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A core physics-based model for PEM fuel cell impedance reduces to the numerical solution of a boundary value problem for two
coupled, linear, complex–valued ordinary differential Eqs. with variable coefficients. We report a matrix formulation of a
previously developed recurrent method for the fast numerical solution of this problem. This formulation does not require iterations
and it utilizes only elementary functions and 4 × 4 matrix products, resulting in one to two orders of magnitude faster code
compared to the standard Python boundary–value problem solver. This significantly improves the computational speed of the
physics-based impedance model, making it competitive with the popular equivalent circuit modeling approach. The numerical
calculation of cell impedance is demonstrated based on the model that includes proton transport in the catalyst layer and oxygen
transport in the catalyst and gas-diffusion layers. Least–squares fitting of a real experimental spectrum shows that the matrix solver
returns the cell transport parameters 50 times faster than the classic boundary–value problem solver.
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List of Symbols

˜ Marks dimensionless variables
an, bn Sub–layer boundaries, Fig. 1
bT ORR Tafel slope, V
Cdl Double layer volumetric capacitance, F cm−3

c Oxygen molar concentration in the CCL, mol cm−3

cg Oxygen molar concentration in the GDL, mol cm−3

cref Reference oxygen concentration, mol cm−3

Dox Oxygen diffusion coefficient in the CCL, cm2 s−1

Dg Oxygen diffusion coefficient in the GDL film,
cm2 s−1

F Faraday constant, C mol−1

i* ORR volumetric exchange current density, A cm−3

i Imaginary unit
j Local proton current density in the CCL, A cm−2

j0 Cell current density, A cm−2

lt CCL thickness, cm
N Number of sub–layers
N1˜ c x1= ∂˜ ∂ ˜
Pη, Qη, Rη, Sη,
Pc, Qc, Rc, Sc,
Pq, Qq, Rq, Sq
Pj, Qj, Rj, Sj Coefficients in Eq. 11,34

p, q, r, s Dimensionless coefficients, Eq. 7
q* Dimensionless parameter, Eq. 24
x Coordinate through the cathode, cm
Subscripts:
a, b x a˜ = or x b˜ = , respectively
g GDL
0 Membrane/CCL interface
1 CCL/GDL interface
Superscripts:
0 Steady–state value
1 Small–amplitude perturbation
Greek:
α Dimensionless parameter, Eq. 25
ε* Dimensionless Newman’s reaction penetration

depth, Eq. 8
η ORR overpotential, positive by convention, V

μ Dimensionless parameter, Eq. 8
σp Nafion film proton conductivity, S cm−1

ω Angular frequency of the AC signal, s−1

Electrochemical impedance spectroscopy proved to be an indis-
pensable tool for in situ and in operando PEM fuel cells diagnostics.1

Every transport and kinetic process running in the cell typically has
its own “resonance” frequency; variation of applied AC signal
frequency over several decades allows one to probe virtually all the
processes.

Extraction of transport and kinetic coefficients requires fitting of
a relevant model to experimental impedance spectra. Due to its
simplicity, a method of equivalent circuit has been widely used in
fuel cell literature.2 However, any selected equivalent circuit is not
unique, which could lead to misleading results.3 More recent
techniques for spectra analysis are the distribution of relaxation
times (DRT) and the distribution of diffusion times (DDT). The
DRT is based on expansion of impedance spectrum over an infinite
sum of parallel RC–circuit impedances,4–8 while the DDT employs
impedance expansion over elementary diffusion impedances.9

Unfortunately, due to interdependence discussed below, none of
the aforementioned methods allow for reliable extraction of physical
cell parameters from the impedance spectra.

In PEM fuel cell, one of the key problems is understanding
potential loss due to oxygen transport from the cathode channel inlet
to catalyst sites in the cathode catalyst layer (CCL). Calculations
using the physics-based analytical model shows that the individual
contributions of channel, gas–diffusion layer and CCL into the total
oxygen transport impedance cannot be separated by means of
DRT.10 The problem is that the individual impedances of oxygen
transport in the chain of channel, GDL and CCL depend on each
other, i.e., changing the transport parameter of any chain element
affects impedances of the other elements. The only exclusion is
proton transport in the CCL, which is well separated from the other
processes by one to two frequency decades gap.10 Since the DDT
differs from the DRT by the form of expansion kernel only, the same
interdependence problem is expected to exist in the DDT technique.

From the author’s perspective, the most reliable technique for
deciphering impedance is fitting of one of the developed over
the past three decades physics–based impedance (PBI) models11–30zE-mail: A.Kulikovsky@fz-juelich.de
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(see also review31) to the spectra. In PEMFC impedance problems,
an answer to the question raised by Boukamp in the title of his
paper8 seems to be negative: neither DRT, nor DDT can replace
least–squares fitting of PBI models to experiment. On the other hand,
DDT proved to be useful for analysis of spectra from single catalyst
layers.9

The use of PBI technique is limited by complexity and slowness of
PBI models, which involve numerical solution of a boundary–value
problem.32 The simplest (and in many cases quite relevant) PBI model
is based on the proton charge and oxygen mass conservation Eqs. in
the CCL (Basic transport equations Section). The model enables
simple incorporation of oxygen transport in the gas diffusion layer
(GDL) impedance (Matrix formulation Section). Fitting of this core
impedance model to experimental spectra includes multiple (for each
frequency point) numerical solutions of a boundary-value problem
(BVP) for a system of linear complex-valued ordinary differential
Eqs. (ODEs) for the small perturbation amplitudes.

Recently, a fast recurrent method for solution of this problem has
been suggested.33 Below, the method33 is reformulated in a compact
matrix form, which significantly improves the speed of spectra
calculations. The matrix formulation allows to perform least–squares
fitting of the PBI model to experimental spectrum in less than a
second on a standard notebook. This makes the core PBI model a
fast and reliable alternative to the equivalent circuit models.

Model

Basic transport equations.—For the sake of completeness, in
this and next Sections we give a brief schematic of derivation of
recurrent relations34 forming the basis for the matrix method. The
PEMFC impedance model discussed here employs a classic system
of macro–homogeneous Eqs. for the CCL performance. The system
includes the time–dependent proton charge– and oxygen mass–-
conservation equations:33
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Here t is time, x is the coordinate through the cell counted from the
membrane (Fig. 1), η is the positive by convention oxygen reduction
reaction (ORR) overpotential, Cdl is the volumetric double layer
capacitance (F cm−3), σp is the CCL proton conductivity, bT is the
ORR Tafel slope, i* is the ORR exchange current density, c is the
local oxygen concentration in the CCL, cref is the reference oxygen
concentration, Dox is the effective oxygen diffusion coefficient in the
CCL, and F is the Faraday constant. The right side of Eqs. 1, 2 is the
Tafel ORR rate.

Linearization and Fourier transform of Eqs. 1, 2 includes the
following steps (for further derivation details see33):

• Substitute x t x x t, ,0 1η η η˜( ˜ ˜) = ˜ ( ˜) + ˜ ( ˜ ˜) and c x t c x, 0˜( ˜ ˜) = ˜ ( ˜) +
c x t,1˜ ( ˜ ˜) into Eqs. 1, 2 and perform linearization assuming 1 0η η˜ ≪ ˜ ,
c c1 0˜ ≪ ˜ . Here the superscripts 0 and 1 mark the static variables and
the small perturbation amplitudes, respectively, Expand the right side
of Eqs. 1, 2 in Taylor series over 1η̃ and c1˜ keeping two leading terms
and neglecting the terms with perturbation products. Subtract the
static Eqs. for 0η̃ and c0˜ , which are obtained from Eqs. 1, 2 by
chalking out the terms with time derivatives.

• Substitute Fourier–transformations x t x t, , exp i1 1η η ω ω˜ ( ˜ ˜) = ˜ ( ˜ ˜ ) ( ˜ ˜)
and c x t c x t, , exp i1 1 ω ω˜ ( ˜ ˜) = ˜ ( ˜ ˜ ) ( ˜ ˜) into the linearized equations. This
leads to linear BVPs for the perturbation amplitudes x ,1η ω˜ ( ˜ ˜ ) and
c x ,1 ω˜ ( ˜ ˜ ):
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Here, ω is the angular frequency of applied AC signal, and the
dimensionless variables are defined according to
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The boundary conditions in Eq. 3 fix applied potential perturba-
tion 1

1η̃ at the CCL/GDL interface (x 1˜ = ) and zero proton current
through this interface. The b.c. for Eq. 4 mean zero oxygen flux in
the membrane and fixed oxygen concentration perturbation c1

1˜
prescribed by oxygen transport in the GDL at x 1˜ = (see below).

The coefficient functions p, q, r, s are given by
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At low cell currents, the coefficients p, q, r, s are nearly constant
along x̃, allowing analytical solution to the problem (3), (4).33

However, at practically relevant currents, e
0η̃ and c0˜ strongly vary

with x̃, and the problem (3), (4) could only be solved numerically.
The standard Python BVP solver solve_bvp easily integrates this
problem; however, the process is slow for using in the spectra fitting
algorithms. Fitting includes multiple solution of Eqs. 3, 4 for several
tens of frequency points ω (typically 50) and the speed of Eqs. 3, 4
numerical integration plays a pivotal role.

Recurrent method.—A faster numerical method for Eqs. 3, 4
solution is based on the following idea.34 We separate the domain
x 0, 1˜ ∈ [ ] into N sub–intervals numbered from the CCL/GDL

Figure 1. Schematic of the cathode catalyst layer separated into N sub–-
layers and the characteristic shapes of the static oxygen concentration c0˜ and
ORR overpotential 0η̃ . The problem (9), (10) is solved on a single sub–layer
[an, bn]. Note that the sub–layers are numbered from the GDL/CCL interface
toward the membrane.
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interface to the membrane (Fig. 1). Further, we approximate the
static shapes x0η̃ ( ˜) and c x0˜ ( ˜) by stepwise functions, i.e. on each
sub–interval, 0η̃ and c0˜ are constant. With this, Eqs. 3, 4 for a single
interval [an, bn] (Fig. 1) can be reformulated as a Cauchy problem
(until the end of this section, the subscript n is omitted):
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In Eqs. 9, 10, all the boundary (initial) conditions are set at x b˜ = .
Analytical solution to the linear problem (9), (10) with constant
coefficients is straightforward. Setting x a˜ = in the solution, we get
linear algebraic Eqs. relating the unknown functions at x a˜ = with
their values at x b˜ = (Fig. 1):
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where we keep notations.34 The explicit expressions for the
coefficients in Eq. 11 though p, q, r, s can be found in Ref. 34.

Starting from the values at the CCL/GDL interface (at x 1˜ = )
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and applying Eq. 11 N times, we get the solution at the membrane
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Note that the initial parameter N1
1˜ (the derivative c x1∂˜ ∂ ˜ at x 1˜ = ) in

Eq. 12 is yet undefined. This parameter must provide N 0N
1˜ = (zero

oxygen flux in the membrane). In Ref. 34, relatively slow calculation of

N1
1˜ using Eq. 11 and the iterative SciPy solver fsolve has been suggested.

Matrix formulation.—Equation 11 can be written in the matrix
form as
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or, since an = bn+1 (Fig. 1), simply as

y M y 15n n n1 = [ ]+

where yn, yn+1 are the column vectors on the right and left sides of
Eq. 14, respectively, and Mn is the nth local matrix in Eq. 14 with
the elements calculated in the middle of the interval [an, bn], i.e. at
x a b 2n n˜ = ( + ) .

From Eq. 15 it is evident that the recurrent solution process discussed
in the previous section can be expressed in matrix notations as

y M M M M y 16N N N 1 2 1 1= ( …( ( ))…) [ ]−

Since the matrix multiplication is associative, Eq. 16 can be
simplified to

y Uy , 17N 1= [ ]

where U is the product of N matrices
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is the column vector of unknowns at x 1˜ = (or, equivalently, for
n= 1). Note that the matrix U has to be calculated using Eq. 18 for
each frequency ω.

The first two components 1
1η̃ and c1

1˜ of the vector y1 are usually
known (see next Section) and its fourth component is zero due to
zero proton current through the CCL/GDL interface. The third

component N1
1˜ of y1 is unknown and it must provide zero oxygen

flux at the membrane surface, leading to equation:

Uy 0, 201 3( ) = [ ]

i.e, the third component of vector Uy1 must be zero. Writing Eq. 20
in components, we come to the linear algebraic equation

U U c U N 0 2131 1
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with the solution
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U U c
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33
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where the double subscripts denote the row and column in U.
With U at hand, calculation of the CCL impedance for the

frequency ω reduces to the following fast steps:

• Calculate N1
1˜ using Eq. 22.

• Calculate the solution vector c N jy , , ,N N N N N
T1 1 1 1η= ( ˜ ˜ ˜ ˜ ) at the

membrane interface by multiplying 4× 4 matrix U and vector y1,
Eq. 17.

• Calculate the system impedance Z jN N
1 1η˜ = ˜ ˜ .

This sequence is repeated Nω times, where Nω is the number of
frequency points in the spectrum. With the matrix U at hand, the first
step gives N1

1˜ directly. In terms of calculations speed, it provides a
significant advantage over the recurrent method34 employing itera-
tive SciPy solver fsolve and Eq. 11. The pre–calculated U can also be
reused in problems with different boundary conditions at x 1˜ = .

Matrix U transforms the vector of boundary values y1 at x 1˜ =
into the vector of solution yN at the single point x 0˜ = , as required
for impedance calculation. If the full solution shape along x̃ is
needed, the following algorithm does the job:

1. Compute local matrices Mn, n= 1,…, N using the relations for
matrix elements.34

2. Calculate matrix U using Eq. 18.
3. Calculate N1

1˜ from Eq. 22.
4. Use the recurrent formula, Eq. 15, to calculate the solution at all

mesh points.

Incorporation of the gas diffusion layer impedance.—The
oxygen concentration perturbation at the CCL/GDL interface, c1

1˜ in
Eq. 21 allows us to incorporate GDL oxygen transport impedance
into the model. With the dimensionless variables 5, equation for the
oxygen concentration perturbation in the GDL c x ,g

1 ω˜ ( ˜ ˜ ) reads33
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where Dg˜ if the GDL oxygen diffusivity, c c,g h
1 1˜ ˜ are the oxygen

concentration perturbations in the GDL and channel, respectively,
l l lg g t
˜ = is the dimensionless GDL thickness. The left boundary
condition for Eq. 23 means continuity of the oxygen flux at the CCL/
GDL interface, and the right boundary condition expresses con-
tinuity of the oxygen concentration at the GDL/channel interface.
Solution of Eq. 23 gives the oxygen concentration perturbation on
the GDL side of the CCL/GDL interface:33
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Parameter ch
1˜ in Eq. 24 provides the “interface” for incorporation of

oxygen transport in the channel impedance. This option is not
considered here; for the case of infinite (large) air flow stoichio-
metry, we set c 0h

1˜ = .

Continuity of the oxygen concentration prescribes that c c 1g1
1 1˜ = ˜ ( )

and hence Eq. 24 with c 0h
1˜ = can be substituted for c1

1˜ into Eq. 21.
Solving Eq. 21, we get
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With Eq. 25, vector y1 in Eq. 17 is fully determined.

Numerical Results and Discussion

Figure 2 compares the impedance spectra obtained from the
solution of Eqs. 3, 4 using the Python BVP solver solve_bvp and using
Eq. 25 and the matrix equation 17 with N= 40 sub–layers. As can be
seen, the matrix method quite accurately reproduces the exact
numerical result. Parameters for the calculations are collected in
Table I. Table II compares runtime of the three codes for impedance
calculation with (i) the standard Python BVP solver, (ii) the recurrent
solver, and (iii) the matrix solver. For this particular problem, at the
cell current density of 1 A cm−2, the recurrent solver is nearly three
times faster than the standard Python BVP solver solve_bvp, while the
matrix solver returns the spectrum 14.5 times faster than solve_bvp.
Fivefold acceleration of the matrix code as compared to the recurrent

one is achieved thanks to direct calculation of parameter N1
1˜ from

Eq. 25. Note that in all the cases, nonlinear problem for the static
shapes x0η̃ ( ˜) and c x0˜ ( ˜) was solved using solve_bvp and the respective
computational time was excluded from the timing in Table II. At 0.1
A cm−2, the advantage of matrix method over the BVP solver reaches
nearly two orders of magnitude (Table II).

The accuracy of x0η̃ ( ˜) and c x0˜ ( ˜) stepwise approximation used in
the recurrent and matrix methods depends on the cell current density.
Due to the selected low CCL oxygen diffusivity (Table I) the oxygen
concentration rapidly drops toward the membrane (Fig. 3). This
dramatic decay together with the exponential variation of the

parameter e
0η̃ along x̃ requires a large number N= 40 of mesh

points for the recurrent and matrix algorithms.
Figure 4 shows the residual error r of the matrix method

r Z Z 26bvp U= ∥ ˜ − ˜ ∥ [ ]

where Zbvp˜ is the impedance obtained from the BVP solver, and ZU˜
is the impedance resulted from the matrix method. Doubling of the
mesh points number reduces r by a factor of 4. In addition, r strongly
depends on the cell current density j0: doubling of j0 increases r by a
factor of 5 to 7 (Fig. 4). Overall, doubling of the cell current requires

Figure 2. (a) Comparison of the Nyquist spectra obtained directly from
Eqs. 3, 4 using Python BVP solver solve_bvp (solid points) and the matrix
method with N = 40 mesh points (open circles). (b) Bode plots of the real
and imaginary parts of the spectra in (a). The cell current density is 1
A cm−2; the other parameters are listed in Table I.

Table I. The cell parameters used in calculations.

CCL thickness lt, cm 10 · 10−4

GDL thickness lg, cm 230 · 10−4

CCL oxygen diffusivity Dox, cm
2 s−1 1 · 10−4

GDL oxygen diffusivity DGDL, cm
2 s−1 0.02

CCL proton conductivity σp S cm−1 0.01
ORR Tafel slope bT, mV / exp 30
Double layer capacitance Cdl, F cm−3 20
Cell current density j0, A cm−2 1.0
Pressure Standard
Cell temperature T, K 273 + 80

Table II. Comparison of the relative speed of impedance Z calcula-
tion for the cell current densities of 1 and 0.1 A cm−2. In both the
cases, unit is the speed of Z calculation from numerical solution of
Eqs. 3, 4 using a standard Python BVP solver. The recurrent and
matrix methods employed N = 40 sub-intervals for j0 = 1 A cm−2 and
N = 10 for j0 = 0.1 A cm−2. The number of frequency points is 50 (10
points per decade).

Method BVP Recurrent Matrix
solver method solver

Eqs. 3, 4 Eq. 11 Eq. 17

Relative speed of
calculations
at j0 = 1 A cm−2 1 2.8 14.5
at j0 = 0.1 A cm−2 1 7.5 53
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about twice more sub–layers to keep the same residual error. At
lower currents, the gradients of c0˜ and 0η̃ along x̃ are small and
N= 20 or N= 10 is quite sufficient for accurate spectra calculation
(Fig. 4). In the latter case, the matrix method yields impedance up to
two orders of magnitude faster than the standard BVP solver. For
example, with the parameters in Table I, for the cell current density
of 0.1 A cm−2 and N= 10, the matrix solver returns quite accurate
impedance spectrum 53 times faster than the BVP solver (Table II).
It is worth noting that the matrix formulation can be easily extended
for a nonuniform mesh, to resolve large local gradients of the static
c0˜ and 0η̃ shapes.

Figure 5 shows the experimental and fitted model spectra of a
standard PEMFC with the cathode Pt loading of 0.4 mgPt cm

−2. The
main operating parameters are indicated in Fig. 5 caption; the other
experimental details can be found in Ref. 35. The spectra have been
fitted using the model, which takes into account the variation of
oxygen concentration along the channel. The system of Eqs. solved
includes Eqs. 3, 4, where c1

1˜ is given by Eq. 24 with ch
1˜ determined

from equation for oxygen transport in the channel.36 The model was
fitted to experiment using (i) the BVP solver and (ii) the matrix
solver with N= 20 mesh points. The fitted spectra from the two
methods are visually indistinguishable. The fitting parameters from
the two methods are compared in Table III. As can be seen, the
parameters giving by the matrix solver are very close to those
obtained with the BVP solver. However, the matrix solver returns
the results 50 times faster than the Python BVP code solve_bvp.

Generally, the matrix solver can be developed for any linear BVP
with variable coefficients, provided that the reasonably simple
analytical solution of this BVP with constant coefficients can be
derived. This implies some preliminary analytical work to obtain
solution of the respective Cauchy problem analogous to (9), (10),
resulting in explicit expressions for the matrix elements in Eqs. 11.
As soon as the coefficients in Eq. 11 are known, the matrix U for the
given problem can be calculated. Due to BVP linearity, missing
elements of vector y1 can be directly expressed though the elements
of matrix U and available y1 components using the boundary
conditions at x 1˜ = . With y1 and local matrices Mn, fast calculation
of the solution at all mesh points is described in the last paragraph of
Matrix formulation Section.

Conclusions

A fast matrix solver of a boundary–value problem for a system of
two linear complex–valued ODEs with variable coefficients is
developed. To this end, solution of the respective Cauchy problem
on a small interval x a b,n n˜ ∈ [ ] is derived, assuming that the ODE
coefficients on this interval are constant. Analytical solution of the
Cauchy problem gives a system of four linear algebraic equations
relating the unknown functions and their derivatives on either side of
the interval. By writing the algebraic system in matrix form, in

Figure 3. The static shapes of the dimensionless overpotential and oxygen
concentration used in calculations of the spectra in Fig. 2.

Figure 4. The residual error of the matrix method, Eq. 26, vs the number of
sub–layers (numerical cells) for the cell current densities of 0.5 and 1
A cm−2.

Figure 5. (a) Experimental (points) and fitted model (open circles) Nyquist
spectra of a standard PEM fuel cell at the cell current density of 200
mA cm−2, cell temperature 80 °C, cathode absolute pressure 1.5 bar, cathode
RH 50%. The anode/cathode feed gases are hydrogen/air at 2/4 stoichio-
metry. The other experimental details can be found in Ref. 35. (b) The
frequency dependence of imaginary and real parts of the spectra in (a).

Table III. Comparison of the fitting parameters for the model
spectrum in Fig. 5 resulted from the BVP and matrix solvers in the
least–squares fitting procedure. With the matrix solver, the results
are obtained 50 times faster, than with the standard Python
BVP–solver.

BVP solver Matrix solver

ORR Tafel slope bT, mV 32.9 33.3
CCL proton conductivity σp, mS cm−1 11.9 13.4
DL capacitance Cdl, F cm−3 21.7 21.6
CCL oxygen diffusivity Dox, cm

2 s−1 0.729 × 10−4 0.750 × 10−4
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becomes evident that solution of the underlying BVP reduces to the
product of local 4× 4 matrices, which is computationally fast
procedure not requiring iterations.

The method is applied to solve the core physics–based model for
PEM fuel cell impedance, which includes proton transport in the
cathode catalyst layer and oxygen transport in the CCL and GDL.
Numerical test shows that for the cell current density of 1 A cm−2

and low CCL oxygen diffusivity, the matrix method with 40 mesh
points returns the PEMFC impedance 14.5 times faster than the
standard Python boundary–value problem solver solve_bvp. For
lower cell currents, the gain in the computation speed reaches nearly
two orders of magnitude. Least–squares fitting of the experimental
impedance spectrum measured at the cell current density of
200 mA cm−2 shows that the code with the matrix method returns
results 50 times faster than the code based on a standard BVP solver.
This makes the core physics–based impedance model with the
matrix solver a fast and robust alternative to the widely used
equivalent circuit modeling.
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