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A B S T R A C T

Although the presence of salts can significantly affect the fluid-phase equilibria, phase stability and equilibrium
calculations remain challenging due to the nonlinearity of thermodynamic models and to the negligible
amounts of ions that can be present in some phases. To address this, we introduce a new variable
transformation and present the first formal proof of a stability criterion for strong (fully-dissociated) electrolyte
solutions based on the tangent-plane distance under the electroneutrality constraint. The criterion can also
be recast based on duality theory, yielding two alternative formulations with/without reformulation in the
volume-composition space. We use these theoretical results to extend the Helmholtz free Energy Lagrangian
Dual (HELD) algorithm (Pereira et al., Comput. Chem. Eng. 36 (2012) 99) to strong electrolyte mixtures. The
resulting HELD2.0 algorithm provides reliable calculations of the nonideal phase behaviour of mixtures of
organic molecules and water with alkali halide salts for a wide range of thermodynamic states.
1. Introduction

The thermodynamic behaviour and phase equilibria of electrolyte
solutions are of central relevance to many fields of scientific enquiry
and industrial application, such as the understanding of partitioning
in biochemical systems (Fu et al., 2017), the study of high-pressure
aquifers and reservoirs wherein natural gas or carbon dioxide is in
equilibrium with brines (Wang et al., 2013; Hosseinzadeh Dehaghani
et al., 2022), the development of novel electrochemical energy storage
and conversion devices (Sevov et al., 2017), the design of processes for
precipitation (Sassenburg et al., 2022), crystallization (Takano et al.,
2002), water desalination (Pantoja et al., 2015; Creusen et al., 2013),
and water-pollution control (Murphy et al., 1992; Kiendrebeogo et al.,
2021). For instance, in the context of lithium-ion batteries, the choice
of electrolyte affects battery performance through the decomposition of
salts and solvents at low potentials as well as the complex interactions
of the electrode materials and solvent medium (Hayashi et al., 2016;
Lavi et al., 2020; Bazak et al., 2017).

The study and design of systems involving electrolyte solutions can
be facilitated through the use of modelling approaches. Given a thermo-
dynamic model, a challenge in characterizing its phase behaviour lies
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in the correct identification of the stable phases in coexistence at equi-
librium and of the corresponding distribution of ionic and molecular
species across these phases. In the case of mixtures of molecular species,
stability criteria have been derived (Baker et al., 1982; Smith et al.,
1993; Mitsos and Barton, 2007) and used to construct algorithms to
solve for phase equilibria (e.g., Michelsen, 1982b; Wasylkiewicz et al.,
1999; Mitsos and Barton, 2007; Pereira et al., 2012; Xu et al., 2005;
McDonald and Floudas, 1995). There has, however, been limited work
on stability criteria for electrolyte systems, even for the simpler case
of solutions of strong electrolytes. In strong-electrolyte solutions, which
are the focus of our current work, the electrolytes are fully dissociated
and there is no need to consider the presence of chemical reactions.
In this context, Tsanas et al. (2022) proposed a modification of the
stability criterion defined for mixtures of molecular species by replacing
the chemical potential in the tangent-plane distance (Baker et al., 1982)
by the electrochemical potential (Guggenheim, 1935; Michelsen and
Mollerup, 2018). Ascani et al. (2022) briefly discussed the application
of the tangent-plane distance criterion to electrolyte solutions via a
variable transformation, but without specifying the role of the elec-
trochemical potential in the tangent-plane distance function. To the
https://doi.org/10.1016/j.compchemeng.2024.108977
Received 10 September 2024; Received in revised form 4 December 2024; Accepte
vailable online 13 December 2024 
098-1354/© 2025 The Authors. Published by Elsevier Ltd. This is an open access ar
d 5 December 2024

ticle under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ). 

https://www.elsevier.com/locate/cace
https://www.elsevier.com/locate/cace
https://orcid.org/0000-0002-1397-9006
https://orcid.org/0000-0002-8029-8868
https://orcid.org/0000-0003-0335-6566
https://orcid.org/0000-0002-4902-4156
https://orcid.org/0000-0002-4573-7722
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
https://doi.org/10.5281/zenodo.13646853
mailto:c.adjiman@imperial.ac.uk
https://doi.org/10.1016/j.compchemeng.2024.108977
https://doi.org/10.1016/j.compchemeng.2024.108977
http://crossmark.crossref.org/dialog/?doi=10.1016/j.compchemeng.2024.108977&domain=pdf
http://creativecommons.org/licenses/by/4.0/


F.A. Perdomo et al.

f

o
e
b
t
c
t

f

a
e
i
t
e

p
o
S

a

e
t

t
a
m
s

e

p
m
c
a

f
a
T
g
e
a
c
f
c
o
p
a
d
t
a
t

c

a
t
t
p
i
d

𝑃
a
s
t
o
o
w

t

S

a

𝑚

Computers and Chemical Engineering 194 (2025) 108977 
best of our knowledge, no formal derivation of a stability criterion
or electrolyte solutions, taking into account the requirement for the

electroneutrality of each phase, has been reported.
There has been much greater focus on the theoretical development

f necessary conditions for phase equilibrium for strong and weak
lectrolyte solutions, i.e., conditions that any equilibrium state can
e expected to meet such as the equality across all stable phases of
he pressures, the temperatures, and the chemical potentials of each
omponent, which however are not sufficient. Several derivations of
hese conditions have been reported, e.g., in the work of Großmann

and Maurer (1995), Nikolaidis et al. (2022), and Tsanas et al. (2022)
or the case of two-phase systems (and, in Nikolaidis et al. (2022),

with a focus on strong electrolytes). Ascani et al. (2022) extended the
approach of Großmann and Maurer (1995) to any number of phases
nd introduced a variable transformation based on the condition of
lectroneutrality. The equilibrium conditions are generally expressed
n terms of electrochemical potentials or mean-ionic chemical poten-
ials and include conditions for the electroneutrality of each phase at
quilibrium.

The solution of the phase-equilibrium conditions is a highly de-
manding task because of the nonlinearity of the underlying thermody-
namic models and because ionic species may be present at extremely
small concentrations in some of the phases (Schreckenberg et al.,
2014). Several algorithmic approaches have been developed for this
urpose, including, in particular, methods based on the minimization
f the Gibbs free energy. This includes the approach of Gautam and
eider (1979c) who extended their earlier RAND algorithm (Gautam

and Seider, 1979a) to strong electrolyte solutions, combining it with
 phase-split algorithm (Gautam and Seider, 1979b) to determine the

number of stable phases at equilibrium. A key assumption in the
approach is that no ions are present in the vapour phase. Cheluget
t al. (1987) proposed a method based on free-energy minimization
o deal with ionic equilibria involving one, or more than one, pure

solid in addition to a solution phase. Lantagne et al. (1988) considered
the use of a penalty function that combines the Gibbs potential func-
ion, mass balances, electroneutrality, and non-negativity constraints,
nd investigated a second-order Newton method and a quasi-Newton
ethod for the solution of the resulting unconstrained problem. Several

trategies have recently appeared for the numerical solution of phase
equilibrium, in the case of strong electrolytes (Nikolaidis et al., 2022),
or for systems that also involve chemical equilibrium with liquid–
liquid equilibria (Zuend and Seinfeld, 2013), two fluid phases (Tsanas
t al., 2022), or any number of fluid phases (Ascani et al., 2022). It

is, however, not sufficient to find points that satisfy the optimality
conditions, as these are also satisfied by metastable or even unstable
hase combinations. Any phase combination that meets the optimality
ust be subjected to a stability check to confirm its validity. Such a

heck is integrated in the solution approaches of Tsanas et al. (2022)
nd Ascani et al. (2022).

The main goals of our current work are to develop a theoretical
ormalism for phase stability in mixtures of strong electrolytes and to
pply this to design an algorithm for isothermal 𝑃 , 𝑇 flash calculations.
hese developments should be applicable to mixtures containing any
iven (positive and finite) number 𝐶 of components consisting of strong
lectrolytes and molecular species. The formulation should also be
pplicable to stable states comprising one or more phases at the given
onditions of temperature 𝑇 , pressure 𝑃 , and mole numbers 𝒏. We
ocus exclusively on fluid phases, i.e., vapour and liquid, and do not
onsider solid precipitation. However, we do not make any assumptions
n the number and amount of ionic species present in any of the stable
hases and consider instead that all components can be present in
ll phases. A stability criterion for non-reactive electrolyte systems is
erived formally, cast in a reduced composition space via a variable
ransformation, so that fewer than 𝐶 compositions are considered. We
lso propose two alternative formulations of this criterion, based on
he dual extremum principle introduced by Mitsos and Barton (2007).
2 
The first is expressed in the isothermal–isobaric ensemble in terms of
the natural variables 𝑇 , 𝑃 , and 𝒏 while the second is expressed in the
anonical ensemble in terms of 𝑇 , molar volume 𝑉 , and 𝒏 (Pereira et al.,

2010), following a recasting of the Gibbs free energy in terms of the
Helmholtz free energy (Nagarajan et al., 1991).

On the basis of these theoretical developments and of our previ-
ously proposed Helmholtz free energy Lagrangian dual (HELD) algo-
rithm (Pereira et al., 2012, 2010), we present an isothermal 𝑃 , 𝑇 flash
lgorithm for the identification of all the stable equilibrium phases and
heir compositions. It is based on an iterative strategy in which we iden-
ify candidate stable phases by solving a dual (max–min) optimization
roblem and then test whether the combination of phases identified
s complete (i.e., whether it satisfies the mass-balance constraints). As
emonstrated through thousands of calculations (e.g., Pereira et al.,

2012; Rodriguez et al., 2012; Artola et al., 2011), the HELD algorithm
has been found to reliably identify the stable solution of the isothermal
 , 𝑇 flash for mixtures of molecular species, without requiring any
ssumptions on the number of phases nor initial guesses for compo-
itions. Of particular relevance to dealing with strong electrolytes is
he successful use of the algorithm to generate the phase diagrams
f challenging polymer-solvent mixtures in which the mole fraction
f the polymer can be vanishingly small in one of the phases, as
as demonstrated in the original paper (Pereira et al., 2012). Such

problems can be solved with HELD through the use of a logarithmic
transformation without imposing that the polymer be present in only
one phase, as many alternative algorithms assume. As we will show, an
added benefit of this framework when applied to electrolyte solutions
is that the dual problem involves only 𝐶− 1 variables for a mixture with
𝐶 components, regardless of the number of stable phases. In the case of
solutions involving molecular species only, the dual problem involves
𝐶 variables.

The current article is organized as follows. In Section 2, we in-
roduce the notation and equations relevant to electrolyte solutions,

focusing on the impact of electroneutrality on chemical potentials. In
ection 3, we derive a criterion for phase stability based on the tangent-

plane distance concept and present reformulations of the criterion via
duality theory. In Section 4, we build on this formalism to extend
the HELD algorithm, adapting each step of the algorithm as needed.
The performance of the resulting HELD2.0 algorithm for mixtures
that include strong electrolytes is illustrated in Section 5 by studying
the effect of symmetric and asymmetric alkali halides on the fluid-
phase equilibria of mixed solvents. Some proofs and all of the model
parameters used are provided in the Appendices, while supporting data
are made available in the Zenodo repository, as described in the Data
Statement at the end of the paper.

2. Preliminaries

2.1. From salts to ionic species

Let us consider an electrolyte (salt) of type 𝑌𝜈+𝑋𝜈− that fully disso-
ciates in a polar solvent as follows:

𝑌𝜈+𝑋𝜈− ⟶ 𝜈+𝑌 𝑧+ + 𝜈−𝑋𝑧− . (1)

where 𝜈+ and 𝜈− are stoichiometric coefficients, 𝑧+ is the (positive)
charge of cation 𝑌 𝑧+ , and 𝑧− the (negative) charge of anion 𝑋𝑧− , such
that 𝜈+𝑧+ + 𝜈−𝑧− = 0.

The extension to multiple salts requires care in terms of identifying
n independent set of ionic species (Nikolaidis et al., 2022). Consider a

mixture of 𝑀 strong electrolytes and 𝑆 molecular species, 𝑌𝑚,𝜈+𝑚𝑋𝑚,𝜈−𝑚 ,
= 1,… , 𝑀 , where 𝜈+𝑚 and 𝜈−𝑚 are stoichiometric coefficients specific

to salt 𝑚. These salts will dissociate into a number 𝐸𝐶 of cations and a
number 𝐸𝐴 of anions, where 𝐸𝐶 ≤ 𝑀 and 𝐸𝐴 ≤ 𝑀 since two or more
salts may share the same anion or cation. For each salt 𝑚, we define
the pair (𝑐𝑚, 𝑎𝑚), where 𝑐𝑚 ∈ {1,… , 𝐸𝐶} denotes the index of the cation

present in salt 𝑚, and 𝑎𝑚 ∈ {1,… , 𝐸𝐴} denotes the index of the anion
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present in salt 𝑚. The dissociation of salt 𝑚 is then given by

𝑌𝑚,𝜈+𝑋𝑚,𝜈− ⟶ 𝜈+𝑚𝑌
𝑧+
𝑐𝑚

+ 𝜈−𝑚𝑋
𝑧−
𝑎𝑚
, 𝑚 = 1,… , 𝑀 . (2)

From a macroscopic point of view, any phase containing ions exhibit
bulk neutrality (Guggenheim, 1935), which can be represented as
𝐸𝐶
∑

𝑐=1
𝑧+𝑐 𝑥

+
𝑐 +

𝐸𝐴
∑

𝑎=1
𝑧−𝑎 𝑥

−
𝑎 = 0, (3)

where 𝑥+𝑐 and 𝑥−𝑎 represent the mole fractions of cation 𝑐 and anion 𝑎,
respectively, in the given phase. These mole fractions are calculated
by considering that the mixture contains 𝐶 components, with 𝐶 =
𝐸𝐴 + 𝐸𝐶 + 𝑆, where 𝑆 is the number of species that cannot undergo
dissociation (molecular species or solvents). Electroneutrality of each
equilibrium phase, and hence of the mixture at its total composition, is
assumed throughout. As a result, the maximum value that can be taken
on by 𝑥+𝑐 and 𝑥−𝑎 is always strictly less than 1 and upper bounds on the
mole fractions can be set as follows:

𝑥+,𝑈𝑐 = 1 − 𝑧+𝑐
𝑧+𝑐 + max𝑎∈𝐸𝐴

|𝑧−𝑎 |
, 𝑐 = 1,… , 𝐸𝐶 , (4)

−,𝑈
𝑎 = 1 − |𝑧−𝑎 |

|𝑧−𝑎 | + max𝑐∈𝐸𝐶
𝑧+𝑐

, 𝑎 = 1,… , 𝐸𝐴. (5)

2.2. The (electro)chemical potential and electroneutrality

Let us now consider a mixture at temperature 𝑇 and pressure 𝑃
containing 𝐶 components, including 𝐸 = 𝐸𝐴+𝐸𝐶 ionic species (𝐸 ≥ 2),
erived from 𝑀 salts that fully dissociate in solution (𝑀 ≥ 1) as shown
n the previous section, as well as 𝑆 molecular species (𝑆 ≥ 1), such that
= 𝐸+𝑆. The overall (total) composition of the mixture is represented

y the vector 𝐧 of size 𝐶, whose first 𝐸 components are the total mole
umbers of ions and components 𝐸+ 1 to 𝐶 are the total mole numbers
f the molecular species. The charge of component 𝑖, 𝑖 = 1,… , 𝐶, is

represented by 𝑧𝑖, where 𝑧𝑖 is positive or negative for 𝑖 = 1,… , 𝐸
(corresponding to ionic species 𝑖), and is zero for 𝑖 = 𝐸 + 1,… , 𝐶
(corresponding to molecular species 𝑖 − 𝐸).

The mixture satisfies the principle of macroscopic electroneutrality
so that
𝐶
∑

𝑖=1
𝑧𝑖𝑛𝑖 = 0, (6)

where 𝑛𝑖 is the 𝑖th component of 𝐧. The total number of moles, 𝑛𝑡, in
he mixture is given by

𝑛𝑡 =
𝐶
∑

𝑖=1
𝑛𝑖. (7)

It is important to notice that the summation is over the set of ionic
species (anions and cations) and molecular species, and does not in-
volve any of the salts.

We denote the extensive Gibbs free energy for a single phase by
𝐺(𝑇 , 𝑃 ,𝐧), where underline denotes that the property is extensive. To
determine a stable state of the system, we seek a global minimum
of the Gibbs free energy with the constraint that every stable phase
must satisfy the electroneutrality condition. Under this constraint, it
an be shown that the equality across all phases of (i) temperatures,
ii) pressures, (iii) electrochemical potentials for 𝐸− 1 charged species,
nd (iv) chemical potentials for all molecular species are necessary
onditions for a given combination of phases and compositions to be
table (Guggenheim, 1935; Zemaitis et al., 2010). Note that only 𝐸 − 1

charge species are needed by use of the electroneutrality condition. The
electrochemical potential of species 𝑖, 𝜇̃𝑖, is defined as the partial molar
Gibbs free energy for the electroneutral (constrained) system and is
related to its chemical potential, 𝜇𝑖, by Cohen et al. (2007)
𝜇̃𝑖 = 𝜇𝑖 + 𝑧𝑖𝐹 𝛷 , (8)

3 
where 𝐹 is the Faraday constant, and 𝛷 is the potential difference, also
referred to as the local electrostatic potential.

It is convenient to define a constrained Gibbs free energy function,
𝐺𝑒𝑙, which is obtained by imposing the electroneutrality condition on
ll phases. To do this, we first introduce a reduced mole number vector,
(𝐸), with components 𝑛(𝐸)

𝑖 , 𝑖 ∈ (𝐸) = {1,… , 𝐸 − 1, 𝐸 + 1,… , 𝐶},
here the (𝐸) superscript denotes that component 𝐸 has been removed.
ector 𝑛(𝐸)

𝑖 is thus a (𝐶 − 1)-dimensional vector. It is derived from 𝐧
y eliminating the mole number of one charged species through the
pplication of the electroneutrality condition:

𝑛𝐸 =
∑

𝑖∈(𝐸)

−
𝑧𝑖
𝑧𝐸

𝑛𝑖 =
∑

𝑖∈(𝐸)

−
𝑧𝑖
𝑧𝐸

𝑛(𝐸)
𝑖 , (9)

where 𝑛(𝐸)
𝑖 = 𝑛𝑖, ∀𝑖 ∈ (𝐸). Note that any charged species could have

been removed and species 𝐸 has been chosen without loss of generality.
he constrained Gibbs free energy can then be written as follows for a

single phase:

𝐺𝑒𝑙(𝑇 , 𝑃 ,𝐧(𝐸)) = 𝐺(𝑇 , 𝑃 , 𝑛(𝐸)
1 ,… , 𝑛𝐸 (𝐧(𝐸)),… , 𝑛(𝐸)

𝐶 ), (10)

= 𝐺(𝑇 , 𝑃 , 𝑛1,… , 𝑛𝐸 (𝐧(𝐸)),… , 𝑛𝐶 ). (11)

The constrained Gibbs function is thus the intersection of the Gibbs
unction with the plane {𝐧 ∈ R𝐶−1

+ ∶ 𝑛𝐸 =
∑

𝑖∈(𝐸) − 𝑧𝑖
𝑧𝐸

𝑛𝑖}. At all points
that belong to this set and corresponding 𝐧(𝐸), we have

𝐺(𝑇 , 𝑃 ,𝐧) = 𝐺𝑒𝑙(𝑇 , 𝑃 ,𝐧(𝐸)). (12)

We are interested in the relationship between two types of partial
molar quantities: those obtained from the unconstrained Gibbs free
energy 𝐺 (the chemical potential) and those obtained from the con-
trained Gibbs free energy 𝐺𝑒𝑙 (the electrochemical potential). For this

purpose, we use the following relationship:
(

𝜕 𝑛𝑖
𝜕 𝑛(𝐸)

𝑖

)

𝑛(𝐸)
𝑗 ,𝑗≠𝑖

= 1, (13)

as well as the partial derivative of 𝑛𝐸 with respect to 𝑛(𝐸)
𝑖 , obtained

using Eq. (9):
(

𝜕 𝑛𝐸
𝜕 𝑛(𝐸)

𝑖

)

𝑛(𝐸)
𝑗 ,𝑗≠𝑖

= − 𝑧𝑖
𝑧𝐸

, ∀𝑖 ∈ (𝐸). (14)

Using the chain rule in a way similar to Modell and Reid (1983)
and Walas (1985), we then have
(

𝜕 𝐺𝑒𝑙 (𝑇 ,𝑃 ,𝐧(𝐸))
𝜕 𝑛(𝐸)

𝑖

)

𝑛(𝐸)
𝑗 ,𝑗≠𝑖

=
(

𝜕 𝐺(𝑇 ,𝑃 ,𝐧)
𝜕 𝑛𝑖

)

𝑇 ,𝑃 ,𝑛𝑘,𝑘≠𝑖 −
𝑧𝑖
𝑧𝐸

(

𝜕 𝐺(𝑇 ,𝑃 ,𝐧)
𝜕 𝑛𝐸

)

𝑛𝑘,𝑘≠𝐸
, ∀𝑖 ∈ (𝐸)

= 𝜇𝑖(𝑇 , 𝑃 ,𝐧) − 𝑧𝑖
𝑧𝐸
𝜇𝐸 (𝑇 , 𝑃 ,𝐧), ∀𝑖 ∈ (𝐸),

≡ 𝜇𝑒𝑙
𝑖 (𝑇 , 𝑃 ,𝐧(𝐸)), ∀𝑖 ∈ (𝐸).

(15)

2.3. Remarks

• Eq. (15) applies equally to charged and molecular species. For a
molecular species 𝑖, 𝑖 > 𝐸, we recover 𝜇𝑒𝑙

𝑖 = 𝜇𝑖 since 𝑧𝑖 = 0.
• From the definitions of the electrochemical potential in Eqs. (8)

and (15), we note that

𝐹 𝛷 = −𝜇𝐸
𝑧𝐸

, (16)

thereby establishing a link between the chemical potential and
the potential difference for the case of electrochemically neutral
systems.

• Applying Eq. (16) to Eq. (8) for 𝑖 = 𝐸, we find that 𝜇𝑒𝑙
𝐸 = 0, so that

the electrochemical potential of component 𝐸 is trivially equal
across all phases. This is consistent with the definition of 𝐺𝑒𝑙 as
independent of 𝑛𝐸 and with the fact that only 𝐶 − 1 equilibrium
conditions are independent when charged species are present.
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3. Stability criteria for mixtures with strong electrolytes

In this section, we derive a tangent-plane distance stability criterion
for mixtures containing strong electrolytes. The criterion is recast based
on duality theory and this is presented as equivalent formulations in the
temperature-pressure-composition or temperature-volume-composition
spaces. For mixtures of molecular species, the tangent-plane distance
criterion of Baker et al. (1982) can be expressed in the space of 𝐶 − 1
mole fractions. Analogously, with the introduction of charged species
and of the corresponding electroneutrality condition, the equivalent
criterion can be expected to be a function of 𝐶 − 2 independent mole
ractions, with the tangent taken with respect to the constrained Gibbs

free energy 𝐺𝑒𝑙 surface, rather than the Gibbs free energy.
Here, we first show how the gradients of the tangent plane are re-

ated to the electrochemical potential. In the course of the derivations,
we find it is convenient to introduce a change of variables that results
in the complete elimination of 𝑛𝐸 , the number of moles of electrically
charged species 𝐸. We then provide a formal proof of the tangent-
plane stability criterion. We derive the dual extremum principle in the
presence of fully dissociating salts, as an alternative stability criterion
which we recast in terms of the Helmholtz free energy.

3.1. Derivatives of the constrained Gibbs free energy surface

In order to formulate the tangent-plane distance criterion, we re-
uire a relationship between the derivatives of the constrained Gibbs
ree energy surface with respect to the 𝐶− 2 independent mole fractions
nd known thermodynamic quantities, such as the chemical potentials.
onsider a 𝐶-dimensional vector of mole fractions, 𝐱, with components

ordered as previously. To reduce the dimensionality of this vector,
one mole fraction can be eliminated by using the fact that the mole
fractions must sum to 1. We choose to eliminate the mole fraction 𝑥𝐶
of species 𝐶, i.e., the last molecular species. The vector of 𝐶 − 1 mole
fractions that excludes 𝑥𝐶 is denoted by 𝐱(𝐶), with elements 𝑥(𝐶)

𝑖 , 𝑖 ∈
(𝐶) = {1,… , 𝐶 − 1}. A second mole fraction can be eliminated through
the electroneutrality condition, Eq. (6). Without loss of generality, we
liminate 𝑥𝐸 by using the following expression:

𝑥𝐸 =
∑

𝑖∈(𝐸)

−
𝑧𝑖
𝑧𝐸

𝑥𝑖. (17)

The set of remaining component indices is denoted by
(𝐸 𝐶) = {1,… , 𝐸 − 1, 𝐸 + 1,… , 𝐶 − 1} and the resulting (𝐶 − 2)-dimen-

sional vector of mole fractions is denoted by 𝐱(𝐸 𝐶). We thus have
𝑥(𝐸 𝐶)
𝑖 = 𝑥(𝐶)

𝑖 = 𝑥𝑖, ∀𝑖 ∈ (𝐸 𝐶) and 𝑥(𝐶)
𝐸 = 𝑥𝐸 . We use the chain

rule (Modell and Reid, 1983; Walas, 1985) to express the relationship
between the derivatives of the intensive free energies 𝐺𝑒𝑙(𝑇 , 𝑃 , 𝐱(𝐸 𝐶))
and 𝐺(𝑇 , 𝑃 , 𝐱(𝐶)) as follows:

𝐺𝑒𝑙
𝑥(𝐸 𝐶)
𝑖

(𝑇 , 𝑃 , 𝐱(𝐸 𝐶)) ≡
(

𝜕 𝐺𝑒𝑙

𝜕 𝑥(𝐸 𝐶)
𝑖

)

𝑇 ,𝑃 ,𝑥(𝐸 𝐶)
𝑗 ,𝑗≠𝑖

, ∀𝑖 ∈ (𝐸 𝐶),

=
(

𝜕 𝐺
𝜕 𝑥(𝐶)

𝑖

)

𝑇 ,𝑃 ,𝑥(𝐶)
𝑗 ,𝑗≠𝑖

+
(

𝜕 𝐺
𝜕 𝑥(𝐶)

𝐸

)

𝑇 ,𝑃 ,𝑥(𝐶)
𝑗 ,𝑗≠𝐸

(

𝜕 𝑥(𝐶)
𝐸

𝜕 𝑥(𝐶)
𝑖

)

𝑥(𝐶)
𝑗 ,𝑗≠𝑖

, ∀𝑖 ∈ (𝐸 𝐶),

= 𝐺𝑥(𝐶)
𝑖
(𝑇 , 𝑃 , 𝐱(𝐶)) − 𝑧𝑖

𝑧𝐸
𝐺𝑥(𝐶)

𝐸
(𝑇 , 𝑃 , 𝐱(𝐶)), ∀𝑖 ∈ (𝐸 𝐶),

(18)

where the generic notation 𝐺𝑥𝑖 denotes the partial derivative of func-
ion 𝐺 with respect to mole fraction 𝑥𝑖. Introducing the standard
hermodynamic relation for the partial derivative of the Gibbs free
nergy with respect to 𝐶 − 1 independent mole fractions (the gradients
f the tangent plane in the case of molecular species), i.e.,

𝐺𝑥(𝐶)
𝑖

= 𝜇𝑖 − 𝜇𝐶 , 𝑖 = 1,… , 𝐶 − 1, (19)

we find that

𝐺𝑒𝑙 = 𝜇 − 𝜇 −
𝑧𝑖 (

𝜇 − 𝜇
)

, ∀𝑖 ∈ (𝐸 𝐶). (20)

𝑥(𝐸 𝐶)
𝑖

𝑖 𝐶 𝑧𝐸
𝐸 𝐶 e

4 
Re-arranging and using the fact that the electrochemical and chemical
potentials of molecular species are equal, this yields

𝐺𝑒𝑙
𝑥(𝐸 𝐶)
𝑖

= 𝜇𝑒𝑙
𝑖 −

(

1 − 𝑧𝑖
𝑧𝐸

)

𝜇𝑒𝑙
𝐶 , 𝑖 ∈ (𝐸 𝐶). (21)

Of particular note is the fact that the prefactor of 𝜇𝑒𝑙
𝐶 (equivalently

𝜇𝐶 , since 𝜇𝑒𝑙
𝑖 = 𝜇𝑖 for molecular species) depends on the charge 𝑧𝑖

f species 𝑖 so that the gradients of the constrained Gibbs free energy
or any charged species 𝑖, 𝑖 = 1,… , 𝐸 − 1, are such that 𝐺𝑒𝑙

𝑥(𝐸 𝐶)
𝑖

≠

𝜇𝑒𝑙
𝑖 − 𝜇𝑒𝑙

𝐶 . Overall, the gradients of the constrained Gibbs free energy
n the reduced variable space are given by

𝐺𝑒𝑙
𝑥(𝐸 𝐶)
𝑖

=

{

𝜇𝑒𝑙
𝑖 −

(

1 − 𝑧𝑖
𝑧𝐸

)

𝜇𝑒𝑙
𝐶 , 𝑖 = 1,… , 𝐸 − 1,

𝜇𝑖 − 𝜇𝐶 , 𝑖 = 𝐸 + 1,… , 𝐶 − 1.
(22)

3.2. Changes of variables

We now introduce a change of variables that enables one to for-
mulate the phase stability criterion in a form analogous to the case
when only molecular species are present. This change in variable is
different to that proposed in Ascani et al. (2022), which is based on the
consideration of pairs of independent anions and cations, rather than
on individual ionic species. The proposed transformation results in a
reduction in the dimensionality of the problem.

3.2.1. Modified mole numbers
We consider the modified (𝐶 − 1)-dimensional vector of mole num-

bers, 𝐧̄, defined as

̄(𝐸)
𝑖 =

(

1 − 𝑧𝑖
𝑧𝐸

)

𝑛𝑖 =
(

1 − 𝑧𝑖
𝑧𝐸

)

𝑛(𝐸)
𝑖 , ∀𝑖 ∈ (𝐸), (23)

where the following holds for molecular species with charge 𝑧𝑖 = 0:

̄(𝐸)
𝑖 = 𝑛𝑖 = 𝑛(𝐸)

𝑖 , ∀𝑖 ∈ {𝐸 + 1,… , 𝐶}, (24)

i.e., the mole numbers for molecular species are invariant with respect
to the proposed transformation. Nevertheless, we use the generalized
formulation of Eq. (23) as it applies equally to all species.

The vector 𝐧̄(𝐸) holds a simple relationship to the total mole number:
∑

𝑖∈(𝐸)

𝑛̄(𝐸)
𝑖 = 𝑛𝑡, (25)

and 𝑛𝐸 can be calculated from 𝐧̄(𝐸):

𝑛𝐸 =
∑

𝑖∈(𝐸)

−
𝑧𝑖
𝑧𝐸

(

1 − 𝑧𝑖
𝑧𝐸

)−1
𝑛̄(𝐸)
𝑖 . (26)

The extensive Gibbs free energy as a function of 𝐧̄(𝐸) is referred to
s the modified Gibbs function, 𝐺̄𝑒𝑙(𝑇 , 𝑃 , 𝐧̄(𝐸)). Trivially, for any pair
𝐧̄(𝐸),𝐧(𝐸)) related by Eq. (23),

𝐺̄𝑒𝑙(𝑇 , 𝑃 , 𝐧̄(𝐸)) = 𝐺𝑒𝑙(𝑇 , 𝑃 ,𝐧(𝐸)). (27)

Furthermore, using the chain rule, we can derive a relationship between
the relevant partial molar quantities:

̄𝑒𝑙𝑖 ≡
(

𝜕𝐺̄𝑒𝑙 (𝑇 ,𝑃 ,𝐧̄(𝐸))

𝜕 ̄𝑛(𝐸)
𝑖

)

𝑇 ,𝑃 , ̄𝑛(𝐸)
𝑗 ,𝑗≠𝑖

, ∀𝑖 ∈ (𝐸)

=
(

1 − 𝑧𝑖
𝑧𝐸

)−1
(

𝜕 𝐺𝑒𝑙 (𝑇 ,𝑃 ,𝐧(𝐸))

𝜕 𝑛(𝐸)
𝑖

)

𝑇 ,𝑃 ,𝑛(𝐸)
𝑗 ,𝑗≠𝑖

, ∀𝑖 ∈ (𝐸)

=
(

1 − 𝑧𝑖
𝑧𝐸

)−1
𝜇𝑒𝑙
𝑖 , ∀𝑖 ∈ (𝐸).

(28)

̄𝑒𝑙𝑖 is referred to as the modified electrochemical potential. Since the
re-factor that relates the modified and classical electrochemical po-
entials is independent of composition, the equality of electrochemical
otentials of 𝐶 − 1 components across all phases is equivalent to the
quality of the modified electrochemical potentials of 𝐶− 1 components
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across all phases:

̄𝑒𝑙𝑖 (𝑇 , 𝑃 , 𝐧̄(𝐸),𝑗 ) = 𝜇̄𝑒𝑙
𝑖 (𝑇 , 𝑃 , 𝐧̄(𝐸),𝑗∗ ), ∀𝑖 ∈ (𝐸), ∀𝑗 ∈ 𝐽 , (29)

where 𝐽 is an index set defining the stable equilibrium phases, 𝑗∗ ∈ 𝐽
denotes one of the stable phases (chosen arbitrarily) and 𝐧̄𝑗 is the
modified mole number vector in a phase 𝑗, 𝑗 ∈ 𝐽 .

3.2.2. Modified mole fractions
A further transformation involves the usual change to mole frac-

tions, where the modified mole fractions, 𝑥̄(𝐸)
𝑖 , 𝑖 ∈ (𝐸), are of interest

here:

̄ (𝐸)
𝑖 =

𝑛̄(𝐸)
𝑖
𝑛𝑡

=
(

1 − 𝑧𝑖
𝑧𝐸

)

𝑥(𝐸)
𝑖 , ∀𝑖 ∈ (𝐸). (30)

Using Eq. (25), we find that the sum of the modified mole fractions
equals 1,
∑

𝑖∈(𝐸)

𝑥̄(𝐸)
𝑖 = 1, (31)

even though the set (𝐸) does not include component 𝐸. Using this
property and a standard approach to eliminate the last mole fraction
̄ (𝐸)
𝐶 (see for example, p. 121 of Walas, 1985), we introduce vector 𝐱̄(𝐸 𝐶)

with dimensionality 𝐶− 2 and we express the modified electrochemical
potential in terms of the derivatives, 𝐺̄𝑒𝑙

𝑥̄(𝐸 𝐶)
𝑖

, of the modified Gibbs

function with respect to 𝑥̄(𝐸 𝐶)
𝑖 , 𝑖 ∈ (𝐸 𝐶). Specifically, defining 𝐺̄𝑒𝑙 as

the intensive modified Gibbs free energy, we find that

̄𝑒𝑙𝑖 (𝑇 , 𝑃 , 𝐧̄(𝐸)) = 𝐺̄𝑒𝑙 + 𝐺̄𝑒𝑙
𝑥̄(𝐸 𝐶)
𝑖

−
∑

𝑗∈(𝐸 𝐶)

𝐺̄𝑒𝑙
𝑥̄(𝐸 𝐶)
𝑗

𝑥̄(𝐸 𝐶)
𝑗 , ∀𝑖 ∈ (𝐸 𝐶), (32)

and

̄𝑒𝑙𝐶 (𝑇 , 𝑃 , 𝐧̄(𝐸)) = 𝐺̄𝑒𝑙 −
∑

𝑗∈(𝐸 𝐶)

𝐺̄𝑒𝑙
𝑥̄(𝐸 𝐶)
𝑗

𝑥̄(𝐸 𝐶)
𝑗 , (33)

so that

̄𝑒𝑙𝑖 (𝑇 , 𝑃 , 𝐧̄(𝐸)) = 𝜇̄𝑒𝑙
𝐶 (𝑇 , 𝑃 , 𝐧̄(𝐸)) + 𝐺̄𝑒𝑙

𝑥̄(𝐸 𝐶)
𝑖

, ∀𝑖 ∈ (𝐸 𝐶). (34)

3.3. The tangent plane criterion for electrolyte systems

We now present a stability criterion for electrolyte systems, based
n the tangent plane distance stability criterion (Baker et al., 1982) and
he formalism of Theorem 5 in Mitsos and Barton (2007). We show that
he criterion holds for the plane tangent to the proposed modified Gibbs
unction.

Theorem 3.1. Consider a system of 𝐶 species, of which species 1 to 𝐸
re charged, 𝐸 < 𝐶, at given 𝑇 and 𝑃 and total modified mole numbers
̄(𝐸)
𝑜,𝑖 > 0, 𝑖 ∈ (𝐸) = {1,… , 𝐸 − 1, 𝐸 + 1,… , 𝐶}. Denote 𝑛̄𝑡,𝑜 =

∑

𝑖∈(𝐸) 𝑛̄(𝐸)
𝑜,𝑖 .

onsider a state described by a collection of electroneutral phases with index
and modified mole fractions 𝐱̄(𝐸 𝐶),𝑗 ∈ int (𝑋̄(𝐸 𝐶)) where

̄ (𝐸 𝐶) =

{

𝐱̄(𝐸 𝐶) ∈ [0, 1]𝐶−2 ∶
∑

𝑖∈(𝐸 𝐶)

𝑥̄(𝐸 𝐶)
𝑖 < 1

}

, (35)

and with nonzero total mole numbers in each phase, 𝑛̄(𝐸),𝑗
𝑡 > 0, such that

̄(𝐸)
𝑜,𝑖 =

∑

𝑗∈𝐽 𝑛̄(𝐸),𝑗
𝑖 , 𝑖 ∈ (𝐸).

Consider the tangent to the modified intensive Gibbs free energy function,
̄ 𝑒𝑙(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶)), at 𝐱̄(𝐸 𝐶),𝑗∗ for some 𝑗∗ ∈ 𝐽 :
𝑇𝐺(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶)) = 𝐺̄𝑒𝑙(𝑇 , 𝑃 , 𝐱̄𝐸 𝐶 ,𝑗∗ )

+
∑

𝑖∈(𝐸 𝐶)

𝐺̄𝑒𝑙
𝑥̄(𝐸 𝐶)
𝑖

(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗∗ )(𝑥̄(𝐸 𝐶)
𝑖 − 𝑥̄(𝐸 𝐶),𝑗∗

𝑖 ). (36)

The state is stable if and only if

𝑇𝐺(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶)) ≤ 𝐺̄𝑒𝑙(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶)), ∀𝐱̄(𝐸 𝐶) ∈ 𝑋̄(𝐸 𝐶) (37)

5 
and
𝑇𝐺(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶)) = 𝐺̄𝑒𝑙(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗 )

+
∑

𝑖∈(𝐸 𝐶)

𝐺̄𝑒𝑙
𝑥̄(𝐸 𝐶)
𝑖

(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗 )(𝑥̄(𝐸 𝐶)
𝑖 − 𝑥̄(𝐸 𝐶),𝑗

𝑖 ),

∀𝐱̄(𝐸 𝐶) ∈ 𝑋̄(𝐸 𝐶), ∀𝑗 ∈ 𝐽 .

(38)

A proof of this Theorem is given in Appendix A. As previously
mentioned, the tangent-plane stability criterion for solutions of strong
electrolytes is expressed in terms of 𝐶 − 2 mole fractions, reflecting the
fact that the equality of electrochemical potentials applies to 𝐶− 1 com-
ponents. The criterion is analogous to that for mixtures of molecular
compounds, but formulated in the (reduced) space of modified mole
fractions. Furthermore, from Eq. (34), we note that the gradients of
the tangent plane are given by

𝐺̄𝑒𝑙
𝑥̄(𝐸 𝐶)
𝑖

(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶)) = 𝜇̄𝑒𝑙
𝑖 (𝑇 , 𝑃 , 𝐧̄(𝐸 𝐶)) − 𝜇̄𝑒𝑙

𝐶 (𝑇 , 𝑃 , 𝐧̄(𝐸 𝐶)), ∀𝑖 ∈ (𝐸 𝐶). (39)

This is again analogous to the molecular case where the gradients of the
angent plane are given by Eq. (19). Furthermore, it is straightforward

to show that the two equations derived for the tangent-plane gradients,
Eqs. (21) and (39), are equivalent.

Theorem 3.1 can be used to determine whether a given state de-
scribed by 𝐽 phases with modified mole fractions 𝐱̄(𝐸 𝐶),𝑗 ∈ int (𝑋̄)(𝐸 𝐶)

is unstable by examining whether there exists 𝐱̄(𝐸 𝐶) ∈ 𝑋̄(𝐸 𝐶) such that
the distance 𝑑(𝐱̄(𝐸 𝐶); 𝐱̄(𝐸 𝐶),𝑗 ) between the modified Gibbs free energy
and the corresponding tangent for some 𝑗 ∈ 𝐽 is non-positive. This can
be stated as

∃𝐱̄(𝐸 𝐶) ∈ 𝑋̄(𝐸 𝐶) ∶ 𝑑(𝐱̄(𝐸 𝐶); 𝐱̄(𝐸 𝐶),𝑗 )

≡ 𝐺̄𝑒𝑙(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶)) − 𝐺̄𝑒𝑙(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗 )

−
∑

𝑖∈(𝐸 𝐶)

𝐺̄𝑒𝑙
𝑥̄(𝐸 𝐶)
𝑖

(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗 )(𝑥̄𝑖 − 𝑥̄(𝐸 𝐶),𝑗
𝑖 ) < 0.

(40)

As suggested in Michelsen (1982a), this can be framed as a minimiza-
ion of the distance function 𝑑(𝐱̄(𝐸 𝐶); 𝐱̄(𝐸 𝐶),𝑗 ) over all 𝐱̄(𝐸 𝐶) ∈ 𝑋̄(𝐸 𝐶)

nd incorporated into the classical Michelsen iterative algorithm for
hase equilibria and phase stability (Michelsen, 1982b). Indeed, as in

the work of Smith et al. (1993) on chemical equilibrium and stability,
he standard tangent-plane distance criterion used for phase equilib-
ium (Baker et al., 1982; Michelsen, 1982a) is a special case of the more

general criterion in Theorem 3.1.
The proposed stability criterion can be compared to that stated

by Tsanas et al. (2019). A key difference is that the tangent-plane
distance function in Tsanas et al. (2019) is given as a summation
over all 𝐶 components in the mixture, subject to a mass balance
constraint on the trial phase. The electroneutrality condition is not
tated explicitly as a constraint although it is introduced later in the
aper, in the numerical-solution procedure. One would expect, how-

ever, that a stability criterion based on a tangent plane defined over
𝐶 mole numbers should include an explicit electroneutrality constraint
so that the tangent-plane distance minimization is in fact a constrained
optimization problem.

3.4. Dual extremum principle

We now consider an equivalent duality-based stability criterion
for mixtures with strong electrolytes, based on concepts from duality
theory (Bazaraa et al., 2013). We define a primal problem and the
orresponding dual problem formulation for a mixture of 𝐶 components

as described in Theorem 3.1, before extending the dual extremum
principle of Mitsos and Barton (2007) to electrolyte systems. Consider
the trivial optimization problem,

min
𝐱̄(𝐸 𝐶)∈𝑋̄(𝐸 𝐶)

𝐺̄𝑒𝑙(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶))

(𝐸 𝐶) (𝐸 𝐶)
(41)
𝑠.𝑡. 𝑥̄𝑜,𝑖 − 𝑥̄𝑖 = 0, ∀𝑖 ∈ (𝐸 𝐶)
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where

̄ (𝐸 𝐶) =

{

𝐱̄ ∈ [0, 1]𝐶−2 ∶
∑

𝑖∈(𝐸 𝐶)

𝑥̄(𝐸 𝐶)
𝑖 < 1

}

. (42)

This primal problem has a corresponding dual problem (Bazaraa et al.,
2013) given by

max
𝝀̄∈R𝐶−2

min
𝐱̄(𝐸 𝐶)∈𝑋̄(𝐸 𝐶)

𝐺̄𝑒𝑙(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶)) +
∑

𝑖∈(𝐸 𝐶)

𝜆̄𝑖(𝑥̄
(𝐸 𝐶)
𝑜,𝑖 − 𝑥̄(𝐸 𝐶)

𝑖 ), (43)

where the objective function of the lower-level problem (the minimiza-
tion with respect to 𝐱̄(𝐸 𝐶)) is the Lagrange function corresponding to
rimal problem (41):
̄𝑒𝑙(𝐱̄(𝐸 𝐶), 𝝀̄) = 𝐺̄𝑒𝑙(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶)) +

∑

𝑖∈(𝐸 𝐶)

𝜆̄𝑖(𝑥̄
(𝐸 𝐶)
𝑜,𝑖 − 𝑥̄(𝐸 𝐶)

𝑖 ). (44)

It can be shown that there is a strict equivalence between the stable
quilibrium states and the solutions of Problem (43), i.e., all solutions

of (43) are stable equilibrium states and vice versa. This is stated in the
following theorem.

Theorem 3.2. Consider a system of 𝐶 species, of which species 1 to 𝐸 are
charged, 𝐸 < 𝐶, at given 𝑇 , 𝑃 , and total modified mole numbers 𝑛̄(𝐸)

𝑜,𝑖 > 0,
𝑖 ∈ (𝐸) = {1,… , 𝐸− 1, 𝐸+ 1,… , 𝐶}. Denote 𝑛̄(𝐸)

𝑡,𝑜 =
∑

𝑖∈(𝐸) 𝑛̄(𝐸)
𝑜,𝑖 . Consider

 solution (𝝀̄∗, 𝐱̄(𝐸 𝐶),∗) of dual problem (43). The hyperplane

𝑇𝐺(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶)) = 𝐺̄𝑒𝑙(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),∗) +
∑

𝑖∈(𝐸 𝐶)

𝜆̄∗𝑖 (𝑥̄
(𝐸 𝐶)
𝑖 − 𝑥̄(𝐸 𝐶),∗

𝑖 ) (45)

is a supporting hyperplane of 𝐺̄𝑒𝑙 on 𝑋̄(𝐸 𝐶), i.e.,
𝑇𝐺(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶)) ≤ 𝐺̄𝑒𝑙(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶)), ∀𝐱̄(𝐸 𝐶) ∈ 𝑋̄(𝐸 𝐶). (46)

Moreover, let 𝑋̄(𝐸 𝐶),∗ be the set of common points between 𝑇𝐺 as defined
in Eq. (45) and the modified Gibbs function 𝐺̄𝑒𝑙, i.e.,
̄ (𝐸 𝐶),∗ =

{

𝐱̄(𝐸 𝐶) ∈ 𝑋̄(𝐸 𝐶) ∶ 𝑇𝐺(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶)) = 𝐺̄𝑒𝑙(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶))
}

. (47)

Then,

𝐱̄(𝐸 𝐶)
𝑜 ∈ conv(𝑋̄(𝐸 𝐶),∗). (48)

Finally, a state described by a collection of phases with index set 𝐽 and
odified mole fractions 𝐱̄(𝐸 𝐶),𝑗 ∈ 𝑋̄(𝐸 𝐶) and with nonzero total number of
oles in each phase 𝑗, 𝑛̄(𝐸),𝑗

𝑡 > 0, and such that 𝐱̄(𝐸 𝐶)
𝑜 ∈ conv(𝑋̄(𝐸 𝐶),∗), is

table if and only if 𝐱̄(𝐸 𝐶),𝑗 ∈ 𝑋̄(𝐸 𝐶),∗, ∀𝑗 ∈ 𝐽 , or equivalently all pairs
𝝀̄∗, 𝐱̄(𝐸 𝐶),𝑗 ) are (global) solutions of the dual problem.

A proof of this theorem is not given here as it is similar to that
in Mitsos and Barton (2007). It relies on the fact that a global minimum
n the Gibbs free energy subject to the electroneutrality constraint
s also a global minimum in the modified Gibbs free energy. This
tems from Eqs. (12) and (27) which hold over all feasible points,
.e., all points that satisfy the electroneutrality condition and mass
alance. Once this is established, the remainder of the proof follows

the reasoning in Mitsos and Barton (2007), together with associated
propositions and lemmas.

As in Mitsos and Barton (2007), an important implication of this
alternative stability criterion is that the stable equilibrium states of a
given mixture can be found by identifying all global solutions of the
dual problem (43), without the need to postulate the number of phases
a priori. Specifically, one must find all global solutions of the dual
ariables, 𝝀̄∗, and the corresponding solutions of the primal problem,
̄ (𝐸 𝐶),∗.

3.5. Helmholtz free energy formulation of the dual extremum principle

As was shown in the case of molecular mixtures (Pereira et al., 2010,
2012), the primal problem can be recast in terms of the Helmholtz free
energy with the addition of the molar volume 𝑉 as a variable. This is
numerically advantageous for equations of state expressed with natural
canonical variables 𝑇 , 𝑉 and 𝐧, as is the case for the SAFT family of
6 
equations (Chapman et al., 1988; Eriksen et al., 2016; Shaahmadi et al.,
2023; McCabe and Galindo, 2010). To reformulate, we introduce the
function 𝐺̂𝑒𝑙(𝑇 , 𝑃𝑜, 𝑉 , 𝐱̄) = 𝐴̄𝑒𝑙 (𝑇 , 𝑉 , 𝐱̄(𝐸 𝐶)) + 𝑃𝑜𝑉 , in which the system
pressure 𝑃𝑜 is a parameter and the constrained Helmholtz free energy,
𝐴̄𝑒𝑙, is expressed in terms of the modified mole fractions 𝐱̄(𝐸 𝐶) and
molar volume 𝑉 . The function 𝐺̂𝑒𝑙 is only defined at mole fractions
that satisfy the electroneutrality conditions, thanks to the use of the
modified mole fractions, but it can be evaluated at molar volumes that
do not correspond to pressure 𝑃𝑜. The primal problem is given by

min
𝐱̄(𝐸 𝐶) ,𝑉

𝐴̄𝑒𝑙 (𝑇 , 𝑉 , 𝐱̄(𝐸 𝐶)) + 𝑃𝑜𝑉

s.t. 𝑥̄(𝐸 𝐶)
𝑜,𝑖 − 𝑥̄(𝐸 𝐶)

𝑖 = 0, ∀𝑖 ∈ (𝐸 𝐶)

𝐱̄(𝐸 𝐶) ∈ 𝑋̄(𝐸 𝐶)

𝑉 ∈
[

𝑉 𝐿, 𝑉 𝑈 ]

(49)

where 𝑉 𝐿 and 𝑉 𝑈 are lower and upper bounds on the molar volume,
respectively. The Lagrange function corresponding to this problem is

̄𝑒𝑙 ,𝑉 (

𝐱̄(𝐸 𝐶), 𝑉 , 𝝀̄) = 𝐴̄𝑒𝑙 (𝑇 , 𝑉 , 𝐱̄(𝐸 𝐶)) + 𝑃𝑜𝑉 +
∑

𝑖∈(𝐸 𝐶)

𝜆̄𝑖
(

𝑥̄(𝐸 𝐶)
𝑜,𝑖 − 𝑥̄(𝐸 𝐶)

𝑖

)

.

(50)

This can be used to formulate the dual of Problem (49) as

max
𝝀̄∈R𝐶−2

min
𝐱̄(𝐸 𝐶)∈𝑋̄(𝐸 𝐶) ,𝑉 ∈[𝑉 𝐿 ,𝑉 𝑈 ]

̄𝑒𝑙 ,𝑉 (𝐱̄(𝐸 𝐶), 𝑉 , 𝝀̄). (51)

For a given 𝝀̄, the solution (𝐱̄(𝐸 𝐶),∗, 𝑉 ∗) of the lower-level minimization,
i.e., the minimization of ̄𝑒𝑙 ,𝑉 with respect to 𝐱̄(𝐸 𝐶) and 𝑉 , is such that
(

𝜕̄𝑒𝑙 ,𝑉 (𝐱̄(𝐸 𝐶),∗ ,𝑉 ∗ ,𝝀̄)
𝜕 𝑉

)

𝐱̄(𝐸 𝐶) ,𝝀̄
=

(

𝜕𝐴̄𝑒𝑙(𝑇 ,𝑉 ∗ ,𝐱̄(𝐸 𝐶),∗)

𝜕 𝑉
)

𝑇 ,𝐱̄(𝐸 𝐶)
+ 𝑃𝑜,

= −𝑃 (

𝑇 , 𝑉 ∗, 𝐱̄(𝐸 𝐶),∗) + 𝑃𝑜,
= 0,

(52)

and
(

𝜕̄𝑒𝑙 ,𝑉 (

𝐱̄(𝐸 𝐶),∗ ,𝑉 ∗ ,𝝀̄
)

𝜕 ̄𝑥𝑖
(𝐸 𝐶))

𝑥̄(𝐸 𝐶)
𝑗≠𝑖 ,𝑉 ,𝝀̄

=
(

𝜕𝐴̄𝑒𝑙(𝑇 ,𝑉 ∗ ,𝐱̄(𝐸 𝐶),∗)

𝜕 ̄𝑥(𝐸 𝐶)
𝑖

)

𝑇 ,𝑉 , ̄𝑥(𝐸 𝐶)
𝑗≠𝑖

− 𝜆̄𝑖, ∀𝑖 ∈ (𝐸 𝐶),

= 0, ∀𝑖 ∈ (𝐸 𝐶),

(53)

Eq. (52) ensures that at any solution ( ̄𝐱(𝐸 𝐶),∗, 𝑉 ∗) of the lower-level min-
imization of the Lagrange function, the optimal molar volume is that
orresponding to pressure 𝑃𝑜 and 𝐺̂𝑒𝑙(𝑇 , 𝑃𝑜, 𝑉 ∗, 𝐱̄(𝐸 𝐶),∗)
= 𝐺̄𝑒𝑙(𝑇 , 𝑃𝑜, 𝐱̄(𝐸 𝐶),∗). Furthermore, combining this with Eq. (53), the
ollowing relation holds at the solution of the lower-level problem:
(

𝜕𝐺̄𝑒𝑙 (𝑇 , 𝑃𝑜, 𝐱̄(𝐸 𝐶),∗)

𝜕 ̄𝑥(𝐸 𝐶)
𝑖

)

𝑇 ,𝑃 , ̄𝑥(𝐸 𝐶)
𝑗≠𝑖

= 𝜆̄𝑖, ∀𝑖 ∈ (𝐸 𝐶). (54)

By invoking the dual extremum principle for mixtures containing
strong electrolytes and following the reasoning in Pereira et al. (2012,
2010), one can show that for any solution

(

̄𝐱(𝐸 𝐶),∗, 𝑉 ∗, 𝝀̄∗
)

of dual
problem (51), the hyperplane 𝑇𝐴(𝑇 , 𝑃𝑜, 𝑉 , 𝐱̄(𝐸 𝐶))

𝑇𝐴(𝑇 , 𝑃𝑜, 𝑉 , 𝐱̄(𝐸 𝐶)) = 𝐴̄𝑒𝑙(𝑇 , 𝑉 ∗, 𝐱̄(𝐸 𝐶),∗) + 𝑃𝑜
(

𝑉 ∗ − 𝑉
)

+
∑

𝑖∈(𝐸 𝐶)

𝜆̄𝑖
(

𝑥̄(𝐸 𝐶)
𝑖 − 𝑥̄(𝐸 𝐶),∗

𝑖

)

(55)

is a supporting hyperplane of 𝐺̂𝑒𝑙(𝑇 , 𝑃𝑜, 𝑉 , 𝐱̄(𝐸 𝐶)) on [𝑉 𝐿, 𝑉 𝑈 ] × 𝑋̄(𝐸 𝐶)

that passes through the point (𝑉 ∗, 𝐱̄(𝐸 𝐶),∗). The intersection of 𝑇𝐴 with
the set  = {𝑉 ∈ [𝑉 𝐿, 𝑉 𝑈 ] ∶ 𝑃 (𝑇 , 𝑉 , 𝐱̄(𝐸 𝐶)) = 𝑃𝑜} defines a hyperplane
in 𝑋̄(𝐸 𝐶),

𝑇𝐴,𝑟(𝑇 , 𝑃𝑜, 𝐱̄(𝐸 𝐶)) =
{

𝐱̄(𝐸 𝐶) ∈ 𝑋̄(𝐸 𝐶) ∶ 𝐴̄𝑒𝑙(𝑇 , 𝑉 ∗, 𝐱̄(𝐸 𝐶),∗) + 𝑃𝑜
(

𝑉 ∗ − 𝑉 ′)

+
∑

𝑖∈(𝐸 𝐶)

𝜆̄𝑖
(

𝑥̄(𝐸 𝐶)
𝑖 − 𝑥̄(𝐸 𝐶),∗

𝑖

)

,∀𝑉 ′ ∈ 

}

,

(56)
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that is a supporting hyperplane of 𝐺̄𝑒𝑙(𝑇 , 𝑃𝑜, 𝐱̄(𝐸 𝐶)) on 𝑋̄(𝐸 𝐶) that passes
hrough the point 𝐱̄(𝐸 𝐶),∗, as a consequence of the optimality condi-
ions (52)–(53). This supporting hyperplane is tangent to
̄ 𝑒𝑙(𝑇 , 𝑃𝑜, 𝐱̄(𝐸 𝐶)) at the modified mole fractions of all stable phases. This
s stated formally as a theorem in Appendix B but the proof is not shown
ere for conciseness. Dual problem (51) is used in the remainder of this

paper to design an algorithm to find all stable equilibrium phases of an
electrolyte solution at given conditions.

4. The HELD2.0 algorithm for the solution of the dual problem

As has been remarked by Mitsos and Barton (2007), although the
dual problem is always convex, it is typically difficult to solve due to the
presence of the (nonconvex) inner minimization. They proposed an iter-
ative solution strategy based on the reformulation of the dual problem
as a semi-infinite program (SIP) and on the algorithm of Blankenship
and Falk (1976). This was extended in the HELD algorithm (Pereira
et al., 2012, 2010) to support the identification of all stable phases
using the Helmholtz free energy reformulation. In our current work, we
adapt the HELD algorithm presented in Table 1 of Pereira et al. (2010)
o account for systems incorporating charged species. This includes in-
roducing the variable changes and modified Gibbs free energy defined

in Section 3.2, modifying the initialization strategy, and implementing
the upper-level and lower-level problems given in Section 3.5. This
xtended version of the HELD algorithm, which we refer to here as
ELD2.0, supersedes the original version (Pereira et al., 2010): it can
e applied to mixtures of molecular species and strong electrolytes
in which case, there must be at least one molecular species and two
harged species).

The algorithm comprises three main stages (see Algorithm 1). In Stage
, an initial stability test is conducted to determine whether the mixture
s stable at the conditions of interest; if not, it is necessary to proceed
o Stage II and all relevant quantities are initialized before doing
o. In Stage II, candidate stable phases are identified by solving the
ual problem. Finally, in stage III, convergence tests are applied to
nsure the necessary conditions for equilibrium are met with sufficient
ccuracy. This is especially important from a numerical perspective as
he computations are very sensitive to small changes in the chemical
otentials and because in Stage II the pressure is obtained as a result of
he optimality conditions (subject to the optimality tolerance), rather
han by imposing an equality constraint (subject to a usually tighter fea-
ibility tolerance). If the convergence criteria are not met, the algorithm
s set to return to Stage II. The steps of the algorithm are described in
ore detail in the remainder of this section, following the scheme in
lgorithm 1 and with particular emphasis on adaptations to account for

he presence of charged species. This is followed by a brief description
f our specific implementation.

4.1. Input–output

The HELD algorithm takes as input the mixture temperature, 𝑇 ,
pressure 𝑃𝑜, and total composition given as a mole fraction vector 𝐱𝑜.
The output is the number of phases at equilibrium, 𝑚𝑝, and the mole
fractions 𝐱𝑗 in each phase 𝑗 and corresponding phase fractions 𝜙𝑗 .

4.2. Stage I: Stability test and initialization

Stage I consists of three steps. In Step 1, the variable transformation
is implemented using Eq. (30). This step is only necessary for mixtures
containing charged species. Without loss of generality, component 𝐸
is selected to be the species with the largest absolute charge as this
ensures that |𝑧𝑖∕𝑧𝐸 | ≤ 1 for all 𝑖 ∈ . This avoids some modified

ole fractions becoming negative. It also results in the smallest possible
7 
Algorithm 1 HELD2.0 algorithm for the solution of the 𝑃 , 𝑇 fluid phase
quilibrium problem for mixtures containing strong electrolytes.
procedure HELD(𝑇 , 𝑃𝑜, 𝐱𝑜)

Stage I: Stability test and initialization
Step 1: Define mole fractions and their bounds
Apply change of variables, Eqs. (23) and (30)
Set the bounds on the modified mole fractions, Eqs. (57) and (61)
Step 2: Stability test at (𝑇 , 𝑃𝑜, 𝐱̄(𝐸 𝐶)

𝑜 )
Solve stability test up to 𝑁𝑆 times
If negative tangent plane distance found, go to Step 3
Else terminate
Step 3: initialization of dual problem
(a) Set major iteration counter 𝑘 = 0
(b) initialize 𝑈 𝐵 𝐷𝑉 , 𝐿̄𝑉 , set , bounds on 𝝀̄
Stage II: Identification of candidate stable phases
Step 4: Solve the upper-level problem, Eq. (64)
Update 𝝀̄𝑘 = 𝝀̄∗

Update the best upper bound 𝑈 𝐵 𝐷𝑉

Step 5: Solve the lower-level problem, Eq. (65).
Use multistart algorithm until 𝐿̄𝑉 ≤ 𝑈 𝐵 𝐷𝑉

Add the final values of 𝑉 and 𝐱̄(𝐸 𝐶) to 
Step 6: Search  for candidate stable phases.
Apply criteria set out in Eq. (66) to populate ∗

If 𝑚𝑝 = |∗
| ≥ 2, go to Step 8

Step 7: Increment iteration counter 𝑘 = 𝑘 + 1 and go to Step 4
Stage III: Acceleration and convergence tests
Step 8: Minimization of the total Gibbs free energy
Solve Problem (67)
If infeasible, set 𝑘 = 𝑘 + 1 and return to Step 4
If feasible, eliminate duplicate phases and update number of phases 𝑚𝑝
Step 9: Convergence test
If Eqs. (68) and/or (69) are violated, set 𝑘 = 𝑘 + 1 and go to Step 4
Step 10: Refine trace component modified mole fractions
If any trace components are present, use logarithmic transformation in
Eqs (70)-(72)

end procedure

allowable ranges for the modified mole fractions, which may be bene-
icial in terms of convergence/solution time. These ranges of values are
iven by

̄ (𝐸 𝐶)
𝑖 ∈ [𝑥̄(𝐸 𝐶),𝐿

𝑖 , 𝑥̄(𝐸 𝐶),𝑈
𝑖 ], ∀𝑖 ∈ (𝐸 𝐶), (57)

where

̄ (𝐸 𝐶),𝐿
𝑖 = 0 and 𝑥̄(𝐸 𝐶),𝑈

𝑖 =
(

1 − 𝑧𝑖
𝑧𝐸

)

𝑥(𝐸 𝐶),𝑈
𝑖 , ∀𝑖 ∈ (𝐸 𝐶), (58)

and where

𝑥(𝐸 𝐶),𝑈
𝑖 = 1 − |𝑧𝑖|

|𝑧𝑖| + max 𝑗∈{1,…,𝐸−1}
sgn(𝑧𝑗 )≠sgn(𝑧𝑖 )

|𝑧𝑗 |
, 𝑖 = 1,… , 𝐸 − 1, (59)

(𝐸 𝐶),𝑈
𝑖 = 1, 𝑖 = 𝐸 ,… , 𝐶 − 2, (60)

and where sgn(𝑧𝑖) denotes the sign of 𝑧𝑖, i.e., determines whether
pecies 𝑖 is a cation or anion. The formulation in Eq. (59) is a gen-

eralization of that shown in Eqs. (4) and (5).
In our implementation, a finite value 𝑥̄(𝐸 𝐶),𝑙

𝑖 is used for the lower
ound on the modified mole fraction of component 𝑖 (by default,
̄ (𝐸 𝐶),𝑙
𝑖 = 10−10(1 − 𝑧𝑖∕𝑧𝐸 )) to avoid issues with the logarithmic terms

in the chemical potential expressions, so we have

̄ (𝐸 𝐶),𝐿
𝑖 = 𝑥̄(𝐸 𝐶),𝑙 , ∀𝑖 ∈ (𝐸 𝐶). (61)

Since electrolyte systems may exhibit phases with very low mole frac-
tions of electrolytes, this constraint is lifted in the final stages of the
algorithm, in Step 10.
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In Step 2, a stability test based on the tangent-plane distance
criterion is performed at the initial modified mole fractions 𝐱̄(𝐸 𝐶)

𝑜 . The
angent-plane distance 𝑑(𝑉 , 𝐱̄(𝐸 𝐶); 𝑇 , 𝑃𝑜, 𝐱̄

(𝐸 𝐶)
𝑜 ) is given by

𝑑(𝑉 , 𝐱̄(𝐸 𝐶); 𝑇 , 𝑃𝑜, 𝐱̄(𝐸 𝐶)
𝑜 ) = 𝐴̄𝑒𝑙(𝑇 , 𝑉𝑜, 𝐱̄(𝐸 𝐶)

𝑜 ) − 𝑇𝐴(𝑇 , 𝑃𝑜, 𝑉 , 𝑉𝑜, 𝐱̄(𝐸 𝐶), 𝐱̄(𝐸 𝐶)
𝑜 ).

(62)

where 𝑉𝑜 is the molar volume corresponding to (𝑇 , 𝑃𝑜, 𝐱̄
(𝐸 𝐶)
𝑜 ).

The stability test is based on the global minimization of the tangent-
plane distance:

min
∈[𝑉 𝐿 ,𝑉 𝑈 ],𝐱̄(𝐸 𝐶)∈𝑋̄(𝐸 𝐶)

𝑑(𝑉 , 𝐱̄(𝐸 𝐶); 𝑇 , 𝑃𝑜, 𝐱̄(𝐸 𝐶)
𝑜 ) (63)

to determine whether there exists any (𝑉 ′, 𝐱̄(𝐸 𝐶)′ ) such that
𝑑(𝑉 ′, 𝐱̄(𝐸 𝐶)′ ; 𝑇 , 𝑃𝑜, 𝐱̄

(𝐸 𝐶)
𝑜 ) < 0, i.e., whether the system is unstable at

(𝑇 , 𝑃𝑜, 𝐱̄
(𝐸 𝐶)
𝑜 ). The unique global solution of Problem (63) is (𝑉𝑜, 𝐱̄

(𝐸 𝐶)
𝑜 )

(and the corresponding value of 𝑑 is zero) if and only if the system is
stable at the total composition.

The current implementation of the stability test in HELD is based
on the tunnelling global optimization method developed by Levy and

ómez (1985) and by Nichita et al. (2002). Because this approach does
not guarantee the identification of the global minimum, it is applied
𝑁𝑆 times, with starting points obtained by a random number generator
with fixed seed and set within the variable bounds. The molar volume
bounds are chosen to be consistent with the molar volume of a fluid
phase. Suitable values can be derived from the packing fraction, 𝜂, a
reduced density (Papaioannou et al., 2014). No substance can exhibit a
hase with a packing fraction beyond the theoretical limit of 𝜂 = 0.74 so

that the range 𝜂 ∈ [10−6, 0.74] is used. Furthermore, we use 𝑁𝑆 = 10𝐶
to reflect the fact that problems with more components may be more
challenging to solve. The application of deterministic global solvers
would be challenging due to the complexity of the SAFT models, but
s in principle achievable as shown with an interval Newton algorithm
y Xu et al. (2005) and with a branch-and-bound deterministic global

optimization solver in Pereira et al. (2010) for different variants of
he SAFT EoS. If the minimization of the tunnelling function derived
rom Eq. (62) indicates that the global minimum of Problem (63)
s equal to zero, the algorithm terminates, indicating that the initial

composition is stable.

In Step 3, further initialization steps are performed prior to the
iterative solution of the dual problem. The iteration counter 𝑘 is set to
. The primal problem (49) is solved (trivially) with solution (𝑉𝑜, 𝐱̄

(𝐸 𝐶)
𝑜 )

and these values are stored in a set . The value of the objective
function at this solution, 𝐺̄𝑒𝑙

𝑜 , gives the first upper bound on the global
minimum Gibbs free energy, 𝑈 𝐵 𝐷𝑉 = 𝐺̄𝑒𝑙

𝑜 . In addition, lower and upper
bounds for 𝝀̄ are obtained by choosing 2 × (𝐶 − 2) values of 𝐱̄(𝐸 𝐶), as
shown in Appendix C.

The algorithm is now set to proceed to Stage II to seek the molar
volumes and compositions of the stable phases.

Remarks.

• It is not always necessary to solve Problem (63) to global opti-
mality: if a negative value of the tangent plane distance is found,
the tunnelling algorithm can be terminated early.

• The tunnelling algorithm is a stochastic global optimization algo-
rithm, meaning that convergence to a non-negative solution does
not guarantee that the system is stable. Multiple starting points
are used to increase the reliability of the approach.

• The tangent plane distance can be minimized in the space of
the original functions/variables, i.e., using the Gibbs free energy
as a function of (unmodified) mole fractions. In this case, the
electroneutrality condition should be imposed throughout.
 u

8 
4.3. Stage II: Identification of candidate stable phases

In Step 4, the upper-level problem, a linear programming problem
hat approximates the dual problem, is solved to obtain an updated
pper bound on the minimum Gibbs free energy and a new vector 𝝀̄∗. In

the case of mixtures with strong electrolytes, the upper-level problem
is expressed as

𝑈 𝐵 𝐷𝑉 = max
𝜈 ,𝝀̄∈R𝐶−2

𝜈

s.t. 𝜈 ≤ 𝐴̄𝑒𝑙(𝑇 , 𝑉 𝑚, 𝐱̄(𝐸 𝐶),𝑚) + 𝑃𝑜𝑉 𝑚

+
∑

𝑖∈(𝐸 𝐶)

𝜆̄𝑖(𝑥̄
(𝐸 𝐶)
𝑜,𝑖 − 𝑥̄(𝐸 𝐶),𝑚

𝑖 ), ∀(𝑉 𝑚, 𝐱̄(𝐸 𝐶),𝑚) ∈ 

𝜈 ≤ 𝐺̄𝑒𝑙
𝑜

(64)

The vector 𝝀̄𝑘 is set to 𝝀̄∗.
A new cutting plane is then generated in Step 5 by solving the

ower-level problem for 𝝀̄ = 𝝀̄𝑘:

𝐿̄𝑉 ,𝑘 = min
𝑉 ∈[𝑉 𝐿 ,𝑉 𝑈 ],𝐱̄(𝐸 𝐶)∈𝑋̄(𝐸 𝐶)

𝐴̄𝑒𝑙 (𝑇 , 𝑉 , 𝐱̄(𝐸 𝐶)) + 𝑃𝑜𝑉

+
∑

𝑖∈(𝐸 𝐶)

𝜆̄𝑘𝑖
(

𝑥̄(𝐸 𝐶)
𝑜,𝑖 − 𝑥̄(𝐸 𝐶)

𝑖

)

. (65)

The lower-level problem is nonconvex. In our implementation, it is
olved using a multistart approach until 𝐿̄𝑉 ,𝑘 ≤ 𝑈 𝐵 𝐷𝑉 , with initial
alues of 𝑉 and 𝐱̄(𝐸 𝐶) generated within the appropriate bounds by a

random number generator with fixed seed. The best solution generated,
denoted by (𝑉 𝑘, 𝐱̄(𝐸 𝐶),𝑘), is added to the set .

In Step 6, we determine whether set  contains any candidate stable
phases by checking a set of criteria modified from Pereira et al. (2010)
for the case of electrolyte mixtures. Specifically, we identify ∗ ⊂ 
as the set of distinct points in  such that
|

|

𝑈 𝐵 𝐷𝑉 − 𝐿̄𝑉 ,𝑚
|

|

≤ 𝜖𝑏, 𝑚 = 1,… , 𝑚𝑝,
|

|

|

|

|

|

(

𝜕𝐴̄𝑒𝑙(𝑇 ,𝑉 𝑚 ,𝐱̄(𝐸 𝐶),𝑚)

𝜕 ̄𝑥(𝐸 𝐶)
𝑖

)

𝑇 ,𝑉 , ̄𝑥(𝐸 𝐶)
𝑗≠𝑖

− 𝜆̄𝑘𝑖

|

|

|

|

|

|

≤ 𝜖𝜆
|

|

|

𝜆̄𝑘𝑖
|

|

|

, ∀𝑖 ∈ 𝑚, 𝑚 = 1,… , 𝑚𝑝,

𝙴𝙸𝚃𝙷𝙴𝚁 |𝜂𝑚 − 𝜂𝑛| ≥ 𝜖𝜂 , 𝑚 = 1,… , 𝑚𝑝; 𝑛 = 1,… , 𝑚𝑝, 𝑛 ≠ 𝑚,

𝙾𝚁 ∃𝑖 ∈ (𝐸 𝐶) ∶ |

|

|

𝑥̄(𝐸 𝐶),𝑚
𝑖 − 𝑥̄(𝐸 𝐶),𝑛

𝑖
|

|

|

≥ 𝜖𝑥, 𝑚 = 1,… , 𝑚𝑝;
𝑛 = 1,… , 𝑚𝑝, 𝑛 ≠ 𝑚,

(66)

where 𝑚𝑝 = |∗
| is the cardinality (number of elements) of set ∗,

the 𝜖 values (𝜖𝑏, 𝜖𝜆, 𝜖𝜂 , 𝜖𝑥) are user-defined tolerances and 𝑚 is a set
of 𝐶𝑝𝑝 component indices in (𝐸 𝐶) such that 𝑖 ∈ 𝑚 ⇒ 𝑥̄(𝐸 𝐶),𝑚

𝑖 > 𝑥̄(𝐸 𝐶),𝐿,
where 𝑥̄(𝐸 𝐶),𝐿 is the lower bound on the modified mole fractions and
𝐶𝑝𝑝 is the number of components to be converged in Stage II, usually
taken as 𝐶 − 2 if 𝐶 ≤ 5 or a number less than 𝐶 − 2 if 𝐶 > 5. The exact
value of 𝐶𝑝𝑝 can affect the speed of convergence, but does not affect the
outcome of the calculations. The use of the reduced set 𝑚 is important
in electrolyte systems as some phases may contain very small amounts
of ionic species, in which case the second constraint in Problem (66) is
unlikely to be met for these components.

If 𝑚𝑝 > 1, the algorithm is set to proceed to Stage III. If not, the
teration counter is incremented in Step 7, 𝑘 = 𝑘+ 1, and the algorithm
eturned to Step 4 to solve the upper-level problem with the augmented
et of cutting planes defined by .

4.4. Stage III: Acceleration and convergence tests

In Step 8, the 𝑚𝑝 candidate phases identified in Stage II are refined
sing a direct minimization of the total Gibbs free energy in the
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neighbourhood of the state defined by ∗:

̄ 𝑒𝑙 ,∗ = min
𝐕′ ,𝐱̄(𝐸 𝐶)′ ,𝝓

𝑚𝑝
∑

𝑚=1
𝜙𝑚

(

𝐴̄𝑒𝑙
(

𝑇 , 𝑉 ′𝑚, 𝐱̄(𝐸 𝐶)′
)

+ 𝑃𝑜𝑉
′𝑚
)

s.t.
( 𝑚𝑝
∑

𝑚=1
𝜙𝑚𝑥̄(𝐸 𝐶)′ ,𝑚

𝑖

)

− 𝑥̄(𝐸 𝐶)
𝑜,𝑖 = 0, ∀𝑖 ∈ (𝐸 𝐶)

𝑚𝑝
∑

𝑚=1
𝜙𝑚 = 1

𝑥̄(𝐸 𝐶)′ ,𝑚
𝑖 ∈ [max{𝑥̄(𝐸 𝐶),𝑚

𝑖 − 10−3, 𝑥(𝐸 𝐶),𝐿
𝑖 },

min{𝑥̄(𝐸 𝐶),𝑚
𝑖 + 10−3, 𝑥̄(𝐸 𝐶),𝑈

𝑖 }],
∀𝑖 ∈ (𝐸 𝐶); 𝑚 = 1,… , 𝑚𝑝,

𝝓 ∈ [0, 1]𝑚𝑝,
𝐕′ ∈ [𝑉 𝐿, 𝑉 𝑈 ]𝑚𝑝

(67)

where 𝐺̄𝑒𝑙 ,∗ is the extensive Gibbs free energy computed for one mole
f mixture, 𝐕′ denotes a 𝑚𝑝-dimensional vector of the molar volumes
f each phase, 𝐱̄(𝐸 𝐶)′ denotes the 𝑚𝑝 × (𝐶 − 2) matrix of mole fractions,
ith element 𝑥̄(𝐸 𝐶)′ ,𝑚

𝑖 corresponding to the modified mole fraction of
omponent 𝑖 in phase 𝑚, 𝝓 denotes the 𝑚𝑝-dimensional vector of phase
ractions, and 𝐴̄𝑒𝑙 is the intensive Helmholtz free energy,

If not all of the stable phases are identified in Stage II, Problem (67)
s infeasible. In this case, the iteration counter is incremented and the
lgorithm returns to Step 4 to seek additional phases. If the problem
s feasible, the solution is examined to identify any phases that are

identical (same composition and volume) and to remove duplicates
before proceeding to Step 9. If any duplicates are found, the number
of phases 𝑚𝑝 is updated (reduced) accordingly.

In Step 9, convergence is further tested as follows:

• Has the free energy converged? If
0 ≤ 𝑈 𝐵 𝐷𝑉 − 𝐺̄𝑒𝑙 ,∗ ≤ 𝜖𝑔 , (68)

where the extensive Gibbs free energy from Problem (67) can be
used as it is computed on the basis of one mole of mixture and 𝜖𝑔
is a small positive tolerance (by default 𝜖𝑔 = 10−6), then proceed.
Else increment the iteration counter and return to Step 4.

• Are the modified chemical potentials converged? If
|

|

|

(

𝜇̄𝑒𝑙
𝑖 (𝑇 , 𝑃𝑜, 𝐱̄(𝐸 𝐶),∗,𝑚) − 𝜇̄𝑒𝑙

𝑖 (𝑇 , 𝑃𝑜, 𝐱̄(𝐸 𝐶),∗,𝑚+1)
)

∕𝜇̄𝑒𝑙
𝑖 (𝑇 , 𝑃𝑜, 𝐱̄(𝐸 𝐶),∗,𝑚)||

|

≤ 𝜖𝜇 , ∀𝑖 ∈ (𝐸), 𝑚 = 1,… , 𝑚𝑝 − 1, (69)

where 𝐱̄∗,𝑚 is the modified mole fraction vector for phase 𝑚 at the
solution of Problem (67) and 𝜖𝜇 is a small positive tolerance (by
default 𝜖𝜇 = 10−6), then proceed. Otherwise, the iteration counter
is incremented and the algorithm returns to Step 4.

In Step 10, the final step of the algorithm, we revert to the original
ole fractions and follow the general strategy of Pereira et al. (2010). If

a component 𝑖 has a modified mole fraction at the lower bound 𝑥̄(𝐸 𝐶),𝑙 in
a phase 𝑚, its composition is refined by first recasting the vector of mole
ractions in logarithmic space, i.e., defining the variable transformation

𝑦(𝐸 𝐶)
𝑖 = log10 𝑥(𝐸 𝐶)

𝑖 , ∀𝑖 ∈ (𝐸 𝐶). (70)

The transformed mole fractions of all other components are set using
the values obtained in Step 8:

𝑦(𝐸 𝐶)
𝑗 = log10

𝑥̄(𝐸 𝐶),𝑚
𝑗

1 − 𝑧𝑖
𝑧𝐸

, ∀𝑗 ∈ (𝐸 𝐶), 𝑗 ≠ 𝑖, (71)

and the following problem is then solved:
min

𝑦(𝐸 𝐶)
𝑖 ∈𝑌

(

𝜇̄𝑒𝑙
𝑖 (𝑇 , 𝑃𝑜, 𝐲(𝐸 𝐶)) − 𝜇̄𝑒𝑙 ,∗

𝑖

)

(72)

where 𝑌 = [𝑦𝑙 , 𝑦𝑢], with the bounds 𝑦𝑙 and 𝑦𝑢 set such that the
ower bounds corresponds to a mole fraction of 10−300 and an upper of
.0 × 10−10, and where 𝜇̄𝑒𝑙 ,∗ denotes the chemical potential of component
𝑖
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𝑖 at the solution of Problem (67), in a phase in which the component
is not at the lower bound in mole fraction.

4.5. Implementation

HELD2.0 is implemented in FORTRAN90 using an in-house im-
lementation of the tunnelling algorithm for the minimization of the
angent-plane distance and solvers from the Numerical Algorithms

Group (NAG) (Numerical Algorithms Group, 2023) libraries to solve
other optimization problems. The lower-level problem, Problem (65),
s solved using the E04UCA routine, which is designed to minimize

an arbitrary smooth function subject to constraints using a sequential
quadratic programming (SQP) method, and the upper-level problem,
Problem (64), is solved with the E04MFA routine, which is applicable
o general linear programming problems. We use a 64-bit 3.40 GHz
rocessor with 8 GB of RAM and the Windows 10 operating system to
un all of the test cases.

Although the HELD2.0 algorithm can be applied to many differ-
ent thermodynamic models, the only equation of state (EOS) cur-
rently implemented is the SAFT-𝛾 Mie group-contribution (GC) ap-
proach (Papaioannou et al., 2014; Dufal et al., 2014; Haslam et al.,
2020) extended to electrolyte systems (Eriksen et al., 2016; Kohns et al.,
2020), which accounts for the effects of shape, long-range dispersive
interactions, strong interactions arising from hydrogen bonds, and the
Coulombic and charge-solvent interactions present in electrolyte solu-
tions. In this approach, the effect of the solvent on ion–ion interactions
is described with a dielectric constant, 𝐷. In order to obtain a realistic
description of the dielectric constant, we adopt the expression reported
by Schreckenberg et al. (2014) following Uematsu and Frank (1980),

hich accounts for the change in the dielectric constant with thermo-
dynamic conditions. For a mixture of 𝑆 solvents, the dielectric constant
is given by

𝐷(𝑇 , 𝑃 , 𝐱𝐬) = 1 + 𝜌solv(𝑇 , 𝑃 , 𝐱𝐬)𝑑solv(𝑇 , 𝐱𝐬), (73)

where 𝐱𝐬 is the 𝑆-dimensional salt-free mole-fraction vector, 𝜌solv is
he number density of the solvent or solvent mixture, and 𝑑solv is a

solvent parameter that can be expressed as a function of temperature
and composition. For a pure solvent 𝑗, we use

𝑑solv(𝑇 , 1) = 𝑑𝑗 𝑗 (𝑇 ), (74)

with

𝑑𝑗 𝑗 (𝑇 ) = 𝑑𝑣,𝑗

(𝑑𝑇 ,𝑗
𝑇

− 1
)

, (75)

and where 𝑑𝑣,𝑗 and 𝑑𝑇 ,𝑗 are solvent-specific parameters that can be
btained by correlating experimental dielectric-constant data as out-
ined in Schreckenberg et al. (2014). For a mixture of 𝑆 solvents, we

implement the van der Waals one-fluid mixing rule proposed by Harvey
and Prausnitz (1987) to compute the parameter 𝑑solv(𝑇 , 𝐱𝐬) as a function
f temperature and 𝐱𝑠, as follows:

𝑑solv (𝑇 , 𝐱𝑠) =
𝑆
∑

𝑖=1

𝑆
∑

𝑗=1
𝑥𝑠𝑖𝑥

𝑠
𝑗𝑑𝑖𝑗 (𝑇 ), (76)

where 𝑑𝑖𝑗 (𝑇 ) is obtained using a simple arithmetic mean of the pure
solvent values given by Eq. (75):

𝑑𝑖𝑗 (𝑇 ) =
𝑑𝑖𝑖(𝑇 ) + 𝑑𝑖𝑗 (𝑇 )

2
. (77)

It is of course possible to use other models of the dielectric constant,
for instance taking into account the effect of salt concentration (Maribo-
Mogensen et al., 2013; Wang and Anderko, 2001).

5. Case studies and results

In this section we apply the HELD2.0 algorithm to a variety of
systems composed of salt(s) + molecular solvent(s) across a range of
thermodynamic conditions and types of phase behaviour, as listed in
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Table 1
Description of the case studies considered, including a list of components, the relevant section in the paper, the type of phase behaviour
observed, and the number of 𝑃 , 𝑇 flash calculations carried out for this mixture.
Mixture Section Type of phase Number of 𝑃 , 𝑇

behaviour flash calculations

NaCl + water 5.1 Saturated vapour pressure (VLE) 27 716
KCl + water 5.1 Saturated vapour pressure (VLE) 48 300
LiCl + water 5.1 Saturated vapour pressure (VLE) 25 714
water + methanol 5.2.1 VLE 1300
LiCl + water + methanol 5.2.1 VLE at constant salt concentration 9800
LiCl + water + 1-butanol 5.2.2 LLE 1435
NaCl + water + acetic acid + 1-butanol 5.2.3 LLE at constant salt concentration 5102
CaCl2 + water + acetone 5.3.1 LLE 1750
CaCl2 + water + propanoic acid + 1-butanol 5.3.2 LLE 1800
Table 2
Molecular weight (MW), estimated parameters for the calculation of the dielectric constant as described by Eqs. (73) and (75), and the corresponding percentage
average absolute deviation from the experimental values (% AAD) for three polar solvents. 𝑁𝑝 is the number of data points used in the estimation, and Ref.
indicates the source of experimental data.
Solvent 𝑗 MW/(g mol−1) 𝑑𝑣,𝑗/(dm3 mol−1) 𝑑𝑇 ,𝑗/K % AAD 𝑁𝑝 Ref.

Acetone 58.0791 0.2391 2221.700 4.07 7 de Jesús-González et al. (2018)
Acetic acid 60.0520 −0.7275 177.4429 2.66 15 Lutskii and Mikhailenko (1963), Smyth and Rogers (1930)
Propanoic acid 74.0800 −0.4796 187.5180 2.69 11 Lutskii and Mikhailenko (1963)
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Table 1. We begin by studying aqueous solutions of monovalent alkali-
alide salts (brines), which represent the simplest case in terms of
imensionality (one salt + one solvent). The saturation pressure of the
queous solutions is determined for varying salt concentrations, exam-
ning the performance of the algorithm when dealing with negligible
trace) amounts of ions in one of the phases (the vapour phase). The
nalysis is then extended to binary and ternary mixed solvents (alcohols
nd/or organic acids) with symmetric or asymmetric salts coexisting at
quilibria. In all cases, we calculate the distribution of the ions in each
quilibrium phase, computing phase boundaries as a function of salt
oncentration.

The dielectric constant parameters are obtained from the litera-
ure in the case of water, methanol, and 1-butanol (Schreckenberg

et al., 2014). They are estimated based on experimental data (de
Jesús-González et al., 2018; Smyth and Rogers, 1930; Lutskii and

ikhailenko, 1963), and reported in Table 2 in the case of acetone,
cetic acid, and propanoic acid. Additional information on the thermo-
ynamic model and on the parameters used within the SAFT-𝛾 Mie GC
pproach are presented in Appendix D.

5.1. Aqueous solutions of single salts

The HELD2.0 algorithm is first tested on aqueous solutions of mono-
alent alkali-halides formed from Li+, Na+, K+, and Cl−. Rather than
xploring the full phase diagram for each mixture, we concentrate on
he more interesting thermodynamic conditions where phase changes
ccur, identifying points on/around the saturated vapour curve. Each
oint on the curves is generated by repeatedly solving the 𝑃 , 𝑇 flash
t fixed 𝐱𝑜 and varying the pressure to identify a point (pressure 𝑃 ∗)
n the phase boundary. A total of 50 (𝑇 , 𝐱𝑜) combinations are tested,
esulting in 101,730 𝑃 , 𝑇 flash calculations as follows: NaCl brine,
7,716 performed for four (4) different temperatures (see Fig. 1(a)); KCl

brine, 48,300 performed for four (4) temperatures (see Fig. 1(b)); and
iCl brine, 25,714 performed for three (3) temperatures (see Fig. 1(c)).

While there are more efficient approaches for generating phase bound-
aries (Michelsen and Mollerup, 2018), this simple approach entails

any HELD calculations around the curves shown in Fig. 1, thereby
testing the robustness of the algorithm. Each point on a phase bound-
ary corresponds to an aqueous mixture of the salt in equilibria with
an essentially pure vapour phase, yet these solutions are identified
without making any assumptions on the absence of ions in any of
the phases. For this two-ion three-component mixture, Problem (65)
10 
is two-dimensional, with variables 𝑥̄(𝐸 𝐶)
Cat ion (or equivalently 𝑥̄(𝐸 𝐶)

Cl− ) and
𝑉 . Experimental data (Khaibullin and Borisov, 1966; Filiz and Gülen,
2008; Zarembo et al., 1976; Campbell and Bhatnagar, 1979; Patil et al.,
1990) are shown in Fig. 1 alongside the calculated curves to illustrate
that realistic phase boundaries can be obtained with the combination
of HELD and SAFT-𝛾 Mie. These are reported with the caveat that
the quality of the match between the experimental data and calcu-
lations does not provide any indication of algorithmic performance.
It is important to point out that the calculations are carried up to a
molality limit of 6.0; the model parameters used in SAFT-𝛾 Mie for these
calculations were estimated from several properties of salt solutions at
varying molalities lower than 6.0 molal (Eriksen et al., 2016).

Selected results are shown in Table 3, confirming that the vapour
phase consists of water with a very small amount of ions. Both the
ation and anion mole fractions in the vapour phase are found to be

at the lower bound in Steps 6 and 9 and are thus refined in Step 10,
sing Eq. (72). As can be seen, the ion mole fractions sometimes remain
lose to the lower bound in Steps 6 and 9, as a result of the convergence

tolerance used in solving Eq. (72). In other cases, there is a decrease
n the mole fractions of the cation and anion, which are found to be
ssentially equal to zero. In the salt-rich liquid phase (the aqueous
hase), the cation and anion mole fractions are derived directly from
he modified mole fractions identified in Step 8 (Problem (67)) and

satisfy the macroscopic electroneutrality condition.
Other methodologies to compute the phase equilibria of aqueous

alt solutions, particularly for the description of VLE in brines, have
een reported in the open literature (e.g., Eriksen et al., 2016, Novak

et al., 2021, Rozmus et al., 2013, Held et al., 2008), but their com-
utational performance has not been reported. In these studies, it was
ssumed that the vapour phase contains no ions to avoid numerical

difficulties. Our approach is in excellent agreement with these calcula-
tions, especially for the vapour pressures, without requiring any such
ssumption.

5.2. Mixed-solvent brines with symmetric salts

The HELD2.0 algorithm can be used to carry out calculations with
systems containing any number of components. In this section, we
examine its performance for brines containing one salt of monovalent
ions in mixed solvents, considering vapour-liquid equilibria (VLE) and
liquid–liquid (LLE) equilibria, for mixtures of up to 5 components.



F.A. Perdomo et al.

a

(

t
(
(

t
a

T

i
m
u
n
a
n
t
t
h
t

u
n

t
c
l

t

t
a
t
o
p
p
t
i
m

Computers and Chemical Engineering 194 (2025) 108977 
Fig. 1. Vapour pressure 𝑃 as a function of the concentration (molality, 𝑚) of
queous solutions of monovalent alkali-halides: (a) NaCl at 𝑇= 373.15 K (black

triangles Khaibullin and Borisov, 1966), 𝑇= 353.15 K (black circles Khaibullin and
Borisov, 1966), 𝑇= 333.15 K (red triangles Filiz and Gülen, 2008), and 𝑇= 298 K
blue squares Filiz and Gülen, 2008); (b) KCl at 𝑇= 623.15 K (blue triangles Zarembo

et al., 1976), 𝑇= 573.15 K (black circles Zarembo et al., 1976), 𝑇= 473.15 K (red
riangles Zarembo et al., 1976), and 𝑇= 343.15 K (green squares Patil et al., 1994);
c) LiCl at 𝑇= 423.15 K (blue triangles Campbell and Bhatnagar, 1979), 𝑇= 373.15 K
black circles Campbell and Bhatnagar, 1979), and 𝑇= 348.15 K (red triangles Campbell

and Bhatnagar, 1979, red squares Patil et al., 1990). The symbols correspond to
he experimental data and the continuous curves are calculations with the HELD2.0
lgorithm with the SAFT-𝛾 Mie GC approach.

5.2.1. VLE in LiCl + water + methanol mixtures

The vapour-liquid equilibria (VLE) for the mixture water + methanol
+ LiCl is calculated with the HELD2.0 algorithm and presented in Fig. 2,
where the solvent composition is expressed on a salt-free basis and the
 d

11 
calculations are performed by keeping a constant ratio of salt to water
as per the experimental measurements reported in Boone et al. (1976).

he calculations are carried out at fixed 𝑃𝑜, for a range of values for the
salt-free mole fraction of methanol, 𝑥𝑠𝑓𝑜,MeOH, iterating over temperature
for each 𝑥𝑠𝑓𝑜,MeOH until the phase boundary is found, which requires
carrying several HELD calculations near the phase boundary. In this
case, Problem (65) is three-dimensional, with variables consisting of
the modified mole fraction of one ion (e.g., 𝑥̄(𝐸 𝐶)

Li+
), that of one solvent

(e.g., 𝑥̄(𝐸 𝐶)
MeOH), and 𝑉 . A total of 100 combinations of (𝑃𝑜, 𝑥𝑠𝑓𝑜,MeOH) are

considered, resulting in 9800 𝑃 , 𝑇 flash calculations.
With the algorithm, one is able to identify the stable equilibrium

phases in all cases tested and to handle a wide range of mole fractions.
To illustrate this, detailed results are provided in Table 4 for selected
total salt-free mole fractions of methanol. As previously, mole fractions
n the vapour phases are found to decrease to practically zero or to re-
ain of order 10−10, which is consistent with the convergence tolerance
sed. The number of iterations within the HELD algorithm (i.e., the
umber of times an upper-level problem is solved) and the CPU time
re also reported in the table, for each bubble temperature. It should be
oted that both iteration number and CPU times depend markedly on
he values of the specified convergence tolerances and the settings of
he multistart algorithms used to solve nonconvex subproblems. These
ave been chosen to achieve high reliability, but could be tuned further
o reduce the computational cost.

Isobaric calculations of the VLE for water + methanol + LiCl system
was also presented in Schreckenberg et al. (2014) and Gering and Lee
(1989). In Gering and Lee (1989), a pseudo-solvent model was used
to estimate the bubble point, assuming that the vapour phase behaves
as an ideal gas dominated by one component (the pseudo-solvent)
and using the equality of the pseudo-solvent fugacities in both phases.
Similarly, in Schreckenberg et al. (2014), an iterative procedure was
implemented to achieve equality of the chemical potential of the molec-
lar components, under the assumption that the vapour phase contains
o ions. The results presented in Fig. 2 and Table 4 confirm the validity

of these assumptions and demonstrate that the addition of salt in a
mixed solvent impacts the bubble points, the mutual solubilities of the
solvent components and the equilibrium vapour phase compositions.
No phase stability calculations were carried out in the earlier studies
and no computational performance data were reported for the phase
equilibrium calculations.

5.2.2. LLE in salt + water + 1-butanol mixtures
In order to assess the performance of the HELD2.0 algorithm when

he ionic species appear in more than one of the (liquid) phases
oexisting at equilibria, we consider systems exhibiting heterogeneous
iquid–liquid equilibria. The usual simplistic explanation of the effect of

adding salts to partially miscible water + organic solvent mixtures is to
reduce further the mutual solubility of the two solvents as the water
molecules surrounding the ions become unavailable to solvate the
organic compound, causing it to salt out from the aqueous phase as well
as decreasing the concentration of water in the organic phase (Endo
et al., 2012). Several studies however lead to the observation that
he system LiCl + water + 1-butanol exhibits atypical behaviour (Al-

Sahhaf and Kapetanovic, 1997; Gomis et al., 1999; Wakisaka et al.,
2004). At some concentrations of LiCl, the concentration of water in
he organic phase remains constant or increases, rather than decreasing
s may be expected. The binodal curve features an inflection point on
he organic-phase side, i.e., it is S-shaped, making the phase equilibria
f this mixture challenging to model. The numerical solution of the
hase stability and equilibria around the anomalous region is thus
articularly demanding due to the non-linearity of the behaviour. A
otal of 1435 𝑃 , 𝑇 flash calculations are carried out successfully to
dentify the LLE phase boundaries describing 35 tie lines. Only two
odified mole fractions are considered in each phase in solving the
ual problem (one ion and one solvent), and no assumptions are made
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Fig. 2. Isobaric 𝑇 -𝑥 representation of the vapour-liquid equilibria of water + methanol (MeOH) + LiCl mixtures at a pressure of 𝑃𝑜 = 101.325 kPa and constant salt concentration
of 4.0 molal in terms of moles of LiCl/(kg water), consistent with the units of the experimental data (Boone et al., 1976) represented by symbols. The continuous curves represent
the calculations implementing the HELD2.0 algorithm and the SAFT-𝛾 Mie GC approach (liquid in blue, vapour in red). 𝑥𝑠𝑓MeOH is the salt-free mole fraction of methanol. The dashed
curve represents the calculated vapour-liquid equilibria of water + methanol mixtures without salt, as calculated with HELD.
Table 3
Results of selected vapour-pressure calculations for aqueous solutions of monovalent alkali-halides with the HELD2.0 algorithm and the SAFT-𝛾 Mie GC approach:
the first column indicates the cation; 𝑚𝑜,salt is the total molality of the salt; 𝑇 the temperature; 𝑃 ∗ the computed vapour pressure; Phase indicates the fluid type;
𝐱 the mole fraction vector of the stable phase (1) 𝑋+, 2) Cl−, 3) water); 𝜂 the dimensionless packing fraction of the stable phase; and 𝑉 its molar volume.
Cation 𝑚𝑜,salt 𝑇 𝑃 ∗ Phase 𝐱𝑇 = (𝑥cat ion , 𝑥Cl− , 𝑥H2O) 𝜂 𝑉

/molal /K /kPa /(m3 mol−1)

Li+ 5.0 348.15 29.890 Vapour (1.0000 × 10−10; 1.0000 × 10−10; 0.99999̄) 8.994 × 10−5 9.526 × 10−2

Liquid (0.077010; 0.077010; 0.84598) 0.46706 1.775 × 10−5

Na+ 5.6 298.15 2.5080 Vapour (1.41063 × 10−116; 1.41063 × 10−116; 1.00000) 8.706 × 10−5 9.841 × 10−2

Liquid (0.086944; 0.086944; 0.826112) 0.47224 1.787 × 10−5

K+ 0.80 343.15 29.973 Vapour (3.48366 × 10−87; 3.48366 × 10−87; 1.00000) 9.168 × 10−5 9.344 × 10−2

Liquid ( 0.014151 0.014151 0.97169) 0.46087 9.168 × 10−5
Table 4
Results of sample calculations with the HELD2.0 algorithm for methanol + water + LiCl at 𝑃 = 101.325 kPa and LiCl concentration of 4.0 molal for selected values of the total
salt-free methanol mole fraction 𝑥𝑠𝑓𝑜,MeOH: Phase is the type of stable phase; 𝐱 represents the mole fraction vector in each phase (ordered as Li+, Cl−, methanol, water); 𝜂 is the
dimensionless packing fraction of each phase; 𝑉 its molar volume; 𝑇𝑏 is the bubble temperature; Iter. is the number of iterations (upper-level problems solved); and CPU is the
CPU time required by the HELD2.0 algorithm with the SAFT-𝛾 Mie GC approach.
𝑥𝑠𝑓𝑜,MeOH Phase 𝐱 = (𝑥Li+ , 𝑥Cl− , 𝑥met hanol , 𝑥wat er ) 𝜂 𝑉 /(m3 mol−1) 𝑇𝑏/K Iter. CPU/s

0.0100 Phase I (V) (2.36935 × 10−106 2.36935 × 10−106 0.10164 0.89836) 3.193 × 10−4 2.983 × 10−2
375.75 137 4.61Phase II (L) (0.062368 0.062368 0.0099780 0.86528) 0.4563 1.849 × 10−5

0.300 Phase I (V) (1.00000 × 10−10 1.00000 × 10−10 0.72516 0.27483) 5.585 × 10−4 2.760 × 10−2
351.25 131 3.69Phase II (L) (0.044213 0.044213 0.29880 0.61277) 0.4481 2.507 × 10−5

0.990 Phase I (V) (1.00000 × 10−10 1.00000 × 10−10 0.99643 0.0035688) 6.843 × 10−4 2.628 × 10−2
337.81 149 4.81Phase II (L) (0.00063048 0.00063048 0.98999 0.0087455) 0.4221 4.243 × 10−5
on the number or type of stable phases in carrying out the calculations.
All of the HELD2.0 calculations are found to converge successfully. A
summary of algorithmic performance and details of the calculations
for selected conditions around the point of inflection are presented
in Table 5. The results clearly confirm the significant concentrations
of ionic species in both phases. All of the solutions fulfill the elec-
12 
troneutrality condition exactly since the mole fraction of the second ion
(which is not included explicitly in the modified mole fraction vector)
is computed via Eqs. (30) and (31).

The description of the LLE of this system at 101.3 kPa and 298.15 K,
as calculated with the HELD2.0 algorithm and the SAFT-𝛾 Mie EoS, is
presented in Fig. 3. Although our emphasis is on the development of a
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Table 5
Sample calculations for LiCl + water + 1-butanol at 𝑃𝑜 =101.3 kPa and 𝑇 = 298.15 K for selected molalities of LiCl, 𝑚𝑜,LiCl, around the point of inflection
in the curvature of the organic-phase side in the binodal curve presented in Fig. 3. 𝐱 represents the mole fraction vector for all the species in each phase
(ordered as Li+, Cl−, water, 1-butanol); 𝜂 is the dimensionless packing fraction of each phase; 𝑉 is its molar volume; Iter. is the number of iterations
(upper-level problems solved); and CPU is the CPU time taken by the HELD2.0 algorithm with the SAFT-𝛾 Mie GC approach.
𝑚𝑜,LiCl/molal Phase 𝐱 = (𝑥Li+ , 𝑥Cl− , 𝑥wat er , 𝑥1-butanol) 𝜂 𝑉 /(m3 mol−1) Iter. CPU/s

4.58 Phase II (org.) (0.028517, 0.028517, 0.30442, 0.63855) 0.4912 6.308 × 10−5
59 2.58Phase I (aq.) (0.13329, 0.13329, 0.68072, 0.052686) 0.4942 2.014 × 10−5

4.95 Phase II (org.) (0.033131, 0.033131, 0.30719, 0.62655) 0.4918 6.201 × 10−5
54 2.60Phase I (aq.) (0.13551, 0.13551, 0.67073, 0.058249) 0.4949 2.047 × 10−5

5.74 Phase II (org.) (0.051112, 0.051112, 0.32413, 0.57364) 0.4938 5.803 × 10−5
61 2.76Phase I (aq.) (0.13926, 0.13926, 0.65007, 0.071403) 0.4965 2.129 × 10−5
Fig. 3. Effect of the concentration of lithium chloride (LiCl) on the liquid–liquid equilibria of water + 1-butanol mixtures at 𝑃 = 101.3 kPa and 𝑇 = 298.15 K. 𝑤𝑖 is the mass
raction of component 𝑖. The symbols correspond to experimental data (Al-Sahhaf and Kapetanovic, 1997) and the red curves are obtained with the HELD2.0 algorithm and the

SAFT-𝛾 Mie GC approach. The dashed lines represent experimental (black) and computed (red) tie lines.
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novel algorithm for 𝑃 , 𝑇 flash calculations, we note in passing that the
physical behaviour of the mixture is captured correctly with our model;
his is important to highlight considering that 1-butanol and its inter-
ctions with water and the ions are modelled via a group-contribution
pproach. By accounting for the possible presence of all ionic species in
ll phases in equilibria, based on a rigorous thermodynamic framework,
he methodology is seen to provide a quantitative description of the
alting-out effect.

To the best of our knowledge, no other calculations or predictions
have been reported to date for the LLE of the water + butanol + LiCl
system. Gomis et al. (1999) correlated the experimental data to em-
pirical expressions, such as the Setschenov equation, which describes
the behaviour of an organic solvent in water as a function of salt
oncentration. Other approaches have, however, been used to calculate
he LLE of salt + water + alcohol systems similar to those in this study.
or instance, Nikolaidis et al. (2022) studied the LLE of NaCl + water +

1-propanol by allowing ions to freely distribute between phases while
imposing an electroneutrality constraint. The approach of Nikolaidis
t al. (2022) does not include a phase stability check and thus requires
pecifying the number of phases in advance. Furthermore, it requires
nitial guesses for the species concentrations. Finally, no information
n computational time was available for comparison with our proposed
pproach.
 s

13 
5.2.3. Phase behaviour of a mixture involving a salt and three-component
solvent

A common practice in multicomponent solvent extraction is the
ddition of salts to modify the liquid–liquid equilibrium in order to

improve the separation process. It is thus of interest to assess the
performance of the algorithm in dealing with multicomponent solvents
and brines. We examine the impact of the addition of sodium chloride,
NaCl, on the miscibility of a mixture of water + acetic acid + 1-
butanol, carrying out a total of 5102 𝑃 , 𝑇 flash calculations with
different values of the ratio of total moles of salt to total moles of
water, 𝑟: 1050 for the salt-free mixture (𝑟 = 0), describing 50 tie lines;
1647 for 𝑟 = 0.016, describing 27 tie lines; and 2405 for 𝑟 = 0.05,
describing 37 tie lines. Two salt concentrations are investigated in
addition to the salt-free mixture, and these are selected based on the
availability of experimental measurements (Tan and Aravinth, 1999).

he performance of the algorithm and the distribution of the salt in
ach phase for selected total compositions are given in Table 6. These
-component calculations are found to be more challenging, with a ca.
0% increase in the average number of iterations and an increase in the
PU time by a factor of 2.6, relative to the four-component mixture
f LiCl + water + 1-butanol, which also exhibits LLE. Nevertheless,
ll calculations terminate successfully. A significant amount of ionic
pecies is present in each liquid phase.
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Fig. 4. Liquid–liquid equilibria of NaCl + water + 1−butanol + acetic acid system at 𝑇 = 298.15 K and 𝑃𝑜 = 101.3 kPa, represented on a salt-free basis for three total molar
atios, 𝑟, of NaCl to water: 𝑟 = 0.0 (black), 𝑟 = 0.01623 (blue), and 𝑟 = 0.05063 (red). 𝑤𝑠𝑓

𝑖 is the salt-free mass fraction of component 𝑖. The symbols represent the experimental mass
ractions (Tan and Aravinth, 1999) and the continuous curves are predictions obtained with the HELD2.0 algorithm and the SAFT-𝛾 Mie GC approach. The continuous lines are
he experimental tie lines (Tan and Aravinth, 1999) and dashed lines the predicted tie lines.
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The corresponding calculations are presented in Fig. 4. The curves
in the figure are depicted on the basis of salt-free mass fractions and
escribe the miscibility of the system at a fixed value of the ratio, 𝑟.

Consistent with the experiments, it is apparent from the calculations
that the higher the concentration of NaCl, the wider the two-phase
region, i.e., the lower the miscibility of the aqueous and organic
phases. The mass fractions of 1-butanol and acetic acid in the organic
phase increase significantly as more NaCl is added, indicating that the
presence of NaCl leads to salting-out of 1-butanol and acetic acid from
the aqueous phase and of water from the organic phase, thus enhancing
the separation of acetic acid.

The only calculations previously reported for this mixture, by Tan
and Aravinth (1999), were based on correlating the LLE experimental
ata of the solvent–salt systems using the NRTL model to determine

the activity coefficient of a solvent in a solvent–salt mixture. The
quilibrium phases were characterized by ensuring equality of the
olvent activities in both phases on a salt-free basis. This is the first time
hat this mixture is modelled without any assumptions on the number
f stable phases.

5.3. Asymmetric electrolytes in mixed solvents

The performance of the HELD2.0 algorithm for mixtures composed
of mixed solvents and asymmetric electrolytes is tested next. Based on
the availability of experimental measurements for such systems, we
focus our analysis on MX2 (1:2) electrolytes, such as CaCl2. As for
symmetric electrolytes, we first study the phase separation of systems
composed of MX2 salt + water + organic solvent.

5.3.1. Phase behaviour of an asymmetric salt + binary solvent mixture
The mixture of CaCl2 + water + acetone is first investigated. Ace-

tone and water are miscible but as has been shown in several studies
CaCl2 is an effective salting-out agent for separating acetone from aque-
ous solutions (Matkovich and Christian, 1973; Bourayou and Meniai,
2007; Frankforter and Cohen, 1914). For this mixture, component 𝐸 is
chosen to be Ca2+ because it has the largest absolute charge (𝑧Ca2+ =
𝐸 = 2). The solid–liquid solubility limit for calcium chloride in pure
ater (𝑤CaCl2 = 0.5023 g/100 g) is calculated from the solubility
roduct, K , of the salt (CaCl ) for a given temperature, using the
𝑠𝑝 2

14 
SAFT-𝛾 Mie EoS along with the tabulated standard thermodynamic
properties of formation (see Wagman et al., 1982) for the Gibbs energy,
𝛥𝐺0

𝑓 , and enthalpy, 𝛥𝐻0
𝑓 , and the molar heat capacity, 𝐶0

𝑝 , of the salt
nd the ions in aqueous solution (aq). Hydrates of calcium chloride
re known to form at certain compositions (Richter et al., 2016) but

this is not considered in this phase diagram as we focus on fluid-phase
equilibria. We do not consider hydrates in our current calculations
with the HELD2.0 algorithm which are carried out in the compositional
space delimited by the solubility limit and the salt-free acetone-water
edge. A total of 1750 𝑃 , 𝑇 flash calculations are performed, describing
50 tie lines.
The partitioning of all species across the two equilibrium phases is
resented in Table 7 for selected total compositions at 101.3 kPa and

293.15 K. The composition values are chosen to span the range of
possible salt concentrations, from low values to those near the solubility
limit of CaCl2 in water. Similar iteration numbers and CPU times are
observed as for LLE calculations for LiCl + water + 1-butanol. Again,
all HELD calculations converge successfully.

HELD2.0 calculations of the coexistence of an acetone-rich phase
n equilibrium with a water-rich phase at 101.3 kPa and 293.15 K are

depicted in Fig. 5, and compared with the available experimental data.

5.3.2. Phase behaviour of an asymmetric salt + ternary solvent mixture
As a final application, we assess the performance of the algorithm

or the case of multicomponent mixed solvents with asymmetric elec-
rolytes, calculating the fluid-phase equilibria of mixtures of CaCl2 +
ater + propanoic acid + 1-butanol. The mutual solubility predictions
long with the corresponding tie lines are presented in Fig. 6(a) in

terms of salt-free mass fractions and in Fig. 6(b) in terms of mass
fractions, corresponding to a total of 1800 𝑃 , 𝑇 flash calculations de-
scribing 25 tie lines. Further information on the calculations is provided
in Table 8. In agreement with the experimental data (Zurita et al.,
1998), the results show the significant effect that the salt has on the
solubility of the salt-free system (𝑤CaCl2=0), represented by the binodal
curve depicted in blue in Fig. 6. The size of the heterogeneous region
increases considerably with the introduction of salt in the mixture. This
large salting-out effect can facilitate the extraction of propanoic acid.
The quaternary diagram in Fig. 6(b) highlights the facts that the ion
concentrations are very different in the two phases.
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Table 6
Sample calculations for NaCl + water + acetic acid + 1-butanol at 𝑃𝑜 = 101.3 kPa and 𝑇 = 298.15 K. for selected values of 𝑟, and total mole fraction of acetic acid (ac.ac) 𝑥𝑜,ac.ac.
𝐱 represents the mole-fraction vector for each phase (ordered as Na+, Cl−, water, acetic acid, 1-butanol); 𝜂 is the dimensionless packing fraction of each phase; 𝑉 is its molar
volume; Iter. is the number of iterations (upper-level problems solved); and CPU is the CPU time taken by the HELD2.0 algorithm with the SAFT-𝛾 Mie GC approach.
𝑟 𝑥o,AA Phase 𝐱 = (𝑥Na+ , 𝑥Cl− , 𝑥wat er , 𝑥ac.ac , 𝑥1−but anol) 𝜂 𝑉 /(m3 mol−1) Iter. CPU/s

0.01623 0.010 Phase I (aq.) (0.021252, 0.021252,0.93450,0.0060706,0.016922) 0.48007 1.924 × 10−5
76 8.6Phase II (org.) (0.00043751, 0.00043751, 0.51150, 0.015079, 0.47254) 0.49262 5.156 × 10−5

0.01623 0.10 Phase I (aq.) (0.019788, 0.019788, 0.86333,0.069121, 0.027969) 0.48657 2.211 × 10−5
90 8.18Phase II (org.) (0.0013339, 0.0013339, 0.58870, 0.14395, 0.26468) 0.49204 4.151 × 10−5

0.01623 0.15 Phase I (aq.) (0.0158895, 0.015889, 0.79224, 0.13039, 0.045587) 0.48958 2.549 × 10−5
79 8.17Phase II (org.) (0.0042932, 0.0042932, 0.66043, 0.19158, 0.13939) 0.49128 3.436 × 10−5

0.05063 0.0010 Phase I (aq.) (0.058480,0.058480, 0.87492, 0.00057041, 0.0075483) 0.47564 1.841 × 10−5
77 9.79Phase II(org.) (0.0045544, 0.0045544, 0.449893, 0.001581, 0.539416) 0.49158 5.593 × 10−5

0.05063 0.10 Phase I (aq.) (0.053339, 0.053339, 0.81496, 0.065098, 0.013258) 0.48283 2.096 × 10−5
83 8.69Phase II (org.) (0.0018553, 0.0018553, 0.48427, 0.16549, 0.34653) 0.48967 4.835 × 10−5

0.05063 0.15 Phase I (aq.) (0.048058,0.048058, 0.77163, 0.113116,0.019137) 0.48568 2.305 × 10−5
83 10.1Phase II (org.) (0.0032881, 0.0032881, 0.51744, 0.24401, 0.23197) 0.48834 4.314 × 10−5
Table 7
Sample calculations for CaCl2 + water + acetone at 𝑃𝑜 =101.325 kPa and 𝑇 = 293.15 K for selected total mole fractions of CaCl2, 𝑥𝑜,CaCl2 . 𝐱 represents the mole fraction vector
or each phase (ordered as Ca2+, Cl−, acetone, water); 𝜂 is the dimensionless packing fraction of each phase; 𝑉 is its molar volume, Iter. is the number of iterations (upper-level
roblems solved); and CPU is the CPU time taken by the HELD2.0 algorithm with the SAFT-𝛾 Mie GC approach.
𝑥𝑜,CaCl2 Phase 𝐱 = (𝑥Ca2+ , 𝑥Cl− , 𝑥acet one , 𝑥wat er ) 𝜂 𝑉 /(m3 mol−1) Iter. CPU/s

0.012530 (%𝑤𝑜 = 5.5) Phase I (aq.) (0.015038, 0.030076, 0.10863, 0.84625) 0.4782 2.323 × 10−5
58 2.64Phase II (org.) (0.00036859, 0.00073719, 0.36411, 0.63478) 0.4613 3.689 × 10−5

0.024055 (%𝑤𝑜 = 10) Phase I (aq.) (0.029036, 0.058073, 0.068618, 0.84427) 0.4828 2.113 × 10−5
56 2.81Phase II (org.) (3.2922 × 10−5, 6.5846 × 10−5, 0.60576, 0.39414) 0.4490 5.040 × 10−5

0.038471 (%𝑤𝑜 = 15) Phase I (aq.) (0.046408, 0.092817, 0.050879, 0.80989) 0.4867 2.018 × 10−5
47 2.31Phase II (org.) (1.8237 × 10−5, 3.6475 × 10−5, 0.75604, 0.24390) 0.4424 5.903 × 10−5

0.054929 (%𝑤𝑜 = 20) Phase I (aq.) (0.065838, 0.13167, 0.05090, 0.75157) 0.4893 2.013 × 10−5
59 7.84Phase II (org.) (2.3117 × 10−5, 4.6235 × 10−5, 0.85193, 0.14799) 0.4386 6.467 × 10−5
Fig. 5. Liquid–liquid equilibrium in CaCl2 + water + acetone at 𝑇 = 293.15 K and 𝑃𝑜 = 101.3 kPa. 𝑤𝑖 denotes the mass fraction of component 𝑖. The continuous (red) curve
epresents the liquid–liquid equilibria envelope calculated using the HELD2.0 algorithm and the SAFT-𝛾 Mie GC approach, and the (black) symbols are corresponding experimental
ata (Frankforter and Cohen, 1914). Dashed red lines are the calculated tie lines. The red square on the water-CaCl2 axis denotes the composition of the saturated aqueous solution
f CaCl2 calculated at T= 293.15 K to be in equilibrium with the solid salt. The continuous black line denotes the limit of fluid phase behaviour. Calcium chloride hydrates are
ot shown in the figure.
Mixtures involving asymmetric electrolytes (e.g., CaCl2) are rarely
tudied with phase equilibrium algorithms in the literature. We found

no algorithms specifically designed for such systems that would allow
us to benchmark the performance of our approach. Instead, most
15 
approaches deal with these systems by solving the conventional LLE
equations based on postulating the number of phases and carrying out
activity coefficient calculations on a salt-free basis. For example, for
systems similar to the ones presented in Figs. 5 and 6, modified versions
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Fig. 6. Liquid–liquid equilibria for the CaCl2 + water + propanoic acid (AP) + 1-butanol at 𝑇 = 303.15 K, 𝑃 = 101.3 kPa and a total CaCl2 composition of 4.3% by mass. Symbols
correspond to the experimental data (Zurita et al., 1998) and the continuous red curves are the corresponding binodal curves calculated using the HELD2.0 algorithm and the
SAFT-𝛾 Mie GC approach, with tie lines shown as dashed red lines. The continuous blue curve is presented as a reference and corresponds to the predicted liquid–liquid equilibria
for the ternary system water + propanoic acid + 1-butanol (in the absence of salt). (a) Phase diagram on a salt-free basis, where 𝑤𝑠𝑓

𝑖 is the salt-free mass fraction for component
𝑖; (b) Quaternary phase diagram, where 𝑤𝑖 is the mass fraction of component 𝑖.
of the NRTL model (Bourayou and Meniai, 2007) and of the model of
Hala (Kumagae et al., 1994) have been deployed, respectively, to fit
the experimental data and extrapolate to other salt concentrations.

6. Conclusions and future work

We have presented a formal statement of a phase stability criterion
for mixtures containing strong electrolytes based on the tangent-plane
distance. Our exposition takes into account the electroneutrality of all
stable phases, resulting in a reduction of the dimensionality of the
problem by one, via a variable transformation. To the best of our
knowledge, we have reported the first proof of a stability criterion
for charged systems. We have also recast the tangent-plane distance
criterion within the formalism of the dual extremum principle of Mitsos
and Barton (2007), stating the stability criterion for a mixture of 𝐶
16 
components at given temperature, pressure, and total composition in
terms of the Gibbs free energy (with 𝐶 − 2 degrees of freedom) and of
the Helmholtz free energy (with 𝐶 − 1 degrees of freedom).

Building on the latter criterion, we have extended the HELD algo-
rithm of Pereira et al. (2010) to mixtures containing strong electrolytes.
Unlike most algorithms proposed for this type of mixtures, the HELD2.0
algorithm is applicable to any number of components and phases, and
does not require any initial guesses in terms of phase number and
compositions, or any assumptions on which phases may or may not
contain electrolytes. The relevant dual problem is solved over 𝐶 − 2
Lagrange multipliers in the space of molar volumes and 𝐶 − 2 composi-
tions, potentially enabling more efficient solution strategies as smaller
optimization subproblems are solved. The condition of macroscopic
electroneutrality is naturally met by each phase considered throughout
the procedure.
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Table 8
Results of sample calculations with the HELD2.0 algorithm for CaCl2 + water + propanoic acid + 1-butanol at 𝑇=303.15K and 𝑃 = 101.325 kPa, and CaCl2 concentration of 4.3%
w/w. 𝑤𝑠𝑓

𝑜,AP is the initial solvent-free mass fraction of propanoic acid (AP); Phase is the type of stable phase; 𝐱 represents the mole fraction vector in each phase of the compositions
t equilibria (ordered as Ca+2, Cl−, water, AP, and butanol); 𝜂 is the dimensionless packing fraction of each phase; 𝑉 its molar volume; Iter. is the number of iterations; and CPU
s the CPU time required by the HELD2.0 algorithm with the SAFT-𝛾 Mie GC approach.
𝑤𝑠𝑓

𝑜,AP Phase 𝐱 = (𝑥Ca+2 , 𝑥Cl− , 𝑥wat er , 𝑥AP , 𝑥but anol) 𝜂 𝑉 /(m3 mol−1) Iter. CPU/s

0.0460 Phase I(aq.) (0.0013733, 0.027466, 0.95461, 0.0016659, 0.0025247) 0.4797 1.817 × 10−5
78 10.89Phase II (org.) (2.01544 × 10−8, 4.03089 × 10−8, 0.54384, 0.055722, 0.40043) 0.4910 4.902 × 10−5

0.106 Phase I (aq.) (0.014170, 0.028340, 0.95131, 0.0041444, 0.0020310) 0.4802 1.826 × 10−5
80 10.17Phase II (org.) (4.01478 × 10−8, 8.02957 × 10−8, 0.58375, 0.11798, 0.29826) 0.4917 4.501 × 10−5

0.151 Phase I (aq.) (0.014678, 0.029356, 0.94810, 0.0062496, 0.0016145) 0.4807 1.833 × 10−5
84 9.93Phase II (org.) (8.73786 × 10−8, 1.74757 × 10−7,0.61944,0.15464, 0.22591) 0.4921 4.178 × 10−5

0.211 Phase I (aq.) (0.015970, 0.031940, 0.94225, 0.0088458, 0.00099817) 0.4813 1.841 × 10−5
79 9.94

Phase II (org.) (4.21218 × 10−7, 8.42436 × 10−7, 0.67839, 0.18495, 0.13665) 0.4927 3.699 × 10−5

0.256 Phase I (aq.) (0.017906, 0.035812, 0.93598, 0.0097616, 0.00054308) 0.4819 1.841 × 10−5
83 10.36Phase II (org.) (2.05279 × 10−6, 4.10559 × 10−6, 0.72845, 0.19174, 0.0798085) 0.4930 3.329 × 10−5

0.301 Phase I (aq.) (0.020673, 0.041347, 0.92805, 0.0097160, 0.00021058) 0.4825 1.836 × 10−5
80 10.23Phase II (org.) (8.6348 × 10−6, 1.7269 × 10−5, 0.76582, 0.19617, 0.037978) 0.4927 3.057 × 10−5

0.346 Phase I (aq.) (0.023642, 0.047284, 0.91965, 0.0093915, 0.000027896) 0.4831 1.832 × 10−5
78 9.95Phase II (org.) (0.000026523, 0.000053046, 0.78929, 0.20394, 0.0066814) 0.4921 2.879 × 10−5
t
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The HELD2.0 algorithm has been tested for a variety of systems
composed of mixed organic solvents and aqueous solutions of symmet-
ric and asymmetric electrolytes. The thermodynamic properties of all
the mixtures were calculated using the SAFT−𝛾 Mie EoS which accounts
for long-range ion–ion interactions and solvent-ion interactions. The
igorous description of the molecular solvents makes it possible to
apture the effect of the presence of ions on fluid-phase equilibria.
he same degree of reliability in the phase stability/equilibrium cal-

culations has been achieved with the HELD2.0 algorithms for these
ighly nonideal systems as observed for mixtures of molecular (neutral)
pecies (Pereira et al., 2010, 2012). The HELD2.0 algorithm has been

found to deal with phases that contain traces or negligible amounts
of ionic species, ensuring that electroneutrality is achieved even in
challenging situations such as a vapour phase coexisting with liquid
brine phases or highly uneven distributions of ions between two liquid
phases at equilibria. By broadening the scope of the HELD algorithm
o charged systems, our work allows one to study of the effect of elec-
rolytes on solubility, making it possible to investigate the salting-out or
alting-in effects that are commonly implemented in the design and op-
imization of solvent extraction and extractive crystallization processes.

We hope that by reporting computational metrics for our initial
mplementation of HELD2.0 we have encouraged others to develop
ulticomponent mulitphase algorithms for the phase equilibrium and

tability of strong electrolyte mixtures and to investigate their compu-
ational performance. The proposed approach can be further strength-
ned through a focus on the implementation to accelerate computations
nd by adopting a reliable deterministic global optimization solver to
eplace the current multistart algorithm. Our work also paves the way
or a further extension of the theoretical and algorithmic framework
o weak electrolyte solutions in which one must accounts for chemical
eactions/equilibria and changes in the numbers of moles of some
pecies relative to the specified total composition. This will be the
ubject of a future publication.
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Appendix A. Proof of Theorem 3.1

We follow the direct approach of Mitsos and Barton (2007) to prove
the tangent plane stability criterion and begin by proving the necessary
conditions hold true.

1. The tangent plane always lies below the modified Gibbs free
energy surface. We make use of Lemma 12 in Mitsos and Bar-
ton (2007), which can readily be extended to the functions
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considered here. Let there exist 𝐱̄(𝐸 𝐶)′ ∈ 𝑋̄(𝐸 𝐶) such that

𝑇𝐺(𝐱̄(𝐸 𝐶)′ ) > 𝐺̄𝑒𝑙(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶)′ ). (A.1)

Then, through the modified Lemma 12 applied to the line pass-
ing through 𝐱̄(𝐸 𝐶)′ and 𝐱̄(𝐸 𝐶),𝑗∗ , there must exist point 𝐱̄(𝐸 𝐶)′′ and
𝜅 ∈ (0, 1) such that

𝐱̄(𝐸 𝐶),𝑗∗ = 𝜅𝐱̄(𝐸 𝐶)′′ + (1 − 𝜅)𝐱̄(𝐸 𝐶)′′ (A.2)

and

𝐺̄𝑒𝑙(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗∗ ) > 𝜅𝐺̄𝑒𝑙(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶)′′ )

+ (1 − 𝜅)𝐺̄𝑒𝑙(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶)′ ). (A.3)

Since 𝐱̄(𝐸 𝐶),𝑗∗ ∈ int (𝑋̄) and 𝐱̄(𝐸 𝐶)′′ can be arbitrarily close to
𝐱̄(𝐸 𝐶),𝑗∗ , we have 𝐱̄(𝐸 𝐶)′′ ∈ 𝑋̄(𝐸 𝐶). It is therefore possible to
decrease the modified Gibbs free energy by replacing 𝐱̄(𝐸 𝐶),𝑗∗

with two new phases with modified mole fractions 𝐱̄(𝐸 𝐶)′ and
𝐱̄(𝐸 𝐶)′′ . This contradicts the statement that the state is stable and
we must therefore have

𝑇𝐺(𝐱̄(𝐸 𝐶)′ ) ≤ 𝐺̄𝑒𝑙(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶)′ ). (A.4)

2. The tangent plane supports the modified Gibbs free energy at
the composition of each stable phase. Per Eq. (29), equality
of the modified electrochemical potentials must hold for 𝐶 − 1
components (excluding component 𝐸) across all phases

𝜇̄𝑒𝑙
𝑖 (𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗 ) = 𝜇̄𝑒𝑙

𝑖 (𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗∗ ), ∀𝑖 ∈ (𝐸), ∀𝑗 ∈ 𝐽 . (A.5)

Substituting Eqs. (33) and (34) into these necessary conditions,
we have

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝜇̄𝑒𝑙
𝐶 (𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗 ) + 𝐺̄𝑒𝑙

𝑥̄(𝐸 𝐶)
𝑖

(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗 )

= 𝜇̄𝑒𝑙
𝐶 (𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗∗ ) + 𝐺̄𝑒𝑙

𝑥̄(𝐸 𝐶)
𝑖

(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗∗ ),∀𝑖 ∈ (𝐸 𝐶),∀𝑗 ∈ 𝐽 ,
𝐺̄𝑒𝑙(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗 ) − ∑

𝑘∈(𝐸 𝐶)

𝐺̄𝑒𝑙
𝑥̄(𝐸 𝐶)
𝑘

(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗 )𝑥̄(𝐸 𝐶),𝑗
𝑘 =

𝐺̄𝑒𝑙(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗∗ ) − ∑

𝑘∈(𝐸 𝐶)

𝐺̄𝑒𝑙
𝑥̄(𝐸 𝐶)
𝑘

(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗∗ )𝑥̄(𝐸 𝐶),𝑗∗
𝑘 ,∀𝑗 ∈ 𝐽 .

(A.6)

Making use of the equality of the modified electrochemical
potentials of component 𝐶 once more, the first equation yields:

𝐺̄𝑒𝑙
𝑥̄(𝐸 𝐶)
𝑖

(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗 ) = 𝐺̄𝑒𝑙
𝑥̄(𝐸 𝐶)
𝑖

(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗∗ ),

∀𝑖 ∈ (𝐸 𝐶),∀𝑗 ∈ 𝐽 . (A.7)

Using this and adding ∑

𝑘∈(𝐸 𝐶) 𝐺̄𝑒𝑙
𝑥̄(𝐸 𝐶)
𝑘

(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗∗ )𝑥̄(𝐸 𝐶)
𝑘 , or

equivalently,
∑

𝑘∈(𝐸 𝐶)

𝐺̄𝑒𝑙
𝑥̄(𝐸 𝐶)
𝑘

(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗 )𝑥̄(𝐸 𝐶)
𝑘

to both sides of the second equation in (A.6), yields:

̄ 𝑒𝑙(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗 ) +
∑

𝑘∈(𝐸 𝐶)

𝐺̄𝑒𝑙
𝑥̄(𝐸 𝐶)
𝑘

(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗 )(𝑥̄(𝐸 𝐶)
𝑘 − 𝑥̄(𝐸 𝐶),𝑗

𝑘 )

= 𝐺̄𝑒𝑙(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗∗ ) −
∑

𝑘∈(𝐸 𝐶)

𝐺̄𝑒𝑙
𝑥̄(𝐸 𝐶)
𝑘

(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗∗ )(𝑥̄(𝐸 𝐶)
𝑘 − 𝑥̄(𝐸 𝐶),𝑗∗

𝑘 ),

∀𝑗 ∈ 𝐽 ,∀𝐱̄(𝐸 𝐶) ∈ 𝑋̄(𝐸 𝐶).

(A.8)

Finally, we note the right-hand side of the second equation is
the tangent at 𝐱̄(𝐸 𝐶),𝑗∗ so that
18 
𝑇𝐺(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶)) = 𝐺̄𝑒𝑙(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗 )

+
∑

𝑘∈(𝐸 𝐶)

𝐺̄𝑒𝑙
𝑥̄(𝐸 𝐶)
𝑘

(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗 )(𝑥̄(𝐸 𝐶)
𝑘 − 𝑥̄(𝐸 𝐶),𝑗

𝑘 ),

∀𝑗 ∈ 𝐽 ,∀𝐱̄(𝐸 𝐶) ∈ 𝑋̄(𝐸 𝐶).

(A.9)

This concludes the proof of the necessary conditions. We now consider
ufficiency. Recall that the total mole number is the same regardless
f whether it is obtained by summing mole numbers or modified mole

numbers (Eq. (25)), so that we use 𝑛𝑡 to denote total mole numbers
throughout. The extensive constrained Gibbs free energy of the state
is 𝐺̄𝑒𝑙 ,𝐽 =

∑

𝑗∈𝐽 𝑛𝑗𝑡 𝐺̄
𝑒𝑙(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗 ). From Eq. (A.9), this is equivalent

to 𝐺̄𝑒𝑙 =
∑

𝑗∈𝐽 𝑛𝑗𝑡𝑇𝐺(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑗 ) = 𝑛𝑡,𝑜𝑇𝐺(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶)
𝑜 ), where the mole

balance has been used to obtain the last equality. Suppose that the
tangent plane lies below the constrained Gibbs free energy surface and
consider a different state with index set 𝐾, modified mole fraction
vector 𝐱̄𝑘 ∈ 𝑋̄ and total mole numbers 𝑛𝑘𝑡 in each phase that satisfy
the mole balance, ∑𝑘∈𝐾 𝑛,𝑘𝑡 𝑥̄

(𝐸 𝐶),𝑘
𝑖 = 𝑛̄(𝐸)

𝑜,𝑖 , ∀𝑖 ∈ (𝐸).
We have 𝐺̄𝑒𝑙 ,𝐾 =

∑

𝑘∈𝐾 𝑛𝑘𝑡 𝐺̄
𝑒𝑙(𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑘) ≥

∑

𝑘∈𝐾 𝑛𝑘𝑡 𝑇
𝑒𝑙
𝐺 (𝑇 , 𝑃 , 𝐱̄(𝐸 𝐶),𝑘) = 𝑛𝑜𝑡 𝑇𝐺(𝐱̄

(𝐸 𝐶)
𝑜 ). Hence, 𝐺̄𝑒𝑙 ,𝐾 ≥ 𝐺̄𝑒𝑙 ,𝐽 and the

tate 𝐽 is stable.

Appendix B. Formal statement of the dual extremum principle
sing the Helmholtz free energy

Theorem B.1. Consider a system of 𝐶 species, of which species 1 to 𝐸 are
harged, 𝐸 < 𝐶, at given 𝑇 and 𝑃𝑜 and total modified mole numbers 𝑛̄𝑜,𝑖 >
0, 𝑖 ∈ (𝐸) = {1,… , 𝐸 − 1, 𝐸 + 1,… , 𝐶}. Denote 𝑛̄𝑡,𝑜 = 𝑛𝑡,𝑜 =

∑

𝑖∈(𝐸) 𝑛̄𝑜,𝑖.
onsider any solution (𝝀̄∗, 𝐱̄(𝐸 𝐶),∗, 𝑉 ∗) of dual problem (51). The hyperplane

𝑇𝐴(𝑇 , 𝑉 , 𝐱̄(𝐸 𝐶);𝑃𝑜) = 𝐴̄𝑒𝑙(𝑇 , 𝑉 ∗, 𝐱̄(𝐸 𝐶),∗) +𝑃𝑜(𝑉 −𝑉 ∗) +
∑

𝑖∈(𝐸 𝐶)

𝜆̄∗𝑖 (𝑥̄
(𝐸 𝐶)
𝑖 −𝑥𝑖(𝐸 𝐶),∗)

(B.1)

is a supporting hyperplane of 𝐺̂𝑒𝑙 on [𝑉 𝐿, 𝑉 𝑈 ] × 𝑋̄(𝐸 𝐶), i.e.,

𝑇𝐴(𝑇 , 𝑉 , 𝐱̄(𝐸 𝐶);𝑃𝑜) ≤ 𝐺̂𝑒𝑙(𝑇 , 𝑉 , 𝐱̄(𝐸 𝐶);𝑃𝑜), ∀𝑉 ∈ [𝑉 𝐿, 𝑉 𝑈 ],∀𝐱̄(𝐸 𝐶) ∈ 𝑋̄(𝐸 𝐶).

(B.2)

Furthermore, the hyperplane defined by the intersection of 𝑇𝐴 with the set
= {𝑉 ∈ [𝑉 𝐿, 𝑉 𝑈 ] ∶ 𝑃 (𝑇 , 𝑉 , 𝐱̄(𝐸 𝐶)) = 𝑃𝑜},

𝑇𝐴,𝑟(𝑇 , 𝑃𝑜, 𝐱̄(𝐸 𝐶)) = 𝐴̄𝑒𝑙(𝑇 , 𝑉 ∗, 𝐱̄(𝐸 𝐶),∗) + 𝑃𝑜
(

𝑉 ∗ − 𝑉 ′)

+
∑

𝑖∈(𝐸 𝐶)

𝜆̄𝑖
(

𝑥̄(𝐸 𝐶)
𝑖 − 𝑥̄(𝐸 𝐶),∗

𝑖

)

,∀𝑉 ′ ∈  , (B.3)

is a supporting hyperplane of 𝐺̄𝑒𝑙(𝑇 , 𝑃𝑜, 𝐱̄(𝐸 𝐶)) on 𝑋̄(𝐸 𝐶), i.e.,

𝑇𝐴,𝑟(𝑇 , 𝑃𝑜, 𝐱̄) ≤ 𝐺̄𝑒𝑙(𝑇 , 𝑃𝑜, 𝐱̄(𝐸 𝐶)), ∀𝐱̄(𝐸 𝐶) ∈ 𝑋̄(𝐸 𝐶). (B.4)

Moreover, let (∗, 𝑋̄(𝐸 𝐶),∗) be the set of common points between 𝑇𝐴 as
efined in Eq. (B.1) and 𝐺̂𝑒𝑙, i.e.,

(∗, 𝑋̄(𝐸 𝐶),∗) = {

(𝑉 , 𝐱̄(𝐸 𝐶)) ∈ [𝑉 𝐿, 𝑉 𝑈 ] × 𝑋̄(𝐸 𝐶) ∶ 𝑇𝐴(𝑇 , 𝑉 , 𝐱̄(𝐸 𝐶);𝑃𝑜)

= 𝐺̂𝑒𝑙(𝑇 , 𝑉 , 𝐱̄(𝐸 𝐶);𝑃𝑜)
}

. (B.5)

Then, 𝑋̄(𝐸 𝐶),∗ is the set of common points between 𝑇𝐴,𝑟 as defined in
q. (B.4) and 𝐺̄𝑒𝑙, i.e., 𝑋̄(𝐸 𝐶),∗ =

{

𝐱̄(𝐸 𝐶) ∈ ×𝑋̄(𝐸 𝐶) ∶ 𝑇𝐴,𝑟(𝑇 , 𝑃𝑜, 𝐱̄(𝐸 𝐶)) = 𝐺̄𝑒𝑙(𝑇 , 𝑃𝑜, 𝐱̄(𝐸 𝐶))
}

and

𝐱̄(𝐸 𝐶)
𝑜 ∈ conv(𝑋̄(𝐸 𝐶),∗). (B.6)

Finally, a state described by a collection of phases with index set 𝐽 ,
modified mole fractions 𝐱̄(𝐸 𝐶),𝑗 ∈ 𝑋̄(𝐸 𝐶), molar volume 𝑉 𝑗 and with nonzero
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total number of moles in each phase 𝑗, 𝑛𝑗𝑡 > 0, and such that 𝐱̄(𝐸 𝐶)
𝑜 ∈

conv(𝑋̄(𝐸 𝐶),∗), is stable if and only if (𝑉 𝑗 , 𝐱̄(𝐸 𝐶),𝑗 ) ∈ ∗ × 𝑋̄(𝐸 𝐶),∗, ∀𝑗 ∈ 𝐽 ,
or equivalently all triplets (𝝀̄∗, 𝑉 𝑗 , 𝐱̄(𝐸 𝐶),𝑗 ) are (global) solutions of dual
problem (51).

Appendix C. Initialization of set 

The strategy presented in Pereira et al. (2012) to populate set  at
he start of the HELD algorithm can be adapted to electrolyte systems

and modified mole fractions as follows. Starting from unmodified mole
fraction vectors, vectors 𝐱̂𝑖 and 𝐱̄𝑖, ∀𝑖 ∈ , are chosen so that the 𝑖t h
component of the 𝑖t h vectors satisfy 𝑥̂𝑖𝑖 < 𝑥𝑜,𝑖 and 𝑥̄𝑖𝑖 > 𝑥𝑜,𝑖. Specifically
the following equations are used for each 𝑖 ∈ :

̂ 𝑖𝑖 =
𝑥𝑜,𝑖
2

̂ 𝑖𝑘 = 1
𝐶 − 1

⎛

⎜

⎜

⎜

⎝

1
(

1 − 𝑧𝑘
𝑧𝐸

) − 𝑥̂𝑖𝑖

⎞

⎟

⎟

⎟

⎠

∀𝑘 ∈ (𝐸 𝐶), 𝑘 ≠ 𝑖

̂ 𝑖𝐸 =
∑

𝑘∈(𝐸 𝐶)

−
𝑧𝑘
𝑧𝐸

𝑥̂𝑖𝑘,

̂ 𝑖𝐶 = 1 −
𝐶−1
∑

𝑘=1
𝑥̂𝑖𝑘

(C.1)
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and

𝑥̃𝑖𝑖 =
1

2 (𝐶 − 1)
⎛

⎜

⎜

⎝

1
1 − 𝑧𝑘

𝑧𝐸

+ 𝑥𝑜,𝑖
⎞

⎟

⎟

⎠

𝑥̃𝑖𝑘 = 1
𝐶 − 1

⎛

⎜

⎜

⎜

⎝

1
(

1 − 𝑧𝑘
𝑧𝐸

) − 𝑥̃𝑖𝑖

⎞

⎟

⎟

⎟

⎠

∀𝑘 ∈ (𝐸 𝐶), 𝑘 ≠ 𝑖

𝑥̃𝑖𝐸 =
∑

𝑘∈(𝐸 𝐶)

−
𝑧𝑘
𝑧𝐸

𝑥̃𝑖𝑘,

𝑥̃𝑖𝐶 = 1 −
𝐶−1
∑

𝑘=1
𝑥̃𝑖𝑘

(C.2)

These can be transformed to a set of initial modified mole fractions,
̂̄𝐱(𝐸 𝐶),𝑖 and ̄̄𝐱(𝐸 𝐶),𝑖, by applying Eq. (30).

The value of 𝑉 𝑖 (respectively 𝑉 𝑖) corresponding to ̂̄𝐱(𝐸 𝐶),𝑖 (resp.
̄̄𝐱(𝐸 𝐶),𝑖) is determined by solving the pressure equation so that
(𝑇 , 𝑉 𝑖, ̂̄𝐱(𝐸 𝐶),𝑖) = 𝑃𝑜 (cf. 𝑃 (𝑇 , 𝑉 𝑖, ̄̄𝐱(𝐸 𝐶),𝑖) = 𝑃𝑜). The pairs (𝑉 𝑖, ̂̄𝐱(𝐸 𝐶),𝑖)

and (𝑉 𝑖, ̄̄𝐱(𝐸 𝐶),𝑖) are stored in the set .

Appendix D. SAFT-𝜸 Mie parameters used in the calculations

All the parameters needed to reproduce the results presented in
the current work are given in Tables D.9 and D.10. Details of the
Table D.9
Unlike group dispersion energies 𝜀𝑘𝑙 and repulsive exponent 𝜆𝑟𝑘𝑙 between groups 𝑘 and 𝑙. CR indicates that 𝜆𝑟𝑘𝑙 is obtained from combining rules (Haslam et al., 2020). The †
ndicates that the parameter has been developed in the current work.

𝑘 𝑙 Group 𝑘 Group 𝑙
(

𝜀𝑘𝑙
𝑘𝐵

)

/𝐾 𝜆𝑟𝑘𝑙 Ref. 𝑘 𝑙 Group 𝑘 Group 𝑙
(

𝜀𝑘𝑙
𝑘𝐵

)

/𝐾 𝜆𝑟𝑘𝑙 Ref.

1 2 Cl− Li+ 8.2904 CR Eriksen et al. (2016) 7 8 CH2 CH3 350.77 CR Papaioannou et al. (2014)
1 3 Cl− Na+ 27.938 CR Eriksen et al. (2016) 7 9 CH2 CH2OH 423.17 CR Hutacharoen et al. (2017)
1 4 Cl− Ca2+ 76.931 CR Eriksen et al. (2016) 7 10 CH2 COOH 413.74 CR Dufal et al. (2014)
1 5 Cl− K+ 61.010 CR Eriksen et al. (2016) 7 11 CH2 CH3COCH3 299.48 11.594 Dufal et al. (2014)
1 6 Cl− CH3OH 136.53 CR † 7 12 CH2 H2O 423.63 100.00 Dufal et al. (2014)
1 9 Cl− CH2OH 201.41 CR † 8 9 CH3 CH2OH 333.20 CR Hutacharoen et al. (2017)
1 10 Cl− COOH 314.23 CR † 8 10 CH3 COOH 255.99 CR Dufal et al. (2014)
1 11 Cl− CH3COCH3 200.41 CR † 8 11 CH3 CH3COCH3 233.48 14.449 Dufal et al. (2014)
1 12 Cl− H2O 95.406 CR Eriksen et al. (2016) 8 12 CH3 H2O 358.18 100.00 Dufal et al. (2014)
2 6 Li+ CH3OH 849.05 CR † 9 10 CH2OH COOH 488.18 CR Haslam et al. (2020)
2 9 Li+ CH2OH 1952.6 CR † 9 11 CH2OH CH3COCH3 338.47 CR Haslam et al. (2020)
2 12 Li+ H2O 1023.1 CR Eriksen et al. (2016) 9 12 CH2OH H2O 353.37 CR Hutacharoen et al. (2017)
3 9 Na+ CH2OH 418.96 CR † 10 11 COOH CH3COCH3 393.71 CR Dufal et al. (2014)
3 10 Na+ COOH 380.02 CR † 10 12 COOH H2O 289.76 CR Dufal et al. (2014)
3 12 Na+ H2O 539.68 CR Eriksen et al. (2016) 11 12 CH3COCH3 H2O 287.26 CR Dufal et al. (2014)
4 9 Ca2+ CH2OH 1102.0 CR †
4 10 Ca2+ COOH 733.21 CR †
4 11 Ca2+ CH3COCH3 1007.8 CR †
4 12 Ca2+ H2O 1460.8 CR Eriksen et al. (2016)
5 12 K+ H2O 376.25 CR Eriksen et al. (2016)
6 7 CH3OH CH2 341.41 17.050 Dufal et al. (2014)
6 8 CH3OH CH3 275.76 15.537 Dufal et al. (2014)
6 12 CH3OH H2O 278.45 CR Dufal et al. (2014)
Table D.10
Unlike group association energy 𝜀HB𝑘𝑙 ,𝑎𝑏 and bonding volume 𝐾𝑘𝑙 ,𝑎𝑏 parameters describing the interaction between site type 𝑎 on group
𝑘 and site type 𝑏 on group 𝑙.

𝑘 𝑙 Group 𝑘 Site 𝑎 of group 𝑘 Group 𝑙 Site 𝑏 of group 𝑙 𝜀HB𝑘𝑙 ,𝑎𝑏 /K 𝐾𝑘𝑙 ,𝑎𝑏/Å
3

6 12 CH3OH e H2O H 1993.5 104.11
6 12 CH3OH H H2O e 1993.5 104.11
9 10 CH2OH e COOH H 3238.4 36.05
9 10 CH2OH H COOH e1 1062.1 210.67
9 10 CH2OH H COOH e2 997.89 227.07
9 11 CH2OH e CH3COCH3 H 686.93 585.99
9 11 CH2OH H CH3COCH3 e 1844.8 991.95
9 12 CH2OH e H2O H 2153.2 147.40
9 12 CH2OH H H2O e 621.68 425.00
10 12 COOH e1 H2O H 1451.8 280.89
10 12 COOH e2 H2O H 1252.6 150.98
10 12 COOH H H2O e 2567.7 270.09
11 12 CH3COCH3 e1 H2O H 1588.7 772.77
11 12 CH3COCH3 e2 H2O H 417.24 1304.3
11 13 CH3COCH3 H H2O e 1386.8 188.83
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notation for the parameters and the expressions related to the EoS can
be found in Papaioannou et al. (2014), Eriksen et al. (2016), Haslam
et al. (2020).

Data availability

All the values used in the calculations presented from Fig. 1 to
Fig. 6 of this article are available on Zenodo at https://doi.org/10.
5281/zenodo.13646853 and may be used under the Creative Commons
Attribution license. The corresponding author can be contacted for
access to the HELD2.0 algorithm implementation.
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