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Abstract

Invariant tori (flux surfaces) reside in the ordered regions of phase space of a dynamical system
and represent the well-confined region of a magnetic confinement fusion (MCF) device, which
may be threatened in non-axisymmetric cases such as tokamaks under resonant magnetic
perturbation and stellarators. In MCF devices, the structure of nested closed flux surfaces
governs radial transport and thus plays a critical role in confinement performance. Using the
method of variation as a mathematical foundation (the vector field itself as a spatial function is
considered as an argument of the geometry of these tori), this paper derives the formulae that
describe

how invariant tori (flux surfaces) 7 deform under perturbation AB,

which can calculate the deformation in tens of seconds for stellarator configuration optimisation
by Julia programming language without delicate hardware acceleration and almost instantly for
tokamaks.
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1. Introduction

Invariant tori are ordered structures within dynamical sys-
tems, in contrast to chaotic regions where long-term behaviour
is unpredictable. Systems are commonly classified into two
broad classes: integrable and non-integrable. For conservat-
ive systems like a time slice of magnetic field, integrability is
equivalent to the following well-known condition:

The entire phase space is exactly the union of all invariant

tori.

To accurately measure the extent of integrability in a conser-
vative system, one can assess the ratio of the phase space occu-
pied by invariant tori to the total phase space. (In contrast, non-
conservative systems, where the divergence is non-zero, may
exhibit components that are not invariant tori but still possess
integrable characteristics. For example, the map P(x) = x/e
simply shows a converging tendency toward zero.)

In magnetic confinement fusion (MCF) devices, the nested
closed flux surfaces, which act as invariant tori [1], are crucial
for achieving optimal performance. These surfaces dictate the
radial transport of charged particles but can be vulnerable to
disturbances like the deliberately imposed resonant magnetic
perturbation [2-4] (RMP), the plasma instability modes, the
plasma beta 3 effect (as revealed by simulations of EMC3-
EIRENE [5], HINT [6] and SPEC [7]), the complex current
redistribution due to the plasma-wall interaction (PWI), and
the plasma disruptions [8] due to (or leading to) the collapse
of these surfaces.

The stellarator community has been continuously con-
cerned about three-dimensional (3D) magnetic topology due
to the direct realistic needs from the infinite-dimensional
degrees of freedom space of design parameters and the
intrinsic difficulty [9] in handling chaos. The shaping
capability [10] of a stellarator determines its operational limit,
which is a strong motivation for this paper to develop the
functional perturbation theory (FPT) to address flux surface
deformation under perturbation by considering the whole
magnetic field as an argument of the geometry representation
of flux surfaces.

Shaping is the primary means of control of a
toroidal fusion plasma.

—Allen H. Boozer [11]

Functional is a familiar concept to stellarator designers,
because the 3D shape of a stellarator coil is essentially a curve
function, while the optimisation objective function depend-
ent on coil shapes are naturally a function of functions [12,
13] (usually the coil shapes are discretised to facilitate optim-
isation). Robustness of a magnetic configuration [14] to the
variations of pressure and bootstrap current can now be evalu-
ated by FPT by computing the first-order flux surface deform-
ation 0X(0,r,9).

Sufficient numerical and experimental evidence emphas-
ises the importance of investigating the behaviour of flux sur-
faces under perturbation, e.g. whether they are to become
island chains, break down into debris or deform [15].

The extended-magnetohydrodynamic code M3D-C1 has been
adapted to accommodate a non-axisymmetric computation
domain and its simulation [16] of a reactor-scale quasisym-
metric stellarator equilibrium shows a flux surface destruc-
tion tendency due to interchange-like pressure-driven instabil-
ity near the plasma edge. The experimental evidence [17]
[from Wendelstein 7-AS [18] and large helical device [19]]
has shown that the chaotisation of the magnetic field struc-
ture can be a major subject in plasmas with higher-beta val-
ues, which reminds people of interests in stellarator optim-
isation: eliminate islands [20, 21], protect good flux surfaces
[22, 23], and synergistic optimisation of plasma physics and
coil engineering objectives [24, 25] and reserve a margin
of coil adjustability to counteract detrimental effects from
error fields [26] or plasma spontaneous chaotisation in 3D
configurations [27].

The FPT developed in this paper provides a universal the-
ory framework to tackle the flux surface deformation prob-
lem, without the need to derive formulae for a specific con-
figuration such as negative triangularity [28]. The negative
triangularity configuration is a possible scenario of tokamak
reactor [29], which has a larger power handling area for larger
major radius at the low-field side, and reported to have no or
very weak ELM [30] and H-mode grade confinement integ-
rated with L-mode edge [31, 32]. Experiments on machines
such as ASDEX-U [33], DIII-D [34, 35], TCV [36, 37], etc
have shown advantages of negative triangularity configura-
tion. TCV is renowned for its strong shaping capabilities and
a wide feasible scenario range from conventional to advanced
scenarios [38, 39], but other machines can also exploit their
operation limit of feasible configurations with the aid of FPT.

Preserving the confined volume enclosed by the last closed
flux surface (LCFS) is important for economic reasons in
fusion reactors, given the high costs associated with the
vacuum vessel’s volume. Additionally, the ‘stickiness’ [40,
41] of the LCFS may influence the flux of particles cross-
ing it into the scrape-off layer, the ‘width’ (or more accur-
ately, the scope) of which can be largely dependent on the
degree of chaoticity [42, 43] when chaos arises, instead of
being determined by the plasma diffusion according to Eich
scaling [44].

Understanding the deformation of invariant tori under per-
turbation is crucial for predicting system behaviour and optim-
ising design, thereby reducing the need for expensive or
impractical real-world tests. Such understanding elucidates
the strong correlation between changes in magnetic topology
(global structure) and variations in the local field values, which
is revealed by the formulae of the FPT presented in this paper.
Notably, FPT does not require:

e The number of dimensions of the system to be three or
o The divergence of the field to vanish.

These two conditions are found to be unnecessary during
derivation, which enables FPT to harvest a broad range of
applications. Systems with higher dimensionality, such as the
N-body interaction system with 6N dimensions in 3D space,
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can also be investigated by this theory so astrophysicists and
statistical physicists do not need to write and read another
paper reminiscent of this one.

It is not yet well understood how frequently and how
long two oppositely charged particles can entangle with each
other. This is important because such a neutral particle cluster
would, for a transient period, fail to be effectively confined
by the magnetic field. Compared to a brief, isolated colli-
sion, such entanglement has a much prolonged duration if
the two particles’ velocities are close, and the trajectory in
the 6/N-phase space (expressed in the centre-of-mass frame)
behaves like a high-dimensional invariant torus. Such entan-
glement is a central topic of astrophysics because gravity is
purely attractive. It is common for small-mass celestial objects
to be captured by large ones, such as the moon by the earth.
Electromagnetic interaction between charged particles is sub-
ject to the ambient electric and magnetic fields, which brings
more degrees of freedom and challenges to understanding the
entanglement between charged particles.

The destruction of invariant tori is a key subject in the
domain of Kolmogorov—Arnold—Moser (KAM) theorem and
that of MCF [45], closely tied to their deformation. As invari-
ant tori break down [46], complex structures like island-
around-island hierarchies [47, 48] and cantori [49, 50] with
infinite gaps can emerge . This paper lays the groundwork that
can be further utilised to explore these phenomena.

2. Basic definitions and notations

2.1. Invariant torus

This paper adopts the standard definition of an invariant torus.
For a map P : RN — R, if there exists a diffeomorphism ¢ :
RN 579 - T9¢ (where T is the standard d-torus) such that
the motion on T is uniformly linear but non-static—i.e.

@ (P (x)) — p(x) = AO € R\ {0} remains constant

—then 7% is termed a d-dimensional invariant torus (or invari-
ant d-torus). For a continuous-time dynamical system, i.e. a
flow, such an invariant torus can be defined similarly. It is
merely the requirement on ¢ becomes that the conjugate
motion on 7¢ has a constant non-vanishing angular velocity

T (X(x0,1) =w € RT\ {0}
Here, w and A@ are referred to as the frequency vector of T¢,
while the corresponding period vector is

m:= 2w /Ab,....21/AG,].

This convention aligns with the MCF community’s practice,
where field lines on a flux surface with a rotation transform . =
n/m = 1/q (n and m being coprime) complete m toroidal turns
before returning. For Poincaré mapping defined for one tor-
oidal turn, A6 is simply a scalar and A =27n/m mod 2.

Note that the value of A is not unique, as any integer mul-
tiple of 27 can be added to it. For simplicity the A € [0,2)
is adopted in practical calculations.

An invariant torus with a commensurable rotation vector
is termed w-commensurable, otherwise w-incommensurable
(the notation w can be omitted for brevity if clear). An
w-commensurable torus can be further decomposed into a
bunch of invariant tori of lower dimensionality until the w
of the subtori are incommensurable, which implies that w-
commensurable tori are more fragile than those incommensur-
able ones under perturbation because the subtori individually
deform against perturbation rather than together as an incom-
mensurable one. The well-known Diophantine condition is not
introduced because the generalised exponent of mapping P™
(from an integer m to a real number vector m) helps to work-
around the small denominator problem.

There exists a widespread misunderstanding of KAM the-
orem: a commensurable torus is fragile, i.e. it would be
destroyed by any finite perturbation. This statement is false
because the commensurable torus can be preserved if the per-
turbation meets some condition or is dedicatedly designed.
The incommensurable condition of a torus in KAM theorem
is a sufficient condition to ensure the torus survives, not a suf-
ficient and necessary condition (if and only if). A very easy-
to-understand example comes from tokamaks: in an axisym-
metric magnetic field, rational and irrational flux surfaces all
can survive if the perturbation is also axisymmetric, which is a
natural consequence of Poincaré-Bendixson theorem because
field line tracing along an axisymmetric field degrades to a 2D
system.

2.2. Parameterisation of invariant tori

Let X(01,...,04) be a parameterisation of 7 such that map-
ping once corresponds to a constant increment of the angles 6;
on the torus. The choice of this notation X is to resemble X,
both representing the state vector, yet X has been commonly
employed in the literature of dynamical systems to denote a
trajectory, hence X serves as a suitable alternative, suggesting
a ‘curved’ version of X to represent a torus. By definition, map-
ping once on a point on the torus shifts its angles by a constant
vector increment A#, as expressed by

PX(01,...,00) =X (01 + A0y,....04+ Ab).

One can define a vector k as the exponent of the map P, firstly
continuing P* from k € Z to R, and then generalising to k €
R?:

PK(X(0)) :=X (0 +kxAB), (1)

where * denotes element-wise multiplication. Thus, P™ is,
by definition, a returning map on 7. When k € R instead
of RY, kxA@ reduces to kAB. The motivation for general-
ising the power of mapping is to allow the returning map
to be expressed by a power of mapping so that the return-
ing map can be well-defined even on an w-incommensurable
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torus and expressed concisely as P™. A concise notation
for the returning map is essential since the full-period
Jacobian of mapping can be then easily expressed as DP™,
which is a matrix of significant importance for studying the
nearby motion pattern around an invariant torus, as already
shown by the well-known Greene’s residue criterion for the
planar case N =2. D denotes the Jacobian matrix, which
collects all the partial derivative components in the initial
condition x.

For the case d =N —1, a sequence of nested invariant
(N — 1)-tori can be parameterised as X(6,r), where r serves
as the torus label, often interpreted as the radial direction. For
the case of an N-degree-of-freedom Hamiltonian system with
a 2N-dimensional phase space and up to N integral invari-
ants (a.k.a. actions), the torus dimensionality d < N and (at
most) N actions can serve as torus labels (often denoted by
{I;}) to distinguish different tori. In this paper, the denota-
tions are kept simple by writing the index/label as a scalar r
(short for radial) to make it easier for readers to understand,
yet it does not essentially restrict readers from employing the
equations to the cases where two or more scalars are needed
to label a torus.

Given the parameterisation X(@,r) for all existing tori,
its inverse functions are naturally the angle and index
distributions,

O(x):F— T%and r(x): F—R.

2.3. The union of invariant tori can be fragmented

Due to the complicated nature of the long-term behaviour
of a system involving chaos, the union of all invariant tori
U, 7, is usually not the full R space in general systems that
are not guaranteed to be completely integrable. Similarly,
the domain of r is not guaranteed to be the full R because
an invariant torus corresponding to a specific » may not
exist. Hence, one can collect the r labels of all existing
tori to be a subset of R, which may be fragmented or not,
thereby denoted by F,. The first letter of ‘fragmented’ is
taken and uppercased to indicate the notation F, represents
a possibly fragmented set and the subscript » shows it is the
domain of r.

The adjective fragmented is not a strict mathematical defin-
ition here (For a rigorous definition, readers are directed to
appendix B), yet it can vividly convey the meaning that such
a set is so irregular that it may be neither open nor closed,
neither everywhere-Cantor-like nor composed by finite length
intervals. The union of all the existing invariant tori U, 7, is
also not guaranteed to be regular enough that the usual deriv-
ative can be done, therefore this union is similarly denoted
by F C R¥. For MCF experiment shots, one can evaluate how
good the confinement is by the ratio of the volume occupied
by the primary flux surfaces (not those in island chains) to that
enclosed by the vacuum vessel as shown below (FS subscripts

are short for flux surfaces),

Vrs = measure (the union of all primary flux surfaces)

_ VFs
measure(the volume enclosed by vacuum vessel)

OFs

2.4. Fragmentation requires a weak derivative

Much care should be put into the fragmented characteristic of
the defining domain, which brings a challenge to differential
calculus. The fragmented nature of the defining domains of
X(6,r), O(x) and r(x) for general systems that are not com-
pletely integrable leads us to define a weaker form of deriv-
ative. For instance, the partial derivative in r is redefined in a
weaker sense to be

8 BT X(avr/)_x(03r)
EX (O,V) o rlllinr r'—r ’
r’EFr

in which the lim operation only needs to take 7’ in the defin-
ing domain F, C R. In other words, it only requires the finite
difference ratio

X(0,r')—X(0,r)

r'—r

)

limits to an identical value for all sequences (r/) C F, that
approximate r, but not necessarily does so for all such
sequences (r/) in a neighbourhood of r. Such relaxation is
common in KAM-relevant studies due to the fragmented
nature of the union of invariant tori, yet a classical one of
these relaxations given by Poschel [51] may not be favoured by
physicists because it requires a sequence of functions defined
on broader domains to converge uniformly to the essential
one defined here, which are probably deemed abundant by
physicists.

The usual derivative that requires the function to be well-
defined on a neighbourhood of r, such as an open interval (r —
€,r+¢€) in 1D cases, i.e.

0 o . X(0,r')y—Xx(0,r)
EX(O,r) = r1/121r -
r'€(r—e,r+e)
X(0,r+h)—X(0,r)

or more familiarly \ .__ 15
( defined to be ) —hll_l;% h

simply fails to work when the defining domain is fragmented.
There may exist infinite gaps between r and another r’ € F,
due to the destruction of invariant tori in between. When one
torus is isolated from other tori for a finite distance, even the
weak derivative has to be replaced by a finite difference with
a sacrifice of exact equality. Such a situation is common for
non-conservative systems but can also happen in conservative
ones if a torus survives under perturbation while its neighbours
all break down.
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The definition of gradient operator V is similarly relaxed
when applied on (x) and r(x) so that they are still meaningful
in a non-integrable system. Note that O(x) can be considered
as U, (x), the union of all the conjugate diffeomorphisms ¢,
of all existing invariant tori. This is a union of functions.

The partial derivative 0;P* can then be easily computed
with the aid of the 0 grid because the derivative in the mapping
times (i.e. its exponent) can be converted to partial derivatives
of the parameterisation of the torus w.rz. its angles:

X 4 X
oPF= = A=) NG — (2)
06 0+kAO ; 90, 0-+kAO
and for a vectorised k,
=diag(A0),,,
oxX 0 (kxA0)
k_ OX L d\kxAab)
AP = 5o ok
0-+kxAO
| \
= | A0y, X -+ A0 09,X 3)
| ‘ O-+k+AO

where the subscripts 6 + k+A@ denote where to evaluate the
functions and the subscript d x d is used to help clarify the
dimension of the matrix. The vertical lines in the matrix are to
help clarify they are column vectors and will be used through-
out this paper along with horizontal lines for row vectors when
column/row needs to be distinguished. The subscripts denot-
ing where the term is evaluated or the shape of the matrix will
also be used when necessary.

2.5. Functional derivative

As powerful mathematical tools introduced from functional
analysis, partial and total functional derivatives [52] are
denoted by

0/6B and d/dB,
which become directional derivatives
AB-§/6B and AB-d/dB

when accompanied by a given perturbation. For brevity, the
former one can be simply denoted ¢ if the system to be per-
turbed and the perturbation are clear. For example, P and
0X o1 are short for the first variation of Poincaré map and the
poloidal shift of a trajectory expressed in standard cylindrical
coordinates, that is (AB-6/6B)P and (AB-3§/68)Xp01. The
latter total directional derivative may not be abbreviated to just
one letter ‘d’ because much confusion can arise, e.g. one may
be puzzled by whether dP is an infinitesimal differential or a
total functional derivative.

The aforementioned Xy is short for Xpoi[B](X0,pol; @5, Pe )
the representation for a trajectory that starts at a point with
(R,Z,¢)-coordinates (xopol,Ps) and ends at ¢, azimuthal
angle. Then the Poincaré map usually corresponds to one tor-
oidal turn and §P is simply dXpoi (X0, pot, s, Pe = @5 +27) by

definition. In the MCF community, if for each toroidal turn
(27 change in ¢) the poloidal angle increment A6 is constant,
that means the poloidal angle 6 is that of PEST coordinates.
One can also trace the trajectory in Cartesian coordinates, let
0X(x,t) progress along the trajectory. The formula describing
the progression of the first variation, 0X, along a trajectory can
be easily derived by the chain rule. With A - d/dB applied on
both sides, the field line tracing equation for an autonomous
flow

0

5, X 1Bl (x0,1) = BB] (X [B] (xo0,7)) 4)
converts to
%5}( [B; AB] (xo,1) = VB - 6X + 6B, (5a)

which is applicable for arbitrary finite-dimensional flows. The
other similar formula describing progression of the poloidal
variation, 0Xp1, in standard 3D cylindrical coordinates is
shown below

0
%5Xp01 [B, AB] (x(),polv ¢Sa ¢€)
_O(RBw[B)) | KBy
B R T o

where 0(RBpo1/Bg) is short for (AB-6/68)(RBpoi/Bg),
equal

R(SBBpol _ Rszol 5B¢,
¢ B¢

by the product rule of differentiation.

3. Deduction and demonstration

Based on the above calculation of 6P™, one can derive the shift
of a hyperbolic cycle via the simple geometry analysis below:

0Xeye = 6P +DP™ - 0Xcyc

of which LHS is the cycle starting point shift and RHS is the
cycle ending point shift: the first term DP™ - 0xy is propag-
ated from the starting shift and the second term §7P is the end-
ing point shift due to perturbation. Thereby, dx.y. can now be
solved for by

SXeye = — [DP™ 1" 5P™. (6)
However, this cannot be directly extended to the case of a peri-
odic orbit on an invariant d-torus 7<, which is the focus of
this paper. The challenge lies in the fact that these cycles can
be parabolic and then DP™ — I possess eigenvalue(s) equal to
zero, rendering it non-invertible. The underlying reason is that
the tangent component of dx.y. along 7 can take arbitrary
values (If a point moves in the tangent direction for an infin-
itesimal distance, it remains in the torus 7¢). To resolve this
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indeterminacy, it is necessary to revisit the initial geometric
analysis: 12
0Xcye = OP™ (Xeye) + DP™ (Xcye) - 0Xeyes (7) 10| =—=e. —
Ty = cos(3x)
and focus solely on the normal component perpendicularto 7¢ ~ °#
by replacing 0xcyc with 6 := Zf’;ldﬁ,-ﬁf -0, where {n; fvz_ld osl T —_— —_— —
is an orthonormal basis of the local normal space N, 7¢. Thus, “
the equation becomes 04 Ny
L - — = -
01 Xeye = OP™ (Xeye) + DP™ (Xeye) - 0.1 Xeye, 0.2 “
(DP™ —1) - 6 Xeye = —OP™. (8) . y=fx) “~
0.0 weak derivative -
0.0 02 04 0.6 0.8 1.0

However, another issue arises: (DP™ —1I) - § | Xy can only
have a tangent component to 7¢ if all the eigenvalues of
DP™ are equal to one, which is typically the case for con-
servative systems like flux-preserving maps. Yet, the RHS of
equation (8), —dP™, depends on the perturbation and may
include a normal component. There can be three possibilities:

1. §P™ (xcyc) has only a tangent component to 7.

2. The eigenvalue(s) of DP™ corresponding to the eigen-
vectors not tangent to 7¢ are allowed to deviate from one.
This is the case for non-conservative systems where the
divergence is non-zero.

3. The invariant torus is destroyed, rendering J | Xy meaning-
less. In this case, the normal component of —§P™ indicates
to what extent the torus will be destroyed.

For conservative systems, it is the first case that allows the
equation (8) to hold. The tangency of §P™ (xyc) can be imme-
diately acquired by imposing the functional total derivative
AP -d/dP on both sides of the equation defining the returning
map P",

PP [P] (x) = x,
OnP™ - 6m +6P™ =0,
N———

=>"7_, 00X A0; 5m

€))
(10)

which clearly shows that §P™ must be tangent to 7 if the
returning map P™ remains well-defined under perturbation.
This is consistent with the classical magnetic spectrum ana-
lysis technique of RMP. The resonant radial component breaks
the torus, while the non-resonant radial components deform
the torus. A tangent perturbation does not change the torus
shape but other properties like rotation transform.

For non-conservative systems, dm[P; AP|(x) is not well-
defined because each invariant torus must be separate from
others for a finite distance, implying that m(x) is defined on
a discrete subset of R" (every torus is isolated and behaves as
a sink or source in the normal direction).

Although the non-invertibility of DP™ is an issue
for acquiring the solution of ;X directly, it can still
be solved for by excluding the tangent component. One
simply needs to solve for all normal components 7} - § 1 Xeye

Figure 1. Illustration of weak differentiability: A function

y = cos(5x) restricted to the classical Cantor set, whose usual
derivative does not exist due to the totally disconnected nature of
this defining domain, still has its weak derivative equal

f'(x) = =% sin(5x).

(underlined below) by

N—d
> (DP™ —1)-hih] 6 Xeye = —0P™.

i=1

Nonetheless, this is merely a single-cycle analysis. There are
many cycles on an invariant torus to analyse. To consider an
invariant torus as a whole, the (6, r)-based representation of
X(0,r) will be analysed later.

In this paper, the standard map (see figure 2) is used as an
example to demonstrate the formulae, with its parameter set to
p=0.975 (the same as in figure 1 of [49]). Additionally, the
magnetic field from the standard configuration of Wendelstein
7-X is also considered for demonstration. To determine the
exponent m such that P is a returning map for points on an
irrational invariant torus, map the initial point x( for numer-
ous times. Define an angle difference Af € [0,27) for once
mapping, then x; compared to x has an angle difference iA6.
Denote by n; how many times the orbit crosses x, counter-
clockwise until the i-th point, then one knows the angle incre-
ment iA# from xg to x; is between 27 n; < iA0 < 27 (n; + 1).
Notice m = 27 /A6, therefore

i i
gmg*a

Vi € N.
n,+1 n;

1)

The two variable needed to solve for § | xcy. by equation (8)
are DP™ and 6P™. An expression of DP¥ in terms of 9,X and
OpX is acquired by exerting total derivatives in r and @ resp.
on the equation (1) defining P*,

DP*(X(0,r))-0,X(0,r) = 9,X (0 +kxAO,r)

- O6X (0 +k=A0,r)- <k*di") , (12)
DP*(X(0,r))- 09X (0,r) = 9eX (0 +kxAO,r), (13)
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Figure 2. Distribution of m for the Chirikov standard map at
k=0.975 for x € [—0.5,0.5] x [—0.5,0.5]. Iso-0 contours are
plotted with spacing 7/12.

Og X - (k*dAB)
DPF(x(8,r)=| “° dr Do X
+arx ¢ O0+k+AO
[ox 26X,
| LI
= | OgX- (k*%) On s (v—1)
| HITT $otsae
[ox 26X,
L
+|0X X [ox aex]|,",
I ) PR

where the vertical and horizontal lines could be helpful to tell
how the vectors fill the matrix, whether as a column or a row.

ol
O X 0OgX

equation can be further reduced to an expression of DP¥ in
terms of the @ and r grid,

. . |—Vr—
Note the inverse of is { ] , so the above

=Veo =

DP* (X(6,7) = |BpX - (kx220) - Vere
| O+kxAO
| [l] o
4 lax oex ATV e
N [ ot o

Figure 3. Cartoon to show the DP¥ and the local frames of
coordinate systems. The point X(6,r) + s § 1, which is a bit shift
from X(0,r) in the normal direction § | is mapped away from the

sV axis due to shear.

of which a special case is when k takes the value of m (the
latter term on the RHS degrades to an identity matrix I),

DP™(x) = (39X- <m*d$9>> Vr+Iyxw 5)

where all the variables are evaluated at x, therefore it is need-
less to indicate where to evaluate.

The eigenvalues of DP™ are identical at all points of an
(w-incommensurable) invariant torus because the evolution of
DP™ does not alter the eigenvalues [42] and evolution on an
w-incommensurable torus can reach almost every point on the
torus. Some properties, e.g. this one on eigenvalues invariance,
can be transferred between an w-commensurable torus and an
w-incommensurable torus, because in most cases the former
one can be considered as a limit of a sequence of the latter ones
nearby and vice versa. However, there exist extreme counter-
examples in which the transfer is hindered, e.g. an isolated
invariant torus which has no invariant torus nearby. For non-
conservative systems, the case of an invariant torus being isol-
ated is not extreme but instead universal because each invariant
torus is separate from others for a finite distance.

Be careful that DP¥(x) is not m-periodic in k as P* is,
which is because points on nearby invariant tori are probably
to be mapped gradually away from each other as k increases
due to the shear between tori, i.e. neighbouring tori have a bit
difference in rotation vectors, as shown in figure 3. 5Pk (x) is
also not m-periodic but due to a reason other than shear: the
impact of perturbation is accumulated all the way.

The distance between two neighbouring invariant tori
depends on the point at which the distance is evaluated,
as reflected by DP*. Let (N,d) = (2,1) for illustration (see
figure 3) and this case is of great importance owing to that the
distance variation also reflects the local density of flux sur-
faces in an MCF machine. Denote a matrix representing ¢
rad counterclockwise rotation in R? by R,,. Construct local
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coordinate frames at x and P*(x) resp. with orthonormal bases
{§,§1 } and {§"*V,§"*V}, then

dxloc = R—19| dx
d new R R d
[di“ew]: EdSS+dSJ_SJ_=|:dSSL:|
+ new __ DPk dx
loc loc loc

A =Ry, ™

dx™" = Ry, DPL R _, dx
—_———
=DPk
where the subscripts o, mean the variables are viewed in the
local frames. DP{,. can be deduced from DP* or vice versa.
Another relation between them is

§newT . DPk .
anewT k
sV DPR-

, §newT . DPk . §L
, SevT.ppk.g, |-

w

DPf. = (16)

w

If a map is flux-preserving, i.e.
P (x)dS (x) =1 (P (x))dS (P (x)),

(where v is the flux density function and « dS is the flux) then
this property can provide a first-order estimation for the dis-
tance s () between tori by

P (0)s1 (8)dl(0) = (00) s (60)dl (o) + ...,

_ d(6o) ¥ (6b)
s1(0)=0+ s1(6o) d(0) ¢ (6)
S1oi= ————
can be considered as 1st derivative (i\ i-o
+0 (|Sm|2)
_ 196Xl ¥ (60) 2
=g gy O (sof), a7

where r as an argument in (6, r) is omitted for brevity since this
is an expansion of s near the one invariant torus of concern.
For fusion devices, where the Poincaré map P is defined for
one toroidal turn, the flux density 1(x) = B, (x). For a gen-
eral high-dimensional system, (N,d) = (N,N— 1), the flux-
preserving property has a general form as below,

det 691X 8911X SL(O).SQL

| - | | 0

1 (6) = const., (18)

(where § | is the unit vector normal to the torus) by which one
can have a similar first order estimate to s (6).

Hereafter, our focus moves from DP¥ to 6P to provide
readers with the formulae describing the deformation of invari-
ant tori. By regarding the location x more fundamental than
(68, r) and considering the whole map P also as an argument
of 8, A@, r and X, the defining equation (1) for P* becomes

PH[P] (x) := X[P) (B[P] (x) +k+ A0 [P] (x),r[P] (x))(,l 0

which after imposed AP - d/dP converts to,

5P (x) = 6X (0 +kx A, r)
+ 90X (0 +k*A0,r) - (66 (x) +kx5A8 (x))
+0,X(0+kxAB,r)-6r(x), (20)

that is the x-based form of the first-order deformation formula
of invariant tori under perturbation, allowing for any possible
choice of coordinates, e.g. where to define the curve on which
0 = 0. For readers interested in higher-order derivations of this
formula, further details are available in appendix A.

When k takes the value of m, one can drop kA8 because
of the periodicity of X in 0,

OP™ (x) =X (0,r) + 0gX (0,r) - (60 (x) + mx0AO (x))
+0,X(0,r)-dr(x), 21

There are three common, easy-to-understand criteria to
identify, during perturbation being exerted, an invariant torus,
which can simplify the above equation by removing redund-
ant arbitrariness in the choice of coordinates. @ The first one is
to anchor it by a fixed point x, which implies that ér(x) at this
point always vanishes. In the meanwhile, if §(x) at this point is
endowed with a constant value no matter what perturbation is
imposed, d6(x) also vanishes. Then X (6(x), r(x)) at this point
is also fixed, i.e. 6X (6, ¢) = 0. The equation (20) is simplified
to
(22)

oPk (x) = 0X|g1rr0 + 0o X 0 - (kx6A0 (x)),

+kxAO

where dPk(x) can be computed for k=kx1, k€ Z, by
the discrete-time version of the first variation progression
equation (5b),

SP*! (x0) = 6P (%) le—pi(xy) + 6P* (x¥0) - DP (%) e (xy)
(23)

while the other unknowns are dX (27-periodic in every 6;)
and JAO(x) € R%. One can employ least-squares methods
(as used in figure 4) or other fitting techniques to estim-
ate the Fourier series coefficients of 6X and the scalar value
of 0A0(x).

@ The second common choice is a class of winding-based
radius choices. When (N,d) = (2, 1), a winding-based radius
can be resp. A, rotation transform ¢, safety factor ¢ = 1 /¢ or
any function dependent only on these terms. For simplicity,
let r:= Af(x) and endow the initiating point x with a fixed
angle 0 (so 60(x) is cancelled below), then, equation (20) is
simplified into

SPX(x) = 0X|o1rn0 + (50X)|(9+kA97r) M

+ (K06X +0,) | g xag,y 07 (). (24)
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) — 8)x(6)
=== Ax«(6)/Akmax

0 n/3 2n/3 n 4n/3 5n/3 2n

Figure 4. Shifts of X(6,r) for an invariant torus 7" anchored by a starting point xo = [.12,.0] at which the angle is fixed to be zero.

ko = 0.975 while Ak takes values of .00,.02,.04,.06,.08,0.10. (a) and (b) resp. for the x and y components. The first variation 6X(8) is
computed here by equation (22), while the finite increment AX(0) is simply the difference of X () between after and before the
perturbation is imposed.

@¢ = 2120

@ = 4m/20
UPPer contry) coil

Figure 5. With the perturbation field 63 chosen to be the vacuum field generated by the set of upper control coils (1 kA per coil), §X(6,r)
are drawn as arrows for a flux surface (r is chosen to be A@, so this torus is identified by its rotation transform during perturbation) in the
standard configuration of Wendelstein 7-X (i.e. the unperturbed system and the perturbation are resp. Byq and Byycc. CC is short for Control
Coil), amplified by a factor of 30 for visibility. The first variation §X (8, r) is computed here by equation (26) on the rightmost cross-section
at ¢ =0 rad, then evolved to others by equation (5b).

Owing to the fact that the perpendicular shift is an intrinsic One may find the condition that the initiating point x is
property (a term from differential geometry) of 7¢, § 1Xcyc  bound with a fixed angle inconvenient, e.g. in fusion devices,
computed by equation (8) shall equal the normal part of usually points at the low-field side having the identical Z-
0X(0,r) computed by equation (24), that is Zﬁv:_ld 01X = coordinates as that of the magnetic axis are considered to have

n; ! - 6X, when the radial label r is chosen to be Af. angles # =0. To facilitate setting such a condition, consider
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(0, r) more fundamental than x, i.e. let x be a function of (6, r),
thatis X (0, 7). Then, the defining equation (1) for P¥ becomes

PP (X[P](0,r) = X[P] (8 +kxAB[P](r),r), (25)

which after imposed AP - d/dP converts to
5P (X (8,r)) + DP* (X (6,r)) - 6X (6, r)

vanishes if A6 is merely dependent on r, not on P.

——
— 6X (0 +kxA0,7) + (9oX) 13 (x AB),
(0-+k+10,7)
(26)

that is the (0, r)-based form of rthe first-order deformation for-
mula of invariant tori under perturbation. The aforementioned
condition defined by the horizontal § =0 line has a natural
expression,

é7-0X(0=0,r)= é7-6X(0=0,r=0)

the magnetic axis shift Z-component

27

® The third choice is a class of labels that are positively
related to the volume enclosed by the flux surface, e.g. the
volume itself V, Rigs — Rax, the poloidal flux W, its nor-
malised square root s := /W /4 /Wpol, max> etc. Regarding
Rirs — Ry, Rips is the intersection point R-coordinate of the
torus and the horizontal line drawn from the magnetic axis to
the low field side (LFS), while R,y is simply that of the mag-
netic axis. If the radius label r is chosen to be Ry gs — Rax, the
condition further simplifies to

SX(0=0,r) =6X(0=0,r=0). (28)
| —

the magnetic axis shift

For tokamaks, §X(6,r) only needs to be solved for one R—
Z section because Poincaré mappings on other R-Z sections
behave the same. For stellarators, the 0X(6,r) calculated
for one such section can be evolved to other sections by
equation (5b), as shown in figure 5. Equation (5b) not only
serves as a progression formula for X, of field line tracing
but also an evolution one because the following field line tra-
cing equation

_ RBp

9 _
d¢ B,

with the B argument explicitly stated and both sides differen-
tiated with AB-d/dB,

(0+L¢’r7¢) (X(07r’¢)7¢)) (29)

d RB,,
X 0-+10)607.0) = S0 8] (X181 0.0).0).
(30)
d
5 XIB) (0416,
8 RB ol RB 0l
= (™ az) oo (55). o

has the same expression as the progression equation (5b). Note
the B-dependence of « = ¢[B](r) is removed provided r is a
winding-based radius.

4. Conclusion and discussion

In summary, this paper borrows the notions of functional
and functional derivative from mathematics to address invari-
ant tori and their deformation under perturbation. This
approach enables a direct connection between changes in
the magnetic field and the resulting flux surface deforma-
tions, providing insight into the specific perturbations needed
to achieve a desired toroidal magnetic topology (this is an
inverse problem of how flux surfaces deform under a given
perturbation).

Notably, we do not include plasma response in this ana-
lysis but consider a general perturbation from a view of map-
ping to maintain the theory’s broad applicability across finite-
dimensional dynamical systems emerging in various domains
and to ensure clarity and accessibility for readers. Plasmas
with different parameters may behave distinctly, one can use
various models of plasma response magnetic field

AB = Bresponse [Bexternal] + Bexternal

to calculate the resulting change of Poincaré map AP or
merely its first variation §P by equation (5b). Calligraphic font
is used for the external magnetic field perturbation as an argu-
ment of Bregponse[Bexiernal], because it is regarded as a whole
rather than evaluated at a specific point. The massless force-
balance equation commonly used in magnetohydrodynamics
JxB=Vp, (32)
which will become the following form if one considers its first-
order variation,
0J x By +Jo X (0Bplasma + 6Bext) = 6Vp. 33)
Ampere’s law V x B = poJ becomes (when applied the vari-
ational principle) :
V X 0Bpiasma = Ho0J . 34)
Similarly, the divergence-free condition of the magnetic field
V - B = 0 converts to:

V- 6Bplasma =0 (35)
0B 1asma can be considered generated by dJ according to Biot—
Savart law or Ampere’s law if the change of E is compar-
atively slow. The current distribution J on stellarators has
Pfirsch—Schliiter and diamagnetic components [53], which
can be determined by the pressure distribution (and magnetic
field). Therefore, there are totally three equations (two vector
equations and one scalar) that suffice to solve for the three
unknowns 0.J, 6Byesponse and 6p (34+3+1 = 7 components).

The notation 4J can be considered a directional func-
tional derivative 8J(x) = 8J[(Jo, Bo,po); (AT, AB, Ap)](x).
The relevant physical fields are bundled to be a tuple to
emphasise the PDE (partial differential equation) nature of the
system. If only one physical field is written as an argument
in the square bracket, the corresponding functional derivative
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would only work for that physical field and fail to do calculus
on other physical fields.

Be aware that not necessarily every point on an invariant
torus has an accurate solution for ¢ Xcy. due to the fact that
invariant tori may only be defined on a fragmented domain
both in the space of P and that of x. An invariant torus can be
destroyed into an island chain or a cantorus that has infinite
gaps.

To transfer these formulae from maps to flows, one usually
merely needs to replace the symbols as shown below,

P (x0) — X (xo,1) abbr. as X; (xo),
where ¢ is fixed, so X, can be considered as a map,

de (X(x(ht)) _

p(Px)—plx) =20~
2w
w2 2 [ }
PE(X(8)) := X (6 +k*xA0) — X (X(0),1) := X (0 +wxt),

73 '—>X1‘.
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Appendix A. High order deformation of invariant tori

With x considered more fundamental than (8, r), the defining equation (1) for P¥ is complicated into the following form by
regarding the system P as an argument of (P*,X,0,A0,r),

P¥[P] (x) := X [P](O[P] (x) +kxAO[P] (x),r[P] (x)), (19 revisited)

which after being exerted AP - d/dP can yield the first form of the complete formula describing the first-order deformation of
invariant tori, repeated as below,

SP[P] (x) =6X + (66 + kx5 A8) - OgX + o7+ 0,X (20 revisited)
The more times we apply AP - d/dP on both sides, the higher the order of deformation equation we obtain,

SPX[P] (x) = 6°X +2(50 + kx5 AB) - Dg6X + 257 - 9,0X
+ (070 + kx32A0) - JgX + (60 + kx5 AB)” - 9FX
+2(60 +kx5A0)br- 0,09
+82r-0,X + (6r)2 X (A1)

SP* [P (x) = X 43 (60 +k*5A0) - 996°X + 36r- 8,6°X
43 (529+k*52A9> - 90X +3 (60 + kx5 AO)* - DaOX
+6(80 +k+6A0)5r- 9pd,0X
+3(0r)* - OF6X +36°r- 5,6X
+ (530 +k*63AB) 99X +3(50 + kx5 AO) (520 +k*62A0) - BX
+ (60 +kx35A8) - 95X
+3 (529 +k*52A6> r-9eDX +3 (50 + kx5 A0) 8r- 9pd,X
+3(80 +k*x5A0) (5r)* - DeOFX +3 (660 + kx5 AB) 6r- 930,X
+ 8 r- 0 X +368%r0r - OFX. (A2)

One can conclude the pattern as follows, that is the x-based form of the high-order deformation formula of invariant torus,

1 . p+ 51010 & kx5 AQ Pei §"0de @ + fx 5100 AQ Podg
T R G e

(16 (P (1), (pr) 01>+ Podo o1 0do
J such that
5708 neipeit+ 3 nupritny=n

N
x ( pt ) (er)”“ (5”~1rr>"’d’; g 0 "™ x (A3)
- (,t+ b N

Priye-sDrd,) \ 11! Mg, (pg+p) pa o Iny !

T

where

n, =20

pt =pi+pr+---+pa, dis the total number of powers,
pi 21,

n>ny>-->ng =1,

with subscripts ¢ and , of (ng;,pe;, pg,dg,n, i»Dris pf,d,) omitted for brevity. The formula can be reduced by removing the
redundant arbitrariness in choosing coordinates.

On the other hand, with (8, r) considered more fundamental than x, the defining equation (1) for P¥ is complicated into the
following form by regarding the system P as an argument of P¥, X and A8,

P*[P(X[P)(6,r)) = X[P] (6 + kA8 [P](r),r), (25 revisited)

12
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which after imposed AP - d/dP converts to

SP* (X (0,r))+DP*(X(0,r))-6X(0,r)

=6X (0 +k*xAO,r) + (0gX) -0 (kxAB), (26 revisited)
(0+k+xAO,r)

with arguments omitted for brevity,
OP¥ 46X - DP* = 6X 4 (kx5 A8) - DpX. (A4)
The second-order formula is
Pk +2(5X - D) §P* + (58X - D) P¥ + (6 - D)* P
= *X + 2 (kxA0) - 9gdX + (kxIAB)* - X + (kx5>A) - Do X. (A5)

Hence, the (0,r)-based form of the high-order deformation formula of invariant torus is concluded as bellow for the nth-order
variation with notations defined in a similar manner as those of the first form,

5 (H i ) (5% X)le (5'1xdx X)Px4x . DPxgmepk
. e ———————
X170+ - Pxdy, Ryet! Ny, ! (rx) pyinp!

(nXQ,@Xi),np such that
Z[):(l NxiPxit+hp=n

- p—ei- kx5 AQ\ P! fox 5"0do A@\ P0% : ag_g 8" x A6
B Z 6,5---,P0dg ! ! '(p;r) | ( )

nei-: nodgy - pg!nx.

(n6:),(pei),nx such that
d,
Z,‘ i] neipeitny=n

Appendix B. Formalising the concept of a fragmented set

In this appendix, the line of thought to define a ‘fragmented’ set is presented, inspired by the key properties of the classical
Cantor set. This will be stated in topology language; therefore, it might not be comfortable for plasma control system designers
to read, which is a sacrifice for rigour. The goal is not to directly replicate all structural features of the Cantor set, such as
perfectness, total disconnectedness, or lack of interior points. Instead, we seek to identify the essential topological feature that
captures the notion of ‘fragmentation’ for the sets much more complicated than the other regular ones. A formal definition of
a fragmented set will be given later in this appendix, while a short one is :

A subset F of a topological space (X, T) is called fragmented if there exists at least one accumulation point of
the set in the connected component quotient space.

Functions only defined on a fragmented domain, e.g. the classical Cantor set, can not be done calculus with the usual deriv-
ative, which is a strong motivation for proposing a weaker version such as the one proposed at the beginning of this paper.

The Cantor set is often remarkable for its pathological properties: it is closed, perfect (no isolated points), totally disconnec-
ted, nowhere dense, and has zero Lebesgue measure. While these properties characterise a highly irregular ‘fractal’ subset of
the real line, we must carefully consider which features are truly essential when generalising to higher dimensions and to sets
arising from complicated scenarios in dynamical systems.

In high-dimensional phase spaces, especially those of non-integrable systems, the union of invariant tori may form extremely
complicated patterns. Some parts of the phase space may be shattered into a ‘dust’ or ‘debris’ (e.g. Cantorus) of invariant objects
separated by chaotic regions, creating a labyrinth of intermingled structures. These pieces can be so unstructured that even one
of them does not have a uniform dimensionality, which makes it difficult and less worthwhile to define them rigorously.

Requiring that the set F C RY be nowhere dense or perfect in the classical sense can be overly restrictive. Instead, focusing
on connected components proves more suitable: each connected piece of F' becomes effectively ‘collapsed’ to a point in the
quotient component space, independent of how complicated its dimensionality might be within F. This approach accommodates
a wide range of topological complexities, aligning better with realistic dynamical system scenarios.

B.1. Defining a fragmented set through connectivity

B.1.1 Step 1: Connected components and the component space.  Let (X,7) be a topological space and F a subset of X.
By introducing an equivalence relation x ~ y if and only if x and y lie in the same connected component, one can define the
connected component quotient space:
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©

O Pain(X—=F)/~
® p,inF/~
> Open set in the quotient topo.

Figure 6. Geometric diagram to show the topology of R? partitioned by a fragmented set F that consists of an infinite sequence of circles.

Copace =F/ ~ U (X\F)/ ~, B1)

which is to ‘collapse’ each connected component C,, into a single point p,. Cspace thus represents the ‘skeleton’ of X partitioned
by F at the level of connectivity. Let {Cy, }oca be the collection of all connected components of F and X \ F, where « is the
index and A is the index set. The notation p,, is used when the component needs to be identified to a point in the topology of

Cspace .

B.1.2. Step 2: The topology on the component space. ~ The Cqp,c. is not acquired simply by once quotient mapping but plus a
union of F/ ~ and (X \ F)/ ~, yet it can also be considered to be acquired by merely once quotient mapping via replacing the
equivalence relation by the connectivity of X partitioned by F. In other words, the quotient map could be defined according to
the connectivity in F and X \ F instead of simply X. Formally, let ¢ : F — Cqpace be the quotient map defined by:

q(x)=po if x€ C,,aconnected component of For X\ F.

Then, a subset U of Cypace is open in Cypace precisely when q’l(U) is open in X, which is now consistent with the standard
definition of the quotient topology. All such open subsets of Cypace are collected to be the quotient topology 7, equipped to the
quotient space

Tq = {M - Cspace‘ qil (U) € T}'

The quotient topology 7, on Cypace reflects the arrangement and clustering of connected components in X partitioned by F. By
employing the quotient topology, the connectivity structure of F and X \ F is abstracted into Cgpace Without imposing additional
metric constraints.

Example (nested circles in R?): Consider F C R? composed of infinitely many disjoint circles accumulating to a single point
(see figure 6). Here, each circle is a connected component of F. The component space Cypace cOnsists of points corresponding to

14
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each circle. An open neighbourhood around the accumulation point in Cyp,ce includes points corresponding to circles arbitrarily
close to the accumulation circle in F. This example illustrates how the quotient topology captures the clustering behaviour of
connected components.

B.1.3. Step 3: The essential property—existence of at least one accumulation point. ~ The classical Cantor set is perfect by
definition because it is closed and every point in it is an accumulation point. This perfectness requirement is too strict to allow
a fragmented set to contain ‘regular islands’ but still harbour a ‘Cantor-like dust’ elsewhere. Instead of perfectness, merely
one accumulation point in the connected component space suffices to distinguish the set from other regular ones in topological
complexity, which leads to a formal definition of a fragmented set:

Definition (fragmented):
Let (X,7) be a topological space and F a subset of X. The set F is called fragmented if and only if there exists at least one
accumulation point of F/ ~ in the quotient connected component space

Copace = F/ ~ U (X\F)/ ~,

where ~ is the equivalence relation defined by connectivity under the topology T.

Note that F/ ~ is a subset of Cspace» 50 this definition is equivalent to whether there exists an accumulation point of F in X
in the sense that both of them are lifted to the quotient space. In other words, the condition can also be stated as F/ ~ is an
accumulation-point-existing subset of Cspace, N0 matter whether the accumulation point is in or not in F' / ~ itself.

This single topological requirement captures the essence of a Cantor-like fragmentation: there is at least one location in
F/ ~ where the connected components cluster endlessly, preventing it from being described as a finite simple union of regular
sets. Even if F contains regular subsets that fill some other regions, the presence of at least one such accumulation point of
components indicates a fragmented structure lurking beneath.

In this way, a topological criterion for fragmentation is distilled from the Cantor set’s properties suitable for generalising
to complicated, high-dimensional scenarios. This definition captures the essence of fragmentation without forcing all classical
Cantor-like attributes (such as total disconnectedness or lack of interior) onto F. Instead, it generalises the concept in a way
that applies naturally to complicated sets arising in dynamical systems, thus providing a robust notion of ‘fragmented’ beyond
‘Cantor-like’ in the classical one-dimensional setting.

Examples (common fragmented sets):

1
o F= {f} as a subset of R with the standard topology.
nJneNt

e = (Q as a subset of R with the standard topology.

e F=R\ Q as a subset of R with the standard topology.
Always keep in mind that, even though R \ Q and Q are both fragmented, their union R is not fragmented because the gaps
in either Q and R \ Q are filled by the union with the other.

o The classical Cantor set as a subset of R with the standard topology.

e Sierpinski-Menger sponge, a generalisation of Cantor set to 3D space, as a subset of R? under the standard topology.
Note that Sierpinski—-Menger sponge is not fragmented because it is merely one connected component.

o = {C, | re Q}, where C, is the circle centred at the origin with radius r.

F is fragmented as a subset of R? under the standard topology. Note that {C | re Z} is not fragmented because the connected
component containing the origin point is open, thereby impossible to be an accumulation point.
o ['= {7’2(61) | the safety factor g € Q}, the set of all rational tori in an MCF machine, as a subset of R? under the standard
topology.
The set of all irrational tori is also fragmented. When lifted to the quotient space, both sets have the magnetic axis 7,/ ~

as an obvious accumulation point, while each invariant torus 72(g)/ ~ itself is also an accumulation point. Extreme counter-
examples where the magnetic field or its poloidal component vanishes are disregarded due to a lack of practical value.
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B.2. Abandoning classical properties not essential to fragmentation

No interior points: the classical Cantor set is nowhere dense and contains no intervals. In high-dimensional scenarios, talking
about interior points of F is less pertinent. Our construction bypasses this by working at the level of connected components
because the existence of interior points in a regular subset of F' does not impede the set F from being fragmented elsewhere.
The fragmented property is infectious: If F has a subset Fqy, that is fragmented, then F will inherit being fragmented, provided
the complement F — Fqy, is not large enough to bury all the accumulation points of Fsw/ ~ in the component space. A formal
description can be found in the next section of this appendix.

Dimension or smoothness assumptions: a fragmented set defined here is not required to have uniform dimensionality or a
differentiable structure. The connected components can be of varying complexity, dimensionality, or smoothness.

Self-similarity: fractals—a well-known term coined by Benoit Mandelbrot in 1975—are often defined or understood through
self-similarity (exact or statistical), scaling laws, and non-integer Hausdorff dimensionality. The Cantor set, for instance, is
constructed by iterative removal of intervals and exhibits a clear self-similar structure. While fragmented sets may indeed share
some of these traits, it is not a requirement. By contrast, fragmentation is a topological notion emphasising the distribution and
complexity of connected components.

B.3. Infectivity of the fragmented property

Consider a topological space (X, 7) and subsets Fy, C F C X. If Fyy, is fragmented, there is an accumulation point p of Fyy,/ ~
in the quotient space Cls, == (Faub/ ~) U (X — Fqup)/ ~). We can approximate p by a sequence (p;) with each p; € Fyp/ ~.
Since Fgyp, is included in F, there is a natural map

f: Fsub/ ~— F/ ~

sending each connected component of Fgy, to the (possibly larger) connected component of F' containing it. If, for every sequence
that approximates p, all but finitely many terms (p;) land in a single, larger connected component of F/ ~, then p ceases to be

an accumulation point when viewed in CE_ . := (F/ ~)U ((X — F)/ ~). In this case, we say that the accumulation point p of

space
Fgub/ ~ has been buried upon extending fiom Fgpto F.

If not all approximation sequences are buried, then F inherits the fragmented nature of Fgy,. We say that F is infected with
fragmentation or inherits fragmentation. This infectivity underlies the ability to produce highly complex fragmented sets by
judiciously choosing unions that prevent burying.

On the other hand, if not all approximation sequences are buried this way, then F inherits the fragmented nature from Fg;,—in

other words, F becomes ‘infected’ and is thus fragmented.

Chy, partitioned by Fop Copace Partitioned by F
| |

Fsub/ ~ 1) F/ ~

U U

(X\ Foup) / ~ — (X\F)/~

It would be helpful to identify a condition on the sets such that their union always inherits the fragmented property without
burying each other’s accumulation points. The condition is separation.

Proposition (infectivity of fragmentation):
Let (X,7) be a topological space.

1. (Set union) Suppose A, B C X are separated subsets of X. If A is fragmented, then A U B is also fragmented.
2. (Set minus) Suppose Cyyp, C C are two subsets of X. If Cgyp is fragmented while C is non-fragmented, then C\ Cyy, is
fragmented.

Proof. (Setunion) Since A is fragmented, by definition there exists at least one accumulation point of A/ ~ in the corresponding
connected component quotient space
Cle =A)~ U (X\A)/ ~,

space
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where ~ is the equivalence relation induced by connectedness under 7. Let p be such an accumulation point.
Consider now

CA9B .— (AUB)/ ~ U (X\ (AUB))/ ~.

space

Since A and B are separated, there exist disjoint open sets U and V such that A C U and B C V. This topological separation
ensures that no connected component arising from A is forcibly merged or coalesced into a larger connected component due to
the union with B, or vice versa, when passing to (A U B)/ ~. Intuitively, the structure of connected components within A is not
‘buried’ by the union with B.

Formally, if p is an accumulation point of A/ ~ in Cf,., then there exists a sequence (p;) in A/ ~ approximating p. The
introduction of B, being separated from A, does not allow the connected components corresponding to (p;) to collapse into a

single larger component that would eliminate p’s status as an accumulation point. Thus, p remains an accumulation point in

AUB
Cspace .

Therefore, A U B is also fragmented.
(Set minus) Only when C \ Cyyp is fragmented can it merge the connected components approximating the accumulation point
in the quotient space partitioned by Cg,, such that their union is non-fragmented. O

Next, a stronger proposition of infectivity for a family of infinite subsets is presented, but it needs a stronger separation con-
dition than pairwise separation to ensure an accumulation point of one subset will not be buried by the countable or uncountable
union. To illustrate it is a stronger condition, consider the family of singletons {{x} : x € [0, 1]} on R. Each pair of singletons is
separated by open sets that isolate the corresponding points. However, the union is simply the interval [0, 1], which is connected,
and hence corresponds to a single point in the quotient space Cpace-

Definition (global separation condition):
A family of subsets {A, }¢; of a topological space (X, ) is said to be globally separated if for any partition of I into two
disjoint subsets I; and I, there exist disjoint open sets U and V in (X, 7) such that

UJAacU and [JA.cCV.

acl) acl

This global separation is a stronger condition than the pairwise separation for a family of subsets, ensuring that no topological
complexity arising from the union of infinitely many subsets collapses into a single connected component.

Proposition (infectivity of fragmentation under global separation):
Let (X,T) be a topological space and let {A, }wcr be a globally separated family of subsets of X. If at least one of the A, is
fragmented, then | ) ,.,As is also fragmented.

Proof. One can begin with the countable case. Assume {A;}$°, is a countably infinite, separated family. Suppose, without loss

of generality, that A, is fragmented. By the proposition for two sets, since A| and A, are separated, A; U A, is fragmented. Now
consider (A1 UA,) UAj3. Since {A;,A,,A3} is separated, the fragmentation persists, and thus (A; UA, U A3) is also fragmented.
Proceeding inductively, if at least one A, is fragmented, the entire union U?il A; remains fragmented.

For an uncountable family {A,, }cs, one can use a transfinite induction. Enabled by Zermelo-Fraenkel set theory with the
axiom of choice, one can well-order the index set / and mimic the countable construction at each successor step, and take limits
at limit ordinals. The separated structure of the family ensures that no accumulation points become ‘buried’ as one takes larger
and larger unions. Thus, if at least one A,, is fragmented, the entire union | J ;A is fragmented.

In both the countable and uncountable cases, the key is that the notion of separation extends to the entire family, preventing
unwanted mergers of connected components in the quotient space. Hence, the infectivity of fragmentation is not limited to
single pairs of sets but holds for arbitrarily large separated families of sets. O

B.4. Fragmented sets exist universally

Let (X, 7) be an infinite topological space. Consider the power set 2X of X, which has cardinality 2!XI. By definition, every subset
A C X is either fragmented or non-fragmented. Thus, 2% is partitioned into two disjoint classes:
2X=FUN,

where F is the family of all fragmented subsets and \ is the family of all non-fragmented subsets. Clearly, | F| + |N| = 21X
in the sense of cardinal arithmetic.

At least one of F or N must have cardinality 21Xl otherwise, if both had cardinalities strictly less than 21X! their union could
not cover all subsets of X. The question then becomes: under what condition can one guarantee that J attains this maximal
cardinality?
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If we can find a large family of fragmented sets—at least |X|-many distinct ones—this can provide a foothold to argue that
F may achieve cardinality 2. Based on these |X|-many ‘blocks’, one can combine them to produce 21X distinct sets. Keep
in mind that for infinite X, 21| is a strictly greater cardinal than |X|. The point is to ensure the union of a combination of these
fragmented sets is still fragmented, and that these 21X sets generated are distinct from each other.
Example on R: Consider the real line R with the standard topology. For each real number o € R, define:

1
Fa::{a+n|neN+}.

Each set F, is a countable infinite subset of R that accumulates at «. Note that « ¢ F,,, but «v is a limit point of F,,. Each F,, is
obviously fragmented by definition. Additionally, if o # 3, obviously F,, # F. Hence, {F,, | « € R} is a family of |R|-many
distinct fragmented sets.

The arbitrary union of these fragmented sets

U A, for p-almost all / C R,
acl

is still fragmented. p-almost is to be explained in the proof of the following theorem where p is a measure on the infinite-
dimensional subset space 2F that consists of all subsets of R. Each F,, accumulates at o and thus is fragmented. However, the
family {F,, }cr is not pairwise separated because they partially overlap with each other. We want to modify each F,, slightly
by removing some points so that the resulting family {G,, }4er is still fragmented and also pairwise separated. Since each F,,
is infinite, we can afford to remove infinitely many points and still maintain accumulation at «.. This yields a family {G,, }ocr
of cardinality |R| that is pairwise separated and still entirely composed of fragmented sets. Hence, this construction provides a
direct, explicit example suitable for applying directly the following theorem on cardinality dominance of fragmented sets.

Theorem (fragmentation is generic):
Let (X,7) be an infinite topological space. If X admits a family {Fs}aecr of pairwise-separated fragmented subsets with
cardinality

1] = 1X],
then the family F of all fragmented subsets of X has cardinality
|F| =2

Proof. The proof is broken down into several conceptual steps, combining intuitive ideas with rigorous argumentation.
Step 1 (Measure-theoretic setup):
Consider the product space

Q:={0,1},

equipped with the product o-algebra generated by cylinder sets and the product measure . defined as follows: Let s, be the
measure on {0, 1} assigning measure 1/2 to each number. By Kolmogorov’s extension theorem, one can obtain a complete
product measure g on §2:

p=Q ta-
acl

Each element w € €) corresponds to an index subset J,, C I by
Jo=Aaecl|w(a)=1},

which is the natural identification bijection J,, : > w + J,, € 2/ . In this way, 2/ is measured by y: a measurable set £ C 2/ is
identified with the corresponding set

E={weQl|J, &}

in €, and we say £ is a null set (or has measure zero) if ;(E) = 0.

Henceforth, one can speak in a language of real analysis ‘for p-almost all subsets J C 1, a property P(J) holds,” which means
that the collection of J for which P(J) fails is a p-null set.

Step 2 (Combinatorial explosion from |X| to 2X1):
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Consider all subsets J C I, each of which form the union
UaesFa-

The mapping J — UqesF, is an injection from the power set of I (which has cardinality 21X]) into the family of all fragmented
subsets F.
Consider first a finite collection {«,...,«,} of indices. By applying the infectivity of fragmentation, we know that:

Fo UF,,U---UF,,

remains fragmented. This is a deterministic consequence of pairwise separation and the infectivity proposition.

Step 3 (For u-almost all index subsets, the union is still fragmented):

Only when it is an infinite union can the union set be threatened to lose fragmentation. The index set J C I has to be chosen
carefully so that their union ‘glues together’ infinitely many components in a way that buries all accumulation points. However,
such glueing requires picking indices in a highly structured and intricate pattern. The measure p assigns measure zero to these
‘rare’ patterns because they form a measure-null subset of 2. According to the infectivity of fragmentation during set minus
operation, any removal of one subset F,, will cause the union to become fragmented again. Removal of finitely and infinitely
many subsets is much more possible in the sense of measure theory, which also lets the union cease being fragmented.

To be more explicit, the set of J C I that fails to preserve fragmentation lies within certain null sets defined by infinitely
many measure-zero conditions (akin to requiring infinitely many ‘coincidences’ or ‘matches’ of topological conditions). By the
completeness and translation-invariance properties of the product measure 1, any such topologically contrived selection pattern
has zero measure. Hence, the complement of that collection—the ‘generic’ subset of 2/—has full y-measure.

In other words, for p-almost all subsets J C I, the union Ua ciFa is fragmented. This, combined with the combinatorial
explosion, completes the proof. O

There is no need for metrics or additional structures. The infectivity of fragmentation under separation and the combinatorial
explosion from |X|-many to 2XI-many subsets are topological and set-theoretic in nature.

The theorem shows a stark contrast between fragmented and non-fragmented sets: the non-fragmented ones cannot simil-
arly leverage separation and infectivity arguments. Therefore, fragmented sets are usually expected to dominate in terms of
cardinality.

If no such initial family {F,} exists, then one cannot conclude that fragmented sets dominate. It could be the case that the
family A" of non-fragmented sets achieve the cardinality 2!X! or both. However, under a wide range of natural topological spaces
(for instance, in spaces resembling R, such as Q and R", where one can easily produce infinitely many distinct fragmented sets),
it is quite possible that the family of fragmented sets has a cardinality comparable to the family of all subsets, as stated in the
theorem.

For comparison, in a discrete space like Z, every set does not produce accumulation points. Thus, every set is non-fragmented.
Such spaces fail to provide the vast collections needed to exhibit fragmentation-richness. Indeed, Z is too ‘coarse’ to embed
intricate Cantor-like structures.

Remark. The measure-theoretic argument can be viewed as a formalisation of the notion that ‘almost no’ selection of indices
produces exact merges that erase all accumulation points arising from all subsets. In contrast, global separation guarantees every
selection is well-behaved, a far stronger condition than the pairwise-separated one, yet (unnecessarily) making it more difficult
to construct the subset family. The measure-theoretic perspective highlights that while global separation ensures the union to
inherit fragmentation, pairwise separation combined with fragmentation is sufficient to ensure fragmentation for almost all
choices of the index subset to do the union, a slightly weaker but still robust conclusion in a measure-theoretic sense.

Example (A |R|-many family of pairwise separated fragmented sets on R):
The construction is shown in the following steps.

Step 1 (Utilising the Cantor set):

The standard Cantor set
o

C:= §|an€{0,2} Vn

n=1

has cardinality |C| =20 and many characteristics that can help construct the family of pairwise separated fragmented sets.
Each point of C is a limit of others, and C is totally disconnected.

Well-order C as {c; :i € I} with a transfinite index set |I| = 2™, If one can associate to each ¢; a fragmented set G, accu-
mulating at ¢; and ensure that {G,,} is pairwise separated.

Step 2 (Choosing the intervals that will be used to trim fragmented sets so that they are pairwise separated):

19
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To ensure the family is pairwise separated, one can employ disjoint intervals to trim the fragmented sets. Via transfinite
recursion, each ¢; will be assigned a closed interval /., around it or skipped if it is already covered by previously constructed
intervals.

Since C is totally disconnected, one can choose a closed interval /., that contains ¢; and is disjoint from all previously chosen
intervals, provided it is not already contained by such intervals.

To not exclude too many points that have not been enumerated, choose a sufficiently small length of the interval I, such as
3=(+5)  where i is viewed as an ordinal index enumerating C. As i grows, these intervals become extremely small, especially
when i is large enough that can only be considered as a transfinite number. The exact length 3~ (*5) is just an example; the key
is that the self-similarity of the Cantor set can be utilised to guarantee that each interval I, does not include other points at the
same level as c¢; in the Cantor construction procedure.

Due to the self-similarity, the remaining subset of C that neither has been enumerated at staged i nor included by /,, still has
cardinality 2™. The cardinality of the points that would be skipped in the enumeration due to being included by 1, is controlled
to be less than or equal to that of the other part, that is the aforementioned remaining subset. The cardinal arithmetic guarantees
that at least one of them has to be 2™, so that an overwhelming majority (still of size 2¥°) of points remain to continue the
process.

Step 3 (Trimming the fragmented subsets):

For each ¢, it is natural to choose the following simple set that accumulates at c;,

1
FCi::{ci+:n€N+}.
n

Itis obvious that for distinct i # j, Fe, N F, might not be empty due to accidental coincidence. To prevent intersection, trim these
fragmented sets by the intervals constructed in the second step,

G, =F,NI,.
Since I, is an interval already constructed and includes c;, G, remains infinite and accumulates at ¢;, so G, is still fragmented
as F,,. The family {G,, };¢; is pairwise separated by the deliberate construction. O
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