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Motivation
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DFG flow around cylinder: Benchmark 2D-3

du i
ML y.Vu+Vp—rvAu = g in Qx][0,T]
ot ’ —
V-u = 0 in Qx][0,T] Uin:w7o)v
u = u, on I x[0,T]  with o4
u = 0 on x[0,T] U = U(t) = 1.5sin(t/8)
vopu—pn = 0 on [3x][0,T]
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10 0.41
p2i
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IMEX SDC (SISDC) using projection-based splitting scheme

DFG Flow around cylinder: Chorin’s projection method

Step 1: Predictor Step:

* _yn
At

Step 2: Corrector Step:

u

+ - Vu"=vAu* +g

1
An+1:_ L
P N

u™t =yt — AtVp

Figure: Velocity, pressure, vorticity, magnitude and

streamlines at time t = 5.5s d .
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IMEX SDC (SISDC) using projection-based splitting scheme

Convection-diffusion equation

m Convection-diffusion equation

ou
Bt =—(u-Vju+vAu+g
m Spatial discretization
du
M = —[Culu — [k]u + Mg

m ODE

1% = (u0) = fe(w, ) + ffu, o),

where  fg(u,t) = —[CyJu and fi(u,t) = —[k]u+ [M]g
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SISDC: Semi-implicit spectral deferred corrections method

m Consider the fully implicit collocation problem
(M — AtQF)u = Mo,

where M = Iy @ M), U = (uy, -+ ,upm)", Uo = (Ug, -+ ,up)’ ,and  F(u) = (F(w),- - ,f(upm)).
m Precondtionated Picard iteration for the collocation problem

(M — AtQaF) & = Mo + At (Q — Qa) F(T¥).
m IMEX SDC sweep
(M — At(Qa eFe + Qa F)) a = M + AtQF(ﬁk) — At(QaeFe + Qa,F) Tl

= Qa lower triangular and Qa ¢ strictly lower triangular for explicit integration
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IMEX SDC (SISDC) for NSE using projection-based splitting scheme

Step 1 Predictor step:

M
DMul™ = Puo + ALY anf(uf )

j=1
m—1

+ALY gt [ff(ujk“, 7) — fe(uf, 7)) ] + AthA’ [f; (Ut 75) — fi(uk, 7)
j=1 j=1

Step 2 Corrector step:
1
k V. uk
Aprr;H At : um+1

ulr;H k+1 Atvpk—H
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pySDC prototyping

e Open source
e Designed for HPC
e Parallel and serial

e Well-documented
e Tutorials and examples

e Many variants of SDC
and PFASST

e Prototyping
e Education
e Easy access

e Can use many
data structure
and solvers
(FENICS,PETSc)

https://parallel-in-time.org/pySDC
JULICH
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https://parallel-in-time.org/pySDC

IMEX SDC (SISDC) for advection-diffusion equations

Advection-diffusion of a Gaussian hill problem

Mathematical model

%—i—ch—uAc

c
c(x,y,0)
Problem setup
5
cx,y,t) = ———
7 1+ 41/t

with | = 72 Xo=2Zand Q=

300’
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f in Qx]J0,T]
g on 90Qx][0,T]
co(x,y) in Q

X—Xxo—t
’ /1+4yt
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p=2 and N=3

'y —e— Mesh :32x32

--e-- 5th order (time) ——o—o—°
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IMEX SDC (SISDC) using projection-based splitting scheme

Lift coefficient using different SDC

06 0.500
SDC N=2 (19987 dofs) | dt =1/1600
SDC N=3 (19987 dofs) | dt =1/1600
0475 SDC N=5 (19987 dofs) | dt =1/1600
0.4 SDC N=2 (19987 dofs) | dt =1/1000
SDC N=3 (19987 dofs) | dt =1/1000
0.450 FEATFLOW (42016 dofs) | dt =1/1600
02
= o 0425
k3 s
E 0.0 ) § 0.400
£ £
b= 5
0375
(19987 dofs) | d
(19987 dofs) | d 0.350
(19987 dofs) | d
(19987 dofs) | d \
~=- SDC N=3 (19987 dofs) | dt =1/1000 0325 \
—w— FEATFLOW (42016 dofs) | dt =1/1600 Y
\
0 1 2 3 4 5 6 7 8 5.60 5.65 570 575 5.80 585
Time Time

Figure: Lift coefficient using different SDC setups and time steps
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Parallel SDC: Diagonal Preconditioners

G. Caklovic et al., Improving Efficiency of Parallel Across the Method Spectral Deferred Corrections. Preprint in arXiv

Diagonal SDC: Qa, = Qd'“g = diag (di,- -+ ,dw) and Qa e =0

M
MUk = [Muo + Atz A jf (T, U) + Atdy [fi(7m, ™) = i(7im, Ul

1 Diagonal implicit Euler (IEpar)
QIEpar dlag( to),

with 7; the nodes of the quadrature rule.
2 MIN-SR-NS diagonal coefficients
For any collocation method on M distinct nodes, then p(Q — Qa) = O for
. T ™
= dia (7 77>
QA g Mv M
3 MIN-SR-S diagonal coefficients
We minimize p(l — QEQ) by choosing diagonal coefficients such that
det ((1—2)I +2Q,'Q) =1, ze{n, -, ™}
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IMEX SDC (SISDC) using projection-based splitting scheme

Comparison of different preconditioners

20.0
o SDC =2 (19987 dofs) | & =1/1600 Emm U @ [Epar ®mm MIN_SR_ NS mmm MIN_SR S
—=— SDC N=3 (19987 dofs) | dt =1/1600 17.51
041 —— SDC N=5 (19987 dofs) | dt =1/1600
--- SDC N=2 (19987 dofs) | dt =1/1000 15.04

~=- SDC N=3 (19987 dofs) | dt =1/1000
—— FEATFLOW (42016 dofs) | dt =1/1600

# Iterations
= e
o N
o w

Lt coefticient

7.5
5.0 1
2.59
0.0 -
0 1 2 3 4 5 6 7 8 Times
Time

Figure: Average number of iterations needed by various
preconditioners after 50 timesteps at four different time
points throughout the simulation
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time steps




Fully implicit SDC using the monolithic approach

o Navier-Stokes equations
Ou

% = —u-Vu+Vp+vAu+g

0 = V-u

e Semi-discrete form of the Navier-Stokes equations.

du
M= = —[Cuu—[ku+[B]p+[Me,
0 = [B'u
o Differential algebraic equations (DAES)
du
M|— =
M F(u,p,t),
0 = G(u,t).
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Fully implicit SDC using the monolithic approach: DAEs sweeper

du
e with i U the SDC iteration for uk;" can be written as

M m
W = U0 + ALY amUf + At ah; [UfT - U]
j=1 j=1

Thus
k+1
_ @ = um+
dt
P M m
MIUST = Fluo+ At amuf + ALY ad; [ujk“ - uﬂ, plt
=1 =1
M m
k A k+1 k
0 = Glu +Athm7,-Uj +AthmJ [U,-J’ _ uj} T
=1 =1
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Fully implicit SDC using the monolithic approach: DAEs sweeper

Using the matrix notation we obtain

M + Atag, , ([Cu] + [k])  [B] Uy = (Cu] + [K]) tim + [Mgm
= ; (1)
—Atap (8] 0 pi" [B]iim

with

M m m—1

lm =Uo + AtY anUf — At> qh U+ ALY gh Ukt

j=1 j=1 j=1
When this problem converges to a solution (U;,, p;,) form =1, -- - M, the final solutions can be computed
as follows

M
W =AY an ] and P =}, @
j=1
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Fully implicit SDC using the monolithic approach: DAEs sweeper

Comparison of different preconditioners

02

—*— FEATFLOW (42016 dofs)
- w

IEpar
--- MIN
--- MINSR_S
=== MIN_SR_FLEX
1 2 4 5 6
Times
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Fully implicit SDC using the monolithic approach: DAEs sweeper

Comparison of different preconditioners

050
—*— FEATFLOW (42016 dofs) —»— FEATFLOW (42016 dofs)
——w —
0.4 IEpar 0.48 IEpar
—— MIN -=- MIN
--- MIN_SR_S ---
ISR 0.46 MIN_SR_S
=== MIN_SR_FLEX ~=- MIN_SR_FLEX
02
044
042
g o0 o 5
0.40
-0.2
038
036
-0.4
034
0 1 2 4 5 6 7 8 550 555 5.60 5.80 585
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Times

Figure: Lift coefficient using different SDC setups and time steps
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Fully implicit SDC using the monolithic approach: DAEs sweeper

Comparison of different preconditioners

dt = 0.02 dt = 0.01
30 30 30 r | —w
/ Y — fEpar
[ | — MNSRS
25 25 25 I} |
| { \
/
v 20 220 02 / Y
] s ] ‘ 1
e [ I3 /
g g15 /
=15 =15 = ), 1
10
0 10
H
H
5
0 1 2 3 4 5 6 7 8 [ 1 2 3 4 H 6 7 8 o 1 2 3 4 5 6 7 8
Times Times Times

Figure: Number of iterations needed by various preconditioners throughout the simulation
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Fully implicit SDC using the monolithic approach: PDEs sweeper

e Semi-discrete form of the Navier-Stokes equations.

M9 = —[clu— [k + [l + e
0 = [B']u

e Matrix-vector form of the semi-discrete form

M o o —[Cu] — [k] [B] u (Mg
= + )
0 O < [BT] 0 p 0
o Ordinary differential equation (ODE)

0] G = 1w+ =F(w.0),
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Fully implicit SDC using the monolithic approach: PDEs sweeper

Comparison of different preconditioners

—*— FEATFLOW (42016 dofs)
— w
04 IEpar
— MIN
— MINSRS
—— MIN_SR_FLEX
02
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Fully implicit SDC using the monolithic approach: PDEs sweeper

Comparison of different preconditioners

02

050

—»— FEATFLOW (42016 dofs) —w— FEATFLOW (42016 dofs)

— w —

IEpar 0.48 IEpar
— MN — MIN
—— MIN_SR_S J—
SRS 0.46 MIN_SR_S

—— MIN_SR_FLEX —— MIN_SR_FLEX
0.44
0.42

o g
0.40
0.38
036
034
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Times Times

Member of the Helmholtz Association

Figure: Lift coefficient using different SDC setups and time steps
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Fully implicit SDC using the monolithic approach: PDEs sweeper

Comparison of different preconditioners

20.01 — W
IEpar
175 —— MIN_SR_S
: —— MIN_SR_FLEX
15.0 4
12.5 4
@
1=
2
F=]
© 10.0q
u
=2
7.5 A
5.0 1
2.54
0.0 T T T T T T T T T
0 1 2 3 4 5 6 7 8
Times

Figure: Number of iterations needed by various preconditioners throughout the simulation
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Fully implicit SDC using the monolithic approach: PDEs sweeper

Comparison of different preconditioners

30 4 [ { mmw
'
: ',l [Epar
! | m=m MIN
25 | : L mmm MIN_SR_S
[
I | EEm MIN_SR_FLEX
! ‘—— PDEs
f ] | y—.
204 1 : DAES
1
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U
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Figure: Number of iterations needed by various preconditioners throughout the simulation
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Fully implicit SDC using the monolithic approach: PDEs sweeper

Strong scaling speedup

4.0{ —e— Measured Speedup »
-o |deal Speedup .

3.5

3.0

154

1.0 4

Number of processors
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Summary

m SDC method can use simple numerical method (even a first-order method) to compute a solution with
higher-order accuracy.

m SDC can be used for various initial value problems, using explicit, implicit or implicit- explicit schemes.
m parallelization can be done across the method (i.e. using diagonal preconditioners).

what’s next?

m Assess code performance with advanced numerical test cases to ensure robustness.
m Optimize parallel execution and analyze the space-time speedup.
m Implement SDC in the FEAT3 toolbox.

IJ JULICH

Member of the Helmholtz Association December 18th, 2024 Forschungszentrum

Slide 22



R | Steaton ™
ACknOWIedgment and Research

Novel Exascale-Architectures with Heterogeneous Hardware Components for CFD Simulations

Project goals

-~ e Enhance scalability and efficiency of FEATFLOW
——k: e Develop exascale-ready methods
STROEMUNGSRAUM e Provide IANUS customers with access to methods,
SCALEXA HPC DEEPTECH codes, and knowledge.

Project partners
e |ANUS Simulation GmbH
e TU Dortmund University - Coordinator
o Jilich Supercomputing Centre
e University of Cologne
e Friedrich Alexander University Erlangen -Nuremberg
e Freiberg University of Technology
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Fully implicit SDC using the monolithic approach

Lift coefficient using different SDC

050
—— SDC with N=2 —— SDC with N=2
SDC with N=3 SDC with N=3
0479 — spC with N=4 0.48 —— SDC with N=4.
—— SDC with N=5 —— SDC with N=5
—— FEATFLOW (42016 dofs) 0.46 —— FEATFLOW (42016 dofs)
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Figure: Lift coefficient using various SDC methods with At = =% , compared to FEATFLOW reference data with

257
At = 1
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