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ABSTRACT
In this paper, we consider the inverse scattering problem associ-
ated with an anisotropic medium with a conductive boundary con-
dition. We will assume that the corresponding far–field pattern or
Cauchy data is either known or measured. The conductive boundary
condition models a thin coating around the boundary of the scat-
terer. We will develop two direct sampling methods to solve the
inverse shape problem by numerically recovering the scatterer. To
this end, we study direct samplingmethods by deriving that the cor-
responding imaging functionals decay as the sampling point moves
away from the scatterer. These methods have been applied to other
inverse shape problems, but this is the first time they will be applied
to an anisotropic scatterer with a conductive boundary condition.
These methods allow one to recover the scatterer by considering an
inner–product of the far–field data or the Cauchy data. Here, we will
assume that the Cauchy data is known on the boundary of a region
� that completely encloses the scatterer D. We present numerical
reconstructions in two dimensions to validate our theoretical results
for both circular and non-circular scatterers.
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1. Introduction

We will study the inverse shape problem of recovering an unknown scatterer from mea-
sured far–field pattern or Cauchy data. For this inverse shape problem, we analyze the
multiple direct sampling methods for reconstructing an anisotropic medium with a con-
ductive boundary condition. We study the application of these direct sampling methods
for an anisotropic material with a conductive boundary on an unbounded domain. Similar
techniques have been used for other scattering problems, but this problem requires original
analysis to complete. Here, the conductive boundary condition is modeled by a Robin con-
dition that states that the total field has a jump across the boundary of the scatterer which is
proportional to the co-normal derivative of the total field. The conductive boundary con-
dition models a thin coating around the boundary of the scatterer. We remark that this is
the same model as presented in [1]. Precisely, in [1], the factorization method for recov-
ering the scatterer from far–field measurements has been studied. Here, we study direct
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sampling methods to recover the scatterer which are more stable with respect to noisy data
than the factorization method. Throughout our investigation, we need to derive a new
factorization of the far–field operator. This factorization is based on the variational for-
mulation of the scattering problem whereas in [1] the factorization was based on integral
operators.

One of our main contributions is to extend the work performed in [1] (see [2] for the
isotropic case). This is accomplished by considering a more general model to what is stud-
ied in [1]. In this paper, we will assume that there is an anisotropic coefficient as well as a
non–trivial refractive index. Since the previous works did not consider a scatterer with a
refractive index, the analysis presented here gives the factorization of the far–field operator
with both the anisotropic coefficient and refractive index. Direct sampling type methods
have been studied formany years [3–9]. The work in [10] was the first case of analysis asso-
ciated with the factorization method being used to analyze a direct sampling method. This
idea was further developed in [7, 11] where the authors gave explicit estimates that imply
that the imaging functional decays (rapidly) as the sampling point moves away from the
scatterer. This implies that one can simply plot the imaging functional which is defined
via an inner–product of the data and specific test function(s). This provides a compu-
tationally stable method for approximating the shape of the scatterer with little a priori
information.

Another contribution is to extend the applicability of the imaging functional studied in
[12] (see also [13]) for the case of a medium with a conductive boundary and non–trivial
refractive index. The direct sampling method used in [12] uses the reciprocity gap func-
tional to derive a computationally simple yet analytically rigorous imaging functional. The
reciprocity gap functional has been used to solve many inverse shape problems, for e.g.
[5, 14–16]. Recently in [13, 14], direct sampling methods derived from the reciprocity gap
functional have been studied to give fast and accurate shape reconstructions. Here, for the
case of far–field or Cauchy data, we will assume that we have full–aperture data, but in
[17–19] the researchers have studied how to deal with partial–aperture data.

The rest of the paper is organized as follows: in Section 2, we formulate the direct and
inverse scattering problem for the given anisotropic material with a conductive boundary.
Next, in Section 3, we decompose the far–field operator into a symmetric factorization.
This is necessary for the use of the direct sampling method via the far–field data. We
also provide an explanation on the application of the far–field direct sampling method
for this problem and its associated imaging functional. In Section 4, we derive a direct
sampling method using the Cauchy data by studying the reciprocity gap functional for the
givenmaterial. Finally, in Section 5, we provide numerical examples in two dimensions for
various scatterers to validate our theoretical results.

2. Formulation of the problem

We start by discussing the direct scattering problem for the anisotropic material. We let
D ⊂ R

d for d = 2 or 3 be a simply connected open set with Lipschitz boundary ∂D, where
ν represents the unit outward normal vector. The region D denotes the (unknown) scat-
terer that we illuminate with an incident plane wave ui := eikx·ŷ such that k>0 is the wave
number, x ∈ R

d, and ŷ ∈ S
d−1 denotes the incident direction. S

d−1 is defined to be the
unit ball in d−1 dimensions, i.e. S

d−1 := {x ∈ R
d : |x| = 1}. We assume that we have a
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symmetric matrix–valued function A(x) ∈ C 1(D,Cd×d) that satisfies

ξ · Re(A(x))ξ ≥ Amin|ξ |2 and ξ · Im(A(x))ξ ≤ 0 for a.e. x ∈ D and ξ ∈ C
d

whereAmin is a positive constant. We also assume that the refractive index n(x) ∈ L∞(Rd)

satisfies

Im(n(x)) ≥ 0 for a.e. x ∈ D.

Outside of the scatterer D, the material parameters A(x) and n(x) are homogeneous and
isotropic such that

A(x) = I and n(x) = 1 for x ∈ R
d \ D.

To model the thin conductive layer on the boundary, we consider the real–valued conduc-
tivity parameter η ∈ L∞(∂D), with the condition

η(x) ≥ ηmin > 0 for a.e. x ∈ ∂D.
With the above assumptions, we have that the direct scattering problem for an anisotropic
material with a conductive boundary condition is formulated as follows: find us ∈
H1
loc(R

d \ ∂D) such that

�us + k2us = 0 in R
d \ D and ∇ · A∇u + k2nu = 0 in D (1)

(us + ui)+ = u− + iη(ν · A∇u−) and ∂ν(us + ui)+ = ν · A∇u− on ∂D (2)

where u = us + ui denotes the total field.Here, the subscripts+ and− denote approaching
the boundary from the outside and inside of D, respectively. Even though (1) and (2) is
written in terms of us in R

d \ D and u in D, since u = us + ui we consider the boundary
values problem as a problem for just us. We also assume that the scattered field satisfies the
radiation condition

∂rus − ikus = O
(

1
r(d+1)/2

)
as r → ∞ (3)

uniformly with respect to x̂ = x/r where r = |x|. With the above assumptions on the coef-
ficients, we have well–posedness of the direct problem (1) and (2) along with the radiation
condition by appealing to similar as analysis in [1, Section 2] (see also [20]). By appealing
to [1, Theorem 2.1] along with the Trace Theorems, we have that

‖us‖H1(BR\∂D) ≤ C‖ui‖H1(D).

Here, BR denotes the ball centered at the origin with radius R>0 such that D ⊂ BR.
We are interested in recovering the scatterer D from measured far–field and Cauchy

data. To this end, recall that the asymptotic expansion of the scattering field us(·, ŷ) has the
form

us(x, ŷ) = γd
eik|x|

|x| d−1
2

{
u∞(x̂, ŷ)+ O

(
1
|x|
)}
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where γd is given by

γ2 = eiπ/4√
8πk

and γ3 = 1
4π

.

Here, u∞(x̂, ŷ) is the corresponding far–field pattern associated with (1) and (2), which is
dependent on the incident direction ŷ and the observation direction x̂. Given the far–field
pattern, we define the far–field operator F : L2(Sd−1) −→ L2(Sd−1) as

(Fg)(x̂) :=
∫

Sd−1
u∞(x̂, ŷ)g(ŷ) ds(ŷ) where g ∈ L2(Sd−1).

It is well known that the far–field operator F is compact, see [1]. For the Cauchy data, we
will assume that {

us(·, ŷ), ∂νus(·, ŷ)
}∣∣∣
∂�

for all ŷ ∈ S
d−1

where D ⊂ �.� ⊂ R
d is a simply connected open set with a Lipschitz boundary ∂�. The

Cauchy data will be used to define an imaging functional to recover the scatterer that is
stable with respect to noisy data.

In order to do our analysis in the next section, we need to have a new expression for
the far–field operator F. To this end, note that the fundamental solution to the Helmholtz
Equation satisfies

�
(x, ·)+ k2
(x, ·) = −δ(x − ·) in R
d

along with the radiation condition and is given by


(x, y) =

⎧⎪⎨⎪⎩
i
4
H(1)0 (k|x − y|) in R

2,

eik|x−y|

4π |x − y| in R
3.

(4)

Using Green’s 2nd Identity in the interior of D with the scattered field and fundamental
solution gives us

us(x)χD = −
∫
D

(x, z)[�us(z)+ k2us(z)] dz

+
∫
∂D

(x, z)∂νus−(z)− us−(z)∂ν
(x, z) ds(z)

where χD = χD(x) is the indicator function on the scatterer D at x ∈ R
d. Similarly, using

Green’s 2nd Identity in the exterior ofD and using that the scattered field solves Helmholtz
equation on the exterior of D, we have that

us(x)(1 − χD) =
∫
∂BR


(x, z)∂νus(z)− us(z)∂ν
(x, z) ds(z)

−
∫
∂D

(x, z)∂νus+(z)− us+(z)∂ν
(x, z) ds(z)
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where again BR ⊂ R
d is a ball of radius R such thatD ⊂ BR. Therefore, if we add the above

expressions, use Green’s 1st Identity, and use the following equivalent expression of (1)
and (2)

�us + k2us = ∇ · (I − A)∇(us + ui)+ k2(1 − n)(us + ui) in R
d \ ∂D

us+ − us− = iη(ν · A∇(us− + ui)) and ∂ν(us+ + ui) = ν · A∇(us− + ui) on ∂D,

we will get a Lippmann–Schwinger representation of the scattered field

us(x) =
∫
D

∇
(x, z) · (I − A)∇(us(z)+ ui(z)
)+ k2(n − 1)

(
us(z)+ ui(z)

)

(x, z) dz

+
∫
∂D

iη∂ν
(
us+(z)+ ui(z)

)
∂ν
(x, z) ds(z). (5)

Here, we used the fact that the fundamental solution and the scattered field satisfy the
radiation condition (3) which implies that the boundary integral on ∂BR tends to zero as
R −→ ∞. This gives that the far–field pattern is given by the expression

u∞(x̂, ŷ) =
∫
D

∇e−ikx̂·z · (I − A)∇(us(z)+ ui(z)
)+ k2(n − 1)

(
us(z)+ ui(z)

)
e−ikx̂·z dz

+
∫
∂D

iη∂ν
(
us+(z)+ ui(z)

)
∂νe−ikx̂·z ds(z). (6)

Using this formula for the far–field pattern, we obtain the following expression for the
far–field operator by interchanging the order of integration

Fg =
∫
D

∇e−ikx̂·z · (I − A)∇(usg(z)+ vg(z))+ k2(n − 1)(usg(z)+ vg(z))e−ikx̂·z dz

+
∫
∂D

iη∂ν(usg,+(z)+ vg(z))∂νe−ikx̂·z ds(z). (7)

Here, we let vg denote the Hergoltz wave function and usg solves the boundary value
problem (1)–(3) with incident field ui = vg , defined as

vg(x) =
∫

Sd−1
eikx·ŷg(ŷ) ds(ŷ) and usg(x) =

∫
Sd−1

us(x, ŷ)g(ŷ) ds(ŷ).

We are interested in the inverse problem of recovering D from the given the far–field and
Cauchy data. The main goal is to study multiple direct sampling methods to perform these
reconstructions of D, given we have the far–field and Cauchy data. In the next section, we
will analyze the direct sampling method via the far–field data.

3. Reconstruction via far–field data

In order to utilize the direct sampling method first considered in [10] for reconstructing
the region D using the far–field data, we first need to obtain a symmetric factorization of
the far–field operator. The factorization along with the Funk–Hecke integral identity will
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allow us to derive the resolution analysis of our imaging functional as in [11, 21]. Just as in
the previously cited works, we first consider the imaging functional

I(z) := ∣∣(Fφz,φz)L2(Sd−1)

∣∣p
where p ∈ N and φz = e−ikx̂·z i.e. the conjugate of the plane wave. Here, the parameter p is
chosen to sharpen the reconstruction of the scatterer.We will show that by plotting I(z)we
can recover the scatterer. This is due to the fact that I(z)will decay sharply as the sampling
point z moves away from the boundary. Similar analysis was used for similar methods in
[8, 9, 13, 22].

Now, given the expression for the far–field operator in (7), we derive a symmetric fac-
torization for the far–field operator F. To this end, we first consider the following product
space

X := L2(D,Cd)× L2(D)× H1/2(∂D)

and its dual space, given by

X∗ := L2(D,Cd)× L2(D)× H−1/2(∂D).

The sesquilinear dual product 〈·, ·〉X,X∗ is defined to be〈
(φ1,φ2,φ3), (ψ1,ψ2,ψ3)

〉
X,X∗ =

∫
D
φ1 · ψ1 + φ2ψ2 dx +

∫
∂D
φ3ψ3 ds,

for (φ1,φ2,φ3) ∈ X and (ψ1,ψ2,ψ3) ∈ X∗. To get an initial factorization for F, we first
need to define the source to far–field operator G : X∗ −→ L2(Sd−1), given by

G(f , p, h) =
∫
D

∇e−ikx̂·z · (I − A)(∇w + f )+ k2(n − 1)(w + p)e−ikx̂·z dz

+
∫
∂D

iη(∂νw+ + h)∂νe−ikx̂·z ds (8)

where G(f , p, h) = w∞ is the far–field pattern for w ∈ H1
loc(R

d \ ∂D) that is the unique
solution to the auxiliary problem

∇ · A∇w + k2nw = ∇ · (I − A)f + k2(1 − n)p in R
d \ ∂D (9)

w+ − w− = iη(∂νw+ + h) and ∂νw+ = ν · A∇w− + ν · (A − I)f on ∂D (10)

alongwith the radiation condition forw, where (f , p, h) ∈ X∗. Note that thewell–posedness
of (9) and (10) with the radiation condition can be established just as in [1]. Notice that
the scattered field us solves (9) and (10) with

(f , p, h) =
(
∇ui|D, ui|D, ∂νui|∂D

)
.

After some calculations, one can show that the solution w to (9) and (10) satisfies the
variational identity

−
∫
BR

∇w · ∇φ − k2wφ dx +
∫
∂BR

φ�kw ds
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=
∫
D

∇φ · (A − I)(∇w + f )− k2(n − 1)(w + p)φ dx

−
∫
∂D

i
η
[[φ]][[w]] + [[φ]]h ds (11)

for any φ ∈ H1(BR \ ∂D). This is obtained by multiplying the PDE by φ and using Green’s
Identities. In the above equation, we define [[φ]] := (φ+ − φ−) i.e. the jump in the trace
on ∂D. Here, we let

�k : H1/2(BR) −→ H−1/2(BR)

denote the Dirichlet-to-Neumann map on ∂BR for the radiating solution to the Helmholtz
equation on the exterior of BR, defined as

�kf = ∂νϕ
∣∣
∂BR

where �ϕ + k2ϕ = 0 in R
d \ BR and ϕ

∣∣
∂BR

= f ,

along with the radiation condition (3). From [23, Theorem 5.22] we know that �k is a
bounded linear operator. This is a direct consequence of the well–posedness of the above
Dirichlet problem alongwith the (Neumann) Trace Theorem.Next, we define the bounded
linear operator

H : L2(Sd−1) −→ X∗ given by (Hg)(x) =
(
∇vg |D, vg |D, ∂νvg |∂D

)
. (12)

By the superposition principle, we have that the far–field operator associated with (1)–(3)
is given by F = GH.

In order to get the symmetric factorization for F, we will now compute the adjoint of
the operator H defined in (12). Notice that〈

(φ1,φ2,φ3),Hg
〉
X,X∗ = (H∗(φ1,φ2,φ3), g

)
L2(Sd−1)

=
∫
D

∇vg · φ1 + vgφ2 dx +
∫
∂D
φ3∂νvg ds

=
∫

Sd−1
g(ŷ)

[∫
D

∇e−ikx·ŷ · φ1 + e−ikx·ŷφ2 dx

+
∫
∂D
φ3∂νe−ikx·ŷ ds(x)

]
ds(ŷ).

Therefore, we have that H∗ : X −→ L2(Sd−1) is given by

H∗(φ1,φ2,φ3) =
∫
D

∇e−ikx·ŷ · φ1 + e−ikx·ŷφ2 dx +
∫
∂D
φ3∂νe−ikx·ŷ ds(x).

This leads us to define a middle operator T : X∗ −→ X as

T(f , p, h) =
(
(I − A)(∇w + f )|D, k2(n − 1)(w + p)|D, iη(∂νw+ + h)|∂D

)
. (13)

Therefore, by appealing to the definition of G in (8) we have that G = H∗T and thus F =
H∗TH, proving that we have a symmetric factorization for F.
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Theorem 3.1: The far–field operator F : L2(Sd−1) −→ L2(Sd−1) has the symmetric factor-
ization F = H∗TH, where H and T are defined in (12) and (13), respectively.

The symmetric factorization above is one of the main ingredients needed for studying
the direct samplingmethod. In order to proceed, we need to study themiddle operatorT in
our factorization of F. Ultimately, we will show that T is a coercive operator on Range(H).
We achieve this by proving thatT is the sum of a compact operator and a coercive operator.
This approach is similar to the study of the so–called factorization method as seen in [24,
Lemma 1.17]. Before we proceed, we need to define the real–part of an operator S : X∗ −→
X. It is given by

Re(S) = 1
2
(
S + S∗)

where we assume that X ⊂ X∗.

Theorem 3.2: Let the operator T be defined as in (13).

(1) If Re(A)− I is positive definite uniformly in D, then −T = S + K where Re(S) is a
coercive operator and K is a compact operator on Range(H).

(2) If I − Re(A)− αIm(A) and Re(A)− 1
α Im(A) are positive definite uniformly in D,

then T = S+K where Re(S) is a coercive operator and K is a compact operator on
Range(H).

Proof: (1) First, we analyze the operator −T. For us to be able to define our operators
S and K, we need to provide a new expression for our operator −T. First, by using the
definition (13) we have

〈
T(f , p, h), (ψ1,ψ2,ψ3)

〉
X,X∗ =

∫
D
ψ1 · (I − A)(∇w + f )+ k2(n − 1)(w + p)ψ2 dx

+
∫
∂D

iη(∂νw+ + h)ψ3 ds (14)

Let (fj, pj, hj) solve the auxiliary problem (9) and (10) and the variational identity (11)
with the solution wj, for j = 1, 2. Now, consider the variational form with respect to
(w1, f1, p1, h1) with φ = w2, given as

−
∫
BR

∇w1 · ∇w2 − k2w1w2 dx +
∫
∂BR

w2�kw1 ds

=
∫
D

∇w2 · (A − I)(∇w1 + f1)− k2(n − 1)(w1 + p1)w2 dx

−
∫
∂D

i
η
[[w2]][[w1]] + [[w2]]h1 ds. (15)

Now, notice that
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〈
T(f1, p1, h1), (f2, p2, h2)

〉
X,X∗

=
∫
D
f2 · (I − A)(∇w1 + f1)+ k2(n − 1)(w1 + p1)p2 dx +

∫
∂D

iη(∂νw1,+ + h1)h2 ds

=
∫
D
(∇w2 + f2) · (I − A)(∇w1 + f1)+ k2(n − 1)(w1 + p1)(w2 + p2) dx

−
∫
D

∇w2 · (I − A)(∇w1 + f1)+ k2(n − 1)(w1 + p1)w2 dx.

Using the variational form (15), we can now get

〈
T(f1, p1, h1), (f2, p2, h2)

〉
X,X∗ =

∫
D
(∇w2 + f2) · (I − A)(∇w1 + f1)

+ k2(n − 1)(w1 + p1)(w2 + p2) dx

+
∫
∂D

iη(∂νw1,+ + h1)h2 + i
η
[[w2]][[w1]] + [[w2]]h1 ds

−
∫
BR

∇w1 · ∇w2 − k2w1w2 dx +
∫
∂BR

w2�kw1 ds.

After using the boundary condition [[wj]] = iη(∂νwj,+ + hj), for j = 1, 2, and canceling
terms, we finally get that

〈− T(f1, p1, h1), (f2, p2, h2)
〉
X,X∗ =

∫
D
(∇w2 + f2) · (A − I)(∇w1 + f1)

− k2(n − 1)(w1 + p1)(w2 + p2) dx

−
∫
∂D

iη(∂νw1,+ + h1)(∂νw2,+ + h2) ds

+
∫
BR

∇w1 · ∇w2 − k2w1u2 dx −
∫
∂BR

w2�kw1 ds.

(16)

Now, we can define −T = S + K where the operators S and K are given as

〈
S(f1, p1, h1), (f2, p2, h2)

〉
X,X∗ =

∫
D
(∇w2 + f2) · (A − I)(∇w1 + f1)

+ (w1 + p1)(w2 + p2) dx

−
∫
∂D

iη(∂νw1,+ + h1)(∂νw2,+ + h2) ds

+
∫
BR

∇w1 · ∇w2 + w1w2 dx −
∫
∂BR

w2�kw1 ds (17)

and
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〈
K(f1, p1, h1), (f2, p2, h2)

〉
X,X∗ =

∫
D

−k2(n − 1)(w1 + p1)(w2 + p2)

− (w1 + p1)(w2 + p2) dx

−
∫
BR
(k2 + 1)w1w2 dx. (18)

Notice, by virtue of the compact embeddings H1(D) into L2(D) and H1(BR) into L2(BR)
we have that K is a compact operator on Range(H). To complete the proof, we will show
that Re(S) is a coercive operator provided Re(A)− I is positive definite uniformly inD. To
this end, notice that

〈
Re(S)(f1, p1, h1), (f1, p1, h1)

〉
X,X∗ =

∫
D
(∇w1 + f1) · (Re(A)− I)

× (∇w1 + f1)+ |w1 + p1|2 dx
+
∫
BR

|∇w1|2 + |w1|2 dx −
∫
∂BR

w1Re(�k)w1 ds

(19)

where Re(�k) is a non-positive operator (see for e.g. [25]). We want to show that Re(S) is
positive coercive, i.e. there exists a β > 0 independent of (f1, p1, h1) ∈ X∗ such that

〈
Re(S)(f1, p1, h1), (f1, p1, h1)

〉
X,X∗ ≥ β‖(f1, p1, h1)‖2X∗ .

To this end, we proceed with a contradiction argument. We assume Re(S) has no such
constant, meaning there exists a sequence (f n, pn, hn) ∈ X∗ with corresponding wn ∈
H1
loc(R

d \ ∂D) satisfying (9) and (10) such that

‖(f n, pn, hn)‖2X∗ = 1 and
〈
Re(S)(f n, pn, hn), (f n, pn, hn)

〉
X,X∗ ≤ 1

n
.

Since Re(A)− I is positive definite and Re(�k) is non-positive, then as n −→ ∞, we have

〈
Re(S)(f n, pn, hn), (f n, pn, hn)

〉
X,X∗ −→ 0

implying wn −→ 0 in H1(BR \ ∂D) implying

f n −→ 0 in [L2(D)]d and pn −→ 0 in L2(D)

therefore, via the auxillary boundary value problem variational form, we also have that
hn −→ 0 inH−1/2(∂D). This contradicts the normalization of (f n, pn, hn) inX∗. Therefore,
Re(S) is a positive coercive operator provided Re(A)− I is a positive definite matrix.

(2) We will now have new assumptions on the coefficients, so we need to derive a new
variational expression for the operator T. To this end, consider again (fj, pj, hj) solving
the auxiliary problem (9) and (10) and the variational form (11) with the solution wj, for
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j = 1, 2. Now, from (14), notice that〈
T(f1, p1, h1), (f2, p2, h2)

〉
X,X∗

=
∫
D
f2 · (I − A)(∇w1 + f1)+ k2(n − 1)(w1 + p1)p2 dx +

∫
∂D

iη(∂νw1,+ + h1)h2 ds

=
∫
D
f2 · (I − A)f1 + k2(n − 1)p1p2 dx +

∫
∂D

iη(∂νw1,+ + h1)h2 ds

+
∫
D
f2 · (I − A)∇w1 + k2(n − 1)w1p2 dx.

Now, consider the following variational form with respect to (w2, f2, p2, h2) with φ = w1
and conjugate both sides, we obtain∫

BR
A∇w1 · ∇w2 − k2nw1w2 dx −

∫
∂BR

w1�kw2 ds

=
∫
D
f2 · (I − A)∇w1 + k2(n − 1)w1p2 dx +

∫
∂D

− i
η
[[w2]][[w1]] + [[w1]]h2 ds. (20)

Substituting this variational form into the definition of T, we can rewrite the definition of
T to obtain〈

T(f1, p1, h1), (f2, p2, h2)
〉
X,X∗ =

∫
D
f2 · (I − A)f1 + k2(n − 1)p1p2 dx

+
∫
∂D

iη(∂νw1,+ + h1)h2 ds

+
∫
∂D

i
η
[[w2]][[w1]] − [[w1]]h2 ds

+
∫
D
f2 · (A − A)∇w1 + k2(n − n)w1p2 dx

+
∫
BR

A∇w1 · ∇u2 − k2nw1u2 dx −
∫
∂BR

w1�kw2 ds.

Using the boundary condition [[wj]] = iη(∂νwj,+ + hj), for j = 1, 2, and canceling terms,
we also have〈

T(f1, p1, h1), (f2, p2, h2)
〉
X,X∗ =

∫
D
f2 · (I − A)f1 + k2(n − 1)p1p2 dx

+
∫
∂D

i
η
[[w1]][[w2]] ds

− 2i
∫
D
f2 · Im(A)∇w1 − k2Im(n)w1p2 dx

+
∫
BR

A∇w1 · ∇u2 − k2nw1w2 dx −
∫
∂BR

w1�kw2 ds.

We can now define T = S+K where the operators S and K are given by
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〈
S(f1, p1, h1), (f2, p2, h2)

〉
X,X∗

=
∫
D
f2 · (I − A)f1 + p1p2 dx +

∫
∂D

i
η
[[w1]][[w2]] ds − 2i

∫
D
f2 · Im(A)∇w1 dx

+
∫
BR

A∇w1 · ∇w2 + w1w2 dx −
∫
∂BR

w1�kw2 ds (21)

and〈
K(f1, p1, h1), (f2, p2, h2)

〉
X,X∗ =

∫
D
k2(n − 1)p1p2 − p1p2 dx −

∫
BR
(k2 + 1)nw1w2 dx

+ 2i
∫
D
k2Im(n)w1p2 dx. (22)

Notice that (22) contains only L2 terms inD andBR, therefore the compactness ofK follows
similarly to the first case.

Now, we wish to show that Re(S) is a positive coercive operator. To this end, notice that
after some calculations we obtain that〈
Re(S)(f1, p1, h1), (f2, p2, h2)

〉
X,X∗

=
∫
D
f2 · (I − Re(A))f1 + p1p2 dx − i

∫
D
f2 · Im(A)∇w1 dx + i

∫
D

∇w2 · Im(A)f1 dx

+
∫
BR

Re(A)∇w1 · ∇w2 + w1w2 dx − 1
2

∫
∂BR

w1�kw2 + w2�kw1 ds (23)

Notice, by Young’s Inequality that∣∣∣ ∫
D
f · Im(A)∇w dx

∣∣∣ ≤ α

2
(Im(A)f , f )L2(D) + 1

2α
(Im(A)∇w,∇w)L2(D)

for any α > 0. Therefore, we have that〈
Re(S)(f1, p1, h1), (f1, p1, h1)

〉
X,X∗ ≥

([
I − Re(A)− αIm(A)

]
f1, f1

)
L2(D)

+ (p1, p1)L2(D)

+
([

Re(A)− 1
α
Im(A)

]
∇w1,∇w1

)
L2(D)

+ (∇w1,∇w1)L2(BR\D)

+ (w1,w1)L2(BR) −
∫
∂BR

w1Re(�k)w1 ds.

Provided that α > 0 is a constant such that I − Re(A)− αIm(A) and Re(A)− 1
α Im(A) are

positive definite uniformly in D, we have that Re(S) is a positive coercive operator using
the same contradiction argument as in the first part of the proof. �

Next, we will analyze the behavior of the imaginary part of the operator T. Studying the
imaginary part of T is necessary for our coercivity result for the operator. We now prove
that the imaginary part of the operator T is positive on Range(H) provided that the wave
number k is not a transmission eigenvalue.
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Consider the following boundary value problem,

∇ · A∇u + k2nu = 0 and �v + k2v = 0 in D (24)

u + iη∂νAu = v and ∂νv = ∂νAu on ∂D (25)

Here, we let ∂νA = ν · A∇ on the boundary of the scatterer D. The values k ∈ C such that
there exists a non-trivial solution (u, v) ∈ H1(D)× H1(D) to (24) and (25) are called trans-
mission eigenvalues. This boundary value problem is obtained by assuming that F is not
injective with a dense range, meaning the scattered field is equal to zero outside the scat-
terer D. Note that if the scattered field is zero outside D this would imply that the incident
field (denoted) v and total total field u are non-trivial solutions to (24) and (25). This would
imply that the scatterer did not produce any scattering data and therefore can not be recov-
ered.Wemake this assumption to avoid this situation in our analysis. Similar transmission
eigenvalue problems have been recently studied in [26–29].

Theorem 3.3: Let the operator T be defined as in (13). Then, we have that

Im
〈
T(f , p, h), (f , p, h)

〉
X,X∗ > 0

for all (0, 0, 0) �= (f , p, h) ∈ Range(H), provided that k is not a transmission eigenvalue.

Proof: Recall the following definition of the operator T from the proof of Theorem 3.2〈
T(f , p, h), (f , p, h)

〉
X,X∗ =

∫
D
(∇w + f ) · (I − A)(∇w + f )+ k2(n − 1)|w + p|2 dx

+
∫
∂D

iη|∂νw+ + h|2 ds −
∫
BR

|∇w|2 − k2|w|2 dx

+
∫
∂BR

w�kw ds.

Since w is a radiating solution to the Helmholtz equation outside of D we have that∫
∂BR

w�kw ds =
∫
∂BR

w∂νw ds −→ i|γ |2k
∫

Sd−1
|w∞|2 ds as R −→ ∞. (26)

Therefore, as R −→ ∞, we see that

Im
〈
T(f , p, h), (f , p, h)

〉
X,X∗ =

∫
D
(∇w + f ) · (−Im(A))(∇w + f )+ k2Im(n)|w + p|2 dx

+
∫
∂D
η|∂νw+ + h|2 ds + |γ |2k

∫
Sd−1

|w∞|2 ds. (27)

By our assumptions on the imaginary parts of the coefficients, we conclude that the
imaginary part of T is non-negative in X∗.

Next, we prove that the imaginary part ofT is positive on Range(H). To this end, assume
that there exists (f , p, h) ∈ Range(H) such that

Im
〈
T(f , p, h), (f , p, h)

〉
X,X∗ = 0,
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we will prove that (f , p, h) = (0, 0, 0). From the definition of H, we have that

(f , p, h) =
(
∇v|D, v|D, ∂νv|∂D

)
where v is a solution to theHelmholtz equation inD. Notice, from (27), we have thatw∞ =
0 and by Rellich’s Lemma we have that w = 0 in R

d \ D. By the boundary conditions (10),
we obtain that

w− + iη∂νA(w− + v) = 0 and ∂νv = ∂νA(w− + v) on ∂D

since we have that ∂νw+ = w+ = 0 on ∂D. Now, we get that (w + v, v) satisfies the
boundary value problem

∇ · A∇(w + v)+ k2n(w + v) = 0 and �v + k2v = 0 in D

(w + v)+ iη∂νA(w + v) = v and ∂νv = ∂νA(w + v) on ∂D.

By our assumption that k is not a transmission eigenvalue, we have that the above bound-
ary value problem only admits the trivial solution (w + v, v) = (0, 0), meaning (f , p, h) =
(0, 0, 0), proving the claim. �

Now that we have shown that our operator T has these properties, the next part of our
analysis is the Funk–Hecke integral identity. This identity will allow us to evaluate the
Herglotz wave function for the conjugate plane wave φz = e−ikz·ŷ, given by

vφz(x) =
∫

Sd−1
e−ik(z−x)·ŷ ds(ŷ) =

{
2π J0(k|x − z|) in R

2,
4π j0(k|x − z|) in R

3,
(28)

where J0 is the Bessel function of the first kind of order 0 and j0 is the spherical Bessel
function of the first kind of order 0. These Bessel functions and their derivatives satisfy

|J0(t)| ≤ C√
t

and |j0(t)| ≤ C
t

for all t > 0

for some constant C. Therefore, we have a bound for the norm of the Funk-Hecke integral
identity and for the norm of Hφz, namely

‖vφz‖H1(D) ≤ C
[
dist(z,D)

] 1−d
2

which implies that

‖Hφz‖2X∗ =
(
‖∇vφz‖2L2(D) + ‖vφz‖2L2(D) + ‖∂νvφz‖2H−1/2(∂D)

)
≤ C

[
dist(z,D)

]1−d

where dist(z,D) is the distance from z to D.
With the factorization of the far–field operatorF, the fact thatT is bounded and coercive,

and the Funk–Hecke integral identity, we can solve the inverse problem for recovering D
by using the decay of the Bessel functions. The factorization of F gives us that∣∣(Fφz,φz)L2(Sd−1)

∣∣ = ∣∣〈THφz,Hφz〉X,X∗
∣∣.
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This combined with T being bounded and coercive on Range(H), we get

C1‖Hφz‖2X∗ ≤ ∣∣(Fφz,φz)L2(Sd−1)

∣∣ ≤ C2‖Hφz‖2X∗

for some constants C1 and C2. Given the above analysis, we have the following result.

Theorem 3.4: For the imaging functional I(z) = |(Fφz,φz)L2(Sd−1)|p with p ∈ N, we have

I(z) = O
(
dist(z,D)p(1−d)

)
, (29)

where dist(z,D) is the distance from z to D.

Given the decay rate of our imaging functional, this functional will allow us to get
a reconstruction of the scatterer D using the far–field data. In the next section, we will
introduce a direct sampling method that will reconstruct our scatterer using the Cauchy
data.

4. Reconstruction via Cauchy data

In this section, we introduce and analyze a new imaging functional. This imaging func-
tional will utilize Cauchy data to reconstruct our scatterer D. This functional was first
introduced in [30] for an isotropic material and was explored in [12] for an anisotropic
material. Here, we analyze the same imaging functional for the case where we have an
anisotropic material with a conductive boundary. We define the reciprocity gap imaging
functional IRG(z) as

IRG(z) :=
N∑
j=1

∣∣∣∣∫
∂�

us(x, ŷj)∂νIm
(x, z)− ∂νus(x, ŷj)Im
(x, z) ds(x)
∣∣∣∣p , (30)

where D ⊂ �, p ∈ N and 
(x, y) is the free-space Green’s Function defined in (4). Here,
we assume that ŷj for j = 1, . . . ,N are unique incident directions on the unit circle/sphere.
As seen in [12],N does not need to be large in order to get an accurate reconstruction of the
scatterer. Also, provided that the distance� = B(0,R) forR � 1we have that ∂νus(x, ŷj) ≈
ikus(x, ŷj) by the radiation condition (3).

Notice that from the definition

Im
(x, z) =

⎧⎪⎨⎪⎩
1
4
J0(k|x − z|) in R

2,

k
4π

j0(k|x − z|) in R
3,

we see that Im
(x, z) is a solution to the Helmholtz equation in R
d. We want this imaging

functional to be effective at reconstructing D. We analyze the behavior of IRG(z) in the
following theorems to show a similar decay rate as the distance of the sampling point z
moves away from the scatterer. Similar analysis has been done in [13]. In order to develop
the resolution analysis for this imaging functional, we first use (1) and (2) to write the
integrals over ∂� as integrals over ∂D.
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Theorem 4.1: The imaging functional IRG(z) satisfies

IRG(z) =
N∑
j=1

∣∣∣∣∫
∂D

us−(x, ŷj)∂νIm
(x, z)+ iη∂νA
(
us−(x, ŷj)+ ui(x, ŷj)

)
∂νIm
(x, z) ds(x)

+
∫
∂D

Im
(x, z)∂νui(x, ŷj)− Im
(x, z)∂νA
(
us−(x, ŷj)+ ui(x, ŷj)

)
ds(x)

∣∣∣∣p .
(31)

Proof: In order to prove the claim, we use Green’s 2nd Identity along with the fact that
both Im
 and us solve the Helmholtz equation in� \ D. With this, we obtain that

0 =
∫
�\D

us
(
�Im
(·, z)+ k2Im
(·, z)

)
− Im
(·, z)

(
�us + k2us

)
dx

=
∫
∂�

us∂νIm
(·, z)− ∂νusIm
(·, z) ds(x)

−
∫
∂D

us+∂νIm
(·, z)− ∂νus+Im
(·, z) ds(x).

Therefore, using the boundary conditions

us+ − us− = iη(ν · A∇(us− + ui)) and ∂ν(us+ + ui) = ν · A∇(us− + ui) on ∂D,

we have that ∫
∂�

us∂νIm
(·, z)− ∂νusIm
(·, z) ds(x)

=
∫
∂D

us+∂νIm
(·, z)− ∂νus+Im
(·, z) ds(x)

=
∫
∂D

us−∂νIm
(·, z)+ iη∂νA(u
s− + ui)∂νIm
(·, z) ds(x)

+
∫
∂D

Im
(·, z)∂νui − Im
(·, z)∂νA(us− + ui) ds(x).

This proves the claim by summing over the incident directions. �

This result is useful, because we can now express our imaging functional IRG(z) with
data along the boundary of the scatterer D instead of along the boundary of�. Given that
we have this expression for the imaging functional IRG(z) using data on ∂D, we can now
analyze the decay rate of this functional.

Theorem 4.2: For the imaging functional IRG(z), we have

IRG(z) = O
(
dist(z,D)

p(1−d)
2

)
(32)

where dist(z,D) is the distance from z to D.
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Proof: Recall the following expression of the reciprocity gap functional on ∂�∫
∂�

us∂νIm
(·, z)− ∂νusIm
(·, z) ds(x)

=
∫
∂D

us−∂νIm
(·, z)+ iη∂νA(u
s− + ui)∂νIm
(·, z) ds(x)

+
∫
∂D

Im
(·, z)∂νui − Im
(·, z)∂νA(us− + ui) ds(x).

Wewant to find the bounds for each of these terms on ∂D to eventually get the decay rate of
the IRG(z). First, we note that Im
(·, z) and ui are both smooth solutions to the Helmholtz
equation in R

d, also

∂νIm
(·, z) ∈ H1/2(∂D) and ∇ · A∇(us + ui)+ k2n(us + ui) = 0 in D.

By appealing to Trace Theorems, we are able to estimate the boundary integrals over ∂D as
volume integrals inD. We will consider the four different integrals that are used to express
IRG(z) from (31).

For the first integral, we use the Trace Theorem, Neumann Trace Theorem, and the
well-posedness of (1) and (2) to obtain the first estimate

|I| =
∣∣∣∣∫
∂D

us−∂νIm
(·, z) ds(x)
∣∣∣∣ ≤ ‖us−‖H1/2(∂D)‖∂νIm
(·, z)‖H−1/2(∂D)

≤ C‖us‖H1(D)

(
‖�Im
(·, z)‖L2(D) + ‖Im
(·, z)‖H1(D)

)
≤ C‖us‖H1(D)‖Im
(·, z)‖H1(D)

≤ C‖ui‖H1(D)‖Im
(·, z)‖H1(D).

Notice that we have used the fact that Im
(·, z) satisfies the Helmholtz equation. Now, for
the second integral we use the fact that Im
(·, z) along with the Trace Theorems to obtain
the estimate

|II| =
∣∣∣∣∫
∂D

iη∂νA(u
s− + ui)∂νIm
(·, z) ds(x)

∣∣∣∣
≤ C‖∂νA(us− + ui)‖H−1/2(∂D)‖∂νIm
(·, z)‖H1/2(∂D)

≤ C
(
‖∇ · A∇(us + ui)‖L2(D) + ‖us + ui‖H1(D)

)
‖Im
(·, z)‖H2(D)

= C
(
‖ − k2n(us + ui)‖L2(D) + ‖us + ui‖H1(D)

)
‖Im
(·, z)‖H2(D)

≤ C‖ui‖H1(D)‖Im
(·, z)‖H2(D).

Here, we have used the fact that n and η are assumed to be bounded functions. For the
third integral, we similarly have that

|III| =
∣∣∣∣∫
∂D

Im
(·, z)∂νui ds(x)
∣∣∣∣ ≤ ‖∂νui‖H−1/2(∂D)‖Im
(·, z)‖H1/2(∂D)
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≤ C‖ui‖H1(D)‖Im
(·, z)‖H1(D).

Lastly, the fourth integral can be handled as discussed above to get that

|IV| =
∣∣∣∣∫
∂D

−Im
(·, z)∂νA(us− + ui) ds(x)
∣∣∣∣

≤ ‖∂νA(us− + ui)‖H−1/2(∂D)‖Im
(·, z)‖H1/2(∂D)

≤ C‖ui‖H1(D)‖Im
(·, z)‖H1(D).

Using the fact that ‖ui‖H1(D) ≤ ‖ui‖H1(�) and that it is bounded independent ofD, we get
that

|I| + |II| + |III| + |IV| ≤ C‖ui‖H1(D)‖Im
(·, z)‖H2(D)

≤ C‖Im
(·, z)‖H2(D)

Now, from [6] we have that

‖Im
(·, z)‖H2(D) ≤ C
[
dist(z,D)

] 1−d
2 .

We conclude with the estimate

IRG(z) =
N∑
j=1

∣∣∣I + II + III + IV
∣∣∣p ≤ C

[
dist(z,D)

] p(1−d)
2 ,

proving the claim. �

This theorem tells us that our imaging functional IRG(z) is valid for reconstructing our
scatterer D using the Cauchy data via the decay rate of the Bessel functions. In the next
section, we will provide some numerical examples for our direct sampling methods using
both the far–field data and the Cauchy data, in two dimensions.

5. Numerical results

In the previous sections, we have proved that the aforementioned direct samplingmethods
are useful for reconstructing our unknown scatterer D. In this section, we provide some
numerical examples for our direct sampling methods to validate our theoretical results. In
the next subsection, we will assume that D = B(0,R), A is a constant matrix with n>0
and η ∈ C being constants. In this setting, we can use separation of variables to compute
the synthetic data to test our algorithms and to verify the theoretical results. Then, we
will derive a system of boundary integral equations to compute the synthetic data where
we assume that D is a non-circular region, A is a 2 × 2 positive definite matrix, η ∈ C,
and n>0. We then perform reconstructions for non-circular regions using this data with
various levels of noise.
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5.1. Seperation of variables

In this subsection, wewant to provide numerical examples for our direct samplingmethods
forD = B(0,R) i.e. the ball of radiusR centered at 0.We assumeA = aI, where the constant
a ∈ C, along with n>0 and η ∈ C being constants. Now, (1) and (2) can be written as

�us + k2us = 0 in R
2 \ D and �u + n

a
k2u = 0 in D

(us + ui)+ = u− + iηa∂ru− and ∂r(us + ui)+ = a∂ru− on ∂D

along with the Sommerfeld radiation condition as |x| −→ ∞ for the scattered field us. We
can use the Jacobi-Anger expansion to express the incident field ui = eikx·ŷ as

ui(x, ŷ) = ui(r, θ) =
∑
p∈Z

ipJp(kr)eip(θ−φ)

where x = r(cos(θ), sin(θ)) and ŷ = (cos(φ), sin(φ)).
To solve for the scattered field us and the total field u, we make the assumption that they

can be written as the following series expansions

us(x, ŷ) = us(r, θ) =
∑
p∈Z

ipuspH
(1)
p (kr)eip(θ−φ) for r > R, and

u(x, ŷ) = u(r, θ) =
∑
p∈Z

ipupJp
(
k
√
n
a
r
)
eip(θ−φ) for 0 ≤ r < R

where H(1)p are Hankel functions of the first kind of order p and Jp are Bessel functions of
the first kind of order p. Notice, that the above expansions satisfy the PDEs above, and we
only need to satisfy the boundary conditions. Here usp and up can be seen as the coefficients
that are to be determined by using the boundary conditions at r = R. Therefore, we have
that usp and up satisfy the 2 × 2 linear system

⎛⎜⎜⎝ H(1)p (kR) −iηk
√
naJ′p

(
k
√
n
a
R
)

− Jp
(
k
√
n
a
R
)

kH(1)
′

p (kR) −k
√
naJ′p

(
k
√
n
a
R
)

⎞⎟⎟⎠(uspup
)

=
( −Jp(kR)

−kJ′p(kR)

)

for each p ∈ Z. We can solve for the coefficients usp by using Cramer’s Rule, we then obtain

usp = det(Mx)

det(M)
with matrices

M =

⎛⎜⎜⎝ H(1)p (kR) −iηk
√
naJ′p

(
k
√
n
a
R
)

− Jp
(
k
√
n
a
R
)

kH(1)
′

p (kR) −k
√
naJ′p

(
k
√
n
a
R
)

⎞⎟⎟⎠
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and

Mx =

⎛⎜⎜⎝ −Jp(kR) −iηk
√
naJ′p

(
k
√
n
a
R
)

− Jp
(
k
√
n
a
R
)

−kJ′p(kR) −k
√
naJ′p

(
k
√
n
a
R
)

⎞⎟⎟⎠ .

With this computation of usp, we get expressions for the scattered field, its normal derivative
(i.e. with respect to r), and the far–field pattern. These are given by

us(x, ŷ) = us(r, θ) ≈
15∑

|p|=0

ipuspH
(1)
p (kr)eip(θ−φ) and

∂rus(r, θ) ≈ k
15∑

|p|=0

ipuspH
(1)′
p (kr)eip(θ−φ) (33)

and

u∞(x̂, ŷ) = u∞(θ) ≈ 4
i

15∑
|p|=0

uspe
ip(θ−φ) where usp = det(Mx)

det(M)
. (34)

In our numerical experiments, we use the above approximations of the scattered field,
normal derivative of the scattered field, and the far-field pattern.

We need an approximation for the far–field operator in order to perform the direct sam-
plingmethods with the far–field data.We approximate the integral representation of Fwith
a 64–point Riemann sum which leads to the 64 × 64 matrix discretization of the far–field
operator given by

F =
[
2π
64

u∞(x̂i, ŷj)
]64
i,j=1

.

In order to test the stability, we will add random noise to the discretized far–field operator
F such that

Fδ =
[
F(i, j)

(
1 + δE(i, j)

)]64
i,j=1

where ‖E‖2 = 1.

Here, thematrixE ∈ C
64×64 is taken to have uniformly distributed randomentries and 0 <

δ < 1 is the relative noise level added to the data. The entries are initially taken such that
the real and imaginary parts are uniformly distributed between [−1, 1], then the matrix is
normalized.

To get our reconstructions using the far–field data, we begin by discretizing a sam-
pling region [−2, 2] × [−2, 2] with 1002 equally spaced sampling points. We then move
our sampling point z ∈ [−2, 2] × [−2, 2] and plot our imaging functional

W(z) =
∣∣∣φz · Fδφz

∣∣∣p where φz =
(
e−ikx̂1·z, . . . , e−ikx̂64·z

)�
, (35)
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for

x̂i = ŷi = (cos(θi), sin(θi)) and θi = 2π(i − 1)/64, for i = 1, . . . , 64.

The contour plot ofW(z) over [−2, 2] × [−2, 2] will serve as our reconstruction of D.
To perform the direct samplingmethods with the Cauchy data, we need approximations

for the scattered field and the normal derivative of the scattered field. We approximate the
representation of the Cauchy data as 64 × 64 matrices given by

us = [us(xi, ŷj)]64i,j=1 and dus = [∂νus(xi, ŷj)]64i,j=1 .

We test the stability by adding random noise to these operators, given by

usδ =
[
us(i, j)

(
1 + δE(1)(i, j)

)]64
i,j=1

and dusδ =
[
dus(i, j)

(
1 + δE(2)(i, j)

)]64
i,j=1

where E(j) for j = 1, 2 is defined similarly as above. To get our reconstructions using
the Cauchy data, we again discretize the rectangular sampling region [−2, 2] × [−2, 2]
that completely encompasses our region D = B(0,R) i.e. 0<R<2. Here, the region � =
B(0, 3) and the integrals over ∂� are discretized via a 64–point Riemann sum approxi-
mation. We then move our sampling point z in the region [−2, 2] × [−2, 2] and plot our
imaging functional

WRG(z) =
64∑
j=1

2π
64

∣∣∣∣usδ(:, j) · ∂rJ0(k|�x − z|)− dusδ(:, j) · J0(k|�x − z|)
∣∣∣∣p (36)

where

∂rJ0(k|�x − z|)
∣∣∣
∂B(0,3)

= −kJ1(k|�x − z|)
[
9 − �x · z
3|�x − z|

]
,

for �x = (x1, . . . , x64)� ∈ R
64×2 with

xi = 3(cos(θi), sin(θi)) and ŷi = (cos(θi), sin(θi)) where θi = 2π(i − 1)/64.

for i = 1, . . . , 64. This is a discretized approximation of the reciprocity gap functional given
by the expression (30) in 2-dimensions (Figures 1–6).

Example 5.1: Weprovide two reconstructions forD = B(0, 1)with 5%noise, i.e. δ = 0.05.
One reconstruction uses the far–field data and the other uses the Cauchy data. Here, we
use the parameters k = 2π , a = 1/2 − i, n = 2 + i, and η = 2.

Example 5.2: We now provide two reconstructions for D = B(0, 3/4) with 5% noise, i.e.
δ = 0.05. One reconstruction uses the far–field data and the other uses the Cauchy data.
Here, we use the parameters k = 4, a = 2, n = 1/2, and η = 1.

From these examples, we see that our direct sampling imaging functionals are good
at recovering the scatterer. Now, we will proceed in the next section by providing more
numerical examples for more complex scatterers. Then, we will see the applicability of our
methods for different kinds of scatterers.
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Figure 1. Reconstruction of circular domain with 5% noise via far–field data with p = 2 (left) and
Cauchy data with p = 3 (right).

Figure 2. Reconstruction of circular domain with 5% noise via far–field data with p = 2 (left) and
Cauchy data with p = 3 (right).

Figure 3. Reconstruction of the kite shape via far–field data with 5% noise (left) and 10% noise (right),
each with p = 2.
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Figure 4. Reconstruction of the kite shape via far–field data with 15% noise (left) and 20% noise (right),
each with p = 2.

Figure 5. Reconstructionof thepeanut shape via Cauchydatawith 5%noise (left) and10%noise (right),
each with p = 3.

Figure 6. Reconstruction of the peanut shape via Cauchy data with 15% noise (left) and 20% noise
(right), each with p = 3.
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5.2. System of boundary integral equations

In this section, we will provide more examples for our imaging functionals. Here, we will
focus onmore complex scatterers to test the robustness of our inversion algorithms. To this
end, we begin by deriving a system of boundary integral equations for the direct problem
which is given by, find us ∈ H1

loc(R
2\D) and u ∈ H1(D) satisfying

∇ · A∇u + k2u = 0 in D and �us + k2us = 0 in R
2\D,

∂νus − ∂νAu = −∂νui on ∂D and us − u − iη∂νAu = −ui on ∂D

along with the radiation condition where D, A, k, and η satisfy the assumptions made in
Section 1. For simplicity, we assume that n = 1 for all the examples in this section.

We could use the same technique as in [27] to derive the corresponding boundary inte-
gral equation for the problem above. However, the result would involve the hypersingular
boundary integral operator (see [27, p. 143]). Therefore, we use the technique as used in
[21, Section 5.1] and [17, Section 5.1] for the isotropic case with a conductive boundary
involving one or two parameters, respectively, to the anisotropic case at hand. Therefore,
we make the ansatz

us(x) = SLkϕ(x), x ∈ R
2\D, (37)

u(x) = S̃Lkψ(x), x ∈ D, (38)

where the single layer operators are defined by

SLkφ(x) =
∫
∂D

(x, y)φ(y) ds(y) and S̃Lkφ(x) =

∫
∂D

̃(x, y)φ(y) ds(y), x /∈ ∂D,

with
(x, y) the fundamental solution of the Helmholtz equation in two dimensions and


̃(x, y) = 
k(A−1/2x,A−1/2y)/ det
(
A1/2)

the fundamental solution of the modified Helmholtz equation ∇ · A∇u + k2u = 0 in two
dimensions (see [31, Lemma 2.1]). Using the jump relations [31, Lemma 2.2], we have on
the boundary

us(x) = Skϕ(x), x ∈ ∂D, (39)

u(x) = S̃kψ(x), x ∈ ∂D, (40)

where the single-layer boundary integral operators are defined as

Skφ(x) =
∫
∂D

(x, y)φ(y) ds and S̃kφ(x) =

∫
∂D

̃(x, y)φ(y) ds, x ∈ ∂D.

Taking the normal and co-normal derivative of (37) and (38), respectively, we further have
on the boundary using the jump relation [31, Lemma 2.2]

∂ν(x)us(x) = −1
2
ϕ(x)+ K′

kϕ(x), x ∈ ∂D, (41)
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∂νA(x)u(x) = 1
2
ψ(x)+ K̃′

kψ(x), x ∈ ∂D, (42)

where the normal and co-normal derivative of the single-layer boundary integral operator
are defined as

K′
kφ(x) =

∫
∂D
∂ν(x)
(x, y)φ(y) ds and K̃′

kφ(x) =
∫
∂D
∂νA(x)
̃(x, y)φ(y) ds, x ∈ ∂D.

Because of the first boundary condition ∂νus − ∂νAu = −∂νui and using (41) and (42), we
obtain the first boundary integral equation(

−1
2
I + K′

k

)
ϕ −

(
1
2
I + K̃′

k

)
ψ = −∂νui. (43)

Because of the second boundary condition us − u − iη∂νAu = −ui and using (39), (40),
and (42) yields

Skϕ − S̃kψ − iη
(
1
2
I + K̃′

k

)
ψ = −ui. (44)

After we solve the 2 × 2 system⎛⎜⎝−1
2
I + K′

k −1
2
I − K̃′

k

Sk −̃Sk − iη
(
1
2
I + K̃′

k

)
⎞⎟⎠(ϕ

ψ

)
= −

(
∂νui
ui

)
(45)

for ϕ and ψ on ∂D, we obtain the scattered field us by computing (37). We could also
compute the total field u insideD by computing (38). The far–field pattern of us is given by

u∞(x̂) = S∞
k ϕ(x̂),

where

S∞
k φ(x̂) =

∫
∂D

e−ikx̂·yφ(y) ds(y), x̂ ∈ S
1. (46)

Now that we have a method for compute the scattered field and far–field pattern, we let
Nf be the number of faces used within the boundary element collocation method. Then,
the number of collocation nodes is 3·Nf . In order to determine the validity of our bound-
ary integral equations, we will compare the calculations with the separation of variable
results from the previous section. To this end, for 64 equidistant incident and observation
directions we let Fk ∈ C

64×64 the far–field data obtained with the series expansion (34)
and F

(Nf )

k ∈ C
64×64 be the far–field data obtained via the boundary element collocation

method withNf faces using (46). Note, that we make the dependance on the wave number
k explicit. The absolute error is defined as

ε
(Nf )

k := ‖Fk − F
(Nf )

k ‖2.
Note that the absolute error also depends on the physical parameter a and η.
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Table 1. Absolute error of the far-field with 64 equidistant incident and observa-
tion directions for the disk with radius R = 2 and the physical parameters a = 3
and η = 1 for varying number of faces (collocation nodes).

Nf ε
(Nf )
2 ε

(Nf )
4 ε

(Nf )
6

10 (30) 0.47427 9.22067 162.92010
20 (60) 0.03533 0.35907 5.32643
40 (120) 0.00405 0.00273 0.02023
80 (240) 0.00048 0.00030 0.00078
160 (480) 0.00006 0.00004 0.00009

Note: The wave numbers are k = 2, k = 4, and k = 6, respectively.

Table 2. Absolute error of the scattered field with 64 equidistant incident and
observation directions on a circlewithmeasurement radius R0 = 3 for the diskwith
radius R = 2 and the physical parameters a = 3 and η = 1 for varying number of
faces (collocation nodes).

Nf ε
(Nf )
2 ε

(Nf )
4 ε

(Nf )
6

10 (30) 0.04888 0.69465 8.75189
20 (60) 0.00289 0.02705 0.28886
40 (120) 0.00033 0.00016 0.00114
80 (240) 0.00004 0.00002 0.00004
160 (480) 0.00000 0.00000 0.00000

Note: The wave numbers are k = 2, k = 4, and k = 6, respectively.

The absolute error of the computed far–field data is shown in Table 1 whereD = B(0, 2)
using a disk and the physical parameters a = 3 and η = 1. The wave numbers are k = 2,
k = 4, and k = 6. As we can observe, we obtain very accurate results using 240 collocation
nodes.

Likewise, we can compute the scattered field for on ∂� = ∂B(0, 3), where the scatterer is
again given by D = B(0, 2) via the series expansion in (33). Just as in the previous section,
we compute the scattered field as a 64 × 64 matrix with 64 equally spaced points for x ∈
∂� and ŷ ∈ S1. As we can observe in Table 2, we obtain very accurate results using 240
collocation nodes.

In a similar fashion, we can compute the normal derivative of the scattered field on a
given circle with the series expansion (33). The computation with the boundary element
collocation method is done by taking the normal derivative of (39), i.e.

∂ν(x)us(x) = ∂ν(x)Skϕ(x), x ∈ ∂B(0, 3),

whereϕ is computed by (45). Again, we let ∂� = ∂B(0, 3)where the scatterer is again given
by D = B(0, 2) with the normal derivative of the scattered field given as a 64 × 64 matrix
with 64 equally spaced points for x ∈ ∂� and ŷ ∈ S

1. As we can observe in Table 3, we
obtain very accurate results using 240 collocation nodes.

With this, we see that the our system of boundary integral equations can accurately
compute the scattering data. Therefore, we can provide some numerical examples using
the data computed via the boundary integral equations as the synthetic data in order to test
our new reconstruction algorithms. Just as in the previous section, the imaging functionals
are discretized in the exact same way given by (35) and (36). More precisely, the synthetic
data is computed for different obstacles using the boundary element collocation method
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Table 3. Absolute error of the normal derivative of the scattered field with 64
equidistant incident and observation directions on a circle with measurement
radius R0 = 3 for the disk with radius R = 2 and the physical parameters a = 3
and η = 1 for varying number of faces (collocation nodes).

Nf ε
(Nf )
2 ε

(Nf )
4 ε

(Nf )
6

10 (30) 0.06372 1.65238 40.38222
20 (60) 0.00575 0.06435 1.30574
40 (120) 0.00066 0.00061 0.00478
80 (240) 0.00008 0.00007 0.00022
160 (480) 0.00001 0.00001 0.00003

Note: The wave numbers are k = 2, k = 4, and k = 6, respectively.

with 80 faces (with 240 collocation nodes). The physical parameters are

η = 1, k = 6, and A = [4 1; 1 4].

The boundaries of the obstacles under consideration are given in polar coordinates as
follows: the kite is given by

(−1.5 · sin(φ), cos(φ)+ 0.65 cos(2φ)− 0.65)�,

and the peanut is given by

2
√
1
2
sin2(φ)+ 1

10
cos2(φ)· (cos(φ), sin(φ))�.

We provide reconstruction of these shapes using the far–field data and Cauchy data with
various levels of noise.

Example 5.3: We provide four reconstructions for the kite shape via the far–field data
with 5% noise, 10% noise, 15% noise, and 20% noise, i.e. δ = 0.05, δ = 0.1, δ = 0.15, and
δ = 0.2, respectively.

Example 5.4: We now provide four reconstructions for the peanut shape via the Cauchy
data with 5% noise, 10% noise, 15% noise, and 20% noise, i.e. δ = 0.05, δ = 0.1, δ = 0.15,
and δ = 0.2, respectively.

Example 5.5: We show that the direct sampling method is also able to reconstruct two
scattering objects. Therefore, we create independently far–field data for two different kite-
shaped scatterers each of which is the kite–shaped scatterer of Example 5.3 shifted by three
units to the left and right, respectively and then add the two corresponding far–field pat-
terns.Note that a similar approachhas beendone in [17, Example 7] although this approach
ignores small scattering effects between the two scatterers, but which is justified due to the
choice of the distance. Also note that the far–field data are generated with the same param-
eters as used in Example 5.3. As we can see in Figure 7, we are able to reconstruct the two
scatterers successfully. There is a small blur between the two scatterers as expected.

Example 5.6: Finally, provide an example with two (small) scatterers. Therefore, we will
let the scatterer D be given by two disjoint disks with radius 0.25 centered at ±(1, 1). This
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Figure 7. Reconstruction of two kite shapes via far–field data with no added noise (left) and 5% noise
(right), each with p = 2.

gives that the boundary of the scatterer is given by

∂D = 0.25
(
cos θ , sin θ

)± (1, 1) for θ ∈ [0, 2π).

Since we has small scatterers, we assume that the far–field data can be computed using the
‘Born’ approximation of the integral representation (6). This gives that for constant η

u∞(x̂i, ŷj) ≈ k2
∫
D

[
x̂i · (I − A)ŷj

]
e−ikw·(x̂i−ŷj) dw

+ iηk2
∫
∂D
(ŵ · x̂i)(ŵ · ŷj)e−ikw·(x̂i−ŷj) ds(w).

Here ŵ = (cos θw, sin θw) with θw denoting the polar angle for w ∈ R
2. Using Gaussian

Quadrature to approximation the above integral we have can approximate the far–field
operator just are in the previous examples. In Figure 8 we provide the reconstruction using
the same parameters as the previous examples.

From our examples, we have faithful reconstructions for the circular regions under
either set of assumptions on the coefficients given in Theorem 3.2. We also have faith-
ful reconstructions for the non-circular regions, and we see that the method is resilient
to added noise in these examples. With this, we see that our direct sampling methods are
applicable to reconstructing anisotropic scatterers with a conductive boundary. We have
seen that the reconstructions are robust with respect to noisy data which has been proven
in [12].

6. Conclusions

In this paper, we studiedmultiple direct samplingmethods for an anisotropicmaterial with
a conductive boundary on an unbounded domain. We obtained the necessary symmetric
factorization of the far–field operator to apply a direct sampling method via the far–field
data. We then derived a direct sampling method using the Cauchy data by studying the
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Figure 8. Reconstruction of two small disks via far–field data with no added noise (left) and 5% noise
(right), each with p = 4.

reciprocity gap functional for the given material. Our main contribution was adopting the
theory of these direct sampling methods for the anisotropic material under two different
assumptions on its physical parameters. We then provided some numerical examples of
using these methods on different circular and non-circular domains in two dimensions
with various levels of noise. We used separation of variables and boundary integral equa-
tions to generate the data for these reconstructions. We see that these methods create
faithful reconstructions of these domains that are resilient to noise. With that, there is
still room for more extensive numerical tests of the direct sampling methods studied in
this paper. Future directions for this project are to study the transmission eigenvalue prob-
lem (24) and (25) and the applicability of the direct samplingmethods with partial aperture
data.
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