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We present an ab initio computational analysis of the topological Hall effect arising from stable
magnetic skyrmions in the Pd/Fe/Ir(111) film using non-collinear spin density functional calculations
within the Korringa-Kohn-Rostoker (KKR) Green function method. The semiclassical Boltzmann
transport equation is employed for the resistivity and the Hall angle of the system. We explore the
influence of the skyrmion size and the impact of disorder on the topological Hall angle.

I. INTRODUCTION

Magnetic skyrmions [1–7] have gained focus in many
studies in recent years, as they are exceptionally promis-
ing for spintronics applications [8]. In ultrathin mag-
netic films, magnetic skyrmions are two-dimensional non-
collinear magnetic spin textures that are topologically
protected at the nanoscale [9], i.e., they cannot be contin-
uously deformed into another spin configuration without
overcoming an energy barrier [10]. Additionally, they are
confined in space and can move as particles. Magnetic
skyrmions can be formed at the interface of ferromag-
netic films with heavy metals, as a consequence of the
spin-orbit coupling (SOC) of conduction electrons and
the broken space inversion symmetry, which promote the
chiral symmetry breaking Dzyaloshinskii-Moriya interac-
tion (DMI) [11, 12]. Their special characteristics, as their
creation, manipulation by electric currents, and detec-
tion, have been demonstrated both experimentally and
theoretically, making them ideal candidates for comput-
ing applications [8, 13–17].

Tunneling and Hall effect methods offer promis-
ing prospects for the electrical detection of magnetic
skyrmions. Among the former, typically applied in the
current-perpendicular-to-plane geometry, in particular
the non-collinear magnetoresistance effect [18–21] takes
advantage of the non-collinear skyrmion structure affect-
ing the tunneling current between the sample and a scan-
ning tunneling microscope tip. The latter method, which
is applied in the current-in-plane geometry and refers to
the measured response transverse to an electric current
and a perpendicularly applied magnetic field, is the sub-
ject of the present paper. In brief, Bloch electrons con-
tributing to a current in a ferromagnet are skew-scattered
by the chiral spin texture of magnetic skyrmions, result-
ing in a transverse contribution to the current that is
detected as a Hall voltage.

In more detail, the detection of skyrmions relies on the
topological Hall effect [22–30] (THE) that results from
the non-coplanar magnetization texture of skyrmions. In
the limit of large skyrmions, one can adopt a semiclassi-
cal view of electron transport, where electrons move adi-

abatically through a magnetic skyrmion texture by which
they gain a Berry phase proportional to the topological
charge of the skyrmion, which contributes to an effec-
tive magnetic field that causes the transverse response of
the electrons. The topological Hall effect is an additional
contribution to the ordinary [31] (OHE) and anomalous
Hall effects [32] (AHE). The former is attributed to the
Lorentz force resulting from an external magnetic field in
nonmagnetic metals, while the latter occurs in collinear
ferromagnets and results from the interplay between the
intrinsic magnetization and spin-orbit coupling. Here the
spin-orbit interaction causes an effective magnetic field in
the reciprocal space leading to the transverse deflection
of the electrons.

Deciphering the Hall transport properties in non-
collinear textures remains a formidable challenge. For
instance, an experimental separation between the anoma-
lous and topological Hall effects is not trivial, as in chi-
ral magnets and skyrmion hosting heterostructures a siz-
able spin-orbit interaction is required for the formation of
skyrmions. A commonly practised procedure to measure
the topological Hall resistance makes use of the assump-
tion of a linear superposition of all Hall resistances, and
thus a linear superposition of spin-orbit and topological
contributions. Employing this idea, one determines the
topological Hall resistance as the difference of the Hall
resistances of the ferromagnetic sample with and with-
out skyrmions [23, 33]. The validity of this heuristic as-
sumption has recently been questioned in particular for
systems with strong spin-orbit interaction such as het-
erostructures involving layers of 5d-transition metals like
Ir or Pt [34].

In this work, we focus on the topological Hall effect
that arises from stable magnetic skyrmions in a Pd/Fe
bilayer on Ir(111). The fcc-Pd/Fe/Ir(111) thin film is a
paradigmatic system for atomic-scale skyrmions in ultra-
thin films. Single Néel-type magnetic skyrmions with a
size of about four nanometers in which the magnetisation
textures winds clockwise from the inside to the outside
(helicity π) were detected in this system for the first time
by spin-polarized scanning tunneling microscopy (STM)
experiments at about 4 K and an external magnetic field
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of about 2 T [35–37]. Additionally, this heterostructure
has been extensively investigated using Density Func-
tional Theory (DFT) simulations to assess its energetic
stability [19, 38–41]. Today, we know that Pd can grow in
an all fcc-stacking or in an hcp-stacking geometry leading
to two different skrymions radii [20, 42]. However, to the
best of our knowledge, no ab initio simulations have been
conducted to study the Hall-type transport properties in
this heterostructure.

The conventional approach for the calculation of the
topological Hall effect relies on the evaluation of the real-
space Berry curvature [43, 44] acquired by the electrons
following adiabatically a smoothly varying non-coplanar
magnetization texture of the skyrmion. Here, we take
a different, challenging and hardly practised route and
compute the electronic structure and the topological Hall
effect in skyrmion materials by considering entire nano-
sized skyrmions embedded in ferromagnets. This maybe
an important route for small skyrmions subject to a
large spin-orbit interaction or DMI, respectively. Our
simulations are based on non-collinear spin-density func-
tional theory (DFT) [45] within the full-potential rela-
tivistic Korringa-Kohn-Rostoker Green function method
(KKR) [46, 47]. The DFT calculations are used to
determine self-consistently the magnetic texture of the
skyrmions, and allow the determination of the scattering
rate of spin-polarized Bloch electrons at the skyrmion
which then serves as an input to the Boltzmann formal-
ism to investigate the topological Hall effect within a re-
alistic description of the electronic structure imposed by
the skyrmion in the fcc-Pd/Fe/Ir(111) system.

The Boltzmann formalism takes into account the elas-
tic electron scattering by the skyrmionic topological mag-
netic structure. The effect of the non-coplanar magneti-
zation direction is included in the scattering amplitude
and scattering rate, although the Berry phase of the mag-
netization profile is not explicitly calculated. Also in-
cluded is the scattering by the difference in the potential
of the skyrmion with respect to the host (difference in the
magnetization modulus, in the spin-orbit coupling, and
in the non-magnetic part of the potential). Even though,
by definition, the topological Hall effect is only caused
by the non-coplanar magnetization profile, all the above
scattering sources contribute to skew scattering and to
the Hall angle, and cannot be disentangled in an obvious
way.

The above sources also contribute to conventional scat-
tering, and thus to the resistivity. The skyrmion con-
centration in the Fe film enters only as a multiplicative
factor to the scattering rate, because the skyrmions are
experimentally known to be nucleated at random, thus
the electron phase is lost during the multiple scattering
among them. In addition, the growth of heterostructures
inevitably leads to some degree of structural and chem-
ical disorder. This is taken into account by an effective
mean disorder parameter Γ.

Since the skyrmion is formally considered to be a de-
fect, it gives an extrinsic contribution to the AHE. Our

formalism focuses on scattering on the Fermi surface and
does not include the ordinary, intrinsic AHE derived from
the Berry phase of the band structure and the Fermi sea,
even though the band structure calculations include the
spin-orbit coupling.
The paper is organized as follows. In Section II we

present our DFT results on the pristine ferromagnetic
film and on the formation of stable magnetic skyrmions in
the Fe layer of this film. In Section III, we briefly describe
the DFT formalism and the methodology for the spin-
transport calculations combining the KKR method with
the Boltzmann transport equation. In Sec. IV we discuss
the transport properties of the system, with emphasis
on the dependence of the topological Hall effect on the
skyrmion size and on additional disorder. Finally, we
summarize our findings and main conclusions in Sec. V.

II. FORMATION OF STABLE MAGNETIC
SKYRMIONS

We start our analysis with the formation of stabilized
magnetic skyrmions in the Pd/Fe/Ir(111) heterostruc-
ture based on ab initio simulations. The system consists
of a single atomic layer of ferromagnetic Fe deposited on
a metallic Ir(111) substrate, and on top of this, there
is an additional atomic layer of magnetically susceptible
Pd metal, as depicted in Fig. 1(a). The system is in
an fcc(111) stacking geometry. In Fig. 1(b), the crystal
structure of the near-surface atomic layers is shown in a
top view, i.e., the Pd layer, the Fe layer, and its nearest
Ir layer. It is easily seen that there is 120° rotational
symmetry and three reflection planes perpendicular to
the surface.
First, we show the electronic structure of the fcc-

stacked ferromagnetic thin film Pd/Fe/Ir(111) of 36 lay-
ers thickness (34 Ir layers as structural model for the
Ir substrate, 1 Fe and 1 Pd layer; structural details are
given in Sec. III). The magnetization is considered per-
pendicular to the plane. The high-symmetry points of
the surface Brillouin zone are given in Fig. 1(c). The
band structure, projected to spin-down states within the
Fe layer, is presented along the high-symmetry directions
ΓK and ΓM in Figs. 1(d),(e). Since spin-orbit coupling
is present, all bands are of mixed spin character. How-
ever, the states that are of mainly spin-down character
are displayed with a higher intensity. The same holds for
the states that are more localized in the Fe layer.
In Fig. 1(d) we observe a Rashba-type asymmetry, i.e.,

Ek ̸= E−k, in the Γ − K direction. The asymmetry is
not very strong. It is well known and stems from the
combined action of the exchange field, spin-orbit cou-
pling and absence of space-inversion at the surface and
promotes the Dzyaloshinskii-Moriya interaction, result-
ing in the formation of stable magnetic skyrmions in this
system.
Secondly, we proceed with the calculations on the

skyrmion formation. The skyrmion is formally treated
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FIG. 1. (a) Illustration of the fcc-stacked Pd/Fe/Ir(111) heterostructure. (b) Top-view illustration of the crystal structure
of the near-surface atomic layers. The sites of Fe atoms and their nearest atoms, Pd above and Ir below, are represented by
red circles, black triangles, and blue rectangles, respectively. The dashed lines represent the reflection planes perpendicular
to the surface. The distance between two consecutive red dots (NN distance) is (1/2)

√
2a. The fcc lattice parameter and the

NN distance are given in sec. IIIa. (c) The Brillouin zone of fcc(111), including the high-symmetry points Γ, K and M. (d)
The band structure of a ferromagnetic 36-layer Pd/Fe/Ir(111) film for the spin-down-projected states in the high symmetry
directions (d) ΓK and (e) ΓM. The line intensity corresponds to the degree of localization in the Fe layer.

as a single but large defect, embedded within a defined
radius in the ferromagnetic system Pd/Fe/Ir(111). The
defect consists of the same atoms as the host system,
but with the magnetization deviating from the ferromag-
netic state. Self-consistent calculations are performed to
achieve the relaxation of the magnetization in the non-
collinear skyrmion state. Since we use DFT for the re-
laxation of the magnetization, the charge density also
relaxes, albeit with only a small change with respect to
the host charge density. This can lead to the all-electrical
detection of skyrmions via the non-collinear magnetic re-
sistance effect in an STM with a non-magnetic tip [18–
21].

While in the experiment the skyrmion radius is con-
trolled by the strength of an external magnetic field, in

our calculations this is achieved by the use of the ferro-
magnetic boundary condition imposed at the Fe atoms
of the host film in which the skyrmion is embedded. The
skyrmion size is controlled by the number of atoms taken
within the defect disk, i.e., by the region where the vec-
tor spin density (magnetization), length and direction of
the atomic magnetic moments and charge density are al-
lowed to relax, while being constrained by the boundary
conditions. Obviously, one boundary condition is that
the atomic potentials outside the defect region are set
in the ferromagnetic state with the magnetization per-
pendicular to the plane, i.e., the defect disk is consid-
ered as being perfectly embedded in a pristine ferromag-
netic surface, without periodic boundary conditions. A
second boundary condition is set for the central atom,
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(a) (b)

FIG. 2. The relaxed magnetization at the Fe atoms within the two calculated skyrmions in the Pd/Fe/Ir(111) film. The
skyrmions include (a) 37 Fe atoms and (b) 121 Fe atoms. The color code stands for the projection of the magnetization in z
direction.

121 Fe atoms
37 Fe atoms

FIG. 3. The profile of the polar angle of the magnetization,
θ, as a function of the distance, r, from the skyrmion center
for the two calculated skyrmions. The red circles and blue
triangles represent the skyrmions of 37 Fe and 121 Fe atoms,
respectively. The distance at which θ = 90° is defined as the
skyrmion radius, rsk = 0.385 nm for the small skyrmion and
rsk = 0.5 nm for the large skyrmion.

which is spin flipped (θ = 180°) with respect to the fer-
romagnetic state. The skyrmion is established within
the defect disc only, by the self-consistent first-principles
relaxation of the magnetization in magnitude and direc-
tion, along with the convergence of the atomic potentials.
This means that with a sufficiently large disk, the mag-

netization angle of the atoms at the edge of the disk does
not appreciably deviate from the ferromagnetic state. A
choice of a smaller disk moves the situation towards a
smaller skyrmion, unrelaxed in size, reminiscent of the
situation with a strong externally applied magnetic field
that leads to smaller skyrmions [36].
In our analysis, we examine two different skyrmion

sizes. The smaller skyrmion is formed within a disk com-
prising 121 sites in the defect region. This includes the
1st to 5th in-plane neighbors of the central Fe atom,
i.e., 37 Fe atoms in total. Additionally, the neighbor-
ing atoms of the topmost layer of the Ir substrate and of
the Pd capping in the skyrmion region, i.e., 42 Ir and 42
Pd atoms are included in the self-consistent calculations.
The larger skyrmion profile consists of 349 atoms in the
defect region. It includes the 1st to 14th neighbors of the
central Fe atom, resulting in 121 Fe atoms in total. This
configuration also includes the nearest 114 Ir and 114 Pd
atoms.

Ir Fe Pd

ms(µB) 0.04 2.53 0.29

TABLE I. Calculated spin magnetic moment ms in the ferro-
magnetic state of Pd/Fe/Ir(111) for the topmost atomic layer
of Ir, Fe, and Pd.

In Figs. 2(a,b), we depict the relaxed spin structure
for the two different skyrmion sizes. Obviously both
skyrmions are found stable and both have relaxed to
a clockwise helicity, in agreement with previous results
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from the literature [19, 35, 38]. The corresponding pro-
files of the magnetization polar angle as function of the
distance r from the center of the skyrmion, θ(r), are pre-
sented in Figs. 2(a,b)(up) and Fig. 3. The skyrmion ra-
dius is defined as the distance at which the magnetization
angle reaches 90°. Thus, we estimate the skyrmion diam-
eter of the smaller skyrmion equal to be dsk = 0.77 nm,
and the larger dsk = 1 nm. The magnetization at the
rim of the smaller skyrmion has relaxed at an angle of
approximately θ = 16°, while of the larger skyrmion has
relaxed at an angle θ = 1.8°, very close to the surrounding
ferromagnetic state. Consequently, we have successfully
achieved the relaxation of magnetization in the case of
the larger skyrmion.

The magnetic moments of Fe exchange proximitizes
also a magnetization of Pd and Ir. We found that Fe
imprints the clockwise helicity into the magnetization of
Pd and Ir, i.e., the magnetic spin moments follow ferro-
magnetically polarized the magnetic spin moments of Fe.
Since the exchange susceptibility of the Pd toplayer is
larger than that of the Ir interface, the induced magnetic
moments of Pd are much larger than those of Ir. The
induced Ir moments are that small that we report here
only on the average magnetic moment of the Ir layer in-
terfacing Fe. The computed spin magnetic moment (ms)
of the near-surface layers of Ir, Fe, and Pd are presented
in Table I. We find that the calculated spin magnetic mo-
ment of the Fe atoms in the ferromagnetic background is
large, while the induced magnetic moment of Pd is also
non-negligible. Within the skyrmion region, the modu-
lus of the spin magnetic moments of the Fe atoms ranges
from 2.47 µB to 2.52 µB for the small skyrmion of diam-
eter dsk = 0.77 nm, and from 2.49 µB to 2.53 µB for the
large skyrmion of diameter dsk = 1 nm. Concerning Pd,
the spin magnetic moment modulus ranges from 0.15 µB

to 0.27 µB for the small skyrmion and from 0.19 µB to
0.28 µB for the large skyrmion.

III. METHODOLOGY

A. Computational details

The host system Pd/Fe/Ir(111) is modelled as a thin
film consisting of 36 atomic layers in total, with 34 lay-
ers of Ir, 1 layer of Fe, and 1 layer of Pd in the fcc(111)
stacking geometry. The configuration is completed by 3
vacuum layers on each side of the film. The fcc lattice
constant used for the calculations is a = 3.793 Å, corre-
sponding to an in-plane nearest neighbor (NN) distance
of 2.682 Å. The interlayer distances were dIr−Ir=2.19 Å,
dFe−Ir=2.06 Å, dPd−Fe=2.02 Å. All lattice parameters
were taken from the work of Dupè et al. [38], who ab ini-
tio structurally optimised the parameters using lattice
relaxations.

We employ density functional theory (DFT) within
the local density approximation (LDA) [48, 49], utilizing
the full-potential relativistic Korringa-Kohn-Rostoker

(KKR) Green function method [46, 47] as implemented
in the Jülich full potential relativistic KKR code [50, 51].
The self-consistent solution of the Green function in-
cludes the spin-orbit coupling as well as scalar relativistic
corrections. For the computation of the Green functions
a finite angular momentum cutoff of lmax = 2 was used,
which results in matrices of rank Natom × 2(lmax +1)2 =
6282 for the solution of the Dyson equation at each point
in the energy integration contour (here, Natom = 349 is
the number of sites in the defect cluster). For the self-
consistent calculations 35 energy points were used. The
non-collinear DFT calculations for the self-consistent po-
tential of the skyrmion atoms were carried out with the
Jülich KKR impurity-embedding code KKRimp [52].
The Fermi surface, the group velocity at the Fermi sur-

face, the Boltzmann formalism and the spin-transport
calculations were carried out using the PKKprime
code [50, 53, 54]. We use 41700 k-points on the full two-
dimensional Fermi surface (Fermi line) of the Pd/Fe/Ir
film. Here, for computational time reasons, the film
thickness is restricted to 23 layers in total, i.e., 17 Ir
atomic layers, 1 Fe layer, 1 Pd layer and 2 vacuum layers
at each surface.

B. Self-consistent calculations of skyrmions

The charge and spin density within the skyrmion re-
gion are found in terms of the space-diagonal part of the
Green function, GSk(r, r′;E) at r = r′, which involves
the solution of the Dyson equation:

GSk(r, r′;E) = Ghost(r, r′;E)+∫
Ghost(r, r′′;E)∆V (r′′)GSk(r′′, r′;E) d3r′′. (1)

This equation relates the Green function of the ferromag-
netic host system, Ghost, to the Green function of the
perturbed non-collinear system, GSk, through a perturb-
ing potential ∆V . Since the potential difference ∆V , as
well as the difference in charge and spin density, are con-
fined in the skyrmion region, the integration in the Dyson
equation and the sought-for Green function GSk(r, r′;E)
are also confined in this region. Following the KKR for-
malism, the Dyson equation is transformed into a linear
inhomogeneous system of algebraic equations and solved
for E on a contour in the complex energy plane. GSk,
Ghost, and ∆V are matrices in spin space, since we face
a non-collinear magnetic problem.
∆V is the difference of the potential in response to

the rotation of the magnetization. Consequently, it is
related to the difference between the magnetization of
the skyrmion and the magnetization in the ferromagnetic
state. In a first approximation, it reads in atom i

∆Vi(r) ≈ Bi(r) (êMi
· σ − êz · σ), (2)

with Bi the difference of the spin up and spin down com-
ponents of the potential in the ferromagnetic state, i.e.,
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Bi(r) = V ↑
i (r) − V ↓

i (r), and σ = (σx, σy, σz) the Pauli
vector, where spin-up and spin-down are taken with re-
spect to the local spin axis. However, after full relax-
ation, the potential entails a change with respect to the
ferromagnetic state also in Bi(r) and in the scalar poten-

tial 1
2 [V

↑
i (r)+V

↓
i (r)]. The directions êMi

are found self-
consistently, but respect the boundary condition of being
opposite to the direction of the ferromagnetic magnetiza-
tion (θ = 180°) for the atom in the center and parallel to
the ferromagnetic magnetization (θ = 0) for the atoms
outside the skyrmion rim. In the non-collinear magnetic
skyrmion state, we adopted the approximation that the
spin part of the potential, Bi(r) êMi

·σ, is collinear within
the atomic cell i, but the direction êMi

varies between
different atomic cells.

C. Topological Hall effect calculations

Following previous work [55–58], we proceed with the
Boltzmann transport equation approach.

The transition matrix T describing the scattering of a
given Bloch state ψk′ in the unperturbed ferromagnetic
host heterostructure to a final state ψk is given by the
matrix elements

Tkk′ =

∫
ψ†
k(r)∆V (r)ψSk

k′ (r) d3r, (3)

where the state scattered by the skyrmion obeys the
Lippmann-Schwinger equation

ψSk
k′ (r) = ψk′(r) +

∫
Ghost(r, r′;Ek′)∆V (r′)ψSk

k′ (r′)d3r′

= ψk′(r) +

∫
GSk(r, r′;Ek′)∆V (r′)ψk′(r′)d3r′,

(4)

and where the region of integration is restricted to the
skyrmion defect. Since the full Green function enters
in the expression for ψSk

k′ , Eq. (3) expresses the full T -
matrix, which is equivalent to summing up all multiple
scattering events among the skyrmion atoms to all orders
of perturbation theory. For the scattering rate off a single
skyrmion, wkk′ , we employ the Golden Rule

wkk′ =
2π

h̄
δ(Ek − Ek′)|Tkk′ |2. (5)

In a next step, the semi-classical linearized Boltzmann
transport equation is solved self-consistently. This pro-
vides the vector mean free path Λk, on the Fermi surface:

Λk · n̂E = τk

[
vk · n̂E +

∑
k′

wkk′(Λk′ · n̂E)
]
. (6)

Here, vk represents the group velocity, n̂E = E/|E| is the
direction of the electric field E, and τk is the relaxation
time, defined as

τk = 1/
∑
k′

wk′k. (7)

The Boltzmann equation is self-consistently solved be-
yond the relaxation time approximation, and it includes
the “scattering-in term,” accounting for the vertex cor-
rections [56, 59].
The focus of this work is on the investigation of the

topological Hall effect. In order to calculate the Hall an-
gle and analyze the topological Hall effect, it is essential
to compute the conductivity tensor, which is expressed
in terms of the vector mean free path via

σij =
e2

4π2

∫
FS

dk

h̄|vk|
(vk)i (Λk)j , (8)

with i and j ∈ {x, y}. As a result, we are able to cal-
culate the resistivity tensor ρ = σ−1. We can now also
determine the Hall angle, denoted as α = σxy/σyy, or,
in terms of the resistivity, α ≈ ρyx/ρxx when consider-
ing σxy = −σyx and assuming to a good approximation
σxx = σyy because the highly isotropic nature of the
C3v point symmetry of the system, assuming that the
electric field is in the y direction perpendicular to the
surface normal in the Pd/Fe/Ir heterostructure. Within
this approach, the scattering among different skyrmions
is only taken into account on the average by introducing a
skyrmion concentration parameter cSk that multiplies the
scattering rate wkk′ → cSkwkk′ . The inverse mean free
path and the inverse conductivity tensor scale linearly
with the concentration, thus the concentration cancels in
the expression for α.

D. Disorder induced scattering

In a realistic situation, there are scattering sources be-
sides the skyrmions, e.g., impurity atoms, structural de-
fects, phonons, thermal fluctuations etc., that are not
precisely known but affect the transport properties. The
latter two scattering sources are not so important for
this study as the experiments are carried out at 4 K. It is
important to consider this residual scattering, since oth-
erwise the substrate will show no resistance, causing a
short-circuit.
A simple way to account for such disorder is by in-

troducing an ad-hoc scattering rate [60]. The relaxation
time τk (Eq. (7)) is adjusted to τ̃k with the following
relation:

1

τ̃k
= cSk

1

τk
+

2Γ

h̄
. (9)

Here, the parameter Γ denotes the disorder strength with
energy dimensions of the order of meV. Consequently, the
matrix elements of the scattering rate wk′k are modified
to ensure the consistency of τ̃k = 1/

∑
k′ w̃kk′ . The ad-

justed scattering rate w̃k′k is determined using the equa-
tion [60]:

w̃kk′ = cSkwkk′ +
2Γ

h̄n(Ek)
δ(Ek − Ek′), (10)
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where n(E) is the density of states.
Subsequently, the Boltzmann equation (Eq. (6)) is

solved, taking into account the constant energy term via
the modified relaxation time τ̃k and the adjusted scatter-
ing rate w̃kk′ .

IV. RESULTS AND DISCUSSION

In the transport calculations, we consider three differ-
ent cases as numerical experiments:

i the case of a small skyrmion of 37 Fe atoms,

ii the case of a large skyrmion of 121 Fe atoms, but
taking into account the electron scattering only by
the perturbed potential of the Fe atoms, and

iii the full case of a large skyrmion of 121 Fe atoms, tak-
ing into account the electron scattering also by the
perturbed potential of the Ir substrate and Pd cap-
ping in the skyrmion region. This case actually cor-
responds to our best approximation to a fully relaxed
skyrmion magnetization.

As a numerical experiment, our calculations include
five different skyrmion concentrations (0.1%, 2%, 4%,
6%, and 10%) in the Pd/Fe/Ir surface. It should be
noted that, among these concentrations, the only realisti-
cally attainable one is the lowest, 0.1%. Since a skyrmion
encompasses a number of the order of 100 Fe atoms (121
atoms, in our calculation of the skyrmion with 1 nm di-
ameter), a 1% concentration already corresponds to full
coverage, as one has e.g. in the case of skyrmion lattice
in the Fe/Ir(111) system [12]. Consequently, higher con-
centrations serve as a check for the consistency of our
calculations.

A. Relaxation rate

We start with a discussion of the scattering properties.
Fig. 4 shows the relaxation rate 1/τk =

∑
k′ wk′k (see

Eq. (7)) in a color scale for the states at Ek = EF, for
the full case (iii) of the large skyrmion. In the left panel,
the relaxation rate is shown for the case without disor-
der, i.e. Γ = 0, while, in the right panel, Γ = 0.86 meV is
taken, resulting in an obvious increase of the relaxation
rate overall. We see that certain parts of the Fermi sur-
face are rather pronounced in scattering intensity (red-
shifted regions). These regions correspond to states that
are strongly scattered by the skyrmions, hence they must
have a high degree of localization near the surface. This
hypothesis is tested in Fig. 5, which depicts the wave-
function localization |ψk(r)|2 in each atomic layer in the
Pd/Fe/Ir(111) system, for a chosen k point within a re-
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gion of high scattering intensity (shown in the inset of
Fig. 5). The peak in the Fe layer, and the high degree
of localization in the Pd and Ir surface layers, reveal a
surface resonance.

B. Longitudinal resistivity

We now examine the impact of the disorder strength
Γ (Eq. (9)) on the longitudinal resistivity ρxx. The re-
sults of our calculations are shown in Figs. 6(a,b) for the
smaller and larger skyrmion system considering the elec-
tron scattering only by the Fe atoms within the skyrmion,
i.e., cases i and ii, respectively. Since we have two sources
of scattering, the skyrmions and the disorder Γ, we expect
that some resistivity will survive at Γ=0, which hence-
forth we call residual resistivity.

We observe that in the case of a realistic scenario with
0.1% skyrmion concentration in the surface, the longitu-
dinal resistivity ρxx exhibits a linear dependence on the
disorder. Here, the skyrmion induced scattering is very
low, so that the skyrmion contribution to the residual
resistivity is below point thickness in the plot. However,
at higher skyrmion concentrations, the skyrmion contri-
bution to the residual resistivity is apparent. At these
concentrations we find that the resistivity as a function
of Γ changes slope as Γ increases from zero, but the slope
is then stabilized, at higher Γ, as disorder becomes the
main source of scattering.

Comparing the two different skyrmion sizes, we see
that the residual resistivity is different, but is of the
same order of magnitude. This is expected, as the larger
skyrmion produces more scattering.

C. Hall angle

Next, we discuss our results on the Hall angle. The
calculated values comprise the contributions of (i) the
extrinsic anomalous Hall effect as it arises from impu-
rity skew-scattering in a ferromagnetic host, (ii) the spin-
orbit interaction of the non-collinear skyrmion texture in
difference to the ferromagnetic state, which gives rise to
the anomalous Hall effect, (iii) as well as the topological
Hall effect, as expected from the fact that the impurity
here (full skyrmion) has a non-coplanar spin texture. The
formalism includes all contributions (i-iii) and, similar to
the experiment, cannot distinguish between them. How-
ever, it is clear that the main source of scattering by
a skyrmion is its spin texture, while the scattering due
to the difference in charge density or spin-orbit coupling
compared to the pristine ferromagnetic surface will be
comparably insignificant. Therefore, we consider the cal-
culated Hall effect to be a topological Hall effect, at least
in the limit of low disorder (Γ → 0) and low spin-orbit
interaction.

The behavior of the Hall angle α as a function of Γ is il-
lustrated in Fig. 6(c) for the two different-sized skyrmion

(c)

FIG. 6. The longitudinal resistivity ρxx as a function of the
disorder parameter Γ for the skyrmion of diameter (a) 0.77
nm (case i) and (b) 0.99 nm (case ii) in Pd/Fe/Ir(111) film.
The black squares, red circles, pink down-triangles and green
rhombus correspond to four distinct skyrmion concentrations,
0.1%, 2%, 6% and 10% in the Pd/Fe/Ir(111) film, respec-
tively. (c) The topological Hall angle as a function of Γ for
the skyrmions of diameter 0.77 nm (case i) and 1 nm (case ii)
in Pd/Fe/Ir(111) film, considering a 0.1% skyrmion concen-
tration in the system surface.
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systems i and ii. Here, we present the results only for the
realistic skyrmion concentration of 0.1%. While the lon-
gitudinal resistivity is of the same order of magnitude for
the two skyrmion sizes, a significant increase in the Hall
angle in the larger skyrmion system is observed at low Γ.
The latter suggests a significant contribution from the
off-diagonal conductivity term. We also see that the Hall
angle becomes relatively small as the disorder strength
increases.

(meV)

Fe
Fe + Pd  

Fe + Pd + Ir  

Fe + Ir  

FIG. 7. The topological Hall angle as a function of the dis-
order parameter Γ for the skyrmion of a diameter of 1 nm
and a concentration of 0.1% in the Pd/Fe/Ir(111) surface.
The black squares correspond to calculations that take into
account the perturbed potential of the Ir substrate and Pd
capping in the skyrmion region (case iii). The red circles rep-
resent the case where only the perturbed potential of the Fe
atoms is considered (as in Fig. 6(c)). The blue up-triangles
correspond to the case where only the perturbed potential
of the Pd capping and Fe atoms is considered, and the pink
down-triangles represent the case where only the perturbed
potential of the Ir substrate and Fe atoms are included.

We now discuss case (iii), i.e., the large skyrmion in-
cluding the contributions of the neighboring atoms of the
topmost Ir layer and of the Pd capping layer in the scat-
tering calculations. The results are shown in Fig. 7 (black
squares). We observe a significant increase in the calcu-
lated Hall angle, as compared to the corresponding re-
sults obtained when only the Fe atoms in the skyrmion re-
gion are considered during the scattering process (Fig. 7
(red circles)). We also examine the cases where the elec-
tron scattering is considered only by the perturbed po-
tential of the topmost Ir and Fe atoms (Fig. 7 (pink down-
triangles)), or only by the perturbed potential of the Pd
and Fe atoms. We find that the contribution of Ir is
more significant than that of Pd to the topological Hall
angle, likely due to the strong spin-orbit coupling of the
Ir substrate. We conclude that the layers with high spin
susceptibility, Ir and Pd, are polarized by Fe, contribute
to the spin texture, and thus play a significant role in the
Hall effect.

In this improved model, the decrease of the Hall an-
gle as a function of the disorder parameter is also seen.
This result underscores the significant impact of the de-
gree of disorder in the sample on the measured Hall an-
gle. Therefore, the inclusion of impurity atoms and other
scattering sources is crucial for accurately describing the
topological Hall effect.

V. SUMMARY AND CONCLUSIONS

In this work we have taken up the challenge of using
ab initio theory to shed light onto the understanding of
the Hall effect of non-collinear magnetic textures. For
this purpose we have chosen the experimentally and the-
oretically well-studied fcc-Pd/Fe bilayer on Ir(111). It
is a system with strong spin-orbit interaction caused by
the 5d-metal Ir and exhibits small, magnetic nanoscale
skyrmions in the Fe film. We deal with the Hall effect by
considering the skew scattering of Bloch electrons from
a skyrmion perfectly embedded as a single defect in the
ferromagnetic film, determining the magnetic and elec-
tronic structure of the whole skyrmion self-consistently,
and relating the scattering results in the form of scatter-
ing rates to mean free paths and the conductivity tensor
employing the Boltzmann equation. The scattering from
single atomic defects or other perturbations, which lead
to the typical resistances in the longitudinal transport,
were phenomenologically taken into account by a con-
stant parameter Γ. Our main focus is on the topological
Hall effect (THE), which we discuss in terms of the Hall
angle. Although the THE is the main contribution to
the Hall effect in skyrmions, in our calculation, similar
to the experiment, the Hall effect due to topology and
spin-orbit interaction are interwound.
In summary, we applied the full-potential relativistic

KKR Green function method within non-collinear spin
density functional calculations to the formation of sta-
ble magnetic skyrmions in the Fe ferromagnetic layer of
the fcc-Pd/Fe/Ir(111) heterostructure. We modelled the
skyrmion by including 37 Fe atoms and 121 Fe atoms
self-consistently in the scattering regions. In both cases
the skyrmion radius was found to be about 0.5 nm. Sub-
sequently, a calculation of the electron scattering rate
off the skyrmions was used as input to the semiclassical
Boltzmann equation for the calculation of the resistivity
and the topological Hall angle.
Delving into the electron scattering details of the

system, we conclude that surface states and surface
resonances scatter strongly off the (surface-localized)
skyrmions, and are therefore most significant for the
transport properties.
We find four important factors that significantly af-

fect the results and therefore should be accounted for in
realistic simulations. First, judging from the two dif-
ferent skyrmion sizes that we analyzed, we infer that
the skyrmion size plays an important role. Second, one
should incorporate in the transport calculations the non-
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collinear magnetization that is induced to the Ir and Pd
layers by the skyrmion state in the Fe layer. Both sig-
nificantly increase the robustness of the topological Hall
angle against disorder. The large spin-orbit interaction of
Ir combined with the small spin-polarization (0.04 µB) is
a more important factor than the large spin-polarization
of Pd (0.29 µB). Third, the large contribution of the
spin-orbit interaction to the topological Hall angle raises
the question of disentangling the two contributions. This
supports the question of whether the disentanglement
leads to additional contributions to the Hall effect be-
yond the AHE and THE, such as the chiral [61] and non-
collinear Hall effect [34]. Fourth, disorder suppresses the
Hall angle. Thus, the degree of disorder from different
sources (e.g. impurity atoms) must not be neglected.
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Skyrmion Lattice in a Chiral Magnet, Science 323, 915
(2009).

[3] X. Z. Yu, Y. Onose, N. Kanazawa, J. H. Park, J. H. Han,
Y. Matsui, N. Nagaosa, and Y. Tokura, Real-space ob-
servation of a two-dimensional skyrmion crystal, Nature
465, 901 (2010).

[4] K. Everschor-Sitte, J. Masell, R. M. Reeve, and M. Kläui,
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haus, S. Blügel, and S. Lounis, Perpendicular reading of
single confined magnetic skyrmions, Nature Communica-
tions 6, 8541 (2015).

[20] A. Kubetzka, C. Hanneken, R. Wiesendanger, and K. von
Bergmann, Impact of the skyrmion spin texture on mag-
netoresistance, Phys. Rev. B 95, 104433 (2017).

[21] D. Li, S. Haldar, and S. Heinze, Proposal for All-
Electrical Skyrmion Detection in van der Waals Tunnel
Junctions, Nano Lett. 24, 2496 (2024).

[22] P. Bruno, V. K. Dugaev, and M. Taillefumier, Topologi-
cal Hall Effect and Berry Phase in Magnetic Nanostruc-
tures, Physical Review Letters 93, 096806.

https://doi.org/10.1098/rspa.1961.0018
https://doi.org/10.1098/rspa.1961.0018
https://doi.org/10.1098/rspa.1961.0018
https://doi.org/10.1126/science.1166767
https://doi.org/10.1126/science.1166767
https://doi.org/10.1038/nature09124
https://doi.org/10.1038/nature09124
https://doi.org/10.1063/1.5048972
https://doi.org/10.1063/1.5048972
https://doi.org/10.1038/s42254-020-0203-7
https://doi.org/10.1038/s42254-020-0203-7
https://doi.org/10.1016/j.physrep.2020.10.001
https://doi.org/10.1016/j.physrep.2020.10.001
https://doi.org/10.1016/j.physrep.2020.10.001
https://doi.org/10.1016/j.jmmm.2022.169905
https://doi.org/10.1016/j.jmmm.2022.169905
https://doi.org/10.1038/nnano.2013.29
https://doi.org/10.1038/nnano.2013.243
https://doi.org/10.1038/nnano.2013.243
https://doi.org/10.1103/PhysRevB.93.214412
https://doi.org/10.1103/PhysRevB.93.214412
https://doi.org/10.1016/S0304-8853(97)01044-5
https://doi.org/10.1016/S0304-8853(97)01044-5
https://doi.org/10.1038/nphys2045
https://doi.org/10.1038/nnano.2013.210
https://doi.org/10.1038/nnano.2013.210
https://doi.org/10.1038/srep23164
https://doi.org/10.1038/srep23164
https://doi.org/10.1021/acs.nanolett.6b04010
https://doi.org/10.1038/natrevmats.2017.31
https://doi.org/10.1038/natrevmats.2017.31
https://www.frontiersin.org/articles/10.3389/fphy.2021.769873
https://doi.org/10.1038/nnano.2015.218
https://doi.org/10.1038/nnano.2015.218
https://doi.org/10.1038/ncomms9541
https://doi.org/10.1038/ncomms9541
https://doi.org/10.1103/PhysRevB.95.104433
https://doi.org/10.1021/acs.nanolett.3c04238
https://doi.org/10.1103/PhysRevLett.93.096806


11

[23] A. Neubauer, C. Pfleiderer, B. Binz, A. Rosch, R. Ritz,
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