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The Collocation Problem

Consider the classical initial value problem

du

I:f(t,u), ucRY te[to,to+ At].
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The Collocation Problem

Consider the classical initial value problem
du
dt

Write the Picard form of the problem.

= f(t,u), ueR,

t

u(t)y=uo + [ f(s,u(s))ds,
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The Collocation Problem

Consider the classical initial value problem
du
dt

Write the Picard form of the problem.

=f(t,u), u€eR teto,to+ At].

t

u(t)y =uo + [ f(s,u(s))ds, to <t <to+ At
to

Discretize [to, to + At] using M quadrature nodes, then approximate f using Lagrange polynomials J;(t):

M
ft,u) =Y f(pu(m)h(t),  to<m<--- <7< < v < to+ At
j=1

Member of the Helmholtz Association March 8th, 2024 Slide 3 J Forschungszentrum



The Collocation Problem

Consider the classical initial value problem
du
dt

Write the Picard form of the problem.

= f(t,u), ucRY te[to,to+ At].

t
u(t)y =uo + [ f(s,u(s))ds, to <t<ty+ At
to

Discretize [to, to + At] using M quadrature nodes, then approximate f using Lagrange polynomials J;(t):
M
f(tu) = > fmu@h(t),  to<m < <7< < < to+ At
j=1

Approximate the integral on given quadrature nodes

M .
U(7m) & Uy = Up + Athme(Tj, uj), mj = / li(s)ds.
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The Collocation Problem

Consider the classical initial value problem
du
dt

Write the Picard form of the problem.

= f(t,u), ucRY te[to,to+ At].

t
u(t)y =uo + [ f(s,u(s))ds, to <t<ty+ At
to
Discretize [to, to + At] using M quadrature nodes, then approximate f using Lagrange polynomials J;(t):
M
f(t.u) ~ ) fmu(m)h(t),  to<m < <7< <7m<to+ At
=1

Approximate the integral on given quadrature nodes
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Spectral Deferred Corrections

m Consider fully implicit collocation (linear form)

(I — AtQF)(d) = io
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Spectral Deferred Corrections

m Consider fully implicit collocation (linear form)

(I — AtQF)(d) = io

m Standard Picard iteration can be written as

g = T + (b — (1 — AtQF)(d))

residual 7%
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Spectral Deferred Corrections

m Consider fully implicit collocation (linear form)

(I — AtQF)(0) = to

m Standard Picard iteration can be written as

g = T + (b — (1 — AtQF)(d))

residual 7%

m Improve it with a preconditioned iteration

PG = PE* + [tip — (1 — AtQF)(i")]
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Spectral Deferred Corrections

m Consider fully implicit collocation (linear form)

(I — AtQF)(0) = to

m Standard Picard iteration can be written as

g = T + (b — (1 — AtQF)(d))

residual 7%

m Improve it with a preconditioned iteration

PG = PE* + [tip — (1 — AtQF)(i")]

m Use the preconditioner P = (I — AtQaF) with Qa = Qis a lower triangular approximation of Q

(I — AtQAF)(@H) = (I — AtQAF)(T*) + (o — (1 - AtQF)(Jk)) 'J JULICH



Spectral Deferred Corrections

m Consider fully implicit collocation (linear form)

(I — AtQF)(0) = to

m Standard Picard iteration can be written as

g = T + (b — (1 — AtQF)(d))

residual 7%

m Improve it with a preconditioned iteration

PG = PE* + [tip — (1 — AtQF)(i")]

m Use the preconditioner P = (I — AtQaF) with Qa = Qis a lower triangular approximation of Q

(I — AtQAF) (@) = b + At(Q — Qa) F(G¥) @) JULICH
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Spectral Deferred correction Sweep

Implicit SDC:
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Spectral Deferred correction Sweep

A
AN
Q12 922

Implicit SDC: QW with QY = U" for Q" = LU.

A A
q1,M nyM

M
Ukt = o + ALY (7. uf +Athm,[ 7,0 = (75,1

=1
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Spectral Deferred correction Sweep

Implicit SDC:

Explicit SDC:

Member of the Helmholtz Association
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AN

iy Q12 922
QA = :
A
A m

M
u’;q+1 = Ug + Atz Qm.jf('fj-

=1

A
am,

M
UM =g+ ALY if(7. 0]

j=1
March 8th, 2024

with QY =

A
am,m

m
u) + Bt dn, [
=1

A
Am—1m—1 O

k+1
> Y;

UT for QT = LU.

) — ()]

+At2qm, [F(3, ) = (7 )]
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Semi-implicit spectral deferred correction method (SISDC)

Consider the case when the initial value problem given previously can be cast in the form

% = f(t,u(t) = fe(t,u(t)) + fi(t,u(t)), ueR?, te [t to+ At
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Semi-implicit spectral deferred correction method (SISDC)

Consider the case when the initial value problem given previously can be cast in the form

du
- = f(t, u(t)) = fe(t, u(t)) + fi(t, u(t)), ueRY teto,to+ At].
Replace QaF with Qa gFe + Qa iF; in SDC iteration

(I — AtQa eFr — AtQa F) (@) = (1 — AtQa eFe — AtQa F) () + (do — (I — AtQF)(u¥))

Member of the Helmholtz Association March 8th, 2024 Slide 6 J Forschungszentrum



Semi-implicit spectral deferred correction method (SISDC)

Consider the case when the initial value problem given previously can be cast in the form

d—: = f(t,u(t)) = fe(t, u(t)) + fi(t, u(t)), ueRY teto,to+ At].
Replace QaF with Qa gFe + Qa iF; in SDC iteration
(I — AtQa eFr — AtQa F) (@) = (1 — AtQa eFe — AtQa F) () + (do — (I — AtQF)(u¥))
Choose Qa  lower triangular and Qa  strictly lower triangular for explicit integration
M
u'an = U+ Atz am jf (75, ujk)
j=1

j=1
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Parallel SDC: Diagonal Preconditioners
Robert Speck, Parallelizing spectral deferred corrections across the method. Comput. Visual Sci. 19, 75-83 (2018).

Diagonal SDC: QW8 = diag (ch, - - - ,dm)

M
U = U + ALY G jf(7m, Uf) + Aty [F(7in, uleT") = F(7im, ufy)]

j=1
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Parallel SDC: Diagonal Preconditioners
Robert Speck, Parallelizing spectral deferred corrections across the method. Comput. Visual Sci. 19, 75-83 (2018).

Diagonal SDC: QW8 = diag (ch, - - - ,dm)

M
U = U + ALY G jf(7m, Uf) + Aty [F(7in, uleT") = F(7im, ufy)]

j=1
1 Diagonal implicit Euler (IEpar)
QX" = diag(ri — to),

with 7; the nodes of the quadrature rule.
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Parallel SDC: Diagonal Preconditioners
Robert Speck, Parallelizing spectral deferred corrections across the method. Comput. Visual Sci. 19, 75-83 (2018).

Diagonal SDC: Q%% — diag (d, - - - , dw)

M
Ut =y + Athme(Tm, uj‘) + Atdm [f(7m, Uty — (7, u',‘,,)]

j=1
1 Diagonal implicit Euler (IEpar)
QR = diag(ri — to),

with 7; the nodes of the quadrature rule.
2 Minimize the spectral radius (MIN)
m Dahlquist equation: us = Au (linear ODE)
m SDC iteration matrix: K = AAtQa (I — AAtQa) ' (Qx'Q — 1) — &' = K
m Stiff limit: [AAt| — 00: K — | — Q1'Q := ke independent of A
m non-stiff limit: [AAt| — 0: K/(AAt) — Q — Qa := Ko independent of A
m Minimize spectral radius p (K~ ) by choice of diagonal Qa using scipy 9 JULICH
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Parallel SDC: Diagonal Preconditioners
Thibaut Lunet et al. in prep

3 MIN-SR-NS diagonal coefficients
For any collocation method on M distinct nodes, then p(Q — Qa) = O for

. T ™
= dia (—,u-,—)
Qa S\ M
4 MIN-SR-S diagonal coefficients
We minimize p(I — QEQ) by choosing diagonal coefficients such that

det (1-2)1+2Q5'Q) =1,  z€{n, -, ™}

Looks for nilpotency of | — QEQ.
Analytical solution for M = 2, very hard to find for larger M
Constrain on finding ordered coefficients

9 JULICH
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pySDC prototyping

e Open source
e Designed for HPC
e Parallel and serial

e Well-documented
e Tutorials and examples

e Many variants of SDC
and PFASST

e Prototyping
e Education
e Easy access

e Can use many
data structure
and solvers
(FENICS,PETSc)

https://parallel-in-time.org/pySDC
JULICH
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https://parallel-in-time.org/pySDC

SISDC for advection-diffusion equations

Advection-diffusion of a Gaussian hill problem

p=2 and N=3

--«- 5th order (time) ———o—o—9°
1071 —e— Mesh :32x32 !
—eo— Mesh :64x64

Mathematical model

% +v-Ve—vAc = f in Qx[0,T] —e— Mesh :128x128
c = g on 0Qx][0,T] .| —* Mesh :256x256
c(x,y,0) = co(x,y) in Q —e— Mesh :512x512

Problem setup

2
5 X—Xo—t o
c(x,y, t) = 7exp - ===
14+ 4l/t | /1 + 4l/t
= f = — =
with [ =722 xo = 2 and Q = [0,1] x [0, 1] . I -
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SISDC for icompressible Navier-Stokes equations
DFG flow around cylinder: Benchmark 2D-3

du i
7+u.vU+Vp—yAu = f in QX[OT]
at ‘ —
V-u = 0 in Qx][0,T] Umzwp)v
u = u, on Iyx [oa T] with 041
u = 0 on Mx[0,T] U = U(t) = 1.5sin(rt/8)
vopu—pn = 0 on [3x][0,T]
02,
E ™
021} |-
10 0.41
02i "
BN i
o - >
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SISDC for incompressible Navier-Stokes Equations

DFG Flow around cylinder: Chorin’s projection method

Step 1: Predictor Step:

u* —u"
At
Step 2: Corrector Step:

+ (u"- Vu" = vAu*

1

A n+1 —
P At

V-u*

™ = u* — AtVp"T!
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Figure: Velocity, pressure, vorticity, magnitude and

streamlines at time t = 5.5s
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Lift coefficient using different SDC

Lift coefficient
°
°

—+— SDC N=2 (19987 dofs) | dt =1/1600
—=— SDC N=3 (19987 dofs) | dt =1/1600
—+— SDC N=5 (19987 dofs) | dt =1/1600
—0.41 —-- SDC N=2 (19987 dofs) | dt =1/1000
~=- SDC N=3 (19987 dofs) | dt =1/1000
—w— FEATFLOW (42016 dofs) | dt =1/1600

0 1 2 3 4 5 6 7 8
Time

Figure: Lift coefficient using different SDC setups and time steps
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Lift coefficient using different SDC

Lift coefficient
°
°

—v— SDC N=2 (19987 dofs) | dt =1/1600
SDC N=3 (19987 dofs) | dt =1/1600
SDC N=5 (19987 dofs) | dt =1/1600
SDC N=2 (19987 dofs) | dt =1/1000
SDC N=3 (19987 dofs) | dt =1/1000
FEATFLOW (42016 dofs) | dt =1/1600

0 1 2 3
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Time

Lift coefficient
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—+— SDC N=2 (19987 dofs) | dt =1/1600
—=— SDC N=3 (19987 dofs) | dt =1/1600
——

SDC N
sbc

(19987 dofs) | dt =1/1600
(19987 dofs) | dt =1/1000
SDC N=3 (19987 dofs) | dt =1/1000
FEATFLOW (42016 dofs) | dt =1/1600

A
5.65 5.70 5.75 5.80
Time

Figure: Lift coefficient using different SDC setups and time steps
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Lift coefficient using different SDC

0.500
—*— SDC N=2 (19987 dofs) | dt =1/1600 —*— SDC N=2 (19987 dofs) | dt =1/1600
(19987 dofs) | dt =1/1600 (19987 dofs) | dt =1/1600
04 (19987 dofs) | dt =1/1600 0.475 (19987 dofs) | dt =1/1600
(19987 dofs) | dt =1/1000 (19987 dofs) | dt =1/1000
(19987 dofs) | dt =1/1000 ~=- SDC N=3 (19987 dofs) | dt =1/1000
—w— FEATFLOW (42016 dofs) | dt =1/1600 0450 FEATFLOW (42016 dofs) | dt =1/1600
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Figure: Lift coefficient using different SDC setups and time steps
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Comparison of different preconditioners

20.0
mem (U === Epar mmm MIN  mmm MIN SR NS mmm MIN SRS

17.5 A

15.0 A

= =
e N
o %]
| L

# Iterations

7.5

5.0 1

2.5

0.0 -

2 4 5.49 7.2
Times

Figure: Average number of iterations needed by various preconditioners after 50 timesteps at four different time points

throughout the simulation .
@) JULICH
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Summary

m SDC method can use simple numerical method (even a first-order method) to compute a solution with
higher-order accuracy.

m In this work, a simple first-order, semi-implicit method is used in the context of SDC to construct
higher-order semi-implicit SDC methods (SISDC).

m parallelization can be done across the method (i.e. using diagonal preconditioners).

what’s next?
m Adaptive time steps integration.
m Advanced projection schemes vs monolithic scheme.
m Parallel Speedup Enhancement.
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