Λ4

Λ4 + (𝑝′2 −𝑚2
𝑝)2

1
[1 − 𝑞2∕(0.71 GeV2)]2

, (B.3)

and 𝐻2 = 𝜅𝑝𝐻1 for simplicity. Moreover, the phenomenological param-

eter Λ is varied from 0.8 GeV to 1.2 GeV to examine the model depen-

dence. We present the numerical results in Fig. 5, where the off-shell 
contribution to the TCS process, normalized by the on-shell approxima-

tion, is shown. It turns out that the off-shell contribution is positively 
proportional to the photon momentum transfer squared within the kine-

matic region considered in this work and is at most around 4% of the 
on-shell TCS contribution, i.e., four to five orders of magnitude smaller 
than the BH contribution. Therefore, one can safely drop the off-shell 

correction to the TCS process.
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Fig. 5. The off-shell contribution to the TCS process that is normalized to the 
on-shell approximation within the interested kinematic region.
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