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Abstract. Spectral deferred corrections (SDC) are a class of iterative methods for the numerical
solution of ordinary differential equations. SDC can be interpreted as a Picard iteration to solve a
fully implicit collocation problem, preconditioned with a low-order method. It has been widely
studied for first-order problems, using explicit, implicit, or implicit-explicit Euler and other low-
order methods as preconditioner. For first-order problems, SDC achieves arbitrary order of accuracy
and possesses good stability properties. While numerical results for SDC applied to the second-
order Lorentz equations exist, no theoretical results are available for SDC applied to second-order
problems. We present an analysis of the convergence and stability properties of SDC using velocity-
Verlet as the base method for general second-order initial value problems. Our analysis proves that
the order of convergence depends on whether the force in the system depends on the velocity. We
also demonstrate that the SDC iteration is stable under certain conditions. Finally, we show that
SDC can be computationally more efficient than a simple Picard iteration or a fourth-order Runge—
Kutta—Nystrom method.
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1. Introduction. Many problems in science and engineering can be modeled
using Newton’s second law, giving rise to initial value problems of the form

(1.1) &= f(t,z(t),#(t)), z(to) =0, &(to) = o,

where z : R — Rd, f:Rx R? x R? — Rd, and tg <t < teng- Only for very simple
problems is it possible to find solutions analytically. In most cases, numerical time
stepping algorithms must be used to generate approximate solutions. A straightfor-
ward approach is to rewrite (1.1) as

(1.2a) (t) = v(t),
(1.2b) o(t) = f(t,z(t), v(t))

and apply standard methods for first-order ODEs like Runge-Kutta or multistep
methods. This, however, means treating both the equation for the position x(¢) and
v(t) in the same way and can forfeit opportunities to improve method performance.

For the harmonic oscillator with f(¢,2(t),v(t)) = —x(t), for example, explicit
Euler is unconditionally unstable while implicit Euler leads to heavy numerical
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damping. By contrast, the symplectic Euler method, which integrates (1.2a) ex-
plicitly and (1.2b) implicitly (although no implicit solver is required if f does not
depend on v), is conditionally stable and energy conserving [15]. A generalization of
this approach are Runge-Kutta—Nystrom (RKN) methods that use different Butcher
tables for position and velocity [14, sect. I1.2]. Derivation of higher-order RKN meth-
ods leads to a quickly growing number of order conditions [14, sect. II1.3.2]. A widely
studied special case [3, 19, 34, 35] is where f(t,z(t),v(t)) = f(z(t)), that is, the right
hand side depends only on the position but not on the velocity. This greatly simplifies
order conditions, allowing for easy construction of high-order methods with favorable
properties [14, sect. II1.2.3]. For the general case, however, constructing good high-
order methods remains a challenge and RKN often struggle to outperform standard
Runge-Kutta methods designed for first-order problems [2].

Spectral deferred corrections (SDC), introduced in 2000 by Dutt, Greengard,
and Rokhlin [11], provide an easy way to construct high-order methods for first-
order problems. There is a significant amount of theory [10, 13, 17], a number of
algorithmic improvements [18, 22, 23], and studies of its performance in complex
applications [5, 26]. For second-order problems, only a special variant based on the
Boris integrator [4] has been proposed, which is specifically tailored to the Lorentz
equations modeling trajectories of charged particles in electromagnetic fields [37].
This Boris-SDC method has been improved [33], used to compute fast ion trajectories
in fusion reactors [32], and studied for other plasma physics problems [27]. However,
no attempts have been made to adopt SDC for second-order problems other than the
Lorentz system and, unlike the first-order case, no theoretical foundation exists.

This paper fills this gap by providing a systematic study of the mathematical prop-
erties of second-order SDC, including a proof of consistency and an assessment of sta-
bility. It studies convergence and demonstrates that SDC can compete with an RKN-4
method in terms of computational efficiency. Section 2 describes the SDC method
for second-order IVPs using a velocity-Verlet integrator as base method. Section 3
investigates stability, using the damped harmonic oscillator as a test problem. The
related issues of stability and convergence of the SDC iteration are discussed and
stability domains of SDC are compared against an RKN-4 method and a collocation
method using Picard iterations. Section 4 proves consistency and that each iteration
increases the order by two in the case where f does not depend on v but only by one if it
does. The theoretical statements on convergence order are validated against numerical
examples. Finally, section 5 compares the computational efficiency of SDC against
Picard iteration and RKN-4. All the numerical examples were produced with the
project Second_orderSDC in the pySDC software [29], which is publicly available [30].

2. Spectral deferred corrections for second-order problems. For the sake
of notational simplicity, we focus on the autonomous case of (1.2) since any nonau-
tonomous problem can be transformed into an equivalent autonomous problem
[9, pp. 6-7]. Formulation of second-order SDC as well as notation are based on
the description of the Boris-SDC algorithm by Winkel, Speck, and Ruprecht [37].

2.1. Collocation formulation. Consider (1.2) in integral form,

(2.1a) x(t) =g —|—/t v(s)ds,

n

(2.1b) o(t)=vo-+ [ flals),vis))ds,
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over a time step [t,,t,11] with starting values xg ~ z(t,) and vy ~ v(t,,). Then, define
a set of quadrature nodes

tn§T1<...<TM§tn+1,

with associated weights

Atqu:At/ lj(S)dSZ/ ’lfj(s)ds, m,j=1,..., M,
0 ¢

n

where At = t, 41 — tp, ;(s), and [;(s), j =1,...,M are Lagrange polynomials cor-
responding to the quadrature nodes on the intervals [0,1] and [t,,t,41], respectively.
By z;, v;, f; we denote numerical approximations to x(7;), v(7;), and f(z(7;),v(7;))
[16, pp. 211-214]. Approximating the integrals in (2.1) using quadrature we obtain

M

(2.2a) Tm = To + Afz qm,j V5,
j=1
M

(2.2) U =00+ ALY i fj
j=1

for m=1,..., M. Next, substitute the second equation in (2.2) into the first so that

M M
(23&) Qj’m:IO+Atzqm,jU0+AtQqum,jfj,
j=1 j=1
M
(2.3b) U =g + Al Z Gm,j [
j=1

with qgm,; = Zf\il Gm,iq,; and m=1,...,M. The x,,, v, correspond to the stages
of a fully implicit RKN method [16, pp. 283-300]. We use Gauss—Legendre nodes
throughout this paper, making the collocation method symplectic [14, Theorem 4.2].

Collocation in matriz form. For the purpose of analysis, we will write the M
coupled equations (2.3) as a single system. Let Q € RM*M have entries Gm,; and let

(24) V= (’UO,’Ul, . ,’U]M)T7 X = (x07x17 . 7$M)T c Rd(M+1)
be vectors that contain the approximations at all nodes.! With initial conditions
Xy := (20,20, ..., 20)", Vo= (vo,v0,...,00)" € RIM+D

and F(X,V) = (fo, f1,..., fa)T € RUM+1) denoting the vector that contains the
forces at each node, (2.3) can be written compactly as

(2.5a) X =X, + AtQV, + A2QQF (X, V),
(2.5b) V =V, + AtQF(X,V).

1We use boldface variables to indicate values that have been aggregated over multiple quadrature
nodes. However, note that nonboldface variables can be vectors, too. For example, v1 € R? is the
velocity at the first quadrature node whereas V € R*M+1) are the velocities at all quadrature nodes.
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Here,
_ (0 0 (M41)x (M+1)
o=(o o)<+
with 0 being the M-dimensional zero vector, and
(2.6) Q=0Q3I; QQ=QI)®(Qel;)=QQ®1,

with Iz being the identity matrix of dimension d. Finally, let
U=(X,V)=(20,...,2Zn,00,...,00)" € R2AUM+1)

Then, (2.5) can be written as

(2.7) CeonUg =U — AtQconF(U) =: Mcon (U)

with Ug = (20, ..., 20, V0, - -,00)Ts F(U)= (for---s fars fore s far)T € RZMHD and

AtQQ 0) (Id(M+1) AtQ ) 2d(M+1)x2d(M+1)
2.8 coll = , Ceonn = eR ,
29 Qui=(3? 5) can= ("5 1o,

where O denotes a d(M + 1) x d(M + 1)-dimensional matrix with zero entries. Using
(2.7) we obtain the collocation problem in operator form,

(29) Mcoll(U) = CCOHUO'

Once the stages x,,, v, are known, the approximations at the end of the time
step can be computed via

M
(2108,) .T(tn+1) R Tpt1 =20+ At Z gmUm,
m=1
M
(2.10b) V(tnt1) X Vst =0+ ALY G fm,
m=1

where

1
qu/o li(s)ds, j=1,..., M.

Insert (2.3b) into (2.10a) to obtain

M M
(2.11a) o1 =70 + Atvg + A DN gigi g fn,
m=1i=1
M
(2.11b) Un41 =0 + ALY G foms
m=1

where we use that Z%Zl g¢m = 1 by consistency of the quadrature rule. Equations

(2.11) can again be written in vector form

(2.12a) Tyt =20 + AtqVo + A qQF (X, V),
(212b) Un+1 = Vo + Alqu‘()(7 V),

where ¢ := (0,¢1,...,qm) € R M+ and q:=q®1I; € RUM+1) - Thig is the
collocation problem for second-order IVPs that our SDC method will solve iteratively.

(© 2024 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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2.2. Velocity-Verlet scheme. We use velocity-Verlet integration [36] as the
low-order base method for the SDC iteration for a second-order IVP. Applying velocity-

Verlet to (1.2) with time steps 79,...,7a gives
A,
(213&) Tm+1=Tm + A7-m+1 (Um + 7—2+1fm> 5
AT,
(2.13b) U1 = Vm + —2 (fon + frns1)s
where AT, 11 = Tmt1 — Tm, m =0,...,M — 1. To obtain a matrix formulation for
(2.13a), we convert it into
m+1 1 m+1
(2.148,) Tm+41 =T + l_zl A1+ § l_zl (AT[)Qflfl,
m—+1
(2.14b) Umi1=v0+ 5 Y An(fio+ fi).

=1

These equations can be rearranged into vector form by defining

0 0 0 ... 0 0 0 0o ... 0
1 ATl 0 0 0 1 0 ATl 0 0
— ATl ATQ 0 0 [ 0 ATl AT2 0
QE At . . ‘. . : , QI At . : . . : 7
ATl ATQ ATM 0 0 ATl ATQ A’T]V[
and
1
(2.15) Qr:=5(Qs+Qn) € R+
Then, (2.14) becomes
At?
(2.16b) V=V, +AtQrF(X,V)

with o denoting the Hadamard product (elementwise product of two matrices). We
substitute the expression for V from (2.16b) into (2.16a) so that

X =X, + AtQp Vo + At?Q F(X,V),
where
. 1
(2.17) Qx = Qx ® Iy with Qx :== Q@1 + i(QEOQE)~

In order to combine both equations into a compact form based on U, we set

vv - o) Id(M+1) ) vV - 0] QT .

Finally, the matrix representation of the velocity-Verlet scheme is
U=C,,U; + AtQ,F(U)
or

(2.18) M, (U) :=U — AtQ,,F(U) = C,, U,.

(© 2024 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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We will use My (+) as preconditioner for the Picard iteration to solve (2.9). As shown
below, My, (-) is easy to invert by a “sweep” with velocity-Verlet through all the
nodes.

2.3. Spectral deferred corrections. Applying a Richardson iteration [20] to
(2.9) gives

(219) UM = (Laa(ars1) — Meon)(U*) + CeonUo = CeonUp + AtQeonF(U*),
where k=0, ..., K is the iteration index and we use U° to start the iteration.

PROPOSITION 2.1. Let f be a Lipschitz continuous function with Lipschitz con-
stant L and At sufficiently small so that AtL||Qeoull <1 . Then, (2.19) converges to
the collocation solution for all starting values Uy.

Proof. Subtracting (2.19) for k + 1 and k yields
Uk — UF = AtQeon(F(UF) — F(UF ).
Applying a norm and using Lipschitz continuity gives us
[T —UF|| < ALL||Qeon|[U* =T

Since AtL||Qconl| < 1, the iteration converges [1, pp. 1-10]. d

Often, the Picard iteration converges only for an impractically small time step.
To improve convergence, we use My, as a preconditoner [20], leading to

(220) Mvv(Uk+1) = (Mvv - Mcoll)(Uk) + CcollUO~

Each iteration requires solving a linear or nonlinear system of equations, depending
on the right-hand function f in (1.2), to invert M,,. However, the structure of My,
allows it to be done by sweeping through the quadrature nodes seqgentially. Using
(2.18) and (2.7) we obtain the operator form of the SDC iteration for second-order
equations

(22]—) (IQd(M+1) - AthvF)(Uk+1) = At((‘QcoH - QVV)F(Uk) + CCOHUO

for k=0,..., K.

Remark 2.2. Typically, the starting value U for iteration (2.21) will be generated
from the initial value Uy at the beginning of the time step, either by setting U = U,
or by an initial sweep of the velocity-Verlet base method to solve

(2.22) M, (U%) = C,, U,.

Our theoretical analysis in subsection 4.1 does not make any assumptions about how
U is generated. Since the aim of the numerical examples in subsection 4.2 is to
validate the theory, we always initialize U? with random values. Even a simple copy
of Uy was found to lead to convergence orders that are better than what the theory
guarantees in some cases. For the comparison of computational efficiency in section 5
we use UY = U,.

For analysis, it will be helpful to split the equations for position and velocity

(2.23a)
XkJrl - AtQQXF(Xk+1aVk+1) = XO + AtQVO + AtQ(QQ - QX)F(kavk)v
(2.23b) VFFL _ AtQpF(XF VAT =V + At(Q — Qr) F(XF, VF).

(© 2024 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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Using definitions (2.15) and (2.17) we obtain the sweep formulation

(2.24a)
M M M
ahth =20+ ALY gmiravo + AP @y (FT = 1) + AR agmiaff,
1=0 1=0 1=0
(2.24D)
M M
U =0+ AEY gy (= ) + ALY amiaff,
1=0 =0

where m = 0,...,M and k = 0,...,K, fF := f(aF,vF) and (@5,.1)m.1=o0,...m and
(qTTr‘L.l)m,lzo,“.,M are the entries of QQx and Q1. By taking the difference between
(2.24) for m+1 and m and exploiting that Qr is lower diagonal and Qy strictly lower
diagonal, we get

(2.25a)
m M
ol = a4 Arpgavg + A Z st (FT = fF) + A Z Sqm+1,1 S}
=0 =0
(2.25b)
AT, AT, M
vpi = o =g (k= fh) = (B = fR) A ALY smpnaf

=0

form=0,...,M —1 and k=0,..., K. Here,
Sm,j = Gm,j — Gm—1,> Smj = Am, — m-1,1> $9m,1 = qqm,1 = qqm—1,1

with m,j =1,..., M. The factor in front of vy is due to At Z]Aio Sm,j = ATy, Since
(2.25) is a sweep through the quadrature nodes using a velocity-Verlet method with
some additional terms on the right-hand side, implementation is straightforward.

Remark 2.3. If f does not depend on v, (2.25) is a fully explicit SDC iteration.

3. Stability. Similarly to how the Dahlquist equation is used to study stability
for first-order problems, we use the damped harmonic oscillator with unit mass

(3.1a) (t) = v(t),
(3.1b) 8(t) = f((t), v(t)) == —ra(t) — po(?)

as the test problem to study the stability of second-order SDC. Here, & is the spring
constant and g the friction coefficient. Assuming that My, = Ig( M+41) — Q. F is
invertible, iteration (2.21) becomes

(32) Uk+1 = stcUk + (12(M+1) - At(gvv];‘)il(—jcollIJ07

where Kqqc := (Io(ar41) — AtQuwF) 1 (AtQeon — AtQy)F. For fixed M and choice of
quadrature nodes, the iteration matrix Kgg. depends only on Atk, Aty. The iteration
matrix is similar to the one in first-order problems [18].

There are two different but related issues regarding stability of SDC convergence
of the SDC iteration for a single time step as K — oo and boundedness of the sequence
of approximations x,, v, generated by subsequent applications of SDC as n — co.

© 2024 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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PROPOSITION 3.1. The sequence {U*} generated by (3.2) converges for any U°
and starting values Uy if and only if

K = A < 1.
PKoae) = max WA

Proof. The proof works along the lines of the proof of [12, Theorem 2.16]. O

If we identify a pair of positive parameters At(x, ) with a point in the positive
quadrant Ri, we can define the convergence domain of SDC as

(3.3) Qeonv 1= { (Atr, Atp) €RF : p(Keac) <1} .

For a set of parameters inside Q¢ony, SDC will converge to the solution of the collo-
cation problem (2.2) as k — oc.

To assess stability as n — oo, we derive the stability function of SDC. Using
induction and (3.2) we find that

k
UM =KE U+ > K M) CeonUp.
j=0

Using the geometric series formula we obtain
—1q .
UkJrl = Kfjcon + (IQ(M+1) - Kf(;:;l) (12(M+1) - stc) MvvlccollUO'
This can be slightly simplified to
(3.4) UF = PHIU,,
where

_1 _
Pl =K+ (L — K&o) (Toars1) — Keae) - My Ceon

The final quadrature step (2.12) can also be written in matrix form

Tne1) (1 AL\ [z At’qQ 0 kil
oo ()= )G dgro
Inserting the expression for U**! from (3.4) into (3.5) yields

Tn1) _ (1 At) [zo At?’qQ 0 k41
(3.6) <Un+1> a <0 1 ) (”0> i ( 0 Atg) TP U
or

Tnt1\ 1 At i) Atqu 0 k+17 [ Lo
s () ) ()

where 1= (3 9) e R2M+DX2 with 1=(1,1,...,1)T e RM+1. A full-step of SDC from
t, to t,41 for the damped harmonic oscillator therefore becomes

Tn+1\ _ 1 At AthQ 0 k+17 i)
oo ()= (b )+ (3508 et (7

and the stability function of SDC iteration is

(1 At At2qQ O ftls
(3.9) R(Atk, Atp) = (O 1 > + < 0 Atq) FP; /1.

(© 2024 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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Fi1G. 1. Stability domain for K = 50 iterations (upper left) and convergence domain (upper
right) of SDC with M = 3 Gauss—Legendre quadrature nodes. Stability domain of the Picard iteration
with K = 50 iterations and M =3 nodes (lower left) and stability domain of RKN-4 (lower right).

Stability in the sense that z,, and v, remain bounded as n — oo is then ensured if
(Atk, Atp) is an element of the stability domain

(3.10) Qutab 1= { (Atr, Atp) €RY : p(R(Atk, Atp)) <1}.

Figure 1 shows the stability domain after K = 50 iterations (upper left) and
the convergence domain (upper right) for M = 3 Gauss—Legendre nodes. Note how
the boundaries of the convergence and stability domain coincide. In general, the
stability domains grows as M increases. While this is not documented here, readers
can generate stability domains for larger values of M using the provided code.

Figure 1 also compares the stability /convergence domains of the Picard iteration
(2.19) (lower left) and RKN-4 (lower right) with the SDC iteration (3.2) (upper left)
for K =50. For the undamped system with p = 0, the Picard iteration converges up to
around Atk =18 while SDC only converges until Atk = 16, although neither method
will provide accuracy for such a low resolution. However, once damping is added to
the system SDC converges for a much larger range of parameters. In particular, SDC
converges for the stiff case with very strong damping while Picard does not. The
stability domains changes when the number or type of quadrature nodes changes.
The reader can use the provided code to generate stability domains for other choices.

(© 2024 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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M=3, K=1
30 30

Fic. 2. Stability domains of SDC with M =3 Gauss—Legendre nodes and K =1,2,3,4 iterations.

Figure 2 illustrates how the stability domain of SDC changes with the number
of iterations K. For K = 1, the stability domain is noticeably smaller than the
convergence domain. Surprisingly, for K = 2, the whole shown range of parameters
becomes stable—at the moment, we have no theoretical explanation. A preliminary
parameter search suggests that Lobatto nodes in particular often produce methods
that remain stable for extremely strong damping (up to Atu = 100) but we were not
able to identify a robust heuristic for this behavior. For K = 3 iterations, parts of the
shown parameter range are unstable again but the stability domain is still significantly
larger than for K = 1. Increasing to K = 4 iterations increase the stability domain
into the direction of stronger damping but slightly decreases it in the direction of a
larger spring constant. However, in all cases the stability domain of SDC is much
larger than that of Picard or RKN-4.

Stability for the purely oscillatory case. Table 1 shows the maximum stable values
for SDC and Picard iteration for Atk along the z-axis, that is, for the purely oscillatory
case with no damping (p = 0). Choosing an even number of iterations K seems to
be a poor choice for purely oscillatory systems as both methods are either unstable
or have very restrictive stability limits. By contrast, if K is odd, both methods are
stable for very large steps with SDC allowing even larger stable time steps than Picard
iterations. At the moment, we cannot offer a hypothesis as to what causes this very
different behavior for odd and even K.

(© 2024 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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TABLE 1
Stability limit for Atk for w=0 (purely oscillatory case with no damping) rounded to the first
digit for SDC and Picard iteration (in brackets).

SDC (Picard)

K M =2 M=3 M=4 M=5 M=6
1 6.0 (4.7) 7.2 (4.7) 7.8 (4.7) 8.4 (4.7) 8.6 (4.7)
2 0.0 (12.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)
3 0.0 (0.0) 9.6 (7.1) 26.5 (4.0) 35.3 (4.0) 55.1 (4.0)
4 11.6 (7.0) 0.2 (0.1) 0.4 (0.2) 0.4 (0.2) 0.6 (0.2)

4. Consistency and convergence order. We state and prove our main theo-
retical result on the convergence rate of SDC for second-order problems in section 4.1
and then validate the theory against numerical examples for the special case of a
single charged particle in a Penning trap in section 4.2.

4.1. Theory. The strategy we use to prove the theorem below follows approaches
used for the first-order case [8, 21].

THEOREM 4.1. Consider the initial value problem (1.2) with a Lipschitz contin-
wous function f with Lipschitz constant L. Let p denote the order of the quadrature
rule, and assume that f o (x,v) € CP([tn,tn+1]) and that there exists a positive con-
stant G such that H%(f o(z,v))|| <G. Let ((tn+1), v(tny1)) be the exact solutions
to (1.2) and (xk, |, v¥, ) be the approzimate solutions to (2.3) provided by SDC after
k iterations. If the step size At is sufficiently small, then

(4.1a) |2(tnt1) — 28 1| = O (GAPTY) + O (LFFT AR TR t2) |
(4.1b) [0(tng1) — vk 1| = O (GAPTY) + O (LEFT AR TRt |

where ko denotes the approzimation order of the base method used to generate U°;
see Remark 2.2. Moreover, if [ is independent of v, we have

(4.2a) @ (tng1) — 2k | = O (GAPFY) + O (L AR HRo+2)
(4.2b) 0(tns1) — 08 1| = O (GAPTY) + O (L AR TRt

Proof. We substitute (2.5) into (2.12b) to find the updates (z,41,vn41) for the
collocation method. Additionally, we determine the SDC method update formula
(zF 1, vF, 1) from (2.23) by plugging it into (2.5), subtract, and use the Cauchy-
Schwarz inequality [31, pp. 171-177] and Lipschitz continuity to get

(4.3) [Un+1 = vyl = Atl(F(X, V) = (X, VE))|
(4.4) < Atlql[|F(X, V) = F(X*, V)|
(4.5) < AtL||ql| (X = X*] + [V = VE).

Using that ||¢|] <1 [25] and Theorem A.3 we find that

(4.6) [Ont1 = v | S ALL[lq|[([|X = X[+ [[V = V)
(4.7) < AtLFH (C]At’“*’“o+1 + C'gAt’“*’“O)
(4.8) < LRt (C*l + C‘QAt) AFtkott
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The entries of the ¢@ satisfy [16, pp. 208-210]

M
(4.9) Zqiqi,j:qj(lfﬂ')’ J=0,..., M.

=0

Because 7; <1 for all j=1,..., M on the unit interval, it holds that

(4.10) laQl = max g;(1—7;)[<1.
Jj=1,....M

©

Plugging (2.5) and (2.23) into (2.12a), subtracting, and using the Cauchy—Schwarz
inequality and Lipschitz continuity gives

(4.11) |#nt1 = 24| = AP QQ(F(X, V) — F(XF, V1Y)
(4.12) < LA || qQl|([|X — XF|| + [[V = V).
Using Theorem A.3 yields

(4.13) a1 — @5 S APL|QQ (IIX — X*|| + |V = V)
(4.14) < APLFH (élAt’”’“O“ + ézAtk+k°>
(4.15) < LFY(Cy + C AL AFtFo+2,

Assuming that At <1, we have
ég + C~’1At < ég + C~’1 =:Cy
and therefore

(4.16a) |1 — 2k, | < C LR AR+,
(4.16Db) |vn i1 — vk | < CLLFH ARt

Gauss quadrature nodes satisfy the orthogonality condition

1 M
0 i=1

[16, Theorem 7.9]. Thus, the following estimates hold,

(4.17a) |2(tni1) — Tny1| < CoGAPTY
(4.17b) [0(tny1) — Vny1| < CoGAPT

where p = M + ¢ and Cg is a constant. We have £ = M and p = 2M for Legendre
nodes, £ =M — 1 and p=2M — 1 for Radau nodes, and £ =M — 2 and p=2M — 2
for Lobatto nodes. Subtracting the analytical solution from the SDC solution at time
tnt1 and using the triangle inequality along with (4.16) and (4.17) gives the bound

(4.18) |z(tnt1) — xfi+1| <|z(tns1) — Tp1| + |Tns1 — fo+1|
< CoGAPT 4 Op LF I Agktko+2

for the position error and the bound

(4.19) [V(tnt1) = viiq] < [0(Eng1) = Ona| + |vng1 — vp gy
< CoGAPTY 4 O LFHI Ak tRot+L
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for the velocity error. In summary, the local error of second-order SDC satisfies

(4.20a) 2(tng1) — 2% 1| = O (GAPFY) + O (LFH Ak HRo+2)
(420b) |’U(tn+1) — U§+1‘ =0 (GAtP-i-l) + O (Lk+1Atk+ko+1) )

When f is independent of v, (4.3) and (4.11) become
[ns1 — k| = ARIGQF(X) — F(XM))| < LAR [qQ)X — X*[| < LAZ|X - XF|
and

[Vn41 = v 1| = Atla(F(X) — F(XY))] < LAt ql[| X — XF[| < LA X — X

Using the triangle inequality, (4.17), and Theorem A.3 yields

(4.21) 2 (tnr1) = Tp 1] < [@(tns1) — Tngr] + [Tng1 — 254
(4.22) < CuGAPHY 4 Op LF+H Af2k+ro+2
and

(423) |v(tn+1) - va+1| < |U(tn+1) - Un+1| + |Un+1 — v§+1
(4.24) < CaGAPT 4 O LFH1 Ag2ktho+1,

Thus we obtain

(4.25a) @ (tni1) — 28, | = O(GAPHY) 4+ O(LFH! Ap2R+Ro+2),
(4.25Db) 0(tni1) — v, | = O(GAPTY) 4 O(LFHI AR FRo+L). 0

A direct consequence of Theorem 4.1 and [28, Definition 2.1] is the following.

THEOREM 4.2. Let the right-hand side function f in (1.2) satisfy the assumptions
of Theorem 4.1. Then, the global convergence rate of SDC is p* :=min{p,k + ko}. If
| does not depend on v, we have p* =min{p, 2k + ko}.

4.2. Numerical examples. We validate our convergence analysis for the Pen-
ning trap benchmark [24]. The equations of motion are the Lorentz equations

(4.26a) (1) = v(t),
(4.26b) 0(t) = f(xz(t),v(t)) == a[E(z(t)) + v(t) x B(z(t))]

with a constant magnetic field B = “2 - e, along the z-axis with frequency wp. Let

a =L denote that particle’s charge-to-mass ratio so that

e [0 10
(4.27) vxB="2[-1 0 0]
“\o 00
The electric field with frequency wg is given by
L2 (10 0
(4.28) Ez)=—Z[0 1 0 |z
*\o 0 -2

(© 2024 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 01/20/25 to 134.94.168.44 . Redistribution subject to CCBY license

SDC METHODS FOR THE SECOND-ORDER PROBLEMS A1703

10-2 ? = 10- ./’0’/—.
¢ k=2 o(AL)
B K=3
1075 1075
. 1077 O(At?) 107’7
i = o(A)
g )
4q 107 q 10°
O(AtY)
10-11 O(Aﬁ) 10-11
® K=1
1071 s 10783 ¢ k=2
AL
oAt B K3
2x 1072 3%x1072 4x1072 2x1072 3x1072 4x1072
wp - At wpg - At
Fic. 3. Absolute local error Aacgabs) in the first component of the particle’s position (left) and

velocity (right) using K =1,2,3 SDC iterations and M =5. Note: color appears only in the online
article.

We use the same parameter as Winkel, Speck, and Ruprecht [37, Table 1]. For (4.26)
with magnetic field (4.27) and electric field (4.28) and a single particle inside the
Penning trap, an analytic solution can be found [6]. Note that because of the zero
row in the matrix in (4.27), the force along the third component is independent of
the velocity, while the forces along the first or second component are not. By looking
at the error in the first and third component separately, we will confirm below the
different convergence orders that our theory predicts for these cases.

4.2.1. Local error. Figure 3 shows the local position (left) and velocity (right)
of SDC along the first axis error against the time step At scaled with the frequency
of the magnetic field. The local error is computed by taking the difference A:cz(-abs) =
|x§appmx) - xganaly t)| between numerical and analytic solution after a single time step.
The index i = 1,2, 3 indicates the two horizontal and one vertical axes. In line with
our theoretical predictions, the order of the local error increases by one for every
iteration and the order of the local error in the position is always one higher than the
order of the local error in the velocity.

Figure 4 shows the local error for position and velocity in the third component
where the force is independent of v for SDC using M =5 Gauss—Legendre quadrature
nodes. As predicted by Theorem 4.1, the one order difference between position and
velocity error remains, but the order of the local error increases by two orders per

iteration.

4.3. Global error. Figure 5 shows the relative global error in the v;-component
(left) and vs-component (right) of the velocity for M = 3 Gauss-Legendre nodes with
fixed final time to,q = 2. Since the velocity depends on the position because of the
inhomogeneous magnetic and electric field, the global error will have the order of the
lower local order of the velocity. In line with Theorem 4.2 we see that in the ;-
direction every iteration increases the global convergence order by one. By contrast,
in the ws-direction, where the force is independent of the velocity, every iteration
increases the global order by two.

Table 2 shows measured convergence rates rounded to two digits for M =2,3,4
nodes and K =1,2,3 and K = 10 iterations. The theoretically predicted convergence
rates according to Theorem 4.2 are shown in brackets. The left table shows the
error in the xy-component and the right table the error in the x3-component. In line
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1072 102
1074 1074
107

1078

Az éabb)
Av gdbﬁ)

O(AtT)

10-10 10-10
10712 10712

O(At?) ® K=1

10-14 10-14 ‘ K=2

B K=3

4x1071 6x1071 10° 4x107! 6x1071 10°
wp - At wpg - At

FiG. 4. Absolute local error A:véabs) in the third component of the particle’s position (left) and
velocity (right) using one, two, and three SDC iterations and 5 quadrature nodes. In line with
Theorem 4.1, the order increases by two per iteration. Note: color appears only in the online article.

107

O(At®)
108

O(At?)

10° —e 100 ® K=1
o oAt ¢ k=2
10-2 102 W k=3
o(At?) ./.2/.
1074 1074 O(At?)
~ O(At?) —
£ 107 g, 107
— ~m
3 3
10-8 10-8 o(AtY)
10—10 10—10
® K=1 )
10721 ¢ k=2 10722 O(At®)
W K=3
10714 10-14
2x10°T  3x10! 4x10°  6x10°! 2x107T  3x10! 4x10°!  6x10!
wp - At wpg - At

FiG. 5. Relative global error szgrel), i =1,3 in the first component of the particle’s horizontal

(left) and wvertical (right) velocity in the Penning trap versus time step size for 3 Gauss—Legendre
collocation nodes using one, two, and three SDC iterations. Note: color appears only in the online
article.

with theory, the order increases by one per iteration in the former and by two per
iteration in the latter case. For K =10 iterations, the order is governed by the order
of the underlying quadrature rule and is therefore the same in both first and third
components.

4.4. Conservation properties. Many second-order problems are Hamilton-
ian systems for which conservation properties of the time integrator are important.
We consider the undamped harmonic oscillator (3.1) with © = 0.0 and £ = 1.0 and
a resulting oscillation frequency of w = 1.0. The continuous Hamiltonian H(t) =
2 (z(t)* +v(t)?) is constant so that H(t) = H(0). Figure 6 shows the relative er-
ror |H, — Hy|/Hp in the discrete Hamiltonian H,, = 3 (22 + v2) for a time step of
At = 27/10 until tenq = 1 x 10° for a total of 1,591,551 steps for RKN and SDC
with M =3 and M =5 Gauss—Legendre quadrature nodes and K = 2, 3,4 iterations.
Since the collocation method is symplectic, we expect bounded long term error for

large K. However, already for K = 2 second-order SDC shows no discernable drift.
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TABLE 2
Measured convergence rate rounded to two digits followed by convergence rate predicted by
Theorem 4.1 in brackets for different numbers of Gauss—Legendre quadrature nodes.

Horizontal axis Vertical axis
K M=2 M=3 M=4 K M=2 M=3 M=4
1 1.28(1) 1.30(1) 1.61(1) 1 1.99(2) 2.00(2) 1.99(2)
2 1.99(2) 1.99(2) 2.14(2) 2 4.00(4) 3.99(4) 3.98(4)
3 2.99(3) 2.99(3) 2.98(3) 3 3.99(4) 5.96(6) 5.97(6)
10 3.99(4) 5.99(6) 7.77(8) 10 3.99(4) 5.99(6) 7.91(8)
1073 1073
1075 ~ -/ 1075
= = RKN-4
£ £ K=2
T 1077 T 1077 K=3
< < K=4
107 RKN-4 10°°
K=2
K=3
. k=4
11 -11
10 104 10° 100 10 104 10° 106
w-t w-t

Fic. 6. Relative error in the discrete Hamiltonian for the undamped harmonic oscillator over
1.5 mallion time steps for M =3 (left) and M =5 (right). Note: color appears only in the online
article.

Furthermore, the relative error in the Hamiltonian from SDC is smaller than from
RKN-4 and decreases by about two orders of magnitude per iteration. This is in line
with previous findings for the Lorentz equations that showed low energy errors and
little to no drift for SDC, even for very long simulation times [33, 37].

5. Computational efficiency. SDC requires more function evaluation per time
step than the Picard iteration or an RKN method. However, for the same At, it will
produce a smaller error. This allows SDC to achieve accuracy comparable to Picard
or RKN-4 with a larger time step.

For a fair comparison in terms of efficiency, Figure 7 shows the relative error in
the first component (left) and third component (right) of the position for the Penning
trap benchmark for SDC, Picard iteration, and RKN-4 against the total number of
f evaluations required. Note that the different iteration numbers for SDC in the left
plot (K =2,4,6) and the right plot (K =1,2,3) are chosen to achieve the same global
convergence rates in both cases. In all cases, SDC is more efficient than Picard using
the same number of iterations. The advantage of SDC is more pronounced for the
case where the force does depend on velocity. Furthermore, with sufficiently many
iterations, the increasing order of SDC allows it to eventually outperform RKN-4. For
the error in the third component, K = 3 iterations are enough for SDC to become
more efficient than RKN-4 while in the first component it requires K = 4 iterations.
While not shown, the provided code can also generate work-precision results for the
velocity-Verlet integrator. For the error in the first component, we found it to be
marginally less efficient than SDC with k = 2 iterations while for the error in the
third component was slightly more efficient than SDC with k£ =1 iteration. In both
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10 ¢

T s

“@- RKN-
@ K=1
4 k=2
- K=3

-3
10 O -~ Picard iteration

e —— Boris-SDC iteration
10-5 e

z E_ 107
sl En
) )
< <4
107°
1071 -@- RKkN-4 10-1
@ k=2
- k=4
107131 - k=6 10-13
=== Picard iteration
—— Boris-SDC iteration
1071 10-15
2K 4K 8K 2K 4K 8K
Number of RHS evaluations Number of RHS evaluations

F1G. 7. Relative position error in the x1-direction (left) and x3-direction (right) for SDC (solid
lines), Picard (dashed lines) with different iteration numbers K with M =5 quadrature nodes and
RKN-4 against the total number of f evaluations. Note: color appears only in the online article.

cases, the higher-order variants of SDC are significantly more efficient than velocity-
Verlet (not shown).

6. Conclusions. We provide a theoretical analysis of spectral deferred correc-
tions applied to second-order problems. Using the damped harmonic oscillator as a
test problem, similarly to how the Dahlquist equation is used for first-order prob-
lems, we investigate convergence and stability of SDC compared against a collocation
method using Picard iteration and an RKN-4 method. The main theoretical result of
the paper is a proof that every SDC iteration increases the global convergence order
by one for problems where the force depends on the velocity and by two if the force
is independent of the velocity. We also show that the order of the local position error
is one higher than the order of the local velocity error. Our theoretical predictions
are validated against numerical examples for the Penning trap benchmark. We com-
pare SDC against Picard and RKN-4 with respect to work precision and find it to be
competitive for medium to high accuracies.

Appendix A. Auxiliary results. This appendix collects a number of technical
results we need for the proof of the main convergence results in section 4.

PROPOSITION A.l. For the matrices introduced in (2.5), (2.15), and (2.17), we
have the following bounds

3
(A.1b) el<1 [ <1

Proof. From Ruprecht and Speck [25, Lemma 3.1] we know that

(A2) [l <1, [|Qell <1.
Furthermore, it holds that

||QEOQE||SAT:L2+-~-+A712V[§A71+~--—|—A7’M§1.
Then,

@l < 3 (1Qel + Qi) <1
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and

1 3
IO« < Qe Q] + 5 IQsl < 5-

The bounds for the norm of the @ matrix were proven by Caklovic [7]. Furthermore,
we have ||QQ| < |1Q|||Q|l <1 which completes the proof. |

PROPOSITION A.2. Let f be a Lipschitz continuous function with Lipschitz con-
stant L and (X, V) be the solution to the collocation problem (2.5). Let (X*,V*) be
approximations provided by the SDC iteration (2.23). Suppose At satisfies

1
(A.3) At < (1—6)/L and At? < 3
for some positive number 0 < § < 1. Then, the following hold,
(A.da) IX = X*| < CLLAP(|X = XFH 4+ [V = VEH [V = V),
(A.4D) IV = VF|| < C2LA([V = VEH + X = X7+ [IX — X))
with constants C1, Co independent of At. If f does not depend on v we have
(A.5a) [X — X*|| <O LA X — XEL|,
(A.5Db) IV = V¥ <2LAH(|X = XF 1 + | X — XF).

Proof. To prove (A.4a), subtract (2.23a) from (2.5a) to get

X - XF=ArPQQ(F(X,V) - F(X* 1, VEh) + AP Qu(F(XF1, Vi)
— F(Xk, VF)).

Using the triangle inequality and Lipschitz continuity we have

IX — X*|| < |QQILAS (X — XE-1| 4[|V — VE1))
+ QI LA (X = X Y| + |V = VEH)
+ | QuIZAS (X = XH|| + [V = VF).

Since || Q«|| < 2 and |QQ| <1 by Proposition A.1, we can simplify to
3 - _
- %4 < (145 ) EAR(X - X414 [V = V)
3
+ S LA (X = XF[ + [V = V),

Because of At? < % we have 1 — %LAt2 >1—LAt>6>0 and thus

5LA? 3LAt?

X - XFl< 00 (X = XK1 V- vkl T IV — V.
| H_2_3LN2(II I+l ||)+2_3LN2|| [
Since 1 — %LAL‘2 > 6 for At? < %, this yields
5 5
A. — <=0
(A.6) 5 3APL S35 !
Hence,
(A7) X — X¥|| < CLLAP (| X = XF7H 4 [V = VFH [+ [V = V).
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We can prove (A.4b) in a similar way. Subtract (2.5b) from (2.23b) to get
\ Vk = AtQ(F(X7V) - F(Xk_lavk_l)) + AtQT(F(Xk_laVk_l) - F<Xk7vk))
Then,

IV = V¥ < At|QII| F(X, V) = F(XF 1, VET)
+ A Qe[| F(XFL VI — F(XE, VE)L

By using that F'is Lipschitz continuous we obtain

IV = VE < QI LAH(IX — XE7H| + ||V — VETT])
QI LAH([X = XETH 4 [V = VAT + [ X = XF|| + [V = V).

Since ||Qr|| <1 and ||Q]| <1 by Proposition A.1, it follows that
IV = VE[| < 2LAL(|X = XE7H 4[|V = VETH) + LAL(|X = X 4[|V = V).

Since, 1 — LAt > § > 0, we get

2LAt LAt
-V < —/— (IX = Xk! — vkl ——(IX = X*|.

IV - Vi < 2 I+ IV = VA 4 =2 (X — X))

Because 1 — LAt > § > 0, we have
2 2

. — < - =
(A-8) T—Iai =5
and
(A9) V= VF<CLAH(|X = X1+ |V = VE 4 [|X — XF|).

Let f be independent of v, i.e., F(X, V)= F(X). Subtracting (2.5) from (2.23) yields

(A10a) X -X'=Ar2QQ(F(X) — F(X 1)) + A?Q,(F(XF 1) — F(X*)),
(A.10b) V-V =AtQ(F(X) — F(X* 1)) + AtQr(F(X*1) — F(XF)).

Using similar arguments as above, we obtain

(A.11a) [X - X*|| <O LA | X — XE1,
(A.11D) [V = VF|| < 2LAL(|X = XF1 | + X — XF)). 0

The following theorem provides the error bound for SDC at the quadrature nodes.

THEOREM A.3. Consider the initial value problem (1.2) and let f be Lipschitz
continuous with Lipschitz constant L. If the step size At is sufficiently small, we have
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(A.12a) X — X¥|| < Cy LF Atk thotL,
(A.12b) [V — VE|| < CoLF Atk+ko
with constants Cy, Cs independent of At, and ko the order of the procedure used

to generate the starting value U° for the SDC iteration; see Remark 2.2. If f is
independent of v, we have

(A.13a) |X — XF|| < CyLFAt#+ho
(A.13b) |V = V|| < Gy LF Af2F+Ro—1
with constants Cy, C, independent of At.

Proof. First, consider a case where the right-hand side function f does not depend
on v. Insert (A.5a) into (A.5b) to get

[V — VF|| <2LAH(|X — XF1) + Oy LA | X — X))
= 2LAL|X — X + 20, L2 A8 | X — X<
As before,
IX = XF|| < O LA X - X
such that
[V — V¥ <2LAt|X — XF71| 420, L2 A3 X — XFE1)
By recursive insertion, we get
(A1) X - XE| < CFLFARH|X - X,
(A.15) [V — V¥ <208 LEA#R 1| X = XO|| + 20F LA AR X - XO.
For a starting value X° for the SDC iteration of order kg we have
(A.16a) X — X0 < CoAthe,
(A.16D) IV = V| < Coath,
where the constant Cj is independent of At. Taken together, we find that
X — XF|| < CFLEALF||X — XO|| < CFCLF AR HFo,
Similarly, using (A.16) in (A.15) we obtain
IV = VE|| <207 T LFAER | X = XO|| 4 207 LFH AR X - XO||
<207 CoLF AR TRO T 4 20T Co LM AP R0t
=2C,CF (1 + Oy LAt?) LF At?Ftko—1,

Since At? < %, the following estimate is valid

2C,CE (1 4+ C1 LA?) < 2C,CF 1 (1 + C;f) =:Cy.

Thus,
|X — X*|| < Cy LFA?k+ko,
||V _ Vk” < éngAt2k+ko_1,

where C’l = CfCo.
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For the general case where f depends on v, we use estimate (A.4) in Propo-
sition A.2. First, we insert | X — X¥|| from (A.4a) on the right-hand side of the
inequality (A.4b) to get

X = XF| <CLLAP(|X = X+ [V = V|
+ CoLA([[V = V7| 4 [ X = X 4 X = X))
= (CLLAE? + CLC L2 A3 (|| X — XF7H| 4 [V = VETL||)
+ C1CL, L2 A3 X — XF).

If At is small enough such that 1 — C,;CyL2At? > 5> 0, then

Cy LA + C1Cy L2 AE?
1— CCyL2A3

Analogously, substitute the expression for |V — V¥|| from (A.4b) into (A.4a) to get

(A.17) IX —X*)| < (X =X+ [V = VET)).

[V = V¥ <CLLAK([V = VFH 4| X = XM
+ CLLAP (| X = XFH 4+ [V = VA [V = VF|])
= (CoL AL+ CL O LPAR) (X = X1 + [V = VF1)
+ CL1CLLAAL ||V — V.

Hence,
CoLAt 4+ C1Co L2AE?
_vk < &2 102 _ k-1 vkl
(A18) V= VH < PSR (KX 4 [V - VA,
Let
(A 19) I LAtQ(C1 + ClchAt) T e LAt(CQ + CngLAtQ)
' LTI OlGL2A T T 1= O1CoL2A

and we obtain the following system of inequalities

X = X[ <y (|X = XF7H 4 [V = V),
IV = VF| <ma(|X = XE7H + [V = V).

These can be written in matrix form

X — XX my my\ [[|X =X
(4.20) (R 3el) = (e ) (23
Recursive insertion yields
k
[X —X*| my My X — XY g (I1X = X0
. < =: .
w2 () = (ne ) (R = ol =2 (=]

It is easy to show by induction that M* = (m1 +ms)* 1M so that (A.21) becomes

X — Xk|) < <(m1 +ma)* "ty (ma + mz)k_1m1> <||X - XO||>

A22
( ) (IIVV’“H (m14+m2)*"tma  (m1+ma2)tmy ) \ IV = VY
or

X = XE|| <1y (ma +ma) (X = X0+ [V = VO,
IV = VE| < ma(ma +ma)*H(|X = X0 + [V = V).

For At < % and 1 — C{CoL2At3 > 6 > 0, we can write

(© 2024 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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Co+ C1CQLAt2 < 3Cy +C1C5L

1— CCoL2AE = 35 = Cs,
C1+ C1Cy LAt < \/301 + C1C5L _.c
1— C1CoL2AE — NET B

and get the following inequalities

X — X*|| < CL LA (Cs LAt + C4LA?)* 1 (|| X — XO|| + ||V = VO]),
|V = V|| < C3LAt(Cs LAt + C4LAE)EF (| X — XO) 4 [V = V).

Using the results from (A.16) yields

X = XF[| < LFAFC4(Cs + Cadt) 1 (IX = X0 + [V = V)
< LEARHLC4(C5 + Cu A Y (Co Atk 4 CyAtho)
< 20400(03 + C4At)k_1LkAtk+ko+1.

Similar computations can be done for the variable V which yields

IV V¥ < LEAFCH(Cs 1 Cadt) = (IX — X7 + [V — V)
<2C3CH(Cs + C4At)k_lLkAtk+k0.

With At < % we find that

1 k—1 B
20400(03 + C4At)k_1 <204Cy <C3 + \/304) =C1,
1 k—1 B
20300(03 + C3At)k_1 <205C) <C3 + \/304) = (Cno.
Therefore,
||X _ Xk” S élLkAtk+k0+1,
|V — VE|| < CoLk Atk ko,
which completes the proof. ]

Reproducibility of computational results. This paper has been awarded
the “STAM Reproducibility Badge: code and data available,” as a recognition that
the authors have followed reproducibility principles valued by SISC and the scientific
computing community. Code and data that allow readers to reproduce the results in
this paper are available at https://github.com/Parallel-in-Time/pySDC/tree/master/
pySDC/projects/Second_orderSDC.
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