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Abstract
Motivated by the increasing need to hedge against load and generation uncertainty in
the operation of power grids, we propose flexibility maximization during operation.
We consider flexibility explicitly as the amount of uncertainty that can be handled
while still ensuring nominal grid operation in the worst case. We apply the proposed
flexibility optimization in the context of a DC flow approximation. By using a cor-
responding parameterization, we can find the maximal range of uncertainty and a
range for the manageable power transfer between two parts of a network subject to
uncertainty. We formulate the corresponding optimization problem as an (existence-
constrained) semi-infinite optimization problem and specialize an existing algorithm
for its solution.

Keywords Flexibility analysis · Hierarchical programming · Operation under
uncertainty · Optimal power flow

1 Introduction

Uncertainty is a primal concern in the operation of power grids since exact values for
supply and demand are rarely known in advance. To ensure robust grid operation, it is
therefore important to quantify and improve the flexibility of a grid, i.e., the amount of
uncertainty allowed in the grid while maintaining safe operation. Although assessing
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1726 A. Zingler

and optimizing the flexibility of power systems is actively explored in the literature
for different notions of flexibility (Nosair and Bouffard 2015; Ma et al. 2013), we
want to investigate flexibility in the specific sense of an explicit measure of the range
of manageable uncertain values. Manageable uncertainties are uncertainties for which
operational constraints on the grid can be ensured by taking appropriate control actions.
For example, a grid operator might be interested in changing generator set-points to
maximize the range of power injections that can be handled by the load distribution
of the grid without violating the power limit on critical lines. This perspective on
flexibility seems to be underutilized in the power system literature. In contrast, this
flexibility concept was already introduced in the 80s within process systems engi-
neering (Grossmann et al. 1983). However, as pointed out by (Wei-qing et al. 2012),
the number of uncertain variables was typically small in these studies, whereas power
systems applications require many variables.

We introduce a method for maximizing flexibility of power systems under uncer-
tainty in a worst-case framework. We focus on situations where an explicit description
of the region of manageable uncertainty is not known apriori. We allow for a two-
stage approach with mixed integer control decisions. For a given parametrization of
the uncertainty region, i.e., the set of all possible uncertainties, we aim to find preven-
tive actions such that all uncertainties inside that parametrized region are manageable
and the region is as large as possible. In our case studies, we use two parametrizations
that allow for an intuitive interpretation of the result. In the first, we create an inner
approximation of the region of manageable uncertainty by searching for the largest
scaled hyperbox of uncertainties that can bemanaged. This allows us to find the largest
amount of relative uncertainty of the node injections that can be handled. In the other,
we parametrize the uncertainty region based on the amount of additional power flow
from one region to another caused by the uncertainty compared to a forecasted base
case. Here, the aim is to find amaximal additional power transfer capacity where every
additional power flow up to the capacity is manageable.

2 Motivating example

Before discussing the general problem formulation and concrete model equations, we
give a simple example of a question that can be answered using our approach. Consider
the power grid instance in Fig. 1.

The lines Li , i = 1, 2, 3, 4, have equal admittance h and limit Plim for maximal
power flow across the line.

The loads Ic1 and Ic2 at the two consumers C1 and C2 have predicted values
I predc1 and I predc2 , but are uncertain. The loads may vary between the bounds Ic1 ∈
[I predc1 − δ, I predc1 + δ] and Ic2 ∈ [I predc2 −2δ, I predc2 + δ]. Note that the second interval
is not symmetric about the predicted value I predc2 as the lower bound changes twice as
fast compared to the upper-bound.

We want to set the set-points I 0g1 and I 0g2 of the two generators G1 and G2 in such
a way that the predicted loads are balanced and the limits on the lines are not violated
for all considered uncertain load values. To balance the difference between predicted

123



Optimizing flexibility in power systems 1727

Fig. 1 Motivating power grid
instance with two generators and
two uncertain loads

and encountered loads, we prescribe a load distribution strategy that increases the
injections at both generators by the same amount, i.e., Igi = I 0gi +ΔIgi , i = 1, 2 and
ΔIg1 = ΔIg2. Additionally, we can choose to open line L2 as a control action.

As an index of flexibility, we are interested in the largest value of δ that still admits
a feasible solution that is robust in the worst-case under the DC flow approximation.

In the following, we describe an approach to optimize this index, i.e., to calculate
the optimal I 0gi leading to the largest corresponding δ, in this example and in more
general cases.

3 Literature review

The importance of flexibility in power systems is well recognized in the literature
(Babatunde et al. 2020; International Energy Agency 2011; Akrami et al. 2019). The
problem of flexibility has multiple facets (Akrami et al. 2019), and the way flexibility
ismeasured can range from “megawatts (MW) available for ramping up and down over
time” (International Energy Agency 2011) over the fraction of the operating region
that stays feasible when taking network limitations into account (Gómez and Borda
2019) to the “sum of probabilities of the scenarios satisfied by the chosen solution
strategy” (Menemenlis et al. 2011). For the purpose of this work, we define flexibility
as an explicit index that describes which values of the uncertain parameters can be
handled.

We are not the first to point out the potential of this idea for power systems. In (Wei-
qing et al. 2012), the authors already introduce this idea of flexibility analysis from
process systems to power systems. However, instead of treating uncertainty explic-
itly, they increase robustness with an approach that amounts to finding the maximal
restriction to selected inequality constraints.

Other authors have considered the uncertainty explicitly, but evaluated the flexi-
bility of a system without trying to optimize parameters in order to maximize it: In
(Gómez and Borda 2019), the authors approximate the size of the region of manage-
able uncertainty but focus on cases with access to an explicit half-space representation.
The authors of (Bucher et al. 2015) investigate a similar approach. They project an
explicit half-space representation of the region of feasible controls for given distur-

123



1728 A. Zingler

bances into the space spanned by manageable disturbances. In (Zhao et al. 2015), the
authors pursue a goal similar to ours: they determine the maximal size of a hyperbox
containing manageable uncertainties while considering control actions. In contrast to
their approach, we consider a general parameterization of the shape of uncertainty
region and consider not only the determination but also optimization of this flexibility
metric.

We aim for rigorous upper and lower bounds of our flexibility metric. As a result,
our approach requires a global solution of the resulting subproblems, which becomes
computationally expensive for nonlinear models. Furthermore, convergence can only
be guaranteed when the grid state is uniquely defined for fixed values of preventive
actions and uncertainties.We restrict ourselves to the DC flow approximation for these
reasons, similarly to the references above.

The heuristic evaluation of a flexibility metric similar to ours for fixed preventive
actions is investigated by Capitanescu (2021) in the context of nonconvex AC power
flow.A heuristic procedure is applied that does not give any guarantees on convergence
or on optimality of the result.

In (Lee et al., 2021), the authors consider the nonconvex AC power equations and
construct an inner convex approximation of the feasible region around an initial point
under uncertainty. For uncertainty, they consider uncertain power injections y that are
known to occur in an ellipse around a nominal point y0 with a given radius γ . As one
application, they consider finding locally the maximum robustness margin, which is
the size of the uncertainty set against which the solution is robust, i.e., the maximum
radius γ . This is the only publication known to us that also considers taking actions
to optimize the flexibility of the network in a way that allows for an interpretation of
the result in terms of manageable uncertainty values.

4 Problem formulation and solution

In our general problem formulation, we maximize a scalar index for flexibility δ

by adjusting preventive actions for grid operation x ∈ X . The flexibility index δ

determines the size of the parametric uncertainty region T (δ, x). We must guarantee
the existence of controls z ∈ Z(x, y) that allow safe grid operation, captured by a
continuous inequality constraint gs , for all uncertainty values y ∈ Ȳ in the parametric
uncertainty region T (δ, x), as well as for a predicted state with fixed y0 and z0. We
assume that the grid states are uniquely given by a continuous function s(x, y, z) and
that the set of controls Z(x, y) is not empty on X × Ȳ .

The resulting problem

inf
δ∈R+,x∈X

− δ

s.t. gs(x, y0, z0, s(x, y0, z0)) ≤ 0,

∀ y ∈ T (δ, x)
[∃z ∈ Z(x, y) : gs(x, y, z, s(x, y, z)) ≤ 0

]
(1)
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Optimizing flexibility in power systems 1729

is a generalized existence-constrained semi-infinite optimization problem. In our case,
the model is based on the DC flow approximation (which will lead to MILP subprob-
lems) and introduced next together with our choices for the preventive actions x, the
uncertainties y and the controls z. In this context, the function s is not known explic-
itly but is rather given implicitly by the model constraints. To solve this challenging
problem, we specialize the discretization algorithm from (Djelassi and Mitsos 2021),
which allows for the inclusion of the implicit function s (Djelassi et al. 2019).

5 Model equations

This work builds upon the model described in (Djelassi et al. 2018; Djelassi 2020).
An overview of the model is given below. For a complete description, we refer to the
aforementioned references.

5.1 Notation

The power grid topology is represented by a directed graph with nodes n ∈ N and
edges e ∈ E . Each edge e has an originating node ñ(e) and a terminating node m̃(e).
Each node n has a set of incoming edges E+(n) and outgoing edges E−(n). Some of
the nodes are connected to generators g ∈ G. We denote this set of generator nodes
NG ⊆ N and the mapping of generators to corresponding nodes as nG(g). Some of
the edges are associated with a phase-shifting transformer (PST). The corresponding
set of shifter edges is denoted by ES ⊆ E .

5.2 Summary of themodel

In the general formulation (1), we differentiate between preventive actions x and
control actions z. They differ in the following way: The preventive actions x have to
be selected in a first stage without prior knowledge of the uncertainty values y. In our
model, the preventive actions are the set points for power generated by the generators
xT = [I x1 , ..., I x|G|]T .

The value of the flexibility index δ also has to be selected in the first stage. It
determines how much we restrict the uncertainty values that can occur in the second
stage. Higher values of δ increase the size of the parametric uncertainty region T (δ, x)

but also improve the value of the objective function.
In the second stage, worst-case uncertainty values y are determined within the

parametric uncertainty region T (δ, x). They consist of the uncertain derivations for
the nodal power injections ΔI yn from their predicted values I 0n at nodes n ∈ N , i.e.,
yT = [ΔI y1 , ..., ΔI y|N |]T .

The control variables z are chosen in the last stage with full knowledge of the
uncertainty values. They include the setting of phase shifter me on the edges e ∈ E
and binary decision variables pb that decide if designated pairs of busses b ∈ B are
merged. In other words, zT = [Δθ1, ..., Δθ|E |, p1, ..., p|B|]T .
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1730 A. Zingler

Fig. 2 Illustration of the
behavior of phase shifters

We also consider a fixed load distribution scheme among the generators. The power
generation at the generators can be changed by control offsetsΔI zg at generators g ∈ G.
Those offsets are conceptually control decisions. However, as detailed later, because
they are uniquely determined as a function of the uncertainty offsets for the nodal power
injections ΔI yn and the generator set points I xg , we should calculate them alongside
the uncertainty values (Djelassi et al. 2019).

The vector of implicit state variables s contains the voltage angles at nodes n ∈ N ,
denoted as θn , and the s = [θ1, ..., θ|N |]. The implicit state variables are given uniquely
by the implicit function s(x, y, z), i.e., they are determined by the other variables and
the grid equations.

5.3 Components

5.3.1 Edges

To calculate the power flow Pe over an edge e ∈ E , the DC power flow approximation

Pe = he(θñ(e) − θm̃(e) + Δθe) (2)

is used with the positive admittance he, the voltage angle of the originating node θñ(e)
and the voltage angle of the terminating node θm̃(e). The phase shift Δθe is zero for all
edges e ∈ E\ES without a PST. For the edges with a PST, the phase-shift of a PST only
deviates from zero if the magnitude of power flow |Pe| reaches or exceeds a specified
activation threshold P̄ . Thephase-shiftwill vary in its bounds, i.e., [Δθ−

e ,Δθ+
e ] to keep

the power flow from exceeding the limit until this is prevented by said bounds. This
piecewise linear model was introduced in (Djelassi et al. 2018) to reduce unrealistic
continuous control in the PST and is illustrated in Fig. 2.

An additional control mechanism is given by bus merging. For a predefined set
of pairs of nodes B ⊆ N × N , we allow a single pair to be merged. For each pair
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Optimizing flexibility in power systems 1731

b ∈ B, the binary variable pb encodes if the pair of nodes is merged. We can model
bus merging with a line that has infinite admittance if closed but can also be open.
Thus, for these lines, we can model their behavior with the following disjunction:

pb = 0 �⇒ 0 = Pb
pb = 1 �⇒ 0 = θñ(b) − θm̃(b)

5.3.2 Nodes

The injection In at a any node n ∈ N must equal the outgoing power-flows over the
connected edges

In =
∑

e∈E :n=ñ(e)

Pe −
∑

e∈E :n=m̃(e)

Pe. (3)

The injection In at non-generator nodes n ∈ N \NG is uncertain and given by

In = I 0n + ΔI yn (4)

with an initial injection of I 0n and an uncertainty offset ΔI yn within given bounds
(ΔI yn ∈ [ΔI y−n ,ΔI y+n ]).

The injection In at nodes n = nG(g) with generators g ∈ G is given by

InG (g) = I 0nG (g) + I xg + ΔI zg + ΔI ynG (g) (5)

where I xg is injection by the generator g at its set point and ΔI zg is the control offset
due to load distribution.

The control offset of generators follows a piecewise linear profile. The sum of all
injections due to control offsetsmust cancel the additional injections due to uncertainty.
In total, the total injection demand

ΔI t = −
∑

n∈N
ΔI yn =

∑

g∈G
ΔI zg (6)

must be injected by load distribution.
Ideally, this total injection would be divided among the generators g ∈ G according

to a contribution factor cg ≥ 0 with
∑

g∈G cg = 1. However, the demanded control

offset ΔI z,demg = cgΔI t at each generator g ∈ G can be prohibited because the total
generator output is limited by the generator bounds I x−g and I x+g , i.e.,

I x−g ≤ I xg + ΔI zg ≤ I x+g . (7)

In this situation,we introduce an artificially increased total injectiondemandΔI t,inc

such that the control offsets resulting from this increased total injection demand and
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Fig. 3 Illustration of the
behavior of generator g

the limits on generator output fulfill

ΔI t =
∑

g∈G
mid(I x−g , I xg + cgΔI t,inc, I x+g ) − I xg︸ ︷︷ ︸

ΔI zg

. (8)

Here, the mid function returns the median of its elements.
As a result, generators will increase their injections at a faster rate once some of

the other generators have reached their injection limits. The resulting behavior of the
generator injection is visualized in Fig. 3.

It is difficult to provide an explicit description of the control offsetΔI zg at generator
g as a function of the uncertainty offsets ΔI yn for nodes n ∈ N and the generator set
points I xḡ for generators ḡ ∈ G. However, as long as the load distribution control is
feasible, i.e., we assume

∑

g∈G
−I x+g ≤

∑

n∈N
I 0n + ΔI yn ≤

∑

g∈G
−I x−g , (9)

this model for the load distribution implicitly sets the control offsets to unique val-
ues. This is an important characteristic of the model because it means that the control
actions z do not include any degree of freedom regarding the injections of the net-
work.

6 Algorithm

Our algorithm is based on an algorithm (Djelassi and Mitsos 2021) that is suitable
for the global solution of so-called existence-constrained semi-infinite optimiza-
tion problems (ESIPs) with continuous nonlinear functions. We show that (1)
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Optimizing flexibility in power systems 1733

can be formulated as an ESIP and specialize the algorithm based on some of
the properties of (1). In the following discussion, we will use g(x, y, z) :=
max

{
gs(x, y, z, s(x, y, z)), gs(x, y0, z0, s(x, y0, z0))

}
to shorten the notation.

6.1 Reformulation to an existence constrained semi-infinite optimization
problem

Problem (1) is a slight generalization of an existence-constrained semi-infinite opti-
mization problem (ESIP), which have the form

inf
x̌∈X

f̌ (x̌)s.t. ∀ y̌ ∈ Ť
[
∃ ž ∈ Ž(x̌, y̌) : ǧ(x̌, y̌, ž) ≤ 0

]
(10)

and for which a global solution procedurewas presented in (Djelassi andMitsos 2021).
The problem (1) is a generalization in the sense that the uncertainty domain T (x, δ)

is parametric in the preventive actions, while Ť in (10) is constant. However, the
following proposition shows that we can use a commonly used relaxation to remove
the dependency of the uncertainty domain on preventive actions. Furthermore, this
relaxation is exact in our application in the sense that the infimum of (12d) is the same
as the minimum of the relaxation.

Proposition 1 Assume that the uncertainty domain is defined by a continuous function
h in the form T (x, δ) := { y ∈ Ȳ|h(x, y) ≤ δ} with a given host set for the uncertain
values Ȳ . We can exactly reformulate problem (1) to a problem with fixed uncertainty
set by replacing the constraint

∀ y ∈ T (δ, x)[∃z ∈ Z(x, y) : g(x, y, z) ≤ 0] (11)

with
∀ y ∈ Ȳ[∃z ∈ Z(x, y) : min {α (δ − h(x, y)) , g(x, y, z)}]

for any arbitrarily chosen but fixed scaling constant α ∈ R
+.

Proof We reformulate the constraint for the preventive actions x and the flexibility
index δ in problem (1), i.e., (11) in the following way:

∀ y ∈ T (x, δ) [∃z ∈ Z(x, y) : g(x, y, z) ≤ 0] (12a)

⇔∀ y ∈ T (x, δ) [ min
z∈Z(x, y)

g(x, y, z) ≤ 0] (12b)

⇔∀ y ∈ Ȳ [δ < h(x, y) ∨ min
z∈Z(x, y)

g(x, y, z) ≤ 0]. (12c)

We relax the strict inequality and obtain

∀ y ∈ Ȳ [δ ≤ h(x, y) ∨ min
z∈Z(x, y)

g(x, y, z) ≤ 0]. (12d)
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1734 A. Zingler

which in turn is equivalent to

∀ y ∈ Ȳ [ min
z∈Z(x, y)

min {α (δ − h(x, y)) , g(x, y, z)} ≤ 0] (12e)

⇔ 0 ≥ sup
y∈Ȳ

min
z∈Z(x, y)

min {α (δ − h(x, y)) , g(x, y, z)} (12f)

⇔ ∀ y ∈ Ȳ[∃z ∈ Z(x, y) : αmin{δ − h(x, y), g(x, y, z)} ≤ 0] (12g)

for any arbitrary scaling constant α ∈ R
+.

It remains to show that the relaxation from (12c) to (12d) is exact in this specific
case, in the sense that the infimum of (1) is the same as the minimum of the relaxation.
To see this, consider any solution (δ, x) fulfilling the relaxation (12d). For any ε > 0
the disturbed solution (δ−ε, x) fulfills the original constraint (12c) and is thus feasible
in the original problem. If the point (δ, x) was a global minimizer in the relaxation,
the corresponding objective value is δ. The objective value of the disturbed solution
is δ − ε. As ε goes to zero, the relaxation only introduces an arbitrarily small error in
the objective function value obtained.

Note that the set of uncertainties is now Ȳ and does no longer vary with the pre-
ventive actions x. Consequently, we can use existing algorithms for ESIPs.

6.2 Algorithmic steps

We employ an adaptive discretization approach. The fundamental idea is to iteratively
add worst-case scenarios for the values of the uncertain variables and dates back to
(Blankenship and Falk 1976).

In (Djelassi and Mitsos 2021), we detailed how to extend our previous algorithm
from (Djelassi and Mitsos 2017) for standard semi-infinite optimization problems to
ESIPs. The extended algorithm used there is a modification of our restriction of the
right-hand side algorithm for semi-infinite optimization problems (Mitsos 2011).

Instead of the modified algorithm, we use the restriction of the right-hand side
algorithm as the basis here because it is easier to parallelize. We believe it is necessary
to use parallelization and focus on wall run time because, in application, we might
start the calculation based on current information, and we expect that the uncertainty
compared to the nominal state increases as time passes.

The algorithm uses two subproblems, the upper-level and the lower-level problem.
In the upper-level problem, we solve

min
δ∈R+,x∈X ,z1,...,z|D|

− δ

s.t. ∀d ∈ D : min
{
α

(
δ − h(x, yd)

)
, g(x, yd , zd)

}
≤ −εR

∀d ∈ D : zd ∈ Z(x, yd)

(13)
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for a given discretization Ydisc = { yd , d ∈ D} with index set D and restriction
εR > 0. We run two procedures in parallel. In the lower-bounding procedure, we set
the restriction εR to zero, which means that every objective value of (13) is an update
to the lower bound −δLB for (1). We also run an upper-bounding procedure that uses
positive values of εR , starting from ε0R , in order to find a feasible solution (and thus
an update to the upper bound −δUB). Using the scheme to iteratively reduce εR (by a
constant factor 1

rR
) introduced in (Mitsos 2011), a feasible and ε-optimal solution can

be found in finitely many steps.
In both procedures, we also solve a worst-case generation problem, which is rep-

resented by the right-hand-side of (12f). In the worst-case generation problem, we
solve for the worst-case uncertainty values for given values of δ and x. If the worst-
case generation problem has a positive maximal objective value, it provides the next
addition to the discretization Ydisc. Otherwise, it confirms the feasibility of the pair
(x, δ).

The worst-case generation problem (12f) is a maxmin problem and is solved via a
discretization approach for minmax problems (Falk and Hoffman 1977). This solution
approach for the worst-case generation problem is similar to the procedure outlined
above. However, we do not require an analog to the upper-bounding procedure since
the objective value of the inner minimization problem already provides the required
bound (Falk and Hoffman 1977).

6.3 Specialization

We specialize the algorithmwith three changes. The first two aim to exploit the special
case where T (x, δ) = [ y0−Δ−δ, y0+Δ+δ] ⊆ Ȳ , which is a scaled hyperbox around
a nominal point y0 with fixed scaling factor vectors Δ+ and Δ−. The other provides
an additional way of finding an upper bound.

6.3.1 Dropping redundant discretization points

When the parametric uncertainty region does not depend on the preventive actions x,
i.e., T (x, δ) = T̃ (δ) := { y ∈ Ȳ |h̃( y) ≥ δ}, we can reduce the size of the optimization
problem (13), by removing points yd with h̃( yd) ≥ δLB for the following iterations.
Indeed, with the information δ ≤ δLB , these discretization points are redundant. Note
that each discretization point increases the problem size not only due to the additional
constraints but also due to the additional decision variables zd added to the problem.

6.3.2 Transformation-based reformulation

As mentioned above, discretization points become redundant when the lower bound
satisfies h̃( yd) ≥ δLB . Similar behavior occurs during the solution of (13). Because
we maximize δ, its value will only fall below h( yd) if there are no preventive actions
x and controls zd with g(x, yd , zd) ≤ 0. However, if δ falls below h( yd), the dis-
cretization point has no further influence. In the specific case of a scaled hyperbox,
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1736 A. Zingler

Fig. 4 Illustration of the behavior of the algorithm with and without transformation in a fictitious example.
Y∗(x) denotes the set of all uncertainty values y that can be handled with the preventive actions x. None
of the preventive actions xA, xB , xC can handle the discretization point y1

i.e., T̃ (δ) = [ y0 − Δ−δ, y0 + Δ+δ] ⊆ Ȳ , this would mean that a discretization point
yd will be ignored if the hyperbox is reduced enough to exclude it. This is shown in
Fig. 4a. However, we can still utilize the discretization point by using a transformation.
Specifically, we choose to transform it so that it traces a path from the border of the
hyperbox instead of being ignored by using

min
δ∈R+,x∈X ,z1,...,z|D|

− δ

s.t. ∀d ∈ D : g(x, y0 + ( yd − y0)
min{h(yd), δ}

h(yd)
, zd) ≤ −εR

∀d ∈ D : zd ∈ Z(x, yd)

(14)

instead of (13). This is visualized in Fig. 4b. When using this transformation, we can
choose to drop the discretization points asmentioned above, but it can also be beneficial
to keep them. Similar transformations are known in the context of generalized semi-
infinite programming (Still 1999). A similar idea has also been discussed in (Zhao
et al. 2022) in the context of flexibility index evaluation without discretization-based
methods. The expected benefit of using this reformulation is reducing the total number
of necessary iterations by reducing δ further in a single iteration.

6.3.3 Upper-bounding heuristic

In the procedure described, an upper bound is foundwhen the upper or lower-bounding
procedure produces a pair (x, δ) that is feasible, i.e., fulfills (12f). Note that (13) can
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return a pair of preventive actions x and flexibility index δ, which is infeasible but
would be feasible for a reduced δ. Also note that we can rewrite the feasible region of
(12f) for fixed preventive actions x as a constraint on the flexibility index

δ ≤ inf
y∈Ȳ

h(x, y)

s.t. min
z∈Z(x, y)

g(x, y, z) > 0.
(15)

Solving the problem on the right-hand side of the inequality of (15), we can find
−δwc(x), a tight upper-bound on our objective value in (1), −δ, for fixed preventive
actions x. A similar problem for finding the flexibility index for fixed preventive
actions x in a more restricted setting appears in (Grossmann and Floudas 1987). In
our setting, finding the flexibility index for fixed preventive actions x, i.e., solving
(15), is only used as a subproblem but has useful applications on its own. Variants
of this problem are discussed in the power flow literature; see, for example, (Zhao
et al. 2015; Capitanescu 2021). When the strict inequality is relaxed, this problem is
a semi-infinite optimization problem. In our test cases, we again use the restriction of
the right-hand side algorithm from (Mitsos and Tsoukalas 2015) to solve this relaxed
problem. Since we relax problem (15), we do not necessarily obtain the tight upper-
bound −δwc(x), but a pessimistic value −δrelaxwc (x) ≥ −δwc(x). This procedure is
started in parallel when new preventive actions x are encountered in either the lower
or upper-bounding procedure.

7 Parametric uncertainty region formulations

A key aspect in choosing the parametrization of the uncertainty region T (x, δ) is
the interpretability of the resulting value of δ. To illustrate the potential uses of the
formulation (1), we investigate two parametrizations for the uncertainty region in the
context of flexibility of power grids. They differ mainly in the choice of the parametric
uncertainty region T (x, δ). In both cases, the value of δ has a specific interpretable
meaning.

7.1 Inner approximation of region of manageable uncertain injections with a
scaled hyperbox

In this case, we are given the forecasted uncertain injections y0 and scaling vectorsΔ−
and Δ+ for the expected positive and negative deviation from that forecast, respec-
tively. We are also given an initial known upper bound for the flexibility δUB that
defines the host set for the uncertainties Ȳ . We search for the largest flexibility index
δ and decision variables x (representing generator set-points), such that all uncertain
injections T̃ (δ) = [ y0 − Δ−δ, y0 + Δ+δ] can be handled while ensuring that the
power flow Pe over on the critical edges e ∈ Ec does not exceed a specified limit Plim

e ,
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i.e., g represents the constraints

|Pe| ≤ Plim
e , ∀e ∈ Ec (16)

which we can summarize as the scalar constraint

max
e∈Ec

|Pe|
Plim
e

− 1 ≤ 0. (17)

The resulting hyperbox will constitute an inner approximation of the region of
all manageable uncertain injections. Its size is maximized by the returned preventive
actions x. A possible application of this parametrization is to search for the maximal
uncertainty of node injections relative to the initial or forecasted injections.

7.2 Maximal available net power transfer capacity

We also investigate the problem of finding maximal additional power transfer capacity
δ from a region A to a region B of the network. We assume that we are given a range
for potential uncertain injections, i.e., Ȳ = [ y−, y+] and forecasted values y0. For
the found power transfer capacity δ, we must guarantee nominal grid operations,
i.e., (17), for any realization of the uncertainty that leads to an additional net power
transfer within [0, δ] from region A to a region B. Note that this differs from finding
the maximal additional power transfer δmax that can be safely achieved under the
specified uncertainty, as this would not guarantee that all power transfers δ† with
0 ≤ δ† < δmax can be archived safely.

We formulate this as follows: We denote withNA andNB the sets of nodes inside
the regions A and B regions and with GA and GB the generators within these regions,
respectively. The additional net power transfer is the minimum of the additional injec-
tions in the A region and the decrease of injections in the B region. As a result, the
function h describing the uncertainty region takes the form

h(x, y) = min

⎧
⎨

⎩

∑

n∈NA

In − I 0n −
∑

g∈GA

I xg ,
∑

n∈NB

−In + I 0n +
∑

g∈GB

I xg

⎫
⎬

⎭
. (18)

Since we only need to handle uncertainty values y resulting in positive flows from A
to B, the constraint g takes the form

min{αh(x, y),max
e∈Ec

|Pe|
Plim
e

− 1} ≤ 0 . (19)

Note that, asmentioned earlier, the control offsets for generators g ∈ G are uniquely
determined by the generator set points I xg at all generators g ∈ G (included in the
preventive actions x) and the additional injections ΔI yn at all nodes n ∈ N (included
in the uncertain values y). As a result, the injections In for n ∈ N are not a function
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Fig. 5 Visualization of the result from themotivating example for the final preventive actions. The optimized
region of manageable uncertainties is valid and optimal for the chosen parameterization

of the control variables z. Therefore, the net flow between the regions as defined by
(18) is also independent of the control variables z.

8 Numerical experiments

We now report results from numerical experiments for both parametric uncertainty
region formulations on a small-scale instance based on the modified 30-bus IEEE
system from (Djelassi et al. 2018) and a medium-scale grid instance generated at RTE.

All computations are run on a systemwith a Skylake Platinum 8160 processor using
24 cores and 48GB of memory. To solve the resulting mixed-integer optimization
problems, we use Gurobi 10.0.2. Each instance of the MILP solver is allowed to use
up to 6 threads. For the medium-sized instance, numerical problems were caused on
some runs by integrality violations. Instead of reducing the integrality tolerance from
its default value, we used the IntegralityFocus setting in Gurobi. We use a relative
optimality tolerance of 0.05 for the overall algorithm and 0.025 for the auxiliary
problem (15). The initial restriction ε0R is set to 0.05 for the overall algorithm and
0.005 for the auxiliary problem. In both cases, we use rR = 2 to determine the
reduction rate of the restriction εR .

For the parametrization from Sect. 7.1, we use the largest number that guarantees
(9) as the initial upper bound δUB .
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Table 1 Properties of the small grid instance

Nodes Generators Edges Shifters Critical edges Bus merges

37 6 41 3 41 7

8.1 Motivating example

We solve the motivating example from Sect. 2 with the parameters h = 1S, Plim =
5M W I predc1 = 3M W, I predc2 = −4M W and Ig1 ∈ [−7.5M W, 3M W], Ig2 ∈
[−3M W, 7.5M W]. Here, we are interested in the uncertainty parameterization as a
scaled hyperbox from Sect. 7.1. Note that the scaling vectors given in the description
of the example are Δ+ = [1, 1]T and Δ− = [1, 2]T . This problem is solved in
approximately 1 s and yields δ ∈ [−1.857,−1.857]. In this instance, the reported
upper and lower bound coincide because a feasible solution is found in the lower-
bounding problem.

The low dimensionality of the problem allows us to visualize the results. for the
final values for the generator set-points I 0g1 and I 0g2. The outcome is shown in Fig. 5
together with the optimized hyperbox of manageable uncertainties. We see that in
this example and for the final values of the preventive actions (i.e., the generator set-
points), the actual region of manageable uncertainties is a convex set, but we want to
emphasize this does not hold in general.

The simple scaled hyperbox parameterization allows for an easily interpretable
result and allows for faster computation compared to other parameterizations, such
as a box where all dimensions are scaled individually. However, the visualization
also shows that the result is conservative, i.e., the set of manageable uncertainties is
significantly larger than the set of uncertainties guaranteed to bemanageable according
to the result of the computation.

In cases where a better approximation of the region of manageable uncertainties is
desired, a possible improvement could be to optimize with a simple parametrization
such as the scaled hyperbox and then evaluate for fixed preventive action for another,
less conservative parameterization.

8.2 Small-scale instance

As a small-scale instance, we use the grid instance derived in (Djelassi et al. 2018)
based on the 30-bus IEEE system. Figure 6 shows the topology of the grid. The main
modifications compared to the 30-bus IEEE system are the introduction of three PSTs
and the splitting of 7 nodes that are then subject to the bus merging. In (Djelassi
et al. 2018), it was shown that if injections at non-generator nodes are considered
to be uncertain within a range of ±30% of the nominal injections, all uncertainty
realizations are manageable. To avoid the situation where the algorithm finishes in the
first iteration for the parametric uncertainty formulation in Sect. 7.2, we increased the
range to ±45% and increased the upper generator bounds by a factor of 1.13 to avoid
a violation of (9). Table 1 summarizes key properties of this grid instance.

123



Optimizing flexibility in power systems 1741

Fig. 6 Visualization of the small grid instance with two regions marked

8.2.1 Influence of˛

We investigate the influence of the value of parameter α in (12f) on the solution time.
The selected worst-case uncertainty values y∗, i.e., the solutions to the maxmin

problem (12f) that are used as discretization points, are selected according to
two objectives. The parameter α weights the two objectives δ − h(x, y∗) and

min
z∈Z(x, y∗)

g(x, y∗, z). The first can be understood to measure how far the discretiza-

tion point y∗ is inside the parametric uncertainty region T (δ, x), while the second can
be understood to measure the maximum violation considering the available control
variables. For very small values of α, the overall objective will be determined more
by the first objective.

The value of g in (17) is already normalized. In the following, we will choose
α = α

′
/δnorm to achieve a similar effect. For the parametrization of Sect. 7.1, we

use δnorm = 1 and for the parametrization of Sect. 7.2 we use choose δnorm as the
optimistic value for δ, i.e., the value obtained when the uncertain injections would also
become decision variables.

Tables 2 and 3 shows the range of wall times on the small grid instance for different
values of α′, for the parametrization from Sect. 7.1 and Sect. 7.2, respectively, for
different configurations of the algorithm. The time range given is taken over three
repetitions.
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Table 2 Range of wall run times in seconds for the small grid instance with the parametrization from

Sect. 7.1 for different values of α
′
. TIME_OUT denotes that the run-time limit of 3600s was exceeded. The

best time is given in bold font. If any of the proposed specializations is not used, this leads to a significant

increase in computational time. for at least one value of α
′
. Run times vary strongly with α

′

α
′

All Without auxiliary problem Without dropping points Without transformation

0.1 TIME_OUT TIME_OUT TIME_OUT TIME_OUT

0.5 50–53 2850–2855 357–362 34–35

1 77-80 136–138 195–199 1181–1194

2 599–608 580–582 956–960 122–126

10 163–165 149–150 25–27 TIME_OUT

Table 3 Range of wall run times in seconds for the small grid instance with the parametrization from

Sect. 7.2 for different values of α
′
. TIME_OUT denotes that the run-time limit of 3600s was exceeded.

The best time is given in bold font. Not using the proposed specializations of solving the auxiliary problem
consistently leads to a significant increase in computational time for at least one value of α′. Run times vary

strongly with α
′

α
′

All Without auxiliary problem

0.05 1228–1234 1714–1838

0.1 587–618 1106–1186

0.5 819–825 2145–2247

1 TIME_OUT TIME_OUT

2 TIME_OUT TIME_OUT

10 TIME_OUT TIME_OUT

We observe that the run time is strongly affected by the value of α′, where the run
time can more than double from one choice of α′ to the next. This phenomenon is
independent of the application of the algorithmic specializations from Sect. 6.3.

For the box parameterization, there does not seem to be a common good choice
of α′ between the different variants of the proposed algorithm. There is also no con-
figuration that consistently outperforms the others. However, the variant using all the
proposed specializations seems to be the most consistent over the different values of
α′, with the others having one value of α′ where they take much longer than the other
configurations. Not using the transformation specialization is either very beneficial,
with it being the fastest approach, or leads to extremely increased computation times.
Clearly, forgoing the transformation for simpler subproblems can be beneficial if the
number of iterations stays low.Wewere surprised to find that for some values of α′, not
solving the auxiliary problem was faster, even though its computation was run in par-
allel. However, it turns out that in those instances, the auxiliary problem did simply not
matter in terms of needed iterations and that the additional time was spent waiting for
the abortion of the solution process of the auxiliary problem. This could potentially be
prevented with a more forceful termination procedure. For the parameterization from
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Table 4 Properties of the medium grid instance

Nodes Generators Edges Shifters Critical edges Bus merges

6800 32 9,398 2 263 0

Sect. 7.2, where the run times were generally longer, using the auxiliary problem was
always beneficial.

Overall, the algorithmic framework exhibits a significant inherent variation in run
time with variations in α and similarly Plim . This is due to the complex alteration of
solution paths caused by the strong dependence of one subproblem solution on the
sequence of earlier subproblem solutions.

Still, further research to explore whether an optimal static value of α for a given
problem can be determined in advance or if adapting α during the algorithm execution
would be beneficial.

In the absence of a systematically good choice, we choose α′ = 0.5 for the small
grid instance.

8.2.2 Results

First, we use the parametrization fromSect. 7.2 in formulation (1) to compute themaxi-
mal additional power transfer capacity from part A to B of the network for the specified
uncertainty ranges of±45% of the nominal injections. The regions A and B are shown
in the Fig. 6. Using α′ = 0.5, we terminate with δ ∈ [0.590M W, 0.614M W] after
approximately 780s using 18 iterations of the lower- and 16 iterations of the upper-
bounding procedure, respectively. For comparison, the optimistic bound obtained
when considering the uncertain injections also as decision variables is given by
δnom = 0.863M W.

Second, we use the parametrization from Sect. 7.1 with Δ+ and Δ− chosen such
that δ = 1 represents the aforementioned ±45% deviation of the nominal injections.
Using α′ = 0.5 yields a flexibility index δ ∈ [0.925, 0.954] in 12 iterations of the
lower and the upper-bounding procedure, respectively, and approximately 63s. We
can thus guarantee that uncertainties at around 41% of the nominal injections can be
handled. Repeating the computation of themaximal additional power transfer capacity
for this reduced amount of uncertainty (41% instead of 45%), we obtain a capacity of
0.798M W. In this case, optimizing with a lower amount of uncertainty allows for a
larger guaranteed available power transfer.

8.3 Medium-scale instance

Themedium-scalemodels the power transmission grid over France and neighboring
countries. Case files are accessible at (Zingler and Fliscounakis 2021). In our case
study, we simulate a situation where uncertain injections in Spain are to be handled
by generators in France. All uncertain injections except for one are situated in Spain
and all active generators (g ∈ G with cg �= 0) are situated in France and we want
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to maximize the maximal additional power transfer capacity from France to Spain.
The grid instance also contains nodes situated in other countries, but these do not
contain active generators or uncertain injections. An overview over the properties of
the instance is given in Table 4.

8.3.1 Results

Using α′ = 10 and the parametrization from Sect. 7.2, we obtain a maximal flow of
approximately δ ∈ [4530M W, 4760M W] in approximately 300s in 3 iterations of the
lower- and 2 of the upper-bounding procedure. The guaranteed maximal flow is close
to the optimistic bound δnom = 4767M W obtained when considering the uncertain
injections also as decision variables. As another point of reference, the total range of
generation available for load distribution (

∑
g∈G:cg>0 I

x+
g − I x−g ) is 8230M W. Here,

we see that if only a small number of iterations is required until convergence, even
large instances can be solved quickly.

For the parametrization from Sect. 7.1 and using α
′ = 10, we obtain δ ∈

[0.546, 0.573] in approximately 83min with 17 iterations of the lower and 18 itera-
tions of the upper-bounding procedure. As expected, the computational time required
for the medium-scale instance is significantly larger than for the small-scale instance
if a similar number of iterations is needed. Still, because we can utilize sophisticated
MILP solvers for the subproblems, the problem can be solved in a reasonable amount
of time. Repeating the computation of the maximal additional power transfer capacity
for the reduced amount of uncertainty, we obtain a maximal additional power trans-
fer capacity of 2600M W. In this case, directly optimizing for it allowed for a larger
maximal additional power transfer capacity.

9 Conclusion

We formulated the maximization of the robustness of power grid operation as a hier-
archical optimization problem, following the flexibility concept from process systems
engineering (Grossmann et al. 1983). The formulation is rigorous in that it treats the
uncertainty explicitly, but the resulting problem requires special solution methods.

For the solution, we specialized a discretization algorithm for existence-constrained
semi-infinite optimization problems based on (Mitsos 2011). This allows us to include
integer variables in the control variables and the uncertainty, for example, to describe
piecewise linear functions. In the context of our grid model, which is based on the
DC flow approximation, it also requires only the solution of mixed-integer linear
optimization problems, which allows us to utilize commercial MILP solvers. As a
result, numerical experiments on a medium-sized grid instance were shown to be
solvable in reasonable computation times.

However, we have seen that the solution times can be high even for small grid
instances and vary drastically with different choices of the scaling parameter α. For
larger instances, the already rather high computational cost prohibits systematically
testing different values. Further research is needed if robust choices for the algorithmic
parameters can be found prior to solving the problem.
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To illustrate the usefulness of the flexibility framework, we looked at two different
interpretations of flexibility for power systems. The problem of finding a maximal
available power transfer capacity between two parts of the network and finding the
maximalmanageable uncertaintywhenparametrized as a hyperbox.We showed results
on a small and medium-scale power grid instance.

The presented methodology can be adapted to other parametrizations for the uncer-
tainty region, as long as the defining function h is continuous. In the results of the
medium-sized instance, we have illustrated that this can be vital: simply optimizing the
flexibility in terms of a scaled hyperbox allows us to also guarantee flexibility in terms
of maximal additional power transfer capacity for the reduced amount of uncertainty,
but despite reducing the host set of the uncertainty, this yielded worse flexibility than
optimizing it directly on the original host set of values for the uncertainties.

In the present work, we only considered the DC flow approximation. We rigorously
consider the worst-case under this assumption, but if the real grid exhibits significant
nonlinear behavior, this will likely be missed in our model. Another more accurate
model could, at least in principle, be used, as long as the grid state is uniquely deter-
mined by the preventive actions x, the uncertain values y and the controls z. Although
the computational effort can be expected to increase, the application to small grid
instances seems tractable. Beyond that, future improvements could enable medium-
sized instances for nonlinear models.

In conclusion, we believe that the presented methodology constitutes a valuable
approach for increasing the robustness and reliability of power grids, today for DC
flow approximation and in the future for nonlinear models.
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