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ABSTRACT

Liquid films of nanometric thickness are prone to spinodal dewetting driven by disjoining pressure, meaning that a non-wetting liquid film
of homogeneous thickness in the range of tens of nanometers will spontaneously break into droplets. The surface energy of the underlying
solid substrate heavily influences the dynamics and resulting droplet configurations. Here, we study the dewetting of thin liquid films on
physically flat but chemically heterogeneous substrates using the thin film equation. We use linear stability analysis (LSA) to describe and
predict the system’s behavior until the film ruptures and compares it to numerical simulations. The good agreement between the numerical
solutions and the LSA allows us to propose a method for measuring surface energy patterns from early time step film height profiles with
good precision. Furthermore, we study the non-linear dynamics and the eventually formed droplet pattern by numerical simulations. This
offers insight into the dependency of the resultant droplet arrays on shape, feature size, and magnitude of the chemical patterning of the
underlying substrate.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0268099

I. INTRODUCTION

The wetting behavior of liquid films is the subject of long-lasting
intensive research interest.1–8 It is of great interest for many biological
and technical applications, such as the embryogenesis of zebrafish
yolks,9 the stability of the lachrymal film on the human eye,10 sup-
ported liquid phase catalysts,11,12 protective coatings,13,14 printable
photovoltaics,15–17 the friction of car tires on wet roads,3 or many other
applications.1–3,18

In all the above-mentioned cases, when a thin film is deposited
on a homogeneous solid substrate, it may dewet and form droplets
depending on the solid–liquid, gas–liquid, and solid–gas surface ener-
gies, which also determine the contact angle of the eventual drop-
let.1,4,6,19–24 This dewetting phenomenon occurs because of the
effective (van der Waals) interactions between the solid–liquid and liq-
uid–gas interfaces, which lead to “spinodal dewetting.”1,6,20,21 For ini-
tially homogeneous liquid films of thickness below 100 nm, the

attractive van der Waals interaction between the gas and the solid
results in an energetic potential which, in the case of partial wetting,
can be large enough to nucleate holes in the film.3,6,23 The resulting
pressure contribution is called the disjoining pressure and depends on
the strength of the three above-mentioned surface energies.

This scenario becomes more involved when the surface of the
solid substrate is not homogeneous. In fact, a non-constant solid–liq-
uid interfacial energy or surface tension heavily influences the dynam-
ics of the rupture process and the resulting droplet pattern. By means
of different techniques, for example, plasma etching,25 it is possible to
chemically pattern the solid substrate and hence to induce patterns of
dewetted liquids on solid substrates by stripes of various sizes of more
and less wettable areas on the substrate.26–30 These techniques are used
in lithographic printing31 and/or in combination with switchable sub-
strates, which allow for the creation of chemical patterning on flat sub-
strates on demand.32–36
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One commonly employed tool to study wetting, especially spino-
dal dewetting, is the thin film equation (TFE), which allows for effec-
tive modeling of spinodal dewetting by including a so-called disjoining
pressure, that can appropriately capture the physical mechanism lead-
ing to rupture of ultra-thin liquid films.1,2,6 A variety of different effects
of patterned substrates on the spinodal dewetting of ultra-thin liquid
films can be observed and explained by the TFE.37,38 However, to the
best of our knowledge, the dynamics of the liquid film on a chemically
patterned substrate leading to film rupture remains not fully
understood.

By linear stability analysis (LSA) of the TFE, the spectrum of the
film height profile of a thin liquid film on a physically flat and chemi-
cally homogeneous substrate undergoing spinodal rupture before film
breakage can be well understood.20,39–43 This has been validated
against experiments20 and molecular dynamics simulations,39,40 dem-
onstrating the validity of the linearized TFE to describe dewetting
dynamics of thin liquid films.

Furthermore, the influence of various functional forms of chemi-
cal patterning on solid substrates regarding the dewetting behavior of
liquid films has been minimally explored and lacks comprehensive
analysis. A notable attempt in this direction is Ref. 44, which investi-
gates the spinodal dewetting of an ultra-thin liquid film on a solid sub-
strate with heterogeneous local surface energy. The authors consider
two types of substrate patterns: sinusoidal and step-function patterns.
Their findings indicate that the resulting droplet pattern follows the
substrate patterning. For sinusoidal patterns, droplets form only at the
minima of the local contact angle, i.e., at the most wettable locations.
This phenomenon is further illustrated in three dimensions in Ref. 34.
For step-function patterns, droplets form centered on both hydropho-
bic and hydrophilic patches, with film rupture occurring at the discon-
tinuities of the local contact angle h. As shown in Fig. 2, new
simulations have reproduced these results. Additionally, Ref. 44 notes
exciting behavior in the spectrum of the film height (its Fourier trans-
form) on patterned substrates, which was not further investigated.
Reference 44 neither does provide a more quantitative study of the
dewetting behavior of liquid films on patterned substrates nor do the
authors present an explanation for the spectrum of the liquid film
height profile upon dewetting on a chemically patterned substrate. In
this article, we attempt to close this gap.

This paper investigates the dynamics of a thin liquid film under-
going spinodal rupture on chemically patterned substrates. Our analy-
sis encompasses both the linear regime and the nonlinear regime. To
study the linear regime, we employ an LSA accounting for the pattern-
ing of the substrate. By numerical simulations, we verify the LSA and
confirm that linear theory approximates the film dynamics before film
rupture. To further study the nonlinear regime, we rely on numerical
simulations. We perform parameter studies exploring the eventual
steady-state droplet arrays that emerge after film rupture and how they
depend on the shape of the underlying droplet pattern. Furthermore,
we identify the underlying mechanism of film rupture by investigating
the transition from one droplet per pattern wavelength on a sinusoidal
pattern [Fig. 2(a)] to two droplets per pattern wavelength on a step-
function pattern [Fig. 2(b)]. Also, the effects of the pattern amplitude
and wavelength are studied.

Finally, we propose a novel method, similar to Ref. 45, for mea-
suring surface energies by inverting the problem: deducing the chemi-
cal patterning of the substrate based solely on thin film dynamics. A

comparison with numerical simulations shows that this method can
accurately map surface energy heterogeneities of solid substrates. Our
calculations offer a possible extension of the already explored wetting-
based surface energy measurement techniques, contact angle goniome-
try,46,47 and sDoFFI.25

The remainder of this article unfolds as follows: In Sec. II, we
describe the employed TFE model. Section III presents numerical
results concerning the eventual steady state of droplets after film rup-
ture, focusing on the number of droplets per pattern period of regular
patterns and the rupture time. In Sec. IV, the LSA is derived and com-
pared with numerical simulations. Finally, in Sec. V, we discuss the
possibility of obtaining the substrate pattern from measurements of
the thin film spectrum.

II. MODEL

We employ the thin film equation (TFE) to study the dewetting
of a thin liquid film resting on a solid substrate with heterogeneous
wettability as sketched in Fig. 1. The TFE is an effective conservation
equation of the film height h, modeling its evolution in time, driven by
the hydrodynamic pressure. It can be derived by approximation from
the Navier–Stokes equation and is valid for liquid films having typical
thicknesses smaller than any relevant horizontal length-scale. This
assumption is called the lubrication approximation. Furthermore, the
TFE is only valid in the Stokes regime where the Reynolds number is
small. It reads as follows:1,2

@th ¼ r � MðhÞh
l

rp

� �
: (1)

In Eq. (1), l denotes the dynamic viscosity. The hydrodynamic pres-
sure in the liquid film p is assumed to be homogeneous along the
transverse direction. It is given as a function of film height h, the sum
of the Laplace pressure and the disjoining pressure. The Laplace pres-
sure is driven by surface tension c and the curvature of the liquid inter-
face and is given by �cr2h. The Laplace Beltrami operator r2h
approximates the curvature of the film height profile valid in the lubri-
cation approximation. The disjoining pressure is responsible for the
spinodal dewetting. It stems from the van der Waals interactions
between the surrounding gas atmosphere and the solid substrate and is
given by the wetting potential u. This wetting potential can be calcu-
lated by integrating the interaction potentials between molecules of the
surrounding gas atmosphere and the solid substrate over the half-
spaces of the atmosphere and the substrate. Employing a classical
Lennard-Jones ð6; 12Þ potential, one derives the wetting potential to
be3,23,48

uðhÞ ¼ 1
n�m

n
h�

h

� �m

�m
h�

h

� �n
 !

; (2)

where n ¼ 8 and m ¼ 2 are two integers and h� is the precursor
length. This functional form of the wetting potential gives rise to a
minimal film thickness of h� by incorporating a short ranged repulsive
force, closing a gap highlighted in the outlook of Ref. 31. This so-called
precursor film shall be considered as a dewetted film, i.e., whenever
h ¼ h�, this has to be interpreted as the solid substrate being exposed
to the surrounding gas atmosphere. The main purpose of this layer is
to avoid division by zero when the liquid film dewets, even though
there is evidence that, indeed, also in a real system, a layer of molecular
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thickness may be formed on dry substrates preceding liquid films or
droplets.49 For charged interfaces, one would obtain instead
u / expð�jhÞ where j is the Debye length.23 Including the surface
energies, the disjoining pressure then reads �cð1� cos hÞu0ðhÞ. Here,
h is the local contact angle of the liquid film given by Young’s law22

cos h ¼ csg � csl
c

; (3)

where c, csg , and csl are the three surface energies: gas–liquid, solid–
gas, and solid–liquid. To model the non-constant wettability of the
solid substrate, we assume csg and csl to be dependent on space and
thus also h being a non-constant function of space. Within our model,
the contact angle is defined as Young’s angle obtained by Eq. (3).
Thus, our model always assumes Young’s angle at equilibrium up to
numerical precision and does not reproduce the effect of contact angle
hysteresis observed in experiments.50,51 Furthermore, we assume, for
simplicity, perfectly smooth substrates. The roughness of the substrate
can be incorporated into Eq. (3) using Wenzel’s relation.3 Therefore,
strictly speaking, the employed model captures heterogeneities of the
apparent contact angle independent of whether they stem from varia-
tions in solid–liquid surface energy or local roughness of the substrate.

u0ðhÞ being the derivative of the wetting potential u, the hydrody-
namic pressure reads

pðhÞ ¼ �cr2h� cð1� cos hÞu0ðhÞ: (4)

Finally, to fully explain Eq. (1), we introduce the mobility MðhÞ
given by

MðhÞ ¼ 2h2 þ 6bhþ 3b2

6
; (5)

where b is the so-called slip length. Equation (5) assumes that the
velocity profile uðx; zÞ in the liquid film to be of a parabolic shape.
Such an assumption relies on the fact that the pressure inhomogeneity
along the film induces the fluid flow and that we assumed the pressure
to be homogeneous along the transverse direction. On top of this, the
following boundary conditions are imposed: (a) slip boundary at the
solid substrate uðx;�bÞ ¼ 0, i.e., the liquid is allowed to move over
the solid substrate as observed experimentally6,19,52,53 (one can, of
course, choose b ¼ 0 to restore the no-slip boundary condition.
However, small non-zero values of slip b do not substantially influence
the results but increase the numerical stability of the model) and (b)
non-viscous atmosphere @zuðx; hÞ ¼ 0, i.e., no dissipation at the liq-
uid–gas interface.

In this manuscript, all numerical results are obtained by solving
Eq. (1) by a newly developed lattice Boltzmann method for thin-liq-
uid-film hydrodynamics presented and validated in Refs. 34, 44, 54,
and 55.

III. DEPENDENCE OF THE EMERGING DROPLET
PATTERN AND RUPTURE TIME ON THE SUBSTRATE
PATTERNING

In this section, we investigate the breakage of liquid films on
chemically patterned substrates and the emerging droplet patterns by
numerical simulations. We systematically study the influence of the
shape of the substrate pattern on the number of droplets formed after
film rupture and the time it takes the system to evolve from the initially

FIG. 1. Sketch of the setup. The sketch shows the gas phase at the top. The liquid
phase in blue is described by the film height h. The substrate below differs by the
local surface energies expressed by the contact angle h, where blue-shaded areas
have a low local surface tension and red-shaded areas have a high local surface
tension.

FIG. 2. Simulations of the dewetting on a patterned substrate. All lengths are reported in units of the pattern wavelength kh. Lines of different colors represent the liquid film
height h at different time steps. The substrate below is plotted as a colored bar, where blue indicates a low local contact angle h and red indicates a high local contact angle.
All parameters, including the mean contact angle h0, its amplitude dh, and wavelength kh, are the same in both simulations shown; they only differ by the functional form of the
pattern. Here, we have chosen the pattern wavelength to be twice the spinodal wavelength kh ¼ 2=qmax;plain [see Eq. (17)]. (a) Simulation of the dewetting on a sine-wave pat-
tern and (b) simulation of the dewetting on a step-function pattern.
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flat film to the formation of the first hole (the so-called rupture
time tr).

To illustrate the breakage of a liquid film on a patterned substrate,
we show two exemplary simulations in Fig. 2, solving the model
numerically on differently patterned substrates. Similar simulations
have been performed in Ref. 44. The initial condition is, as for all simu-
lations presented in this paper, a constant film height with small ran-
dom perturbations hðx; t ¼ 0Þ ¼ h0 þ �NðxÞ. In Fig. 2, we use a
pattern wavelength kh ¼ 2=qmax;plain, where qmax;plain is the fastest
growing mode of a thin liquid film on a homogeneous substrate [see
Sec. IV, Eq. (17)].

In Fig. 2(a), we use a sine-wave pattern h ¼ h0þ dh sinð2px=khÞ,
where h0 ¼ p=9 ¼ 20� and dh ¼ p=19 ¼ 10�. We observe the film
breaking at the maxima of the pattern h where the substrate is least
wettable. From there on, wetting rims advance, forming a single drop-
let when meeting. This leads to the formation of one droplet per pat-
tern period at the position of the smallest local contact angle h.

In Fig. 2(b), a step-function pattern h ¼ h0 þ dh 2H½modðx�
�kh=2; khÞ� � 1g is employed. Here, H denotes the Heavyside func-
tion. The film breaks at the step of the pattern, sending one wetting
rim traveling into the red region of high local contact angle and one
into the blue region of low local contact angle. Two droplets are
formed, one on the more hydrophobic part of the substrate and one
on the more hydrophilic part.

The difference in the number of formed droplets between the
sine wave pattern in panel (a) and the step function in panel (b) can be
explained as follows: By the evolution Eq. (1), the only mechanism
that can lead to film rupture driven by local differences in the substrate
surface energy is by gradients in the pressure p. When the film height
is constant in the initial condition, those gradients in the pressure stem
from gradients in the local contact angle h. In the case of the sine
wave, the liquid film breaks at the maxima of the pattern at a spot-
defect of the substrate’s surface energy. For the step function, on the
other hand, at the maximum of the pattern, the pressure is constant
almost everywhere as the contact angle is constant almost everywhere.
The only location where one has a gradient in the contact angle and,
thus, in pressure is at the step of the chemical surface pattern. The liq-
uid film breaks at this step-defect of the substrate’s surface energy.

The above-mentioned observation that a thin film is forming dif-
ferent amounts of droplets on sinusoidal substrate patterns or step
function surface patterns driven by spot- or step-defects of the sub-
strate’s surface energy raises some questions: What happens when the
step of the step function is smoothened, as in an experiment a pattern
never will be arbitrary sharp? When morphing from a step-function
pattern to a sinusoidal pattern, at which point do we observe a

transition between the emergence of two droplets per pattern period
and one droplet per pattern period? How do the results depend on the
pattern wavelength kh and the pattern amplitude dh? In the following
two subsections, we will answer those questions by parameter studies
in numerical simulations.

A. Transition from sine wave to step function patterns

We study the transition between the different amounts of drop-
lets that might emerge after the rupture of a liquid film on the differ-
ently patterned substrates shown in Fig. 2. We are especially interested
in when the liquid film breaks on spot-defects as it is the case for the
sine wave pattern with a wavelength of kh ¼ 2qmax;plain reported in
Fig. 2(a) and when it breaks at the step-defects as seen in Fig. 2(b). In
agreement with Ref. 44, we observe, depending on the pattern used,
one or two droplets per substrate-pattern wavelength. Therefore, we
expect a transition between the emergence of one or two droplets
when transitioning from a perfect step-function pattern to one resem-
bling a sine wave more closely.

To study this expected transition quantitatively, we construct a
substrate patterning as shown in Fig. 3, i.e., we use a local contact angle
given by

hðxÞ ¼

h0 þ sinðxp=dÞ �maxdh; kkh � x < kkh þ d=2

h0 þmaxdh; kkh þ d=2 � x < kkh þ kh=2� d=2

h0 þ sin p x � kh � d
2

� �
=d þ p

2

� �
maxdh; kkh þ kh=2� d=2 � x < kkh þ kh=2þ d=2

h0 �maxdh; kkh þ kh=2þ d=2 � x < kkh þ kh � d=2

h0 þ sinðpðx � kh þ d=2Þ=2Þmaxdh; kkh þ kh � d=2 � x < kkh þ kh;

8>>>>>>>>>>>><>>>>>>>>>>>>:
(6)

FIG. 3. The substrate pattern contact angle h given by Eq. (6) is a step function
with steps smoothened out by a sine-wave, with average contact angle h0, ampli-
tude maxdh and the smoothing width d. Lengths are reported in terms of the sub-
strate wavenumber xh. Upon varying the smoothing width d, we see a transition
from a step function at d ¼ 0 to a sine-wave at d ¼ 1=xh.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 37, 072019 (2025); doi: 10.1063/5.0268099 37, 072019-4

VC Author(s) 2025

 12 D
ecem

ber 2025 12:04:49

pubs.aip.org/aip/phf


where k 2 N is a number. With this definition, we smoothen out the
step function pattern by inserting a quarter sine-wave with width d
instead of the discontinuity. We denote d the smoothing width of the
pattern. In the limit 2d ¼ kh, we obtain a sine-wave and for d ¼ 0 a
step-function.

We perform a parameter study over the smoothing width d 2
½0; kh� and the wavenumber of the substrate pattern
1=kh ¼: xh 2 ð0; 2:5qmax;plain�. The results of this study, including
41� 40 ¼ 1640 simulations in total, are visualized in Fig. 4. Here, the
inset (a) reports the number of droplets per period of the substrate
pattern.

At roughly xh � 2:5qmax;plain, we observe that the number of
emerging droplets per substrate period is less than one, meaning that a
single droplet or hole covers more than a single period of the pattern-
ing. This phenomenon for large substrate pattern wavenumbers has
also been reported by Kargupta and Sharma.56 Interestingly, the num-
ber of droplets observed after film rupture attains a metastable state
containing a number of droplets that fit the dominant wavenumber
qmax;plain of a substrate with a constant local contact angle equal to the
average contact angle h0 of the patterned substrate.

Regarding the emerging arrays of droplets, one might conclude
that the substrate can be treated based on its average properties. This is
not entirely true for the pattern wavelengths studied here, as we will
see later when discussing the rupture time. Still, it is a good approxi-
mation when one is only interested in the droplet patterns emerging
from spinodal dewetting.

Figure 4(c) shows snapshots of an exemplary simulation from the
regime xh � 2:5qmax;plain in the first row [labeled < 1drop=ðxh � LÞ].
For 2:5qmax;plain�xh > qmax;plain, we observe a single droplet per
period of the substrate pattern after film rupture, independent of the
smoothing width d. In this regime, the local maxima of the contact
angle h, i.e., the places of low wettability, act as spot-defects of the sub-
strate, provoking the nucleation of a single hole per defect and, thus,
per period of the substrate pattern. For xh < qmax;plain, we then
observe the expected transition between one droplet per period for a
sine-wave pattern (d � xh ¼ d=kh ¼ 1=2) and two droplets for a step-
function pattern (dxh ¼ 0). The transition value of d is the point
where the smoothed-out step no longer acts on the liquid film as a
step-defect, which creates a hole per step in the liquid film. Instead, the
maximum of the local contact angle begins to act as a single spot-
defect, at which the film breaks. Figure 4(c) shows snapshots of exam-
ple simulations illustrating this principle in the second and third rows
[labeled 1 drop=ðxh � LÞ or 2 drop=ðxh � LÞ, respectively]. Upon
decreasing xh further, we observe three or more droplets per pattern
period for the smallest pattern-wavenumbers considered in our simu-
lation set. This is best understood by looking at snapshots of corre-
sponding simulations as shown in the last four rows of Fig. 4(c)
[labeled 3� 6 drops=ðxh � LÞ]. The film breaks at the location of the
highest hydrophobicity (red-colored substrate), leaving behind one or
even more droplets. The number of droplets formed at the location of
highest hydrophobicity is, to a certain degree, dependent on the ran-
dom seeding of the simulation but can partly be explained by the spe-
cific pattern at hand.

First, we realize that for smaller wavelengths of the substrate pat-
terning, a single droplet is left on the hydrophobic part of the substrate.
Only upon increasing the substrate-pattern wavelength is there room
for more droplets. To understand the number of emerging droplets

after film rupture, we describe the formation of droplets on the hydro-
phobic part of the substrate for different values of the smoothing width
d when the wavelength of the pattern is large enough to allow for mul-
tiple droplets on the hydrophobic part:

For small d, i.e., step-function-like patterns, the film breaks first
at the step of the substrate pattern. From the holes created in the pro-
cess, two wetting rims travel inward toward the location of the highest
hydrophobicity and two wetting rims travel toward the places of the
highest hydrophilicity. When the two rims meet on the hydrophobic
part of the substrate, the film breaks in between them, forming two
droplets. This process has been intensively described and studied in
Ref. 57. The same happens on the hydrophilic part of the substrate:
once the two wetting rims meet, the liquid film in between breaks.

For higher d, the step in the substrate pattern is smoothened out
such that the film breaks on the hydrophobic area, forming 2, 3, 4, or
even 5 holes, creating 1, 2, 3, or 4 droplets. The larger the smoothing
width d, the smaller the area of high constant high local contact angle
h, and thus, the number of formed droplets on the hydrophobic part
of the substrate is largest for intermediate smoothing widths d and
decreases again for very large d.

Having described the formation of multiple droplets on the
hydrophobic part of the substrate, all that is left to understand is to
obtain the total number of droplets per substrate pattern period, which
is the number of droplets on the hydrophilic part of the substrate. Two
droplets are formed for large substrate pattern wavelengths on the
hydrophilic part. This can be understood as already described. When
the film breaks on the step of the substrate pattern or the hydrophobic
part of the substrate, two wetting rims travel toward the hydrophilic
part of the substrate. Their movement is sped up as they follow the
wettability gradient of the substrate. When the two rims meet, the film
in between breaks and creates two more droplets.

Next, we describe the rupture time measured by our simulation
set presented in Fig. 4(b). In general, it can be said that rupture is sig-
nificantly sped up by chemical patterning. As for the dependency on
the control parameters smoothing width d and pattern wavenumber
xh many of the features of the diagram showing the number of drop-
lets after film rupture [Fig. 4(a)] can be seen again for the rupture time.

For xh 	 2:5qmax;plain, where less than one droplet is formed per
substrate pattern period, the film takes about tr 	 0:2tr;plain to rupture.
Here, tr;plain denotes the rupture time of a thin film of the same param-
eters on a homogeneous contact angle h0 substrate. If, additionally, the
smoothing width is d � xh ¼ 1=2, i.e., for a perfect sine-wave substrate
pattern, the rupture time tr;plain of the plain pattern is almost
recovered.

In the region of xh � 2:5qmax;plain where one droplet is formed
per substrate pattern period, we observe much smaller rupture times
tr < 0:1tr;plain. Here, the rupture is sped up by the spot-like defects of
the substrate.

A local maximum of the rupture time of tr 	 0:175tr;plain is
observed at the transition between the one and the two droplet regions
in the diagram. This is where the system transitions from rupture
driven by spot- or step-defects of the substrate. Consequently, the rup-
ture is not that strongly sped up by either one of those defects.

Going further down into the two-droplet region in the diagram,
the rupture time drops again to tr < 0:1tr;plain, as the rupture is now
driven by pronounced step-like defects of the substrate. For the small-
est values of the substrate pattern wavelength xh considered here and
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FIG. 4. Varying the smoothing width d and the pattern wavenumber xh normalized by the fastest growing mode of dewetting on the plain substrate qmax;plain. Data reported
between cyan and magenta lines correspond to the same parameters in Fig. 5. (a) Number of droplets formed after film rupture. (b) Time tr for film rupture to occur, normalized
by the rupture time on a homogeneous substrate tr ;plain. (c) Snapshots of selected exemplary simulations showing the emergence of different amounts of droplets after film
rupture.
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especially for larger values of the smoothing width d, the step in the
substrate pattern is less pronounced, and as a consequence, the rupture
time is raised again to tr > 0:15tr;plain. For the most extreme case of
the smallest given value of xh and d � xh ¼ 1=2, i.e., a perfect sine-
wave spanning the whole simulation box, the rupture time of the plain
substrate tr;plain is almost recovered.

The results presented here are independent of the precursor
height h� as shown in the supplementary material Figs. S1–S3.

B. Amplitude and pattern-wavelength

In this subsection, we study the dependency of the number of
formed droplets after dewetting, as well as the time until film rupture on
the amplitude dh and the wavelength kh or wavenumber xh ¼ 1=kh,
respectively, of the pattern used. To do so, we perform a parameter study
varying the pattern-wavenumber xh 2 ð0; 2:5qmax;plain�, and the ampli-
tude dh 2 ½0; h0�, for a sine-wave pattern and a step-function pattern
running 40� 40 ¼ 1600 simulation for each kind of pattern. The results
of this study are reported in Fig. 5. The simulations performed in the pre-
vious subsection and the ones performed here overlap when the pattern
amplitude is chosen dh ¼ 0:5h0 and the smoothing width d=xh ¼ 1=2
for the sine wave and d ¼ 0 for the step function pattern. This is indi-
cated by colored lines in Figs. 4 and 5.

Figure 5(a) reports the number of droplets per period of the
employed substrate pattern observed immediately after film-rupture.
In the top left corner of the diagrams, i.e., for small pattern wavelength
kh ¼ 1=xh and small pattern amplitude dh, we consistently produce
less than a single droplet per pattern period. Thus, the emerged drop-
lets span multiple periods of the pattern. Upon raising the pattern
amplitude dh or the pattern wavelength kh ¼ 1=xh, the spinodal rup-
ture starts following the substrate pattern. A single droplet is formed at
the minimum local contact angle. The liquid film perceives the point
of highest hydrophobicity as a spot-defect and breaks at this point,
nucleating a hole. For the sine-wave pattern, more than one droplet is
observed only for the most extended pattern wavelengths simulated.
For the step function pattern, on the other hand, when the pattern is
large enough, the discontinuity of the pattern acts as a step defect, cre-
ating a hole in the liquid film. Consequently, two droplets emerge, one
on the more hydrophobic part and one on the more hydrophilic part.
Again, more droplets can be observed for the largest pattern wave-
lengths simulated.

The rupture time obtained by the parameter study is reported in
Fig. 5(b). For dh ¼ 0, the substrate is homogeneous, and thus, the rup-
ture time of a film on a plain pattern is recovered tr ¼ tr;plain. In the
top left corner of the diagrams, for small patterns with small ampli-
tudes, the rupture time decreases toward the transition line between
patterns that produce less than one droplet and exactly one droplet.
For the sine wave patterns, the rupture increases again when approach-
ing the largest simulated pattern wavelength kh ¼ 1=xh (bottom left
corner). This does not happen for the step function pattern.
Furthermore, we observe a local maximum of rupture time for the step
function pattern at the transition between patterns that produce one or
two droplets when the dynamics switch from breaking at a spot defect
to breaking at a step defect.

IV. LINEAR STABILITY ANALYSIS (LSA)

After studying the rupture time and the emerging number of
droplets after film rupture, we investigate the dynamics leading to film

rupture in this section. To do so, we employ a linear stability analysis
(LSA) to study the spectrum obtained from an ultra-thin liquid film
dewetting on a chemically patterned substrate. As long as the deviation
of the film homogeneity is small, we expect a good approximation of
the spectrum of the film height h.

Let us consider the TFE Eq. (1) and expand the height h around a
homogeneous value h0 with perturbation dh,

h ¼ h0 þ dh: (7)

Similarly, we expand the wettability of the substrate cos h around the
mean value ðcos hÞ0 ¼ cos h0 with a perturbation dðcos hÞ,

cos h ¼ ðcos hÞ0 þ dðcos hÞ: (8)

Equation (8) is the main idea behind the calculation presented here.
Treating the wettability in this way allows us to access the spectrum of
a liquid film dewetting on a chemically patterned substrate. We linear-
ize Eq. (1) under the ansatz Eqs. (7) and (8) yielding

@tdh ¼ cMðh0Þh0
l

r � �ð1� ðcos hÞ0Þu00ðh0Þrdh
�

þ u0ðh0Þrdðcos hÞ � r3dh�: (9)

The next step is to Fourier transform to cdh ¼cdhðqÞ ¼ bhðqÞ;ddðcos hÞ ¼ ddðcos hÞðqÞ ¼ dcos hðqÞ. Following the notation of
Evans,58 we use the hatbover the respective symbols as a notation for
the Fourier transform as follows:

dfðxÞðqÞ :¼ ð f ðxÞ expð�i2pqxÞdx; (10)

and the inverse hat�for the inverse Fourier transform

�gðqÞðxÞ ¼
ð
gðqÞ expði2pqxÞdq: (11)

q is the wavenumber given by q ¼ 1=k for the wavelength k. This
Fourier transform leads to

@tcdh ¼ cMðh0Þh0
l

q2ð1� ðcos hÞ0Þu00ðh0Þcdhh
� q2u0ðh0Þ ddðcos hÞ � q4cdhi: (12)

We can rewrite Eq. (12) as

@tcdh ¼ rðqÞcdh � q2
cMðh0Þh0

l
u0ðh0Þ ddðcos hÞ; (13)

where we have collected the dispersion relation or structure factor for
the unperturbed case (d cos h ¼ 0)

rðqÞ ¼ cMðh0Þh0
l

q2ð1� ðcos hÞ0Þu00ðh0Þ � q4
� �

: (14)

Equation (13) is an ODE and, as such, can be easily solved to obtain
the solution

bhðq; tÞ ¼ bhðq; t ¼ 0ÞerðqÞt

� ðerðqÞt � 1Þ
rðqÞ q2

cMðh0Þh0
l

u0ðh0Þ dcos h: (15)
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Choosing the perturbation of the local contact angle d cos h ¼ 0, we
obtain the spectrum of a dewetting film on a homogeneous “plain”
substrate1

bhðqÞ ¼ bhðq; t ¼ 0ÞerðqÞt: (16)

Equation (15) illustrates the structure of the obtained spectrum. The

first term, bhðq; t ¼ 0ÞerðqÞt , aligns perfectly with Eq. (16), representing
the spectrum of a thin film dewetting on a homogeneous substrate
with contact angle h0. The second term is proportional to the spectrum

of the local wettability, dcos h. If the substrate has uniform wettability,
this term vanishes. This is because if cos h is homogeneous, the ampli-

tude of dcos h is non-vanishing only for the zeroth mode, which does
not affect any time evolution. Otherwise, we see another contribution

/ dcos h superpositioned on the homogeneous case spectrum. Because
the initial film height h0 is larger than the precursor length h�, it holds
by Eq. (2) u0ðh0Þ < 0. Therefore, we obtain that the prefactor in front

of dcos hðqÞ is always positive, and we, thus, have, as expected, further

excitement of all wavemodes q whenever dcos hðqÞ 6¼ 0.
This maximum of rðqÞ, known as the fastest-growing mode of

the TFE on a plain substrate, is given by

qmax;plain ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2
u00ðh0Þð1� ðcos hÞ0Þ

r
: (17)

The cutoff wavenumber of a thin film dewetting on a plain substrate,
i.e., the largest wavenumber q such that rðqÞ ¼ 0, is given by

q0;plain ¼
ffiffiffi
2

p
qmax;plain ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u00ðh0Þð1� cos h0Þ

p
: (18)

For all q > q0;plain, it holds rðqÞ < 0.
For every wavenumber q such that dcos hðqÞ > 0, it holds that the

closer q is to the intrinsic modes of the film, particularly the maximum
qmax;plain of rðqÞ, the more the wavemode of wavenumber q is excited
in the spectrum bh. For large q > q0;plain, one obtains for the plain dis-
persion relation rðqÞ < 0. rðqÞ is decaying rapidly as �q4 for large q.
Thus, the first term of Eq. (15) decays with time t for q > q0;plain. The
larger q, the faster this decays over time. Nevertheless,
for dcos hðqÞ > 0, that wavenumber is still excited beyond the plain
spectrum of a thin film dewetting on a chemically homogeneous sub-
strate, but to a lower extent as for values of q close to qmax;plain.
Accordingly, the modes of chemical patterning with wave numbers
larger than the excited wavenumbers of the homogeneous-case thin-
film are hard to detect in the dewetting film spectrum. Thus, defects of
wavenumbers q, much larger than the cutoff wavenumber, q0;plain, are
not easily found in the spectrum, while wavenumbers q � q0 can be
frequently measured. The cutoff wavenumber q0;plain may vary
depending on the liquid properties and especially on the height of the
initial film. For an aqueous solution, it may range from 0:1� 1=lm to
100� 1=lm,21 enabling us to detect defects of patterns in the substrate
as small as 0:01 � lm.

For the majority of the simulations presented in Figs. 3 and 5,
one or two droplets (orange and yellow color code) per wavelength are
observed. Those are the cases where the wavelength of the chemical
patterning resonates with the wavenumber of the fastest growing
mode of the film. For these cases, the rupture time is reduced signifi-
cantly from the plain reference case in those situations. In cases where
the wavelengths of the substrate patterning and the fastest growing
mode of the liquid film do not resonate, the rupture behavior resem-
bles the plain reference case: For small wavelengths of the chemical
patterning kh ¼ xh, we observe droplets spanning multiple kh and
longer rupture times. For large pattern wavelengths xh 
 qmax;plain,
on the other hand, we observe many droplets per pattern wavelength
kh and increased rupture times.

In Fig. 6, the linear solution Eq. (15) is compared to the spectra
(Fourier transform of the height field bhÞ of the numerical solution of
thin liquid films dewetting on one-dimensional substrate patterns and
the linear solution on a plain substrate Eq. (16). We show an early
time step of the simulation. For different types of patterning, one can
see that the linear theory and the actual full numerical simulation are
in good agreement. Furthermore, the structure of the spectrum as the
superposition of the plain spectrum and a multiple of the spectrum
of the local wettability dcos h is well demonstrated. In Fig. 6, four differ-
ent patterns were used. In panel (a), we show the spectrum of a thin
liquid film dewetting on a chemically homogeneous plain substrate. In
this case, the patterned LSA [Eq. (15)] and the standard LSA [Eq. (16)]
coincide. Additionally, this serves as a validation case. It is well estab-
lished that the LSA of the plain TFE is an accurate description of the
spectrum of an early-stage dewetting liquid film by experiment20 and
molecular dynamics simulations,39,40 thus reproducing the expected
spectrum validates our method. Panel (b) shows the spectrum for the
dewetting of a thin liquid film on a chemical pattern of the substrate
that has been chosen such that dcos h exhibits only a single excited
wavenumber q ¼ 1=kh, where kh is the wavelength of the used pattern.
Remark that we are, consistently with our definition of the Fourier
transformation Eq. (10), using the wavenumber q ¼ 1=k and not the

FIG. 5. Varying the pattern wavenumber xh and the pattern amplitude dh for sine
wave patterns (left) and step function patterns (right). Data reported in between
cyan and magenta lines correspond to the same parameters in Figs. 4(a) and 4(b).
The number of droplets formed after film rupture for (a) a sine-wave pattern and (b)
a step-function pattern. For dh ¼ 0, the substrate is homogenous, thus, the number
of droplets cannot be reported in units of the substrate pattern period. This situation
is reported in gray. Time tr for film rupture to occur, normalized by the rupture time
on a homogeneous substrate tr ;plain for (c) a sine-wave pattern and (d) a step-
function pattern.
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angular wavenumber 2p=k. As a consequence, the spectrum obtained
by Fourier transforming data from a numerical simulation of the situa-
tion, in agreement with Eq. (15), is the spectrum of a thin liquid film
dewetting on a plain substrate given by Eq. (16), except for that one
wavenumber of the pattern 1=kh that is additionally excited. In
panel (c), we show the dewetting spectrum using a step-function
pattern. Here, the most excited wavenumbers of dcos h are all odd
multiples of the pattern wavenumber 1=kh. Our simulation data
reproduce this. Finally, panel (d) shows the dewetting using a sine-
wave pattern. The most excited wavenumbers here are all multiples
of 1=kh, and consequently, those are the wavenumbers we observe
to be excited beyond the plain TFE solution.

V. OBTAINING THE SUBSTRATE PATTERN FROM THE
THIN FILM SPECTRUM

Now that we have in-depth described the dewetting on thin liquid
films on chemically patterned substrates and understood the initial
film height evolution in the linear regime, we ask whether it is possible
to invert the problem. We demonstrate that one can obtain informa-
tion on the chemical patterning of the substrate while only having
information about the liquid film on the top. Specifically, we show that
the substrate pattern can be inferred from the spectrum of the liquid
film. We then present the calculation necessary to do so alongside a
numerical demonstration of their capabilities. We hope that this might
inspire a new way of measuring local surface energies of substrates that
extends beyond contact angle goniometry46,47 and scanning drop fric-
tion force microscopy (sDoFFI).25

By measuring the spectrum of the film bh one can from Eq. (15)
obtain the spectrum of the wettability pattern dcos h by solving Eq. (15)
for dcos h, yielding

dcos h ¼ �
bhðq; tÞ � bhðq; t ¼ 0ÞerðqÞt
ðerðqÞt � 1Þq2cMðh0Þh0 rðqÞl: (19)

This step, of course, requires knowledge of all other physical parameters,
such as the viscosity l, the surface tension c, and the initial film height
h0. Furthermore, one needs good estimates for the initial perturbationbhðq; t ¼ 0Þ and the average wettability of the substrate ðcos hÞ0, as well
as the Hamaker constant, which determines the precursor height h�.23

Once one has the spectrum dcos h an inverse Fourier transform ulti-

mately leads to the substrate pattern h ¼ cos�1ðdcosh�Þ. Extending Eq.
(19) to a two-dimensional height field is straightforward. We simply
replace the wave-number q with the wave-vector q yielding the Fourier

transformations bhðq; tÞ and dcos hðqÞ. rðqÞ is calculated using the ampli-
tude q ¼ jjqjj. The described method provides the local apparent contact
angle h, which is not only influenced by the solid–liquid surface energy
but also by the local surface roughness throughWenzel’s relation.3

To put Eq. (19) to the test, we perform a dewetting simulation on
a two-dimensional pattern presented in Fig. 7. In Fig. 7(a), snapshots
from a simulation of the dewetting process on a patterned substrate
are shown. The corresponding pattern is displayed in the inset of
Fig. 7(b) having regions with lower surface tension (blue letters and
lowest in the green stripe) in the center of the pattern and higher con-
tact angles (white regions) outside. In Fig. 7(a), one can see holes
nucleating, growing, and finally, droplets forming. At first glance, one
may wonder why the film breaks first in the regions of lower surface
tension (around the letters) and only then in the outer parts where the

local contact angle is higher. This behavior is to be expected since for
the step-function pattern in Fig. 2(b), we already saw that valleys are
first formed at the discontinuities of the pattern, i.e., in this case, at the
pattern’s outlines. Furthermore, the first hole to nucleate is located in
the loop of the letter “R,” where the local contact angle h indeed is
large. From the nucleation of the first holes, the dewetted contact lines
then move outward. If one looks carefully, the substrate pattern is
already visible in the simulation snapshots before rupture.

In Fig. 7(b), we compare the spectrum measured for the first
snapshot of Fig. 7(a) (i.e., at t=tr ¼ 1=3) with the linear solution Eq.
(13). Again, the linear ansatz can explain the spectrum very well at this
early time step. For this more random pattern, which includes all wave

numbers in its spectrum dcos h rather than just a few dominant ones

like those in Fig. 6, the spectrum of the dewetting liquid bh is less clearly
related to the spectrum of dewetting on a plain, unpatterned substrate.
Nevertheless, it stays true that the spectrum is the superposition of this

plain spectrum bhðt ¼ 0Þ expðrtÞ with a multiple of the spectrum of

the wettability dcos h. All wavelengths are more excited than they
would be without patterning, and rupture is significantly sped up.

FIG. 6. Early time step simulation snapshots of dewetting on solid substrates with
four different chemical patternings started from a homogeneous film-height with
small perturbation hðx; 0Þ ¼ h0 þ �N , where N is a random variable. The spec-
trum [fast Fourier transform (FFT) of the data] of h is plotted as dots, and the result
of our calculation Eq. (15) as a solid violet line while the linear solution of the TFE
without chemical patterning [d cos h ¼ 0, Eq. (16)] is shown as a dashed cyan line.
The horizontal axis shows the wavenumber q ¼ 1=k for k the corresponding wave-
length multiplied by the wavelength of the employed pattern kh and the vertical axis
shows the relative excitement bh=bh0 of the wavemode with wavenumber q, wherebh0 is the average value of the spectrum of h at the initial condition. In real space,
the local contact angle h is shown as a green line in the insets. Panels (a)–(d)
show different chemical patterns of the solid substrate.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 37, 072019 (2025); doi: 10.1063/5.0268099 37, 072019-9

VC Author(s) 2025

 12 D
ecem

ber 2025 12:04:49

pubs.aip.org/aip/phf


Finally, we apply the inverted LSA Eq. (19) to the measured spec-
trum from Fig. 7(b). To do so, no information about the chemical pat-
terning is used. We only need the average ðcos hÞ0 ¼ h cos hi. The
result of this calculation is presented in Fig. 7(c), recovering remark-
able detail of the used chemical patterning. The shape of the pattern,
even for the small letters, is perfectly recovered. Concerning the three
stripes in the center of the chemical patterning, the absolute values
deviate a bit toward the median value, i.e., the first stripe originally has
a lower contact angle h (green in the color scheme used) but is recov-
ered from the spectrum with a too high contact angle (blue). At the
same time, the second stripe with a high contact angle (yellow) is also
shifted a bit toward the median contact angle (blue). Furthermore, the
originally high homogeneous contact angle in the outer parts of the
pattern is recovered a bit “stained.” Nevertheless, the pattern can be
recovered to a good extent and much sharper than visible from the
dewetting simulation alone without applying Eq. (19).

In principle, it is feasible to measure the spectrum of film height
in situ upon dewetting using an appropriate experimental setup. Such
endeavors have been undertaken by Refs. 59–61 using atomic force
microscopy (AFM) and grazing incidence small-angle scattering
(GISAS). In Ref. 4, very precise in situmeasurements of thin film dew-
etting are performed by AFM. Also, X-ray reflection and refraction is
an applicable method to measure the height spectrum of a liquid film
with nanometric precision.50 M€uller-Buschbaum62 provides a compre-
hensive review of how the film thickness and its spectrum may be

measured by direct techniques, such as AFM, and with optical phase
interference microscopy (OPIM) or reciprocal methods, such as light,
x-ray, or neutron scattering as well as GISAS, emphasizing the possi-
bility of in situ measurements of the film height spectrum of a dewet-
ting liquid film. To reproduce our theoretical results, calculating the
surface energy pattern in terms of the local contact angle hðxÞ from
the film height spectrum as shown in Fig. 7(c), it is necessary to know
not only the amplitude of the spectrum of the film height but also its
phase. I.e., one requires the real and the imaginary part of the Fourier
transform of the film height profile bh. The AFM measurements of
Ref. 4 show that this is possible for viscous liquids, as the authors
directly measure the film height profile. Upon Fourier transform, both
the amplitude and phase of the spectrum are obtained. When using
reciprocal scattering methods, one typically only obtains the amplitude
but not the phase of the film height spectrum.62 From such measure-
ments of only the amplitude of the film height spectrum, it is then pos-
sible to obtain the amplitude of the spectrum of the substrate
patterning but not its phase. The inverse Fourier transform, yielding a
real space map of the substrate contact angle hðxÞ, is, thus, not possible
without the imaginary part of the spectrum.

Nevertheless, applying our computational method to the experi-
ments has some technical difficulties compared to the numerical simu-
lation performed here. Wetting is a relatively fast process that can
happen in a split second, complicating the measurements of the spec-
trum. This is typically cured by using very viscous liquids, such as

FIG. 7. Dewetting on two-dimensional patterned substrates. (a) A simulation of a dewetting thin liquid film on a patterned substrate. The used chemical pattern is shown in the
inset of panel (b). (b) The spectrum of a dewetting simulation of a thin liquid film on a two-dimensional chemical patterning (inset) shown as blue dots compared with the predic-
tion of the LSA Eq. (16) (cyan line) and the prediction of the LSA including the pattern Eq. (13) (violet line). The data used correspond to the first snapshot shown in (a). (c)
The chemical pattern obtained from the spectrum of the same simulation shown in (a) by the reversed calculation Eq. (19). The data used correspond to the first snapshot
shown in (a) and (b).
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molten polystyrene or glycerol.4,19,20,30 With such materials, the dewet-
ting process is prolonged to minutes, making it easier to observe in
detail.4 Furthermore, not all input parameters may be known for an
experiment. While the viscosity l and surface tension c values are eas-
ily obtainable, the precursor height h� related to the Hamaker constant
is difficult to assess, even though it can be calculated for certain simple
liquids.23 As shown in the supplementary material (Figs. S3–S5), a
620% error of the precursor height h� still leads to a recognizable
image of the substrate patterning. Also, the initial condition in an
experimental setup will be less homogeneous and controlled. Thus,
the initial film height h0 and the initial amplitude of perturbationbhðq; t ¼ 0Þ will only be known with some uncertainty. We consider
the measurements of Refs. 4 and 20 most promising. The authors use
� 4nm films of polystyrene spincasted on silicon wafers coated in
silicon-oxide. Chemical patternings on the silicon wafer can possibly
be created by etching and coating techniques. How much of the results
presented here can be achieved experimentally with different measure-
ment and coating techniques is a fascinating question for further
research.

VI. CONCLUSION

We studied the dewetting of ultra-thin liquid films on solid sub-
strates that are physically flat but have a heterogeneous surface energy,
investigating different patterns. First, we went beyond the linear
regime, studying the formation of droplet patterns after film rupture
by a large numerical parameter study, transitioning from a step-
function pattern to a sine-wave pattern and varying the wave number
of the substrate pattern. In doing so, we observed several interesting
transitions. For patterns with very small wavelengths, the emerging
droplets span multiple periods of the tested pattern. Patterns with
wavelengths around the spinodal wavelength of the same ultra-thin
liquid film on a chemically homogeneous substrate show a transition
between one and two droplets per pattern period after film rupture.
The driving mechanism is the formation of holes in the liquid film,
triggered by either spot or step-like defects. Finally, many droplets are
observed per period of the test patterns for very large pattern wave-
lengths. When measuring the rupture time of the performed simula-
tions, the regimes of different amounts of droplets after film rupture
can be recognized, and the rupture time can be explained by the
observed rupture dynamics. Thin films breaking on sine wave pattern
were shown to result, independently of the pattern wavelength and
amplitude, in a single droplet per pattern period, except for the most
extreme pattern-wavelengths considered here. For thin films breaking
on step function patterns, on the other hand, either one or two drops
emerge depending on pattern wavelength and amplitude.

We showed that the spectrum (by that, we mean the Fourier
transformation of the film height profile) and rupture dynamics on
a patterned substrate can be effectively characterized within the
linear regime before rupture occurs using the Linear Stability
Analysis (LSA). To do so, we also had to account for substrate wet-
tability perturbations. It turns out that the spectrum of a film upon
dewetting can be well approximated by the spectrum of a thin film
dewetting on a plain substrate superpositioned with a multiple of
the spectrum of the substrate pattern. That factor before the sub-
strate pattern spectrum depends on the wavenumber and the liquid
film’s physical properties.

By inverting our calculations, we proposed a method to obtain
the spectrum of the underlying chemical pattern solely from

information on the film height profile of a dewetting liquid film. By
numerical simulations, we could show that the underlying pattern can
be recovered in remarkable detail. This result holds potential for devel-
oping a novel method of surface energy measurements by measuring a
thin liquid film dewetting on the substrate of interest. The feasibility of
such a technique remains an exciting question for further research,
which is underlined by the results of Refs. 4, 25, and 45, which indi-
cates that it might indeed be possible and beneficial to measure the sur-
face energies of a substrate by the behavior of thin liquid films coated
on top.

SUPPLEMENTARY MATERIAL

See the supplementary material for three figures similar to Figs. 4,
6, and 7 from the main manuscript but with varied precursor thick-
nesses h�.
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