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Platforms based on transmission lines are nowadays employed for the simulation of standard phenom-
ena in quantum electrodynamics and quantum field theory. In this work, we propose a hybrid platform,
in which a right-handed transmission line is connected to a left-handed transmission line by means of a
superconducting quantum interference device. We examine the interaction between the two transmission
lines, as well as the excitation flow along the composite platform. We show that, by activating specific res-
onance conditions, this platform can be used as a quantum simulator of different phenomena in quantum
optics, multimode quantum systems, and quantum thermodynamics.
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I. INTRODUCTION

Quantum simulation occupies a pre-eminent role in the
development of state-of-the-art quantum technologies for
the study of complex quantum phenomena, which could
not be investigated via direct observations [1–14]. Nowa-
days, we can account for a vast range of quantum systems
that can be employed as a quantum simulator. Among
these systems, particularly successful platforms for imple-
mentations in quantum simulation are the superconducting
circuits [15–27]. Depending on the arrangement of the cir-
cuit elements, these devices can simulate, e.g., two-level
systems (qubits), and quantum harmonic oscillators, and
for this reason, superconducting circuits find application
as quantum simulators of a large number of physical sce-
narios in quantum electrodynamics (QED) [28–30], atomic
physics, and quantum optics [2].

Superconducting electrical circuits are particularly
effective for the investigation of multimode quantum sys-
tems, such as quantum fields or many-body systems [22,
31,32]. Typical examples are transmission lines (TLs),
which well describe (1+1)-dimensional quantum fields
either in free space or confined in a resonator [33]. In
the last two decades, the solid analogy between TLs and
quantum scalar fields, as well as the possibility to exter-
nally drive the magnetic flux by means of superconduct-
ing quantum interference devices (SQUIDs), was of great
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support for the investigation of quantum relativistic phe-
nomena, with particular focus on those stemming from
the stimulation of the quantum vacuum [34]. For instance,
effects of particle creation have been predicted in diverse
waveguidelike TLs [35–37]; well-known examples thereof
are the dynamical Casimir effect [38–41] (then observed
experimentally [3,4]), and the Hawking radiation [42–45].

Continuous transmission lines are normally right
handed, meaning that the dielectric constant and the mag-
netic permeability are both always positive. Due to the
right handedness, the dispersion relation of such TLs
enables the promotion of the discrete circuit nodes to
the continuous limit [28]. However, almost 70 years ago
Vaselago proposed left-handed media [46], which are char-
acterized by negative dielectric constant and magnetic per-
meability; moreover, the wave vector points to the opposite
direction with respect to the Poynting vector [47]. As a
consequence of the left handedness, in a limited range of
frequencies such a metamaterial also responds to the elec-
tromagnetic field with a negative refractive index [48,49].
In circuit QED, circuit platforms showing left-handed fea-
tures in the dispersion relation are called “left-handed
transmission lines (LHTLs)” [50–52].

In this work, we present a hybrid platform realized by
joining a left-handed and a right-handed transmission line
(RHTL) [53–56]. To join the two TLs, we make use of
a SQUID. We place this device on the edge between the
two TLs, such that it can directly couple the magnetic
flux stemming from both TLs. We examine the energy
conservation at the SQUID, showing that the interaction
between the two TLs leads to an energy-shift term altering
the frequency matching between left-handed and right-
handed modes. Of note, by tuning the Josephson energy
of the SQUID we can externally drive the dynamics of
the composite transmission line (CTL). We observe that,
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by properly manipulating the Josephson energy, we can
simulate a large spectrum of phenomena described by a
linear dynamics (e.g., quantum optics, including nonlinear
optics phenomena). Finally, we propose some applications
to the engineering of highly entangled states [57,58] and to
quantum thermodynamics [59–61].

The paper is structured as follows: in Sec. II we present
the CTL and discuss the differences between LHTL and
RHTL in terms of dispersion relations and eigenenergies
of the Hamiltonian. In Sec. III we address the problem
of the energy conservation at the SQUID, and examine
the possibility to propagate quanta of magnetic flux fields
from one TL to the other one. In Sec. IV we show that
the interaction Hamiltonian can display different types of
two-mode couplings depending on the activated resonance
condition between the Josephson energy and the modes
of both the LTHL and the RHTL. We also study the
correlation between these modes. In Sec. VI we present
different scenarios wherein our CTL can find application
as quantum simulator and quantum thermal machine. We
conclude in Sec. VII. Starting from basic circuit equations,
in Appendix A we mathematically obtain the Hamiltonian
from the Lagrangian using the magnetic fluxes as scalar
fields, and analyze the single terms of the Hamiltonian of
interaction.

II. THEORETICAL BACKGROUND

The hybrid TL is pictorially represented in Fig. 1. It is
made up of two different platforms, namely a LHTL and a
RHTL, connected together by one SQUID at the edge in
between. We assume that the CTL consists of 2N iden-
tical unit cells, where N is the number of discrete unit
cells equal in both the LHTL and RHTL. Each unit cell is
characterized by the length unit �x, determining the mini-
mum wave length for the transmission lines, λ = 2�x, and
confining the wave vector within the first Brillouin zone
[54]. The presence of the SQUID with the time-dependent
Josephson energy ensures the interaction between the two
TLs; furthermore, we will see that it allows to impose the
energy conservation for selected modes of the CTL.

The Lagrangian of the hybrid transmission line consists
of three parts, two thereof describe the left-handed and
the right-handed component individually, whereas the last
term is responsible for their interaction:

L = LL + LR + LI, (1)

where

LL = 1
2

N∑

nl=1

[
Cl(�̇

L
nl+1 − �̇L

nl
)2 − (�L

nl
)2

Ll

]
, (2a)

LR = 1
2

N∑

nr=1

[
Cr(�̇

R
nr
)2 − (�R

nr+1 −�R
nr
)2

Lr

]
, (2b)

LI = E(t) cos
[

2π
φ0

(
�L

1 −�R
1

)]
. (2c)

In the expressions above, �L
nl

(�R
nr

) represents the value
of the magnetic flux field of the left-handed (right-handed)
transmission line at the position nl (nr), Cl and Ll are the
capacitance and the inductance of the LHTL, whereas Cr
and Lr are the capacitance and inductance of the RHTL,
respectively. Note that the higher nl and nr, the farther the
labeled position with respect to the SQUID. Finally, E(t)
is the time-dependent Josephson energy, and φ0 = π�/e is
the magnetic flux quantum.

For the sake of simplicity, in our description we assume
that the capacitance of the Josephson junctions in the
SQUID is small with respect to the capacitance at both
the LHTL and the RHTL, CJ � Cl, Cr, implying that we
can neglect it in our description. We will work in a regime
where

(
�L

1 −�R
1

)
/φ0 � 1, namely we make the assump-

tion that the amplitude of the external magnetic flux at the
SQUID is much smaller than the magnetic flux quantum
[36,39,40,62], thereby writing the interaction Lagrangian
as

LI � −E(t)
2

(
2π
φ0

)2 (
�L

1 −�R
1

)2 . (3)

In Eq. (3) we expanded the cosine to the lowest order in
2π
(
�L

1 −�R
1

)
/φ0, obtaining the quadratic Lagrangian in

the classical amplitudes of the field.
Solving the Euler-Lagrange equations far from the

SQUID, namely at 1 < nl, nr < N [54],

ClLl
(
�̈n+1 + �̈n−1 − 2�̈n

) = �n,

1
CrLr

(�n+1 +�n−1 − 2�n) = �̈n,
(4)

we get the discrete mode expansions of the quantum flux
field in both the LHTL and the RHTL in terms of plane
wave:

�̂L(nl, t) =
N/2∑

|j |=1

√
�

2ClNωj

(
ei(kj nl�x−ωj t)aj + h.c.

)
, (5)

�̂R(nr, t) =
N/2∑

|j |=1

√
�

2CrNυj

(
ei(pj nr�x−υj t)bj + h.c.

)
, (6)

where ωj and kj are frequency and wave vector of the
left-handed TL, respectively; whereas υj and pj are fre-
quency and wave vector of right-handed TL, respectively.
The sum over all modes accounts for plane wave propa-
gating both leftwards (negative sign of j ) and rightwards
(positive sign of j ) along the CTL. Here, aj and bj are the
classical amplitudes of the LHTL and RHTL magnetic flux
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FIG. 1. Schematic representation of the hybrid transmission line. It consists of a left-handed and a right-handed transmission line,
each of N unit cells, connected by a SQUID in series.

fields, respectively. By means of the Euler-Lagrange equa-
tions, we also find that the two TLs are characterized by
the following dispersion relations:

ωj = 1

2
√

ClLl

∣∣∣sin
(

kj�x
2

)∣∣∣
, (7)

υj =
2
∣∣∣sin

(
pj�x

2

)∣∣∣
√

CrLr
, (8)

for the LHTL and RHTL, respectively. Note that the
form of the wave vectors is identical for both TLs, wj =
2π j /(N �x), with w = k, p . Referring to Fig. 1, in our
notation the positive sign of the wave vectors always
indicates the rightwards propagation of the signal.

Before introducing the quantization protocol of the CTL
we need to clarify the role of the SQUID as a crucial
element for the boundary conditions of the transmission
line. The interaction Lagrangian in Eq. (2c) encodes a
local time-dependent interaction between the two TLs.
To externally drive the interaction, at t > 0 we modulate
the Josephson energy of the SQUID around a fixed value
according to E(t) = E0[1 + η cos(
t)], where E0 = Icφ0 is
the average value of the Josephson energy with critical cur-
rent Ic. Here, 
 and η are the oscillation frequency and the
dimensionless oscillation amplitude, respectively. In our
formalism we assumed that the oscillation amplitude of the
Josephson energy is much smaller than its average value,
namely η � 1. By means of this assumption, we can safely
state that the frequencies of the magnetic flux field are only
weakly affected by the modulation of the Josephson energy
(frequency shift effects are described in Sec. III). This per-
turbative approach allows us to both solve the equation of
motion of the field by means of static boundary conditions,
and encode the time dependence of the interaction only in
the coupling strength of the interaction Lagrangian. Sim-
ilar perturbative techniques have been employed in other
contexts, for example, in cavity optomechanics [63–65].

The quantization of the two classical magnetic flux
fields occurs in accord to the standard procedure [51,66]:
we first promote the classical fields in Eqs. (5) and (6),
as well as the canonical momenta PL(nl, t) and PR(nr, t)
defined, respectively, in Eqs. (A6) and (A7), to quantum

operators: these fulfill the bosonic commutation relation
[
�̂L(n, t), P̂L(m, t)

]
=
[
�̂R(n, t), P̂R(m, t)

]
= i�δnm, (9)

whereas all other commutators are equal to zero. The quan-
tization of the classical amplitudes is derived by discrete
Fourier transforming Eqs. (5), (6), (A6), and (A7) and
exploiting the commutation rule in Eq. (9) [51]. We get

[
âi, â†

j

]
= δij

4 sin2
(

kj�x
2

) , (10)

for the magnetic flux field in the LHTL and
[
b̂i, b̂†

j

]
= δij , (11)

for the magnetic flux field in the RHTL. From now on, we
will refer to the excitations (or particles) generated in the
LHTL as left-handed excitations (LHEs) and to the exci-
tations generated in the RHTL as right-handed excitations
(RHEs).

Starting from the Lagrangian in Eq. (1) and the explicit
expressions for the two magnetic flux fields written above,
we can derive the Hamiltonian Ĥ = ĤL + ĤR + ĤI,
where

ĤL = 4�

N/2∑

|j |=1

ωj sin2
(

kj�x
2

)
â†

j âj , (12)

ĤR = �

N/2∑

|j |=1

υj b̂†
j b̂j , (13)

constitute the two parts of the noninteracting Hamiltonian
for the left-handed and right-handed transmission lines,
Ĥ0 = ĤL + ĤR, and

ĤI = χ(t)

⎧
⎨

⎩

N/2∑

|j |=1

[
1√

Clωj

(
e−ikj�xâ†

j + eikj�xâj

)

− 1√
Crυj

(
e−ipj�xb̂†

j + eipj�xb̂j

)]}2

, (14)

with χ(t) = �E(t)/2N (2π/φ0)
2, is the interaction Hamil-

tonian. The mathematical derivation of the Hamiltonian
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is reported in Appendix A. We notice that, as long as
we do not account for the interaction at the SQUID, the
eigenenergies in Eq. (12) are structurally identical to the
eigenvalues (frequencies) in Eq. (13),

εj ≡ 4�ωj sin2
(

kj�x
2

)
=

2�

∣∣∣sin
(

kj�x
2

)∣∣∣
√

ClLl
. (15)

Therefore, the bare energy grows with the wave vector
up to the border of the first Brillouin zone in both LHTL
and RHTL, despite the different structure of the dispersion
relations [51].

III. PHASE MATCHING AT THE SQUID

In this section we examine the signal propagation along
the CTL. In particular, we want to figure out whether
the interaction between two TLs characterized by different
dispersion relations enables energy and momentum propa-
gation at their intersection. To address this issue properly,
we need to analyze the interaction Hamiltonian in detail.

Once we expand the square in Eq. (14), we observe
that the interaction Hamiltonian can be split conveniently
into smaller terms, each representing a specific type of
two-mode coupling:

ĤI = ĤES + ĤHP + ĤRM + Ĥ1S + Ĥ2S + ĤIS. (16)

More details about the single contributions of the Hamil-
tonian in Eq. (16) and their explicit form are discussed
in Appendix A. Note that the interaction can occur both
within the same TL, and between modes stemming from
the left-handed and right-handed components.

We now need to figure out whether all terms of the
interaction Hamiltonian contribute to the dynamics with
equal weigh, or whether there are resonant terms whose
contribution play a major role. To verify this, we momen-
tarily move our description to the interaction picture, and
observe if there are static terms in the Hamiltonian. Once
we move to the interaction picture, the only constant term
in the interaction Hamiltonian is

ĤI
ES = �E0

N

(
2π
φ0

)2 N/2∑

|j |=1

(
1

Clωj
a†

j âj + 1
Crυj

b̂†
j b̂j

)
,

(17)

which describes the shift of the bare energies and fre-
quencies in both transmission lines. We can therefore
redefine the noninteracting Hamiltonian by including this
term as Ĥ0 = ĤL + ĤR + ĤES. The energy shift of the

bare eigenenergies in the LHTL is simply given by

ε̃j = εj + �E0

NClωj

(
2π
φ0

)2

. (18)

To see the frequency shift clearly, we now introduce the
corrected dispersion relations of the LHTL and the RHTL
as follows:

ω̃j = ωj + E0

4NClωj sin2
(

kj�x
2

)
(

2π
φ0

)2

, (19)

υ̃j = υj + E0

NCrυj

(
2π
φ0

)2

. (20)

These are obtained by letting the ladder operators evolve
in the interaction picture, and exploiting the commutation
rules in Eqs. (10) and (11):

âI
j (t) = Û†

0(t)âj Û0(t) = âj e−iω̃j t, (21)

b̂I
j (t) = Û†

0(t)b̂j Û0(t) = b̂j e−iυ̃j t, (22)

where Û0 = e−iH0t/�. Each corrected frequency consists of
the sum of the bare frequency and a correcting term. Inter-
estingly, in both LHTL and RHTL such correcting terms
decrease monotonically with the wave vector.

Now we want to focus on the possibility to trans-
mit excitations through the SQUID. We notice that the
only element in the interaction Hamiltonian allowing the
exchange of excitations between the two parts of the CTL
is

ĤI
HP =

N/2∑

i,j

gij

(
âib̂

†
j e−i(ω̃i−υ̃j )t+i(ki−pj )�x + h.c.

)
, (23)

where we defined the coupling constants gij

= − �E0
N
√

ClCrωiυj

(
2π
φ0

)2
. This term describes the hopping

effect between the two TLs, namely the annihilation of
one excitation on one side of the CTL and the creation
of another excitation on the other side. The hopping effect
between two modes of the two TLs can be activated by
imposing the frequency and momentum conservation of
the two magnetic flux fields at the SQUID. However, as a
consequence of the discreteness of the mode structure, the
propagation of quantum excitations through the SQUID
does not result possible for all mode pairs, but only for
those modes of the magnetic flux fields fulfilling the phase
matching conditions given by ki = pj (momentum conser-
vation) and the transcendental equation ω̃i = υ̃j (frequency
conservation). Since the momentum conservation of pro-
cess is fulfilled by modes with the same mode number, the
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FIG. 2. Corrected dispersion relations ω̃j (black) and bare
eigenenergies ε̃j /� (gray) of the LHTL. Other colors label the
corrected dispersion relations υ̃j of the RHTL, calculated by
solving the transcendental equation ω̃j = υ̃j , with j labeling the
jth mode of both the LHTL and the RHTL, and using Cr as the
variable. Frequencies of the RHTL are plotted ensuring the fre-
quency matching for the mode pair ω̃30 = υ̃30 (blue), ω̃50 = υ̃50
(red), and ω̃100 = υ̃100 (green), thereby obtaining Cr = 1.06 pF,
Cr = 6.19 pF, and Cr = 24.71 pF, respectively. Other parame-
ters are as follows: Cl = 0.40 pF, Lr = 0.25 nH, Ll = 1.0 nH,
Ic = 1.25 µA, and N = 200.

transcendental equation becomes ω̃j = υ̃j , and it is solved
by tuning the set of parameters {Cl, Cr, Ll, Lr} opportunely.
The discrete mode structure of both TLs therefore allows
the propagation of excitations to be restricted between
the two TLs to only two selected modes, thereby limiting
undesired hopping effects between the other modes.

To make a concrete example, in Fig. 2 we plot the LHTL
eigenenergies in Fig. (18), as well as the dispersion rela-
tions in Eqs. (19) and (20). The two dispersion relations
are obtained by selecting a set of parameters {Cl, Ll, Lr},
and fixing a determined resonant mode pair by solving the
trascendental equation ω̃j = υ̃j with respect to the capac-
itance of the RHTL, Cr. We solved this equation for three
set of modes, namely ω̃100 = υ̃100, ω̃50 = υ̃50, and ω̃30 =
υ̃30, obtaining three different values of Cr, then we plotted
the dispersion relations.

IV. INTERACTION AND DYNAMICS

In the last section we observed that we can control the
set of parameters {Cl, Cr, Ll, Lr} to enable the propagation
of quanta of the magnetic flux fields between two modes
of the LHTL and the RHTL. All other terms in Eq. (23)
describing the interaction between two off-resonant modes
do not fulfill the phase-matching conditions, and their con-
tribution is in fact negligible. This allows us to drastically
reduce the Hilbert space of the system, thereby focusing on
few modes of the CTL.

The possibility to isolate the contribution of specific
mode pairs and ignore all secularities (i.e., off-resonant
terms) can be applied to other interaction terms accounted

in the Hamiltonian in Eq. (16). In particular, since we
are interested in the interaction between the LHTL and
the RHTL, we can tailor the set {
, Cl, Cr, Ll, Lr}, thereby
ensuring the phase matching for only one coupling term
in Eq. (16) containing products of ladder operators stem-
ming from different TLs. Note that the presence of the
modulation frequency 
 is fundamental for the activation
of Raman coupling or squeezing terms, which otherwise
would be counter-rotating and therefore negligible after the
rotating-wave approximation (RWA).

The possibility to control the Hamiltonian in Eq. (16)
and activate one of the possible interaction terms accord-
ing to our needs makes this device an interesting platform
for the simulation of typical scenarios in quantum optics
and quantum information. In what follows, we present
some possible application of our findings. We stress that,
although we might consider also the coupling between
modes within the same TL, henceforth we will focus on
the interaction of modes stemming from the LHTL and
the RHTL. We will always assume that the two reso-
nant modes are characterized by the same mode number
j, thereby omitting the label j henceforth.

Note that this choice highlights one of the most impres-
sive features of our CTL: the coupling strength ξ of two
interacting modes with the same mode number does not
depend on the mode number, but it is identical for any
mode pair. This becomes more evident by looking at
Eq. (14): once we expand the square in the curly brack-
ets and look at cross interactions between modes with
the same mode number j, we notice that each coupling
parameter takes the form

ξ ∝ E0

N
√

CrClωj υj

(
2π
φ0

)2

= E0

N

(
LrLl

CrCl

) 1
4
(

2π
φ0

)2

.

(24)

We note that the product between mode frequencies of the
CTL characterized by the same label j does not depend
on the mode number, ωj υj = 1/

√
CrClLrLl, see Eqs. (7)

and (8). This peculiar feature of the CTL stems straight-
forwardly from the fact that we are joining a LHTL
and a RHTL, and cannot be observed in platforms based
on only left-handed or right-handed transmission lines.
Remarkable implications of this feature are discussed in
Sec. VI D.

A. Excitation hopping

As a first scenario, we again consider the interaction

ĤI = �ξhp

(
â†b̂ + âb̂†

)
, (25)
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with coupling constant

ξhp = −2E0

N

(
LrLl

CrCl

) 1
4
(

2π
φ0

)2

. (26)

This Hamiltonian can be calculated from Eq. (23) by
tailoring the parameters such that ω̃ = υ̃ and perform-
ing the RWA. Note that to accomplish this result we did
not require the modulation of the Josephson energy at
the SQUID. In the Heisenberg picture, the annihilation
operators for the two TLs evolve as follows:

â(t) = e−iωt
(

â cos(ξhpt)+ ib̂ sin(ξhpt)
)

, (27a)

b̂(t) = e−iωt
(

b̂ cos(ξhpt)+ iâ sin(ξhpt)
)

. (27b)

This Hamiltonian describes a collinear beam splitting, in
which the transmission and reflection parameters are mod-
ulated in time by the coupling constant ξhp. This type of
interaction therefore expresses the propagation of exci-
tations along the CTL due to the annihilation of one
excitation on one of the two TLs and the creation of one
excitation with same frequency and momentum on the
other one.

B. Raman scattering

A second interesting scenario is delineated by the
Hamiltonian

ĤI = �ξrm

(
â†b̂ + âb̂†

)
, (28)

which is structurally identical to Eq. (25) but with coupling
constant

ξrm = −ηE0

N

(
LrLl

CrCl

) 1
4
(

2π
φ0

)2

. (29)

To obtain this Hamiltonian, we tune the SQUID modula-
tion frequency such that ω̃ = υ̃ +
, assuming that ω̃ > υ̃.
In contrast to the previous case, the frequencies of the two
interacting modes differ, and the frequency conservation
is only guaranteed by the modulation of the Josephson
energy at the SQUID. This interaction gives rise to two
possible phenomena: the Stokes Raman scattering, when
the SQUID induces the decay of a LHE into a lower-
energetic RHE; the anti-Stokes Raman scattering, when
the SQUID pumps the mode υ̃ of the RHTL, which decays
into a LHE ω̃ with higher energy. Clearly, we can manip-
ulate our parameters thereby activating a resonance of the
form υ̃ = ω̃ +
, with υ̃ > ω̃.

One of the remarkable facts stemming from combin-
ing two TLs with different dispersion relations is that the
Raman effect can also occur between modes of the two

TLs having the same bare energy ε̃ = �υ̃. After the Raman
scattering in the SQUID, a signal generated in the RHTL
would therefore propagate to the LHTL with amplified
frequency but the same wave vector and bare energy [67].

As before, we report the annihilation operators of the
two modes ω̃ and υ̃ evolved in the Heisenberg picture:

â(t) = e−iω̃t
(

â cos(ξrmt)+ ib̂ sin(ξrmt)
)

, (30a)

b̂(t) = e−iυ̃t
(

b̂ cos(ξrmt)+ iâ sin(ξrmt)
)

. (30b)

Despite the evident similarities between the annihilation
operators written above and those in Eq. (27), we stress
that this interaction mixes two input modes with different
frequencies.

C. Two-mode squeezing

The modulation of the SQUID can give rise to another
interesting scenario. Indeed, by activating the resonance
condition 
 = ω̃ + υ̃ we can squeeze the state of two
modes stemming from two different TLs. Once we fix the
resonance condition written above, ensure the momentum
conservation p = −k, and apply the RWA, the Hamilto-
nian describing the two-mode squeezing coupling reads

ĤI = �ξsq

(
â†b̂† + âb̂

)
, (31)

and the annihilation operators in the Heisenberg picture
evolve as

â(t) = e−iω̃t
(

â cosh(ξsqt)− ib̂† sinh(ξsqt)
)

, (32a)

b̂(t) = e−iυ̃t
(

b̂ cosh(ξsqt)− iâ† sinh(ξsqt)
)

, (32b)

with squeezing parameter ξsq equal to ξrm in Eq. (29).
These operators suggest to us that we can squeeze the
quantum vacuum of the two transmission lines at the same
time, thereby generating one LHE and one RHE. Phenom-
ena of this kind play a crucial role in nonlinear optics.
An example is the parametric down-conversion, in which
a pump laser interacts with a nonlinear material generat-
ing two entangled and spatially distinguishable photons,
named signal and idler photons [68–71].

Before concluding this section, we need to stress that the
three types of interaction presented so far, namely the hop-
ping effect, the Raman effect and the two-mode squeezing,
differ in intensity. This is due to the fact that the coupling
constant ξsq (or ξrm) mainly differs from ξhp by a factor η.
In order for our mathematical description of the CTL to be
consistent, we needed to assume a regime of small oscil-
lation, η � 1. A reasonable value for the dimensionless
oscillation amplitude is η = 0.1, although higher values
have been considered in the same regime [39,40].
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V. CORRELATIONS BETWEEN THE TLS

In this section we study the correlations between two
modes of the LHTL and the RHTL interacting resonantly.

Our approach is based on the second-order correlation
function, which, for our purpose, assumes the following
expression [72]:

G(2)(nl, t1; nr, t2) = 〈�L(−)(nl, t1)�R(−)(nr, t2)�L(+)(nl, t1)�R(+)(nr, t2)〉. (33)

Sometimes we will make use of the normalized second-
order correlation function,

g(2)(nl, t1; nr, t2) = G(2)(nl, t1; nr, t2)
G(1)(nl, t1)G(1)(nr, t2)

, (34)

where G(1)(n, t) = 〈�(−)(n, t)�(+)(n, t)〉 is the first-order
correlation function.

We initialize the system in the two-mode Fock state
|ψ(0)〉 = |sL, sR〉, where sL and sR represent the number
of excitations of the modes with frequencies ω̃ and υ̃,
respectively. This reduces the correlation function to

G(2)
sL,sR

(t1, t2) =
√

LrLl

CrCl

�2

N 2 〈â†(t1)b̂†(t2)â(t1)b̂(t2)〉. (35)

The explicit form of the correlation function depends on
the specific resonance we are interested in. In what follows,
we will analyze the three cases studied before, namely the
excitation hopping, the Raman scattering, and the two-
mode squeezing. Note that, despite the different physical
interpretation of the two scenarios in Secs. IV A and IV B,
the annihilation (and therefore also the creation) operators
in Eqs. (27) and (30) lead to the same form of the correla-
tion function, therefore these two cases will be presented
together.

A. Excitation hopping and Raman scattering

We now fix the parameters of the CTL such that the
energy conservation is fulfilled either in terms of ω̃ =
υ̃, or ω̃ = υ̃ +
. As mentioned above, the second-order
correlation function is structurally identical for the two
scenarios, and reads

G(2)
sh,sd

(t1, t2) =
√

LrLl

CrCl

�2sLsRC2
1C2

2

N 2

×
[
(1 − T1T2)

2 + sL − 1
sR

T2
2 + sR − 1

sL
T2

1

]
,

(36)

where we defined Cj = cos(ξ tj ) and Tj = tan(ξ tj ), with
|j | = 1, 2. Here, ξ corresponds to either ξhp or ξrm. Clearly,

when the CTL is prepared in the vacuum state, or when
only one excitation populates the CTL, the correlation
function is identically zero. However, it is particularly
interesting to consider the case when the CTL is ini-
tially populated by two excitations, each stemming from
a different TL. In this case, the normalized second-order
correlation function becomes

g(2)1L,1R
(t1, t2) = cos2[ξ(t1 + t2)]. (37)

This correlation function tells us that the coincidence prob-
ability to detect two particles at different TLs is modulated,
and that periodically this probability reaches zero. To see
what happens to the two particles when g(2)1L,1R

(t1, t2) = 0,
we let the system evolve in the Schrödinger picture. Since
the initial state consists of two excitations in different chan-
nels, this is equivalent to applying the creation operators
â†(t) and b̂†(t) in Eq. (27) or Eq. (30) to the vacuum state,
|ψ(t)〉 = â†(t)b̂†(t)|0L, 0R〉, hence obtaining

|ψ(t)〉 = ei(ω̃+υ̃)t cos (2ξ t) |1L, 1R〉
+ i ei(ω̃+υ̃)t sin (2ξ t) (|0L, 2R〉 + |2L, 0R〉) . (38)

As we can see, the normalized correlation function in
Eq. (37) with t1 = t2 = t corresponds to the square of the
first term of the output state, which describes the probabil-
ity to detect two excitations in two different modes. When
this probability vanishes at time tdip = π/(4ξ), the proba-
bility to find two excitations at the same TL is maximized.
The state |ψ(tdip)〉 therefore corresponds to the output state
of a quantum interference scenario, in which two parti-
cles interacting in a beam splitter are only found both in
one of the two output channels. In quantum optics, the
phenomenon in which the quantum interference of two
particles annuls the coincidence probability and generates
the two-photon NOON state, is referred to as the Hong-Ou-
Mandel effect, and it finds applications in many quantum
optical frameworks [73–76].

B. Two-mode squeezing

To conclude this section, we analyze the second-order
correlation function when the resonance 
 = ω̃ + υ̃ is
activated. Substituting Eq. (32) into Eq. (35) we obtain
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G(2)
sh,sd

(t1, t2) =
√

LrLl

CrCl

�2sLsRC̄2
1C̄2

2

N 2

[
1 + T̄1T̄2 + (sL + 1)(sR + 1)

sLsR
(T̄2

1T̄2
2 + T̄1T̄2)+ sL + 1

sR
T̄2

2 + sR + 1
sL

T̄2
1

]
, (39)

where we defined C̄j = cosh(ξsqtj ) and T̄j = tanh(ξsqtj ),
with |j | = 1, 2. This function describes the correlations
between the LHTL and the RHTL when the two modes
of interest are prepared in a Fock state with sL and sR
excitations, respectively.

We notice that in the limit t1 = t2 	 1/ξsq, we have
T̄1 = T̄2 � 1 and the normalized correlation function does
not depend on time,

g(2)sL,sR
= 1 + 1

sL + sR + 1
+ 2sRsL

(sL + sR + 1)2
. (40)

This function has been predicted in Ref. [77]. Interest-
ingly, it only depends on the initial number of excitations,
and is bounded in the range 1 < g(2)sL,sR

≤ 2. As expected
for two-mode squeezed states, the second-order correlation
function does not vanish when the system is prepared in
the vacuum state, sL = sR = 0. Indeed in this case the nor-
malized second-order correlation function asymptotically
approaches to g(2)0L,0R

= 2, and the two modes individually
show the statistics of a thermal state.

To consider a further case of interest beyond the vac-
uum state, we assume that only one of the two TLs, say the
LHTL, is populated, whereas the other one is prepared in
the vacuum state, sL = s and sR = 0. In this scenario, the
normalized second-order correlation function reduces to

g(2)s,0 = 1 + 1
s + 1

. (41)

Interestingly, this function tends to g(2)s,0 � 1 for highly pop-
ulated Fock states, s 	 1. Note that the normalized corre-
lation function, which determines the first-order coherence
between the LHTL and the RHTL, defined as

g(1)(nl, t1; nr, t2) = G(1)(nl, t1; nr, t2)√
G(1)(nl, t1)G(1)(nr, t2)

, (42)

with G(1)(nl, t1; nr, t2) = 〈�L(−)(nl, t1)�R(−)(nr, t2)〉, is iden-
tically zero in the presence of two-mode squeezing. There-
fore, the system shows second-order coherence but not
first-order coherence.

VI. FURTHER QUANTUM SIMULATION
SCENARIOS

So far we have presented our platform as possible quan-
tum simulator of standard phenomena in quantum optics.
However, the versatility of this device suggests further
possible uses in other branches of physics, such as in

quantum mechanics, multimode quantum systems, and
quantum thermodynamics. In what follows, we will briefly
discuss these three cases.

A. General two-mode coupling for degenerate QHOs

In quantum mechanics, the Hamiltonian of two inter-
acting bosonic modes induces a linear dynamics when all
annihilation and creation operators appear as combinations
of quadratic terms [78]. These types of Hamiltonian are
largely employed in quantum optics, and in this work we
already discussed three scenarios of interest. In Sec. IV A,
for example, we discussed a beam-splitting interaction, in
which the Hamiltonian in Eq. (25) stems from the reso-
nant activation of hopping terms. On the other hand, in
Sec. IV C the Hamiltonian in Eq. (31) only contains the
two-mode squeezing terms. In both cases, we made use
of the RWA to get rid of highly oscillating terms that do
not fulfil the energy conservation. However, the resonance
conditions enabling the filtering of the hopping terms and
the squeezing terms from Eq. (16) do not exclude them-
selves reciprocally, but they can be activated together by
properly tuning the modulation of the Josephson energy.
Once we assume ω̃ = υ̃ = ω and 
 = 2ω, the interaction
Hamiltonian becomes

ĤI = �ξhp

(
â†b̂ + âb̂†

)
+ �ξsq

(
â†b̂† + âb̂

)

+ �ξsl
[
(â†)2 + â2]+ �ξsr

[
(b̂†)2 + b̂2

]
, (43)

where in the second line we introduced the single-mode
squeezing coupling terms, weighed by the squeezing
parameters for the LHTL and the RHTL mode,

ξsl = − ηE0

NClω

(
2π
φ0

)2

, (44)

ξsr = − ηE0

NCrυ

(
2π
φ0

)2

, (45)

respectively. This Hamiltonian describes the most general
linear interaction between two distinguishable quantum
harmonic oscillators (QHOs) characterized by the same
frequency. The dynamics stemming from Eq. (43) was
largely studied by means of the symplectic formalism in
Ref. [78].

B. Multimode quantum system interaction

In this section we want to discuss the possibility to
extend our model to a larger set of interacting bosonic
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degrees of freedom. We can realize this scenario by
shaping the modulation of the Josephson energy as the
superposition of M periodic functions:

E(t) = E0

[
1 +

M∑

m=1

(ηm sin(
mt)+ κm cos(
mt))

]
, (46)

with ηm and κm oscillation amplitudes, and 
m being the
frequency of the mth periodic function.

By choosing the frequencies 
m opportunely, we can
therefore activate further resonances and select further
interacting modes. This allows us, on the one hand, to
extend the scenarios analyzed so far (beam-splitting inter-
actions, Raman scatterings, two-mode squeezing interac-
tions) to a larger number of interacting mode pairs; on
the other hand, we can prepare an exotic Hamiltonian
describing multimode interactions.

As a first example, we can prepare two distinguishable
and nondegenerate interacting QHOs [79]. To do this, we
tailor the Josephson energy of the SQUID in Eq. (46)
(with M = 2) by imposing 
1 = ω̃h − υ̃, 
2 = ω̃h + υ̃,
η1 = η2 = 0, and κ1 = κ2 = 2. Once we set the parameters
as above, the interaction Hamiltonian reduces to

ĤI = �ξ
(
â + â†) (b̂ + b̂†

)
, (47)

where ξ = ξrm in Eq. (29). The eigenmodes deriving from
the diagonalization of this Hamiltonian are sometimes
referred to as polaritons [80], and their dynamics is well
known in the literature [78].

Interestingly, the possibility to activate more resonances
by means of the modulation of the Josephson energy in
Eq. (46) permits a drastic extension of the number of inter-
acting modes, and consequently of the Hilbert space. As
an example, we can prepare the general Hamiltonian of a
three-mode system:

ĤI = �

[
ξ1

(
ĉi + ĉ†

i

) (
ĉj + ĉ†

j

)
+ ξ2

(
ĉi + ĉ†

i

) (
ĉk + ĉ†

k

)

+ ξ3

(
ĉj + ĉ†

j

) (
ĉk + ĉ†

k

)]
, (48)

with ξ1, ξ2, and ξ3 coupling constants, and with c = a, b
representing one mode of either the LHTL or the RHTL.
This Hamiltonian describes three selected modes of the
CTL, each thereof is interacting with the other one.

C. CTL as the quantum thermal machine

Finally, we want to discuss some interesting applications
of our system in quantum thermodynamics. The idea is to
employ the CTL as a quantum thermal machine [81,82],
which can either convert heat into work (quantum heat
engine) [83,84] or cool down a cold bath (quantum refrig-
erator) [83,85]. A model of quantum heat engine is the

quantum amplifier, in which two bosonic modes, coupled
to two baths at different temperatures, interact by means
of an external drive to generate output power [83]. To
let our device work as a quantum amplifier, we need to
thermalize two modes of the CTL, say ω̃ and υ̃, by cou-
pling them to two baths at different temperatures: assuming
ω̃ > υ̃, the LHTL mode is coupled to a hot bath at tem-
perature Th, whereas the RHTL is coupled to a cold bath
at temperature Tc. The required resonance condition we
need to exploit is the Raman scattering 
 = ω̃ − υ̃. The
interaction Hamiltonian written in the Schrödinger picture
is

ĤI(t) = �ξ
(

ei
tâb̂† + e−i
tâ†b̂
)

, (49)

where we again assumed a modulation of the Josephson
energy of the form E(t) = E0(1 + η cos(
t)). By carrying
out the time derivative of this Hamiltonian and averaging it
with respect to the state, we get the amplifier output power
[83]:

P(t) = i�
ξ
(

ei
t〈âb̂†〉 − e−i
t〈â†b̂〉
)

. (50)

Another powerful application of our CTL is the real-
ization of a quantum network [60,86]. In the context of

FIG. 3. Schematic representation of the cascade quantum net-
work. The modulation frequencies 
m of the Josephson energy
are set thereby activating the Raman resonances between modes
of the LHTL and the RHTL. Every resonant mode of the CTL
is coupled to a bath at temperature Tnx , with x = l, r. Higher
frequency modes of the CTL are coupled to baths with higher
temperatures. Therefore, the SQUID extracts work at each step
of the Raman cascade. The subscripts on the frequencies simply
differentiate the mode frequencies and do not refer to any specific
modes.
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quantum thermodynamics, a quantum network consists of
an ensemble of wires and junctions, which allows the heat
propagation and the extraction of net work. The multimode
structure of the CTL, along with the possibility to activate
multiple resonances (as shown in the previous section),
suggest that the CTL itself can act as a quantum network.
A model of the quantum network can be realized by cou-
pling the modes of the LHTL and the RHTL to different
baths and activating chains of Raman resonances by means
of a tailored modulation of the Josephson energy. The cas-
cade quantum amplifier is pictorially represented in Fig. 3.
The higher the mode frequency, the higher the tempera-
ture of the bath the mode is coupled with. The chain of
Raman resonances activates the heat flow from the higher
temperature baths towards the cooler temperature ones,
whereas the SQUID extracts power at each Raman decay.
More details about the implementation of this quantum
heat engine on our CTL platform, as well as the analysis
of the heat flows and the extracted power, are left for a
future publication.

D. Maximal entanglement of multimode bipartite
systems

The employment of the transmission line depicted in
Fig. 1 enables the simulation of scenarios, which are unfea-
sible in common quantum optical platforms. To make a
concrete example, we discuss the possibility to create max-
imally entangled bipartite states. Let us assume that the
modulation of the Josephson energy at the SQUID can be
decomposed in terms of M harmonic oscillations,

E(t) = E0

⎡

⎣1 + η

M∑

j =1

cos(
j t)

⎤

⎦ , (51)

where each frequency 
j fulfills the squeezing resonance
condition discussed in Sec. IV C for the two modes with
frequencies ωj and υj, namely 
j = ω̃j + υ̃j . Once we
move to the interaction picture and carry out the RWA,
the total Hilbert space of the interacting modes reduces
to the tensor product between the M -dimensional Hilbert
subspace of the LHTL and the M -dimensional Hilbert
subspace of the RHTL. The noninteracting Hamiltonian
therefore reads

Ĥ0 = �

M∑

j =1

[
4ωj sin2

(
kj�x

2

)
â†

j âj + υj b̂†
j b̂j

]
. (52)

In this scenario, the interaction Hamiltonian becomes

ĤI = ĤES + Ĥ2S, (53)

where the first term describes the usual frequency shift, see
Eq. (17), whereas the second term is

Ĥ2S = �ξsq

M∑

j =1

(
âj b̂j + â†

j b̂†
j

)
, (54)

and it is responsible for the two-mode squeezing of each
mode pair labeled by i. Of note, the coupling constant

ξsq = − ηE0

N
√

CrClωj υj

(
2π
φ0

)2

= −ηE0 (LrLl)
1
4

N (CrCl)
1
4

(
2π
φ0

)2

(55)

is not labeled by j. This is a direct consequence of the dis-
persion relations in Eqs. (7) and (8), whose product does
not depend on the mode number as long as we couple two
modes of the CTL with the same wave vector.

We now evolve the state of the CTL in the interaction
picture by means of the unitary operator

ÛI(t) = e−iĤ2St/� =
M⊗

j =1

e−iξsqt
(

âj b̂j +â†
j b̂†

j

)

. (56)

We recall that the energy shift due to the Hamiltonian
ĤES has been incorporated in Ĥ0. The unitary operator
in Eq. (56) can be interpreted as the product of two-mode
squeezing operators, each acting on two modes of the CTL
with the same wave vector. In the low-gain regime η � 1,
if the CTL was initially prepared in the vacuum state |vac〉,
the final state at time t = tf corresponds to

|ψ(tf)〉 = ÛI(tf)|vac〉 �
⎛

⎝1̂ − ξsqtf
M∑

j =1

â†
j b̂†

j

⎞

⎠ |vac〉

� |vac〉 + g
M∑

j =1

|Lj 〉|Rj 〉, (57)

where in the second line we both introduced the probability
amplitude g = −ξsqtf and relabeled the quantum state of
system in terms of products of the form |Ll〉|Rm〉 to indicate
the presence of one photon in the LTHL with mode number
l, and one photon in the RHTL with mode number m.

If we ignore the contribution of the vacuum state, we
observe that the final state is already expressed in the basis
of the Schmidt modes [87–89]. This allows us to quan-
tify the degree of entanglement by means of the Schmidt
number. In the low-gain regime, given a state expressed in
the basis of the Schmidt modes |ψ〉 =∑j cj |Lj 〉|Rj 〉, the
Schmidt number is defined as K = 1/

∑
j |cj |4 [87,89]. In

our case, once we normalize the final state it becomes clear
that each term of the sum contributes with equal probabil-
ity |cj |2 = 1/M , therefore the Schmidt number is equal to

024026-10



QUANTUM SIMULATION IN HYBRID TRANSMISSION LINES PHYS. REV. APPLIED 23, 024026 (2025)

the dimension of Hilbert space of each subsystem, K = M ,
and the quantum state is maximally entangled.

We stress that we could obtain the maximal entangled
state thanks to the fact that, once we set the coupling
between mode pairs characterized by the same mode num-
ber, the coupling constant ξsq does not depend on the
mode number but it only depends on circuit parameters. In
quantum optics, one of the standard strategies for the gen-
eration of bipartite multimode entangled state consists of
the use of the parametric down-conversion [90–93]. How-
ever, despite the possibility to entangle a large number
of modes, the coupling between each mode pair always
depends on the mode number, and the state can never
be maximally entangled. In contrast, thanks to the com-
bination of two transmission lines with left-handed and
right-handed dispersion relations we generate maximally
entangled state by coupling nonlocal mode pairs of the
CTL with the same mode number.

E. High nonlinearity: quartic order interactions

When we have introduced our mathematical formalism
in Sec. II, we have assumed that the amplitude of the mag-
netic flux at the SQUID is much smaller than the magnetic
flux quantum in order to obtain the quadratic Lagrangian in
the field amplitudes, Eq. (3). However, in the same regime
we could also account for further perturbative effects stem-
ming from high-order nonlinear interactions. To include
such effects in the Hamiltonian, we require the expansion
of the cosine function in Eq. (2c) up to the quartic power.
By means of the same procedure as in Appendix A, we
therefore obtain the following interaction Hamiltonian:

HI � E(t)
2

(
2π
φ0

)2 (
�L

1 −�R
1

)2

− E(t)
24

(
2π
φ0

)4 (
�L

1 −�R
1

)4 . (58)

This classical Hamiltonian is quantized by means of the
standard quantization protocol described in Appendix A.

The second line of the extended Hamiltonian given in
Eq. (58) encompasses a large spectrum of highly nonlin-
ear phenomena, which may not be easy to observe in a
standard quantum optical apparatus. For the sake of sim-
plicity, we focus our attention on the interaction between
two modes of the two transmission lines. We stress that
our CTL can isolate the coupling between two nonlocal
modes without requiring any modulation of the Josephson
energy at the SQUID. We simply need a set of param-
eters, which enables the two phase-matching conditions
discussed in Sec. III to be fulfilled, namely the frequency
and momentum conservation.

The Hamiltonian encoding the resonant interactions of
two interacting modes reads [94]

ĤI = ĤKE + ĤCK + ĤTPH + ĤKH + ĤKSQ + ĤDPC.
(59)

The first two terms of this Hamiltonian, namely,

ĤKE = ξKa

(
â†â
)2 + ξKb

(
b̂†b̂
)2

(60)

and

ĤCK = ξCKâ†â b̂†b̂, (61)

correspond to two nonlinear Kerr frequency shifts. In
particular, the former describes a self-Kerr effect due to
the self-interaction of the two modes, whereas the latter
describes the cross-Kerr interaction. Note that, in a regime
where quartic interactions may be experimentally measur-
able [62,95], the theoretical model should always account
for these terms, since they never oscillate in the interaction
picture.

The two terms

ĤKHP = ξKHPâ†â(b̂ â† + b̂†â) (62)

and

ĤTHP = ξTHP

[
â2(b̂†)2 + b̂2(â†)2

]
(63)

describe two hopping effects. However, whereas the for-
mer describes a Kerr shift mediated by the hopping
between two modes, the latter corresponds to the two-
particle hopping, namely the propagation of excitation
pairs between the two transmission lines. We notice that
the two-photon hopping effect has been predicted in
optomechanical systems [96]. The possibility to discrim-
inate two spatially separated modes without necessarily
tuning the Josephson energy of the SQUID makes this
transmission line a perfect candidate to experimentally test
this effect nonlocally in circuit QED.

Phenomena presented so far did not require any time
dependence of the Josephson energy at the SQUID. Yet,
the modulation of the Josephson energy as discussed in
Sec. II would allow us to explore further scenarios. First,
we mention that the two hopping effects introduced in Eqs.
(62) and (63) would describe a frequency shift mediated
by the Raman effect and the two-photon Raman effect if
the modulation frequency of the Josephson energy fulfilled
the resonant conditions 
 = ω̃ − υ̃ and 
 = 2ω̃ − 2υ̃,
respectively. The other two relevant phenomena of inter-
est emerging once we set proper resonant conditions are
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encoded in the Hamiltonian operators

ĤKS = ξKSa â†â
[

b̂2 +
(

b̂†
)2
]

+ ξKSb b̂†b̂
[
â2 + (â†)2]

(64)

and

ĤDPC = ξDPC

[
â2b̂2 + (â†)2(b̂†)2

]
. (65)

The former describes the frequency shift of one mode
caused by the squeezing of the other mode and it becomes
relevant once we set the resonance condition 
 = 2ω (or

 = 2υ if the two modes have different frequencies). The
latter encodes the possibility to generate (annihilate) an
excitation pair in the LTHL and an excitation pair in the
RHTL. To activate this effect, we would need to impose
the resonant condition 
 = 2ω̃ + 2υ̃.

Before concluding this section, we recall that tailored
modulations of the Josephson energy could enable the
activation of resonance conditions involving up to four dif-
ferent modes at the same time. Interestingly, as long as we
couple mode pairs characterized by the same mode num-
ber, the interaction strength of each of these coupling terms
in the Hamiltonian would not depend on the mode number.
This can have relevant consequences in the engineering of
highly entangled states in multipartite systems, as demon-
strated in the previous section. Implications of multipartite
interactions in our CTL are left for a future work.

VII. SUMMARY AND CONCLUSION

We have presented a hybrid platform realized by con-
necting a left-handed and a right-handed transmission
line by means of a superconducting quantum interfer-
ence device. After quantizing the magnetic flux fields in
both TLs, we have investigated the phase matching at the
SQUID, showing that the propagation of quantum excita-
tions from one TL to the other one can occur only for two
degenerate modes of the CTL.

We observed that the interaction between the two TLs
occurs only between two modes fulfilling specific res-
onance conditions. We have shown that we can select
the interacting modes, as well as the type of interaction,
by controlling the set of circuit parameters. Among all
possible interactions we could have activated, we have
presented the hopping effect, the Raman scattering, and
the two-mode squeezing. Considered more relevant for
our discussion, we have focused our attention only on
interactions between LHTL and RHTL modes.

As a result of our analysis, we have shown that our
hybrid transmission line can simulate standard processes
in quantum mechanics and quantum optics, such as the
parametric down-conversion and the HOM interference at
the microwave scales. Among other technical uses, our

platform can Raman amplify an incoming signal preserv-
ing the wave vector, it can generate maximally entangled
state, and it can be exploited in the framework of quantum
thermodynamics as a quantum heat engine.

As extensions of this work we envisage the realization of
chains of hybrid metamaterial TLs in which we can control
the spectral feature of the propagating quanta with higher
precision. In the framework of quantum metrology, this
platform can find application in the realization of circuit
versions of well-known interference platforms, such us
collinear Mach-Zehnder and SU(1,1) interferometers. This
work paves the way for future theoretical and experimental
implementations of hybrid metamaterial transmission lines
working at the quantum scales.
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APPENDIX: HAMILTONIAN OF THE HYBRID
TRANSMISSION LINE

In this section we want to discuss the derivation of our
Hamiltonian, as well as the single contribution to the inter-
action Hamiltonian, in more details. We start from the
linearized Lagrangian in Eqs. (2a), (2b), and (3). By means
of the Legendre transformation,

H =
∑

n

(
∂L
∂�̇L

n
�̇L

n + ∂L
∂�̇R

n
�̇R

n

)
− L, (A1)

we obtain the total Hamiltonian

Ĥ = ĤL + ĤR + ĤI, (A2)

where

HL = 1
2

N∑

nl=1

[ nl∑

i=1

(PL
nl
)2

Cl
+ (�L

nl
)2

Ll

]
(A3)

HR = 1
2

N∑

nr=1

[
Cr(PR

nr
)2 + (�R

nr+1 −�R
nr
)2

Lr

]
(A4)

HI = E(t)
2

(
2π
φ0

)2 (
�L

1 −�R
1

)2 , (A5)
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with conjugated momenta

PL
nl

= ∂LL

∂�̇nl

= Cl

(
2�̇L

nl
− �̇L

nl+1 − �̇L
nl−1

)

= −i
N/2∑

|j |=1

Wj
(
ei(kj nl�x−ωj t)aj − h.c.

)
, (A6)

PR
nr

= ∂LR

∂�̇nr

= Cr�̇
R
nr

= −i
N/2∑

|j |=1

√
�Crυj

2N
(
ei(pj nr�x−υj t)bj − h.c.

)
, (A7)

with Wj = √8�Clωj /(N ) sin2 (kj�x/2
)
, where in the last

lines we made use of the mode decomposition of the mag-
netic flux fields in Eqs. (5) and (6). Substituting the fields
and the canonical momenta in Eqs. (5), (6), (A6), and (A7)
into the Hamiltonian in Eq. (A2), summing with respect
to the spatial indices nl and nr, and exploiting the com-
mutation relations in Eqs. (10) and (11), we obtain the
Hamiltonian contributions in Eqs. (12), (13), and (14).

Once we expand the square of the interaction Hamilto-
nian in Eq. (14), we distinguish the single contributions
to the interaction, as done in Eq. (16). In what follows, we
will present the explicit form of the single terms in Eq. (16)
and describe their role in the dynamics.

The first term we want to present is

ĤES = �E(t)
N

(
2π
φ0

)2 N/2∑

|j |=1

(
1

Clωj
a†

j âj + 1
Crυj

b̂†
j b̂j

)
.

(A8)

It describes the shift of the bare frequencies of the CTL, as
discussed in Sec. III.

The interaction Hamiltonian describes both internal cou-
plings, namely the interactions within the same TL, and
external couplings, in which modes from the LHTL and
the RHTL interact with each other. We now focus on the
internal coupling terms, starting from

ĤRM = 2χ(t)
N/2∑

i,j
i�=j

[
1

Cl
√
ωiωj

âiâ
†
j ei(ki−kj )�x

+ 1
Cr

√
υiυj

b̂ib̂
†
j ei(pi−pj )�x

]
. (A9)

This contribution to the Hamiltonian is related to the inter-
nal Raman effect. Indeed, it describes the possibility to
annihilate one particle and generate another particle with
a different energy, depending on whether the TL absorbs

from or releases energy to the SQUID. Clearly, the activa-
tion of this effect strongly depends on the time dependence
of the Josephson energy at the SQUID.

The next two terms include the possibility to squeeze
the state of a single TL by tuning the time-dependent
Josephson energy. In particular,

Ĥ1S = χ(t)
N/2∑

|j |=1

[
1

Clωj
â2

j e2ikj�x + 1
Crυj

b̂2
j e2ipj�x + h.c.

]

(A10)

describes the squeezing of a single mode of the CTL, gen-
erating therefore pairs of excitations within the same mode,
whereas

Ĥ2S = χ(t)
N/2∑

i,j

[
1

Cl
√
ωiωj

âiâj ei(ki+kj )�x

+ 1
Cr

√
υiυj

b̂ib̂j ei(pi+pj )�x + h.c.

]
,

(A11)

describes the two-mode squeezing, namely the creation of
two excitations in two different modes of the same TL.

Finally, we present the two external coupling terms,
which have key implications in the interaction between the
LHTL and the RHTL, and for this reason are largely dis-
cussed in the main text. As first, we introduce the hopping
effect, associated with the Hamiltonian contribution

ĤHP = χ(t)√
ClCr

N/2∑

i,j

1√
ωiυj

(
âib̂

†
j ei(ki−pj )�x + h.c.

)
.

(A12)

This term allows the propagation of excitations from one
TL to the other one. Thanks to the time dependence of
the Josephson energy, the hopping effect can occur also
between modes having different energies. In this case, this
effect corresponds to an external Raman scattering.

To conclude, the last contribution to the Hamiltonian is

ĤIS = − �E(t)
N

√
ClCr

(
2π
φ0

)2 N/2∑

i,j

1√
ωiυj

(
a†

i b̂†
j + âib̂j

)
.

(A13)

This term implies the possibility to squeeze two modes
stemming from two different TL.

[1] I. M. Georgescu, S. Ashhab, and F. Nori, Quantum simula-
tion, Rev. Mod. Phys. 86, 153 (2014).

024026-13

https://doi.org/10.1103/RevModPhys.86.153


ALESSANDRO FERRERI and FRANK K. WILHELM PHYS. REV. APPLIED 23, 024026 (2025)

[2] J. Q. You and F. Nori, Atomic physics and quantum optics
using superconducting circuits, Nature 474, 589 (2011).

[3] C. M. Wilson, T. Duty, M. Sandberg, F. Persson, V.
Shumeiko, and P. Delsing, Photon generation in an elec-
tromagnetic cavity with a time-dependent boundary, Phys.
Rev. Lett. 105, 233907 (2010).

[4] C. M. Wilson, G. Johansson, A. Pourkabirian, M. Simoen,
J. R. Johansson, T. Duty, F. Nori, and P. Delsing, Observa-
tion of the dynamical Casimir effect in a superconducting
circuit, Nature 479, 376 (2011).

[5] J. Steinhauer, Observation of quantum hawking radiation
and its entanglement in an analogue black hole, Nat. Phys.
12, 959 (2016).

[6] P. O. Fedichev and U. R. Fischer, “Cosmological” quasipar-
ticle production in harmonically trapped superfluid gases,
Phys. Rev. A 69, 033602 (2004).

[7] J. R. Muñoz De Nova, K. Golubkov, V. I. Kolobov, and J.
Steinhauer, Observation of thermal Hawking radiation and
its temperature in an analogue black hole, Nature 569, 688
(2019).

[8] Y.-H. Shi, R.-Q. Yang, Z. Xiang, Z.-Y. Ge, H. Li, Y.-Y.
Wang, K. Huang, Y. Tian, X. Song, D. Zheng, K. Xu, R.-G.
Cai, and H. Fan, Quantum simulation of Hawking radiation
and curved spacetime with a superconducting on-chip black
hole, Nat. Commun. 14, 3263 (2023).

[9] R. Casadio, A. Giugno, O. Micu, and A. Orlandi, Thermal
BEC black holes, Entropy 17, 6893 (2015).

[10] E. Altman et al., Quantum simulators: Architectures and
opportunities, PRX Quantum 2, 017003 (2021).

[11] D. Marcos, P. Rabl, E. Rico, and P. Zoller, Superconducting
circuits for quantum simulation of dynamical gauge fields,
Phys. Rev. Lett. 111, 110504 (2013).

[12] S. A. Wilkinson and M. J. Hartmann, Superconducting
quantum many-body circuits for quantum simulation and
computing, Appl. Phys. Lett. 116, 230501 (2020).

[13] R. Barends, L. Lamata, J. Kelly, L. García-Álvarez, A. G.
Fowler, A. Megrant, E. Jeffrey, T. C. White, D. Sank, and
J. Y. Mutus et al., Digital quantum simulation of fermionic
models with a superconducting circuit, Nat. Commun. 6,
7654 (2015).

[14] I. Buluta and F. Nori, Quantum simulators, Science 326,
108 (2009).

[15] M. H. Devoret and R. J. Schoelkopf, Superconducting cir-
cuits for quantum information: An outlook, Science 339,
1169 (2013).

[16] U. Vool and M. Devoret, Introduction to quantum elec-
tromagnetic circuits, Int. J. Circuit Theory Appl. 45, 897
(2017).

[17] G. Wendin, Quantum information processing with super-
conducting circuits: A review, Rep. Prog. Phys. 80, 106001
(2017).

[18] O. Kyriienko and A. S. Sørensen, Floquet quantum sim-
ulation with superconducting qubits, Phys. Rev. Appl. 9,
064029 (2018).

[19] S. Raeisi, N. Wiebe, and B. C. Sanders, Quantum-circuit
design for efficient simulations of many-body quantum
dynamics, New J. Phys. 14, 103017 (2012).

[20] Z.-L. Xiang, S. Ashhab, J. Q. You, and F. Nori, Hybrid
quantum circuits: Superconducting circuits interacting with
other quantum systems, Rev. Mod. Phys. 85, 623 (2013).

[21] S. Fedortchenko, S. Felicetti, D. Marković, S. Jezouin, A.
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[26] V. M. Stojanović and I. Salom, Quantum dynamics of
the small-polaron formation in a superconducting analog
simulator, Phys. Rev. B 99, 134308 (2019).
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