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A study of the fine-structure constant dependence of radiative capture in Halo-EFT
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We study the fine-structure constant dependence of the rates of some selected radiative capture
reactions within the framework of so-called Halo Effective Field Theory in order to assess the
adequacy of some assumptions made on the Coulomb penetrability. We find that this dependence
deviates from that implied by a parameterization of the cross sections of this effect via a simple
penetration factor. Some features of this fine-structure dependence are discussed, in particular its
potential impact on the abundances of the light elements in primordial nucleosynthesis.

I. INTRODUCTION

In Ref. [I] we made a re-assessment of the electromag-
netic fine-structure constant dependence of the light el-
ement abundances in primordial nucleosynthesis or Big
Bang nucleosynthesis (BBN). This required a description
of the fine-structure constant dependence of the perti-
nent cross sections of the leading reactions in the BBN
network. Only for the leading nuclear reaction, i.e. the
radiative capture reaction p +n — d + v a detailed
and sufficiently accurate theoretical description within
the framework of pionless Effective Field Theory (EFT)
is available, see [3]. For the other reactions we relied
on a parameterization of the fine-structure constant de-
pendence that accounted for the dependence of @Q-values
of the nuclear reactions through changes in the nuclear
binding energies due to the Coulomb interaction of the
protons as well as a modeling of the Coulomb penetration
factors in the form
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in terms of the so-called Gamow energy for a two-particle
reaction channel ¢j

Eg(a) =272 7?7 ZJ2 uijcz o? (3)

and the center-of-mass (CMS) energy F or E + @ for
the entrance and the exit channel, respectively. Here, p
is the corresponding CMS momentum, Z; the charge (in
units of the elementary charge e) of nuclide 4, p;; the
reduced mass, c is the speed of light and o denotes the
fine-structure constant. In addition we accounted for a
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simple linear dependence on « in case of radiative cap-
ture reactions as well as a trivial a dependence reflecting
the final momentum dependence if assuming dominance
of dipole radiation, see [I]. We also noted in [I] that for
some other radiative capture reactions an effective field
theory description, viz. “Halo-EFT”, is available that po-
tentially offers the possibility to study the o dependence
of the cross sections analytically and thus assess the valid-
ity of the assumptions made in [I]. For a comprehensive
overview on applications of Halo-EFT to nuclear struc-
ture and reactions we refer to the review [2]. The purpose
of the present paper is to study the o dependence of the
cross sections and the corresponding rates for the fol-
lowing radiative capture reactions: The neutron induced
reaction

n+ "Li— 8Li+ 1y, (4)
as treated in Refs. [4} 5], the proton induced reaction
p+Be—° B+, (5)

as treated in Ref. [6] and the two reactions that are most
relevant to BBN:

SH+ *He — "Li+ v, (6)
and
3He + *He — "Be + v, (7)

as treated in Refs. [7, [8]. Although in the present contri-
bution we shall rely on the inplementation as elaborated
in Refs. [4]-[8] we like to mention that the n + "Li —
8Li + ~ reaction was also treated within the Halo-EFT
framework in Ref. [9]. Furthermore, earlier Halo-EFT
work on the p + "Be — 8B + v reaction can be found in
Refs. [10,[I1]. For a discussion on the *He+*He — "Be+~y
reaction, we refer to [12].

The paper is organized as follows: In Sect. [[I] we re-
capitulate the formulas for the radiative capture cross
section in Halo-EFT. We then compare the results for
the nominal « value with experimental data in Sect. [[TI}
The results on the « dependence of the cross sections
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or astrophysical S-factors and the corresponding rates
are discussed in Sect. [[V] The impact on the changes of
the light element abundances with a variation of the fine-
structure constant is presented in Sect. m We summarize
our findings in Sect. [VI] Some technicalities not given in
Refs. [6]-[8] are relegated to the Appendices.

II. BASIC FORMALISM

In Halo-EFT the nuclear system is assumed to consist
of a “core”-system with mass m. , charge number Z, and
spin s. and a “valence”-system with mass m, , charge
number Z, and spin s,. Furthermore, M = m. + m,
and p = m.m, /M denote the total mass and the reduced
mass of the system, respectively. With L; denoting the
orbital angular momentum of the relative motion in the
initial state the total spin and angular momentum in the
initial state is given by 5’; = 5.+ S, and j; = S’; + I_:i,
respectively. Within the effective range expansion the
initial state interaction is then specified by the parame-
ters ag,, r¢;, and s¢,, (¢(; = %1 L; ;) which for L; = 0 cor-
respond to the s-wave scattering length, effective range
and the first shape parameter, respectively.

The final state in the radiative capture reaction has
mass My, charge number Z, excitation energy F, and
total nuclear spin Jy. In terms of partial waves SiL f,

the final state is written as

E an,Lf

J
{[scxsv]sf fo] f>
Sf,Lf

= > ac &) 8)
¢

|My, By Jy) =

with Sy the total spin of the di-nuclear-cluster and Ly
the relative orbital angular momentum quantum num-
ber. The coefficients as, 1, are the amplitudes for the
decomposition of the final state in terms of di-nuclear
states. Then

B¢ =M — (Mj + ES)

is called the separation energy with respect to the clusters
LG,U?? and “677 and

V¢ = V2 M B¢
the binding momentum of this state. We define
kC = Zc Zv a (9)

as the inverse Bohr radius of a di-nuclear system in the
case of charged particles.

A. Electric dipole radiative capture

The formulas in this section are adopted from Ref. [§].
Assuming that the radiative capture proceeds through

an electric dipole transition and that only a single state
contributes, the cross section is given by the expression

1 1
© 16w M2 (25, + 1)(2s, + 1)

2K o)
x> lac] - ’MEl . (10)
¢

0E1(p)

where p is the magnitude of the relative momentum in the
CMS with E = p?/(2u) the non-relativistic expression for
the energy of the relative motion and
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the non-relativistic approximation to the momentum of
the photon in the final state.
The dimensionless amplitude squared reads
2
(vac — Zcmv)
B¢

<[P +2 1Y) - (12)
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Here, we defined 775; = kc /v and pS; = pf/'yg with p% =

he/ rf the effective momentum and rf the effective range
in the channel . The normalisation is given by

N(n,p)
2
T o dAnh(n) 22 (2 — () (13)
where
h() = () + —— — log(n) (14)

2n

and ¥(n) = I(n)/T(n) is the digamma function. The
normalisation is thus completely determined by the bind-
ing energy of the di-nuclear cluster (via ) and the effec-
tive momentum (via p) in the final state. In case of a
neutral cluster ko = 0 and thus n = k¢/y = 0. Then

21y

N, p)],_g = ——2L_
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(15)

With 1, = kc/p the capture from the initial s-wave is
given by the amplitude

AP _ | 27 B(p) + pdo(p) + p? K L)
Co(np) ’ (?) u? [Co(np)]2 p (cotan (6g) — 1) ’

(16)
where L%l) is the low-energy constant of the the two-body
current contact term and
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is the s-wave contribution without initial state strong
interactions in terms of Coulomb functions F, and Whit-
taker functions W, ,,, which are the solutions to the pure
Coulomb problem. In the case where k¢ = 0 (i.e. if a
neutral particle is involved) this reduces to

2 p?

3p2+927
The s-wave contribution from strong initial-state inter-
actions is given by

B(p)+pdolp) _ 1 i—+r’ C(p)
u2p 31wz P p2

X(p)l, o =1 (18)
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Here, the function C(p) is given by a double integral,

treated in App. [A] and the finite contribution AB(p) is
evaluated as follows: The integrand

K .
B(k,ny;p) = —al“@ +n) T +ikn ) W_, s (26p)
1 . .
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where kK =1n,/n, =v/p, in
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Er) (K, 143 p) (21)

is quadratically divergent for p — 0. Noting that the
integrand depends on « via 7, = k¢/v and k¢ « a, the
integrand can be regularized by subtracting the terms
from zero and single photon contributions, i.e. the terms
of O(a) and O(al). Then, with

9B(a) _  0B(k,14;p)
o =1, ,
Oa Oy
the finite contributimﬂ is given by

Ag(p) :/Oodﬂ [B(F»»m;p)

nep 0
~B(k,0:.p) — (9,B) (5,0 ) -1, | (22)

which can be integrated numericallyﬂ For neutral parti-

L As pointed out in Ref. [§] the divergent pieces of B cancel the
divergent pieces in Jp, this was accounted for in arriving at
Eq. .

2 The partial derivative involved might be difficult to find analyti-
cally. Although in principle not particularly stable, one could use
numerical approximations to the (partial) derivative of a function
B(k,ny; p) , such as (with B; = B(k, j h; p)):

8(By1 —B-1) = (By2 — B_2))

(anw8(57n77p)|,77:0 = 12h
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for some small finite h .

cles, i.e. ko = 0, one obtains

1 i-+x3 i

B(p) + 1 Jo(p) _ b _ 1
koo ST 1HK2 271

u2p (23)

Finally, the contribution from the initial d-wave states
to the capture process is given by the amplitude

2 o0
Y(p) = g“r(2+77v)/ dp W_, 3 (2kp)
0
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which for ko = 0 reduces to
2 p2
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B. Magnetic dipole radiative capture

In case of single nucleon radiative capture there are
additional relevant contributions from magnetic dipole
transitions to the final states.

1. Neutron induced magnetic dipole contribution

In case of the n+"Li — 8Li++~ reaction we recapitulate
the formulas from Ref. [5]. Earlier work on this reaction,
including the M1-contribution, can be found in Ref. [4].

The cross section for the M1 contribution to the ra-
diative capture in the "Li+n — 8Li+~ reaction through
the 3™ resonance according to Ref. [4] is given by

omi(p) = 7535 |V Z ‘ -
(p) 14 3 m2 D
2 2
2 2 3_1 3
X - 3 ‘372%K(2)+5(2)
_a(3)+%r(3)p2_1p i +p
273—ip3 2
27 P M (€] 2
‘3 N +5 ,(26)

with m,, the proton mass. The asymptotic normalization
of the final 8Li-states (¢ = 2% for the ground state or ¢ =
1T for the first excited state) with binding momentum
7 is given by

2
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the gyro-magnetic factors in the °P; — 3P, and the
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in terms of the gyro-magnetic ratios g. and g, describ-
ing the magnetic moments of the core and the valence
system, respectively, and ,B(i) ¢ = 1,2 are constants re-
flecting the two-body current terms. Finally, a (3) and 1"53)
are the scattering volume and the effective momentum in

the °P3 scattering channel.

2. Proton induced magnetic dipole contribution

This section summarizes the results quoted in Ref. [6]
for the M1 contribution in the reaction

"Be +p — 8B(2+) +7,

through the 17 resonance. Considered is only the ®P; —
5P, transition assuming that the 11 resonance is domi-
nantly a proton p1 coupled to the 7Be(%7) ground state
with the amplitude

(28)

The cross section for a magnetic dipole radiative reac-
tion through the 17 resonance is then given by [6]

Ll (B o
owmi(p) = 167 M2 6; B ‘MMI : (29)
The squared matrix element reads
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with /i = geje and gy = gy Jo the (spin) magnetic mo-
ments of the constituents ¢,v of the di-nuclear system

and
. Z. Zy\ =
B = pmy ( + ) L
mC

39+ go +4pumy (

m2

b T )

the magnetic moment due to the current associated with
the relative orbital motion. [

Furthermore
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where we defined p = pr,n, =
K1y = kc/p. The integrand

ko/v.k = v/p,mp =
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in
D(kc;p,v):uzp/ dpD(k,ny; p) (34)
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is again divergent for p — 0. By subtracting the zero and
single photon contributions one then defines the finite
term

o0

AD(kc;p,y) = u2p/ dp[D(mnv;p)
0
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The evaluation of the second term D’(n,, k) on the r.h.s.
of Eq. is given in App.

The initial-state interaction in the °P; channel is given
by the amplitude

2my
7 Aip) = ——
o
9(C 2 Li209
—— L L0
T p 2
TP, T2 =25 (1 + 1) H(np)

where a("P1) is the scattering volume and rCP) the ef-
fective momentum to reproduce the 11 resonance with
position Er = p%/(2u) = 0.630(3) MeV and width
I'r = 0.0357(6) MeV. The normalization of the final
state is determined by

2w
Pyt 2772,(77—% = 1) (ny) +4ny h(ny)

(37)

with Py = 7’551)2)/7 .

3 Note that the current due to the velocity of fragment 7 is given by
the operator (Z; e)/(m;) p; . Accordingly the associated orbital
magnetic moment, expressed in units of ux = (ehc)/(2mpc?),

reads p; = Z; (mp/m;) pin L; with L; the angular momentum of
fragment 4.



III. CROSS SECTIONS, ASTROPHYSICAL
S-FACTORS AND REACTION RATES.

The cross sections o or the corresponding astrophysical
S-factors given as

S(E) = Eg(E)eVEc/E (38)

with F¢g the Gamow energy in the entrance channel, were
calculated according to the formulas given in the previous
section, Sect. [l The nuclear structure parameters are
given in Tab. [ while the reaction parameters for the
nucleon induced reactions are given in Tab.[[T|and for the
radiative capture to “Li and “Be are given in Tab.

TABLE I. Nuclear structure data: Nuclear mass in MeV,
spin/parity J", excitation energy E, in MeV, binding mo-
mentum ~ with respect to the di-nuclear system in MeV, the
gyro-magnetic ratio g and the ground state nuclear Coulomb
energy Ve in MeV [I].

Nucleus Mass J™ E, 0% g Ve
p 938.2721 L7 0 - 5.5857 0
n 939.5654 LF 0 - -3.8261 0
SH it 0o - - 0
SHe  2808.3916 17 0 - - 0.6884
‘He 3727.3794 0% 0 - - 0.7588
"Li  6533.8330 2 0 88.9099 2.1710 1.5994

3704776 79.8429 - -
"Be  6534.1841 2~ 0 71.2970 -0.9329 2.7117

1704291 60.8999 - -
8Li  7471.3658 2T 0 57.7872 - 1.6491

1T 0.9808 41.5694 - -
8B 7472.3201 2% 0 14.9465 - 4.2119

The reaction rate in thermal equilibrium at tempera-
ture T then follows from the cross section via

8 o _ B
W(T):NM/W/O dE o(E)Ee~7r,  (39)

where N4 is the Avogadro number and k the Boltzmann
constant. Essentially, this expression for the rate has the
form of a Laplace-transform of the cross section multi-
plied by the CM-energy.

In the next subsections we present the resulting cross
sections or astrophysical S-factors as well as the corre-
sponding rates according to Eq. for the four reac-
tions studied here, all calculated at the present value of
the fine-structure constant that we shall call the nominal
value of « given by

o = 7.2973525693(11)1073 = 1/137.035999084(2)
(40)
from Ref. [I3]. For each of the reactions considered here
we present the calculated rates for two parameter sets
used in the Halo-EFT calculations in order to give an
impression of the systematic uncertainty. In addition we

TABLE II. Reaction parameters for the nucleon induced ra-
diative capture reactions: s-wave scattering length ao in fm,
p-wave scattering volume a; in fm? | p-wave effective momen-
tum 71 in MeV, two-body current parameter M =53 =3
for the neutron induced reaction, 8 = 322 for the proton in-
duced reaction, both in MeV. 7“1(5P2)* is the value used in
calculating the M1 contribution. For the “Li(n, v)5Li reaction
the parameter sets “A” and “ANC” correspond to those called
“EFT A” and “EFT ANC” in Ref. [5], respectively. For the
"Be(p, 7)®B reaction the parameter sets “NNLO” and “ANC”
correspond to those called “EFT,, I NNLO” and those re-
lated to a determination from A(symptotic) N(ormalization)
C(oefficients), respectively, see Ref. [6].

Parameter "Li(n,v)®Li "Be(p,7)°B

A ANC  NNLO ANC
ao(®*S1) 0.87 0.87 17.34 17.34
ao(®S2) -3.63 -3.63 -3.18 -3.18
r1(*P2) -290.0707  -605.6995 -173.0 -176.8
r1(°P2) -290.0707  -270.0028 -32.92 -40.31
r1(°Pe)* -290.1 -290.1 -30.00 -30.00
ri(*Pr) -473.5848  -638.1095
a1(°Pr) -108.13  -108.13
ri(°Pr) -473.5848  -498.0909  -111.23  -111.23
a1 (°Ps) -77.0136 -547.1
r1(°P3) -77.0136 -547.1
B 170.0 170.0 375.0 375.0

TABLE III. Reaction parameters for the >H + *He — "Li+~
and *He + “He — "Be + ~ reactions: The s-wave scattering
length ao in fm, the s-wave effective range ro in fm, the s-wave
shape parameter so in fm?3, the p-wave effective momentum
r1 in MeV, the p-wave shape parameter s; in fm and the
LEC. The parameter sets labeled ‘fit”, “A” and “fit”,“AIl”
correspond to those labeled “x?”,“Model A” and “x*” and
“Model AII” in Ref. [§] for these two reactions, respectively.

Parameter “He(®H, ) Li “He(*He, v)"Be
fit A fit ATl
ao(QS’%) 17.0 13.0 22.0 40.0
ro(ZS’%) 0.6 -0.1 1.2 1.09
30(25%) 2.0 11.0 -0.9 -2.2
r(*Py) -129.0 -230.0 -41.9 -45.0
rl(QP%) -149.0 -190.0 -55.4 -59.0
31(213%) - - 1.74 1.84
s1(3P3) - - 1.59 1.69
LEC(fP;) 1.5 4.0 0.83 1.07
LEC(P;) 1.44 22 078 1.02

compare the resulting rates with those used in the orig-
inal versions of some publicly available BBN codes: wviz.
NUC123 [14], AlterBBN [I5} [16], PArthENoPE [17-19] and
PRIMAT [20], if available. These were also considered in
our study [I] mentioned in the introduction. The most
recent code PRyMordial, see [21], 22], by default uses the
PRIMAT-rates and thus in this context is not discussed
separately.



A. The n+"Li — ®Li+ v reaction

In this case Z, = 0,Z. = 3, s, = 1/2,s. = 3/2 and
Zy = 4 with Jy = 2 for the ground state and Jy = 1 for
the excited state. The final 27 state is supposed to be
an equal mixture of the 3P, and ° P, states, i.e.

2) =S PR+ o PR) . @

while the excited 17 state is supposed to be

1 3 5 5
\1+>=—%| P1>+\/;| Py . (42)

The total radiative capture cross section in this case is
given by the sum of the expression for the electric dipole
contribution given in Egs. with the special for-
mulas for k¢ = 0 given in Eqgs. (15]18}23|25) and the

magnetic dipole contribution of Eq. (26)) .

The resulting cross section (scaled with the laboratory
neutron velocity) is compared to the experimental data

in Fig. [
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FIG. 1. Cross section (scaled with the laboratory neutron

velocity v, /c) as a function of the laboratory neutron energy
compared to experimental data: Nagai [23], Imhof [24], Wi-

escher [25], Firestone [26], Koltypin [27], Lynn [28], Heil [29],
Blackmon [30]. The latter data were divided by the branching
ratio 0.89 for the ground state in order to also account for the
17 final state contribution such that these data now represent
the total capture cross section.

The calculated rates for the parameter sets “A” and
“ANC” (these correspond to the parameter sets called
“EFT A” and “EFT ANC” in Ref. [5], respectively;
“ANC” standing for: “parameters corresponding to em-
pirical A(symptotic) N(ormalization) C(oefficient”)) are
compared to the rates as parameterized in NUC123 [14],
PArthENoPE [I7HI9] and AlterBBN [15] [I6] as well as to
the rate resulting from the following novel parameteriza-
tion of the cross section, accounting for the 17 resonance

via a non-relativistic Breit-Wigner parameterization

1-0.045FE +0.7E?

1+0.001 E + 0.7 E?
0.018

1+ 5000.0 (E — 0.2215)2 ’
(in mb MeV?, with £ in MeV) (43)

VEo(E) = 0.0675

+

in Fig. |2l Indeed this parameterization yields a rate very
similar to those of the Halo-EFT calculation.

TLi+n— SLi+~

10000
&
9000 | ANC
par.
8000 | NUC123
= PATthENOPE e
n 7000 [ AlterBBN
o
é 6000 .
&~ 5000 / NG
< 000
e
3000
2000
1073 1072 1071 10° 10
Ty
FIG. 2. Comparison of the temperature-dependent rate for

the n + "Li — 8Li + v reaction. Here, Ty = T/109 K. The
blue and red curves represent the results from the parameter
sets “A” and “ANC”, respectively, the purple curve is based
on the parameterization of Eq. , the green curve is the
rate used in NUC123 [14], the curves for the parameterizations
in PArthENoPE [I7HI9] (black curve) and AlterBBN [I5| [16]
(brown curve) are identical.

B. The p+ "Be — B + v reaction

In this case Z, = 1,Z. =4, s, = 1/2,s. = 3/2 and
Zy = 5 with J; = 2 for the ground state, which, as the
corresponding ground state of the mirror nucleus is sup-
posed to be an equal mixture of the 2P, and °P, states.
The total radiative capture cross section is given by the
sum of the expression for the electric dipole contribution
in Egs. with ko # 0 and the resonant magnetic
dipole contribution as given in Eq. .

The resulting S-factor

1+0.3E+0.125 E?

1+0.017 E2
0.090

1+ 2500.0 (E — 0.63)2
(in MeV mb, with F in MeV). (44)

S(E) = 0.018

+

is compared to experimental data and to the parameter-
ization of Eq. thereof in Fig.

The calculated rate for the parameter sets “NNLO”
and “ANC”, where these labels refer to the parame-
ter sets labeled “EFT,, I NNLO” and those related
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FIG. 3. S-factor as a function of the laboratory proton en-
ergy compared to experimental data: Buompane [31], Jung-

hans [32435], Baby [36H38], Strieder [39], Hammache [40], Fil-
ipone [41] 42], Vaughn [43], Kavanach [44], Parker [45]. The
blue and red curve correspond to the parameter sets “NNLO”

and “ANC”, respectively. The purple curve represents the pa-
rameterization given in Eq. (44) .

to a determination from A(symptotic) N(ormalization)
C(oefficients), respectively, see Ref. [0], are com-
pared to the rates as parameterized in NUC123 [I4],
PArthENoPE [I7THI9] and AlterBBN [15] [16] as well as to
the rate corresponding to the parameterization of the S-

factor of Eq. in Fig.

Be+p — B+ vy
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FIG. 4.  Comparison of the temperature (7o = 7/10° K)

dependent rate for the p + "Be — B + ~ reaction. The
blue and red curves represent the parameter sets “NNLO”
and “ANC”, respectively, the purple curve is based on the
parameterization of Eq. , the black curve is the rate used
in PArthENoPE [I7HI9], the curves for the parameterizations
in AlterBBN [I5], [16] (brown curve) and NUC123 [I4] (green
curve) are identical.

C. The 3H + *He — "Li + v reaction

Inthiscase Z, =1,Z.=2,s,=1/2,s, =0and Z; =
3 with J; = 3/2 for the ground state and J¢ = 1/2 for the

first excited state. The radiative capture cross section
is determined by electric dipole contributions only, i.e.
by the expression for the electric dipole contribution in
Eqgs. with ko # 0. The parameter sets labeled
“fit” and “A” correspond to the parameter sets labeled
“x2” and “Model A” in Ref. [§], respectively.

The S-factor for this reaction

1-1.15E + 1.0 E?
S(E) = 0.01
(E) 1+0.01E+0.5E2
(in MeV mb, with E in MeV).  (45)

is compared to experimental data and to the parameter-
ization used in Ref. [I] as well as an improved parame-
terization, see Eq. , thereof in Fig.

This new parameterization of the S-factor is closer to
the calculations within the framework of Halo-EFT stud-
ied here and improves the desciption of the data, in par-
ticular for energies E., > 1 MeV, and indeed yields a
rate that is much smaller at higher temperatures, see

Fig. [6]

3H + 4He — "Li+ v
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0.20 Model A Schroeder —
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: Griffith ———

S(Eom)[MeV mb]
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FIG. 5. S-factor as a function of the centre-of-mass energy
compared to experimental data: Tomsk [46], Griffith [47],
Burzynski [48], Schroeder [49], Utsonomiya [50H53], Toki-
moto [54], Caltech [55]. The blue and red curve correspond
to the parameter sets “A” and “fit”, respectively. The dotted
purple curve represents the S-factor from the parameteriza-
tion as used in Ref. [I] . The solid purple curve corresponds
to the improved parameterization given in Eq. .

D. The *He + *He — "Be + ~ reaction

Inthiscase Z, =2,Z. =2,s,=1/2,s, =0and Z; =
4 with J;y = 3/2 for the ground state and Jy = 1/2 for
the first excited state. The radiative capture cross section
is again determined by electric dipole contributions only,
i.e. by the expression for the electric dipole contribution
in Eqgs. with ko # 0. The parameter sets labeled
“fit” and “AII” correspond to the parameter sets labeled
“x?” and “Model AIT” in Ref. [8], respectively.

The astrophysical S-factor is displayed in Fig. []] The
resulting nominal rates are given in Fig.
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FIG. 6. Comparison of temperature (To = T/10° K) depen-

dent rates for the *H+ *He — "Li+ ~ reaction. The blue and
red curve represents the parameter sets “A” and “fit”, respec-
tively, the purple curve is the result corresponding to the pa-
rameterization of Eq. 7 while the dotted purple curve cor-
responds to the parameterization of Ref. [I]. Also shown are
the parameterization of the rate as originally implemented in
NUC123 [14] (green curve), PArthENoPE [I7HI9] (black curve),
AlterBBN 15 16] (brown curve) and PRIMAT [20] (cyan curve)
as well as the parameterization provided by NETGEN, see [50].
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FIG. 7. S-factor as a function of the centre-of-mass energy
compared to experimental data: Notre Dame [57], Weiz-

mann [58], LUNA [59] [60], Washington [6I], ERNA [62],
Madrid [63]. The blue and red curve correspond to the pa-
rameter sets “A IT” and “fit”, respectively. The purple curve
represents the parameterization as used in Ref. [I] .

IV. THE FINE-STRUCTURE CONSTANT
DEPENDENCE OF THE RATES

In order to study the fine-structure constant depen-
dence we calculated the rates for

a=ay(l+9), (46)

and the fractional change in «, i.e. § was varied in the
range [—0.05,40.05]. We shall distinguish direct and
indirect effects of the variation of the fine-structure con-
stant:

SH 4 *He — "Li+

2500 | paﬁrt'
AII
NUC123
PArthENoPE
AlterBBN.
1500 ||  PRIMAT
NETGEN

2000

1000

Y(T)[em®s™]
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FIG. 8. Comparison of temperature (Ty = 7/10° K) depen-
dent rates for the *He + *He — "Be + + reaction. The blue
and red curve represent the parameter sets “AIl” and “fit”,
respectively, the purple curve corresponds to the parameteri-
zation of Ref. [1]. Also shown are the parameterizations of the
rate as originally implemented in NUC123 [I4] (green curve),
PArthENoPE [I7HI9] (black curve), AlterBBN [15, [16] (brown
curve) and PRIMAT [20] (cyan curve) as well as the parameter-
ization provided by NETGEN, see [56].

a. Direct effect First of all the fine-structure con-
stant « enters the calculation of the radiative capture
cross section as a linear factor due to the coupling of
electromagnetic field to the charges and currents, which
in the amplitude is proportional to e and hence in the
cross section leads to a proportionality e? o «a. Fur-
thermore « enters the cross section via the inverse Bohr-
radius k¢ = Z, Z.c®> pa, that in turn determines the
dimensionless quantities 7, = k¢ /7, where 7 is the bind-
ing momentum, 7, = kc/p, where p the p-wave effective
range, and 1, = kc/p (the Sommerfeld-parameter), that
enter the expressions for the normalization N( n,y,np)

(Eq. . the amphtudes A(m, np (Eq. . via
X(m;np (Eq. and B(ny;mp) (Eq. (20)), as well
as Y (ny;np) (Eq lﬂ ). The Sommerfeld- parameter Mp
also enters the astrophysical S-factor.

Because the dependence of ko on « is linear, k¢ x a,
we have
ko(a) = kelao (1+64)) = kolao) (1+8,). (47)

We shall call this the “direct effect”.
b. Indirect effect On top of this, the value of « influ-
ences the nuclear binding energies, i.e. the o dependence

of the nuclear mass of the nuclide ¢ is given by
mi(a) =mi + V& (1 +84) =m' + Vi 6y, (48)

where V, denotes the (repulsive) Coulomb-energy contri-
bution to the nuclear mass. This in turn influences the
Q-value of the reaction, i.e.

Qo)

and thus the binding momentum

2 u(a)c? By (a). (50)

=my(a) +me(a) = Mg(a) = By(a)  (49)

v(a) =



Concerning the kinematics of the reaction: For a given
CMS kinetic energy E, the CMS relative momentum in
the entrance channel p and the CMS final photon mo-
mentum k. are given by

s(E) = (m, +m.+ E)?, (51)
p(E) = \/(S(E) _ (mc _ m”é)fs)(‘(;gE) — (mc + mv)Q)
A (52)

i) = g 53

and thus all depend on «. Because in general (for J, =~
0.1) AVE/m' ~ O(10~*) the dependence of M and pu
on « is expected to be rather small (Au/u ~ O(107%)),
whereas the change in the @-value can be appreciable,
AQ/Q ~ O(1071) . Accordingly, the effect of a variation
of pu with a variation of a on the value of k¢ = Z,, Z, pc? o
will be ignored.

We call the total of these kinematical variations the
“indirect effect”.

In Ref. [I], we introduced an approximation to the de-
pendence of the rate on « by evaluating the effect on the
parameterized S-factor at an energy where the S-factor
is supposed to be maximal. For charged particle induced
reactions this energy is given by

E= (I“QT) (BL)® . (54)

This then leads to a temperature dependent factor, that
gives a fair approximation to parameterized results, both
with and without including the indirect effects.

A. The n+ Li — 8Li 4 v reaction

Since the neutron in the entrance channel is uncharged,
there is no Coulomb interaction between the clusters and
accordingly the direct effect of varying a-dependence is
completely determined by the fact that the cross sec-
tion is strictly linear in . In addition there is the in-
direct effect stemming from the fine-structure constant
dependence of the Coulomb contributions to the bind-
ings energies of "Li and 8Li, that affects the Q-value of
the reaction.

The variation of the rate with « is displayed in Fig. [9]
where the relative variation y(«; T') /v(ao; T) is plotted as
a function of the temperature. Although the calculated
rates, see Fig. do differ slightly the relative changes
of the rates are almost identical. The bottom panel in
Fig.[lindeed merely reflects that the cross section for this
reaction trivially linearly depends on «, i.e. if a varies
by 5%, then also the direct effect rate varies by 5% and
this effect is temperature-independent. Small deviations
occur if also the variation of the binding energies of the
Li-nuclides is taken into account, see the top panel of

Fig. [0
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FIG. 9. Variation of the temperature (Tp = T/10° K
p

dependent rate for the n + "Li — ®Li + v reaction with
a = ag(l 4+ da). The solid curves correspond to 6 = —0.05,
the dotted lines to 6 = 4+0.05. Top panel: including both the
direct and indirect effects; bottom panel: including the direct
effect only.

B. The p+ "Be — ®B + ~ reaction

The fine-structure dependence of the temperature de-
pendent rate of the proton-induced radiative capture re-
action is more interesting. In Fig. [10]the variation of the
temperature-dependent rate with « of the calculated val-
ues with the two parameter sets is compared to the values
obtained with the parameterization of the a-dependence
of the rates based on the parameterized cross sections
as done in Ref. [I]. From this figure one infers that the
relative variation in the Halo-EFT calculations is smaller
by about 40% than that found in Ref. [I]. Excluding
the M1 contribution yields practically identical results.
Furthermore it is observed, that considering also the in-
direct effect, i.e. also the effect on the binding energies
and thus on the @-value of the reaction, enhances this
difference.

C. The 3H + “He — "Li + v reaction

The relative variation with o of the temperature-
dependent rate for the two parameter sets “fit” and “A”
are compared to that with the rate based on the parame-
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for the p + "Be — 3B + 4 reaction. Here, To = T/10° K. Top left: Total rate, including the M1 contribution. Top right:
Total rate, without the M1 contribution. Bottom left: Direct variation only, including the M1 contribution. Bottom right:
Direct variation only, without the M1 contribution. The coloured areas bounded by the curves correspond to a variation
6 € [-0.05,40.05] . The green curves (areas) correspond to the variation of the rates with « according to the penetration factor
and the trivial linear dependence of the cross section on « for dominant dipole radiation (direct effects). The blue and red
curves (areas) represent the results for the parameter sets “ANC” and “NNLO” . The solid lines (marked '+’) correspond to
a = 0.05, the dotted lines to a = —0.05. The thinner lines represent the results from the approximation to the fine-structure
constant dependence of the rate based on the temperature-dependent factor evaluated at the energy E given in Eq. .

terization of Ref. [I] in Fig. Contrary to the previous
reaction this variation is larger for the Halo-EFT results,
in particular for the parameter set “fit” than that with
the parameterized rate. Considering the direct effect only
leads to the same conclusion.

D. The 3He + “He — "Be + v reaction

The relative variation of the rate with the value of the
fine-structure constant « of the temperature-dependent
rates for the two parameter sets “fit” and “AIl” are com-
pared to that with the rate based on the parameterization
of Ref. [I] in Fig. Here, the relative variation with
the two Halo-EFT parameter sets is much larger than for
the parameterization used previously, in particular if the
fine-structure constant is smaller than the nominal value.
We shall discuss the reason for this in the next section,

Sect. [V EL

E. Discussion

First of all we observe that although the resonant mag-
netic dipole contribution in the nucleon induced reaction
accounts for a prominent feature in the cross sections
(or astrophysical S-factors), this contribution is of minor
importance in the variation of the rates with «, see e.g.
Fig. Below we shall therefore focus on the effects from
the dominant electric dipole contributions. With the ex-
ception of the neutron induced reaction the effects of the
a-variation differ from what was estimated on the basis
of the parameterization of the cross-section used before
in Ref. [I]. The dominant effect from the electric dipole
contribution seems to be the « variation of the normal-
isation of Eq. . The variation with « of the relative
normalisation N(a))/N(ayp) for the three charged particle
induced reactions is displayed in Fig. [[3] For the proton
induced reaction the results are shown for both the ®Py
and the P, amplitudes contributing with equal weight
to the ground state capture. For the other two reactions
the normalisation of the QP% (ground state) and the ZP%
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FIG. 11.  Fine-structure constant dependence of the tem-

perature dependent rate of the H + *He — "Li + + reaction.
Shown is the rate relative to rate with the nominal value: “4”
is the rate at @ = 1.05 g, “-” the value at a = 0.95 a . Here,
To =T/ 10° K. The blue ranges were obtained with the pa-
rameter set “fit”, the red range with the parameter set “A”
and the green range represents the variation of o as deter-
mined in Ref. [T] . The solid lines (marked '+’) correspond to
a = 0.05, the dotted lines to @ = —0.05. The fine-structure
constant dependence of the rate based on the temperature
dependent factor evaluated at the energy E given in Eq. .

(excited state) are shown. This figure illustrates the main
effects observed in the variation of the rates with a:

1. Because of the absence of Coulomb interactions the
variation with «a of the cross sections and corre-
sponding rates of the neutron induced reaction is
trivially linear.

2. For the proton induced reaction the normalisa-
tion varies with « almost linearly by +40% for
0 € [—0.05,0.05]. Furthermore, the results for the
two parameter sets considered here are almost iden-
tical. The variation of the rates is slightly larger for
negative ¢, while considering the direct effect alone
leads to a variation symmetric in §, in accordance
with the variation of the normalisation. Also dis-
played in Fig. |10|is the variation of the parameter-
ized rate with « on the basis of the approximation
introduced in Ref. [I], by evaluating the effects at a
fixed energy, see also Eq. . Indeed for the pro-
ton induced reaction this temperature dependence
is larger than the result calculated in Halo-EFT in
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FIG. 12. Fine-structure constant dependence of the temper-
ature dependent rate of the *He + *He — "Be + v reaction.
Here, Ty = T/109 K. Shown is the rate relative to rate with
the nominal value: “+” is the rate at « = 1.05a9, “” the
value at @ = 0.95 ap . The blue ranges were obtained with the
parameter set “fit”, the red range with he parameter set “A”
and the green range represents the variation of « as deter-
mined in Ref. [I] . The solid lines (marked '+’) correspond to
a = 0.05, the dotted lines to &« = —0.05. The fine-structure
constant dependence of the rate based on the temperature-
dependent factor evaluated at the energy E given in Eq. .

both cases.

3. In case of the >H and 3He induced reactions the
results with the approximation discussed above al-
most coincide with the results on the basis of the
parameterization, as was already demonstrated in
Ref. [I] and indeed in these cases is much smaller
than what is to expected on the basis of the nor-
malisation. Anyhow, the o dependence of the nor-
malisation is rather asymmetric in 6 as shown in
Fig. For the 3He induced reaction this is even
more prominent since the denominator in the ex-
pression for the norm, see Eq. , vanishes for
a < —0.06, corresponding to a pole in the normal-
isation and thus leading to a very asymmetric ¢
dependence in this case.

4. Accordingly, within Halo-EFT the study of the «
dependence of the rates is limited to a rather mod-
erate relative variation of a of 5% only.
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Variation of the relative normalization N (a)/N (o) with a = ao(1 4 6) for the reactions p + ‘Be — *B + « (left),

3H + *He — "Li 4 v (middle), *He 4 *He — “Be + v (right). For the first reaction the results are shown for both the ®P; and
the 2P, amplitudes contributing with equal weight to the ground state capture. For the other two reactions the normalisation
of the 2P% (ground state) and the 2P% (excited state) are shown. The first reaction ceases to be exo-energetic for positive

0 =~ 0.1. For the last reaction the expression for the normalisation, see Eq. (13]), exhibits a pole for negative § ~ —0.06.

V. ABUNDANCES

In order to assess the relevance of the variation of the
rates with a variation of the fine-structure constant on
the variation of the resulting abundances of the light el-
ements in BBN, we used five different publicly available
codes, viz. NUC123 [14], PArthENoPE [19], AlterBBN [16],
PRIMAT [20] and PRyMordial [21} 22]. We use the rates as
in our previous work, see [I], substituting the o depen-
dence of the rates for the four reactions considered here
as discussed above. More specifically, for calculating the
a dependence of the abundances, we used the parameter
sets “NNLO?”, “fit” and “fit” for the p + "Be — B + 7,
3H+*He — "Li+~ and *He + *He — "Be + v reactions,
respectively, the a-dependence of neutron induced radia-
tive capture reaction n + “Li — 8Li + v being practically
linear anyway. As was demonstrated in the Sect.[[V]these
parameter sets showed the largest variation of the rates
with a.

In Table [[V| we list the nominal rates, i.e. for a = ag,
see Eq. The results show that with the excep-
tion of the values for the “Li+Be abundance, which are
larger by about 10%, and thus slightly deteriorate the so-
called “Li-problem”, the treatment of the four reactions
in Halo-EFT as considered here leads to results practi-
cally identical to those obtained previously in Ref. [I].

The fine-structure constant dependence of the primor-
dial abundances is depicted in Fig.

Again, the results for the d—, 3H+He—, *He— and
6Li— abundances are very similar to those obtained pre-
viously, see Fig. 5 in Ref. [I]. Moreover, the five BBN-
codes considered here produce consistent results, in spite
of the fact that these codes differ in details, such as the
number of reactions in the BBN network or the man-
ner in which the rate equations are solved numerically.
This then also applies to the values for the resulting re-
sponse matrix elements. The (linear) response matrix
elements dlog (Y,,/Yy)/0loga = ¢1 and the coefficients

TABLE IV. Nominal abundances as number ratios Y,/ Yz (for
“He the mass ratio Y}) calculated with the modified versions
of the codes as in Ref. [1], but with the nominal results (i.e.
a = ay) for the four reactions considered in this work. The
value of the baryon-to-photon ratio and the nominal value of
the neutron lifetime are n = 6.14 - 107 and 7, = 879.4s,
respectively. For comparison also the values previously ob-
tained in Ref. [I] are listed.

code *H SHiHe Y, SLi  "LitBe
x10° x10° x10  x10%°

NUC123 2,500  1.139  0.246 1.808  5.540
[ 2.501 1.139  0.246 1.809  5.172
PArthENoPE  2.569 1.147  0.247  1.819  5.376
m 2.569 1.147  0.247  1.820  5.017
AlterBBN 2.585 1.153  0.248 1.903  5.350
[ 2.585 1.153  0.248 1.904  4.993
PRIMAT 2.562 1.150  0.247  1.861  5.394
1] 2.563 1.149  0.247  1.862  5.033
PRyMordial  2.581 1.148  0.247  1.801  5.448
PDGC [13] 2.547 0.245 1.6

+ 0.025 0.003 0.3

of the quadratic term (cz) in a quadratic least-squares fit
of the form

Py(6a) =co (L+c1 04 +262) , (55)

are given and compared to the results obtained previously
in Table [V

We do find a very different result for the a-dependence
of the “Li+Be abundance: In particular the linear re-
sponse coefficient is approximately five times larger than
the value obtained previously and moreover the response
is far from linear, the quadratic coefficient being approxi-
mately 40 times larger than the value previously obtained
in [I], as can also be seen from a comparison of Fig.
with Fig.5 of Ref. [1].

If instead of the parameter sets “NNLO”, “fit” and
“fit” for the reactions p + "Be — 8B + v, 3H + *He —
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"Li + v and 3He 4+ “He — "Be + 1, respectively, we use
the parameter sets “ANC”, “A” and “AII” of Tables [[I]
and [[T]] for these three reactions, respectively, we find
similar results, except for the “Li+Be response coeffi-
cients: In accordance with the fact that, as was shown
in Sect. [[V] the change of the rates with o was found
to be smaller for these parameters, the linear response
coefficient ¢; is about half as large and the quadratic co-
efficient is smaller by a factor 2.5, still corresponding to
an appreciable curvature.

VI. SUMMARY

In this work we have studied the fine-structure con-
stant dependence of some BBN-relevant radiative cap-
ture reactions within the framework of Halo-EFT. We
concentrated on the main effects, refraining from imple-
menting a coupled channel approach as would be dictated
by strict EFT power counting. Nevertheless we studied
for each reaction two parameter sets in order to obtain an
indication of the systematic errors. We found that the ef-
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TABLE V. BBN response matrix ¢1 = dlog (Y,/Yn)/0loga and the coefficients c2 of the quadratic term in Eq. at
n=6.14-10"1° and 7, = 879.4s. Y, /Yy are the number ratios of the abundances relative to hydrogen; Y}, is conventionally
the *He/H mass ratio. The results obtained with the five BBN codes NUC123 [14], PArthENoPE [19], A1terBBN [16], PRIMAT [20]
and PRyMordial |21} [22] are compared to the results previously obtained in Ref. [I]. The odd rows show the results with the
rates for the reactions evaluated in the present contribution for the reactions p + "Be — B + v, *H + *He — "Li 4 ~ and
3He 4+ *He — "Be + v where the parameter sets “NNLO”, “fit” and “fit” were used, respectively. Otherwise the rates are

identical to those in [1].

code ’H SH+*He Y, SLi "Li+"Be

C1 C2 C1 C2 C1 C2 C1 C2 C1 C2
NUC123 3.620 6.198 3.539  4.661 1.386  0.035 6.642 20.074  —21.296 312.074
[ 3.655  6.228 3.540  4.625 1.387  0.016 6.830 20.412 —4.325  7.480
PArthENOPE 3.606  6.173 3.534  4.619 1.390  0.056 6.968 21.116  —21.284 312.328
[ 3.635  6.182 3.533  4.577 1.389  0.065 7.159  21.482 —4.308 7.715
AlterBBN 3.610  6.135 3.526  4.591 1.375  0.048 6.651 20.167  —21.312 312.939
m 3.644  6.188 3.526  4.568 1.373  0.049 6.857 20.499 —4.322  7.865
PRIMAT 3.627  6.253 3.535  4.631 1.415  0.072 6.754 20.593  —21.273 311.595
m 3.658  6.264 3.534  4.595 1.408  0.081 6.953 20.828 —4.302  7.563
PRyMordial 3.609  5.975 3.544  4.756 1.411  0.081 6.698 18.453  —20.694 300.083

fects do deviate from what has been found previously on
the basis of parameterized cross section data and a sim-
ple parameterization of the o dependence motivated by
a simple penetration factor. While for a neutron induced
radiative capture reaction the results are almost strictly
linear, as is to be expected since the radiative capture
reaction amplitude is linear in the electromagnetic cou-
pling and thus the cross section is linear in «, for charged
particle reactions the direct effect can both be smaller,
as is the case for the "Be(p,~)®B reaction, or larger, as
is the case for the *He(*H,v)"Li and the *He(*He, ) Be
radiative captures, than what is to be expected on the
basis of the parameterized treatment.

In spite of these substantial deviations from the a-
dependence of the parameterized rates obtained for these
reactions previously, the impact on the resulting abun-
dances and on their a-dependence of the light elements
2H, 3H+He, “He, Li with the rates calculated within
the framework of Halo-EFT is very minor only. In con-
trast for the "Li+Be-abundance we do find that the a-
dependence differs appreciably from that of the previ-
ous parameterized results, this a-dependence being much
more pronounced and clearly non-linear with the Halo-
EFT rates. Also the nominal abundance (i.e. calculated
with the current value of the fine-structure constant o)
of "Li+Be is larger by almost 10 %, whereas the other
abundances remain practically unchanged.

For reactions involving charged particles, the Halo-
EFT calculation accounts for the charged particle re-
pulsion by inclusion of the full Coulomb propagator in
all reaction steps. As the present study shows, these
Coulomb effects cannot always be approximated by a
universal penetration factor. It was also found that in
some cases the study of the fine-structure dependence
of cross sections and the corresponding rates within the
framework of Halo-EFT can be limited by singularities
appearing in the normalisation, that enters as a factor
in the resulting cross sections. This was found to be rel-

evant for the 3He + “He — "Be + v reaction, limiting
the study to relative variations of « smaller than 6% .
Furthermore, it should be stressed that the Halo-EFT
framework is of course restricted to those reactions where
the di-nuclear structure assumption underlying this is
indeed applicable. Therefore a definite assessment of
the fine-structure dependence of rates relevant for pri-
mordial nucleosynthesis should ultimately be performed
within a framework that allows for a genuine ab initio
treatment of nuclear reaction dynamics. Indeed recent
progress within the framework of nuclear lattice effec-
tive field theory (NLEFT), see e.g. Ref. [64], shows that
NLEFT seems to be a promising candidate for such a
treatment.
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Appendix A: C-integral

To calculate
2

: [
= 1 _—
€0 =18 em
1

1 1
1
x [dx [ dy
/0 0o VJr(l—-z)V1-y
2
2 (2 N
(xp log Lk%( yp” + (1 y)x 15)]

2 21
+p long%(yp (1-y)

Vs
+o9? log | —5 (y7* +(1—y)
152,

2 T 2
1 o _
+v° log [41% (y”y

Because the integral over y can be performed analytically
this reduces to a single integral and, with the substitution
x = sin?d, one obtains with k = ~/p and 1, = kc/p:

(L(f) = Co + Ci(k), (A2)
where
C():llog{7T } (A3)
27 |42
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to be evaluated numerically with the integrands
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Appendix B: D’-integral
To calculate
D'(kc;p,y) = lim Miz
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i.e

!
D(Zz;’@:—l log (4;)

3
1 z
———— [ dUsin®y
+3ﬂ_2(1+ﬁ2)/0 sin
{61 (k,sin%¥) + co(k, sin)
+r2 c3(k, sin?9) + k2 cy(k, Sin219)} . (B2)

in terms of the integrands of Eqs. [A4}[A7] of Section [A].
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