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Nonequilibrium regimes for quasiparticles
in superconducting qubits with gap-
asymmetric junctions
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Superconducting qubits hold promise for quantum computing, but their operation is challenged by
various sources of noise, including excitations known as quasiparticles. Qubits with gap asymmetry
larger than their transition energy are less susceptible to quasiparticle decoherence as the
quasiparticles aremostly trapped in the low-gap side of the junction. Because of this trapping, the gap
asymmetry can contribute to maintaining the quasiparticles out of equilibrium. Here we address the
temperature dependence of the quasiparticle densities in the two sides of the junction. We show that
four qualitatively different regimes are possiblewith increasing temperature: (i) nonequilibrium, (ii) local
quasiequilibrium, (iii) global quasiequilibrium, and (iv) full equilibrium. We identify shortcomings in
assuming global quasiequilibrium when interpreting experimental data, highlighting how
measurements in the presence of magnetic field can aid the accurate determination of the junction
parameters, and hence the identification of the nonequilibrium regimes.

Superconducting qubits are intensively investigated for quantum comput-
ing purposes1. Despite tremendous improvement in performances over the
last twodecades, stillmorework is needed for the precise determination and
the mitigation of qubit decoherence processes2, which are necessary to
realize a fault-tolerant large-scale quantum processor. Bogoliubov quasi-
particles, the fundamental excitations in superconductors, couple to the
qubit when tunneling across Josephson junctions, leading to decoherence3–5

and limiting the fidelity of some two-qubit gates6. Moreover, quasiparticle
bursts can cause correlated errors among distant qubits7–10, which can
require increased overhead to implement quantum error correction11.
Quasiparticle mitigation can be achieved via gap-engineering
techniques12–14, which can keep quasiparticles away from the qubit’s junc-
tions, confining them in regions with lower superconducting gap. Recent
research highlighted intrinsic gap-engineering effects in gap-asymmetric
Josephson junctions15,16: in standard nanofabricated Al-AlOx-Al Josephson
junctions, the top layer has a larger thickness than the bottom one to ensure
the continuity of the film, resulting in a gap asymmetry δΔ due to the strong
thickness modulation of the Al superconducting gap below 100 nm. In
typical devices, the gap-asymmetry frequency ωLR/2π = δΔ/(2πℏ) (ℏ is the
reduced Planck’s constant, whichwe set to unity fromnowon) can be of the
order of a few GHz, and is thus comparable, or even exceeding, the qubit
frequency ω10/2π. In fact, qubits fabricated with ωLR >ω10 are protected
from quasiparticle tunneling, as quasiparticles are trapped in the low-gap
electrode16; the advantage of this design was experimentally confirmed in a

3D transmon17, and it has also been proven effective in suppressing corre-
lated errors in multi-qubit devices18.

From a complementary point of view, the accurate characterization of
superconducting qubits has enabled detailed studies of physical effects that
are, in general, more difficult to investigate in other setups: evidence for
quasiparticle interference has been reported in T1 measurements of a
fluxonium19; trapping of quasiparticle by one or more vortices has been
measured in a transmon20; higher harmonics in the current-phase relation
have been shown to have an influence on the energy level and charge
dispersion in transmons larger than naively expected for tunnel junctions21.
In contrast, while the gap asymmetry itself can be directly extracted from
transport measurements22, it is not so easily estimated in qubits; still, its
presence leads to a peak in transition rates of a SQUID transmon15, or to
thermal activation of the rates when kBT ~ δΔ17 (where T is the temperature
and kB is the Boltzmann constant). In the latter work, the thermal activation
behavior is considered as a signature of the coexistence between an excess
quasiparticle number and Fermi-like energy distribution of the quasi-
particles. Here we extend the low temperature (kBT≪ωLR, ω10) modeling
of qubit-quasiparticle interaction16 to cover the intermediate temperature
range up to kBT≲ωLR, ω10. With our approach, we can address the tem-
perature dependence of the quasiparticle density, andwe show that different
nonequilibrium regimes can be possible, depending on the gap asymmetry
and the quasiparticle generation rates. We discuss possible limitations of
what we call global quasiequilibrium modeling, which may result in an
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inaccurate estimate of the qubit’s parameters, and explore possible mea-
surement schemes to overcome them, in particular exploiting the Fraun-
hofer effect23,24 in the presence of a magnetic field parallel to the
junction plane.

Results
Model
For typical qubits based on Al-AlOx-Al Josephson junctions, the qubit
transition rates can usually be measured from the base temperature of the
dilution refrigerator,T ~ 10mK, up to roughly 250mK; at this temperature,
nonequilibrium effects are expected to be negligible and the qubit’s lifetime
is usually too short to be of practical interest. In this range the condition
kBT≪Δ is well satisfied for aluminum thin film, characterized by a critical
temperature TC =Δ/(1.764kB) ~ 1.6K, [here we use the standard relation
between the critical temperature and the zero-temperature gap Δ in the
Bardeen-Cooper-Schrieffer (BCS) theory25]. Thus, we can safely disregard
gap suppression effects due to temperature.We consider a superconducting
qubit comprising a single Josephson junction (JJ), i.e., two superconducting
films, denoted with left (L) and right (R), separated by a thin, nanometer-
scale insulating barrier. Unless explicitly specified, we set kB = 1 hereinafter.
We aim to describe the evolution with temperature of the qubit-
quasiparticle system, incorporating nonequilibrium effects. Specifically,
we consider the following ansatz for the quasiparticle energy distributions in
the left (fL) and right (fR) electrodes forming the Josephson junction,

f LðϵÞ ¼ f 0ðϵ� μLÞ ; ð1Þ

f RðϵÞ ¼ f 0ðϵ� μR<ÞθðΔL � ϵÞ þ f 0ðϵ� μR>Þθðϵ� ΔLÞ ; ð2Þ

where ϵ is the quasiparticle energymeasuredwith respect to the Fermi level,
θ(ϵ) is the Heaviside step function, f 0ðϵÞ ¼ ½expðϵ=TÞ þ 1��1 is the Fermi-
Dirac distribution, andT is the quasiparticle temperature.We take the latter
to coincide with the phonon temperature of the substrate17 – we discuss
limitations to this assumption in the Discussion section below.We account
for the possible nonequilibrium nature of the quasiparticles via the effective
chemical potentials μL, μR<, and μR> – the equilibrium case being
μL = μR< = μR> = 0. In our approach, the chemical potentials will be an
output of our model and are determined by the interplay between the
different physical processes involving the quasiparticles (detailed in the next
subsection). This approach generalizes that pioneered by Owen and
Scalapino26, which has already been used in modeling superconducting
qubits27–29. In Fig. 1, we give a schematic representation of our ansatz.
Specifically, we display the quasiparticle density of states (DoS) in the two
superconducting electrodes of the JJ, characterized by the energy gaps ΔL

and ΔR; with no loss of generality, we assume ΔL≥ΔR hereinafter. The
quasiparticle distributions are represented via filled curves: the darker
regions correspond to occupied states, while the lighter fillings characterize
unavailable states. The occupation of states with energy larger than the
chemical potential is exponentially suppressed with the ratio (ϵ − μ)/T, as
per our ansatz [cf. Eqs. (1) and (2)]. We remark that the three chemical
potentials are, in general, different; in Fig. 1a, we consider a specific order,
i.e., μL > μR> > μR<, which can occur at low temperature (see “Chemical
potentials vs temperature” subsection). In Fig. 1b the low-gap electrode is
characterized by a single chemical potential, μR> = μR<≠ μL (local
quasiequilibrium), while in Fig. 1c the three chemical potentials are the
same, a situation which we call global quasiequilibrium. For reference, we
showwith a dashed line the quasiparticle distribution in the left electrode at
equilibrium, μL = 0.

Rate equations
Since in this work we investigate the nonequilibrium steady state of the
quasiparticle-qubit system in the absence of any coherent drive, we can
simply focus on the diagonal part of the density matrix, whose dynamics is

governedby rate equations.Whendephasing effects need tobe considered, a
more general approach is required28,30. We consider low temperatures
compared to the gap; more precisely, we assume T≪Δ − μ, so the quasi-
particle occupation probability is small, fL, fR≪ 1. Thus, we can equiva-
lently consider the quasiparticle densities xL, xR<, and xR>

16, which are in
one-to-one correspondence with the chemical potentials (the relation is
given in Supplementary Note I). This choice is convenient since, with our
assumption, the rates of transition between qubit states induced by quasi-
particles are proportional to their densities, and it eases comparison with
previous literature5. We define xR> (xR<) as the quasiparticle density in the
low-gap electrode with energy larger (smaller) than ΔL

16.
The rate equations for the occupation probability pi of the qubit logical

state i (with�i ¼ 1 for i = 0 and vice versa) read

_pi ¼ � Γeoi�i þ Γeei�i
� �

pi þ Γeo�ii þ Γee�ii
� �

p�i ; ð3Þ

where the dot denotes the time derivative and we explicitly distinguish
between rates preserving and changing the parity (e = even and o = odd);
here the parity is that of the number of quasiparticles that have tunneled
across the junction5,28 and we assume the rates to be symmetric when
exchanging parities, e↔ o, see Supplementary Note II. Parity-preserving
rates are of non-quasiparticle origin; in this work we assume that such
transitions are caused by a thermal bath and hence, according to the
detailed balance principle, we have Γee01 ¼ expð�ω10=TÞΓee10. In contrast,
rates modifying the parity are related to quasiparticle events; they can be
expressed as Γeoii0 ¼ Γphii0 þ

P
α
~Γ
α
ii0xα, where Γphii0 accounts for photon-

assisted transition31; these transitions are caused by pair-breaking
photons and contribute to quasiparticle generation (see the “Quasipar-
ticle generation mechanisms” subsection). In the sum, α = {L, R > , R <}
denotes the initial location of the quasiparticle tunneling through the
junction.

The rate equations for xL, xR>, xR< were introduced and discussed in
detail in the low-temperature limit T≪ω10, ωLR, ∣ω10 − ωLR∣16; here, we
present them in a slightly generalized form to incorporate physical processes

Fig. 1 | Schematic of different nonequilibrium regimes. In each panel we show the
density of states and quasiparticle distribution functions in the two superconducting
electrodes forming the Josephson junction of a transmon qubit. The two electrodes
are characterized by a gapped excitation spectrum with asymmetric gaps, ΔL > ΔR.
We consider Fermi distributionswith characteristic temperatureT corresponding to
the phonon bath temperature. The excess quasiparticle density in the high-gap
electrode is accounted for through a chemical potential μL (at thermal equilibrium,
the chemical potential coincides with the Fermi energy, μL = 0). In the right elec-
trode, we distinguish between excitations with energy smaller or larger than ΔL:
correspondingly, we identify two different values for the chemical potential, μR> and
μR<. The different regimes are: a full nonequilibrium b local quasiequilibrum
(μR> = μR< ≠ μL), and c global quasiequilibrium (μR> = μR< = μL).
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that become important for temperatures comparable to the other three
energy scales:

_xL ¼ gL � rLx2L � δ �ΓL00 þ �ΓL01

� �
p0 þ �ΓL11 þ �ΓL10

� �
p1

h i
xL

þ δ�ΓR<10 p1xR<

þ δ �ΓR>00 þ �ΓR>01

� �
p0 þ �ΓR>11 þ �ΓR>10

� �
p1

h i
xR>;

ð4Þ

_xR> ¼ gR> � rR> x2R> � r< > xR<xR>

� �ΓR>00 þ �ΓR>01

� �
p0 þ �ΓR>11 þ �ΓR>10

� �
p1

h i
xR>

þ �ΓL00p0 þ �ΓL11 þ �ΓL10

� �
p1

h i
xL þ ξ�ΓL01p0xL

� τ�1
R xR> þ τ�1

E xR<;

ð5Þ

_xR< ¼ gR< � rR<x2R< � r< > xR<xR> � �ΓR<10 p1xR<

þ 1� ξð Þ�ΓL01p0xL þ τ�1
R xR> � τ�1

E xR<;
ð6Þ

where the gap ratio δ =ΔR/ΔL in Eq. (4) is related to our normalization
choice of the quasiparticle densities (see Supplementary Note I), which
differs from the one made elsewhere17. The quasiparticles processes
which we discuss next are schematically summarized in Fig. 2. In the right-
hand side (RHS) of Eqs. (4)–(6), terms associated with a positive sign
increase the quasiparticle density, while terms with a negative sign
reduce the density. The total quasiparticle number in the device is
Nqp ¼ 2ν0ΔLV½xL þ δðxR< þ xR> Þ�, where we assumed for simplicity the
single-spin densities of states at the Fermi level in each electrode νL = νR = ν0
as well as the electrodes’ volumes VL ¼ VR ¼ V to be the same. The total
quasiparticle number can be increased via quasiparticle generation, see
terms gL, gR<, and gR> (see discussion in the “Quasiparticle generation
mechanisms” subsection), or reduced via quasiparticle recombination. The
latter mechanism destroys two quasiparticles either in the left [term
proportional to rL in the RHS of Eq. (4)] or in the right [terms proportional
to r<>, rR> and rR< in the RHS of Eqs. (5) and (6)] electrode, with consequent

phonon emission. Terms linear in the densities do not change the total
quasiparticle number; rather, they lead to a redistribution of these excitations.
In the low-gap electrode, electron-phonon scattering can lead to quasiparticle
excitation and relaxation [terms τ�1

E xR< and τ�1
R xR> in the RHS of Eqs. (5)

and (6), respectively]. The remaining terms are associated with quasiparticle
tunneling: these processes always change the qubit’s parity (e→ o or o→ e)
and can lead to a transition between initial (i) and final (f) qubit logical states.
In the rate equations, they appear in a specific combination of the general
form �Γαif pixα, where the quantity �Γαif is the tunneling rate for a single
quasiparticle (a different notation is used in other works15,17). These rates
correspond to the tilde rates in Γeo�ii [see Eq. (3) and text that follows] divided
by the Cooper pair number in the low-gap electrode, i.e.,
�Γαif ¼ ~Γ

α
if =ð2ν0ΔRVÞ16. The rates �ΓR<ii , �ΓR<01 are exactly zero due to our ansatz

in Eqs. (1) and (2). The pi factors in Eqs. (4)–(6) and the dependence of the
rates entering in Eq. (3) on the quasiparticle densities couple the dynamics of
the qubit and the quasiparticles. Below, we solve these equations in the steady
state as a function of quasiparticle temperature for typical experimental
parameters, and we identify various nonequilibrium regimes.

Explicit expressions for the rates and their temperature dependence in
terms of qubit parameters in the case of a transmon are given in Supple-
mentaryNote III.Herewe comment on the relation between the above rates
equations with those in the low-temperature limit16. The dimensionless
factor 0 ≤ ξ ≤1 denotes the fraction of quasiparticles tunneling from the left
to the right electrodewithfinal quasiparticle energy larger thanΔL in a qubit
excitation process (see Supplementary Note III D), and it is, in general, a
function of T, ωLR, and ω10; at low temperature T≪ ∣ω10 − ωLR∣, ξ is
exponentially suppressed as e�minfωLR ;ω10g=T . The quasiparticle excitation
rate τ�1

E due to thermal phonons is exponentially small in ωLR/T (see
Supplementary Note IV) and was thus disregarded in the low-temperature
modeling16. Finally, the rate �ΓR>01 / e�ω10=T is also exponentially suppressed
(see Supplementary Note III). Hence, in the low-temperature limit
T≪ω10, ωLR, ∣ωLR − ω10∣, the Eqs. (4)–(6) reduce to those in the
literature16. The generalization given here, as we show below, enables us to
study the crossover to full equilibrium.

Quasiparticle generation mechanisms
Quasiparticles are generated by pair-breaking processes due to the inter-
action of the electrons in the superconductors forming the junction with
phonons in the electrodes and with external electromagnetic radiation32.
Thus, we express the generation rate for the quasiparticle density xα (with
α = {L, R < , R > }) as the sum of PHotons and PhoNons contributions

gα ¼ gphα þ gpnα : ð7Þ

Nonequilibrium quasiparticle effects in superconducting qubits and reso-
nators due to the interplay between phonons and photons have previously
been investigated33,34, and more recently including photon pair-breaking
processes35. In this work, we assume that the photon absorption mainly
occurs at the junction due to its high impedance with respect to the rest of
the circuit36. Absorption of photons with energyων larger than the gap sum
ΔL + ΔR causes photon-assisted tunneling processes31, leading both to
quasiparticle generation and parity switching. The generation rate by pair-
breaking photons in electrode α = {L, R} is obtained by dividing the total
photon-assisted rate Γph ¼ P

i;jpiΓ
ph
ij by the Cooper pair number in α, i.e.,

gphR ¼ Γph=ð2ν0ΔRVÞ ¼ gphL =δ (the δ at the denominator is related again to

our normalization choice16); the separation of gphR into generation rates for

quasiparticles with energy smaller (gphR<) and larger (gphR> ) than ΔL and

expressions for Γphij are discussed in Supplementary Note V.
Phonon absorptionmainly occurs in the bulk, and lead to quasiparticle

generation in electrode α = {L, R} above the energy threshold 2Δα. Recent
works have shown that pair-breaking phonons generated by absorption of
background radiation can threaten the operation of superconducting
qubits7,37–39. Such radiation can lead to quasiparticle bursts and so a tem-
porary increase in the quasiparticle density8,39,40; the precise description of

Fig. 2 | Processes governing the quasiparticle dynamics. The upward diagonal
arrow represents a qubit relaxation event in which a quasiparticle tunnels from the
right to the left electrode. Wavy arrows denote phonon-mediated processes: the
downward arrow shows a quasiparticle relaxation process accompanied by phonon
emission, while the upward one excitation by phonon absorption. Phonons can also
break Cooper pairs (see bottom of left electrode), or be emitted in a recombination
event (see right electrode). Pair-breaking photons lead to generation of one quasi-
particle in each electrode at the same time.
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this time-resolved dynamics41 goes beyond the scope of this manuscript.
Hence, in this work, we disregard quasiparticle generation due to none-
quilibrium phonons, which can also be suppressed using phonon traps42,43.
Conversely, since we are primarily interested in discussing the evolution
with temperature of the quasiparticle-qubit system, we include the con-
tribution of thermal phonons, and express the generation rates by phonons

as gpnL ¼ 2πrLTe�2ΔL=T=ΔL, gpnR< ¼ 2πrR<Te�2ΔR=Terf ½
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ωLR=T

p
�=ΔR,

gpnR> ¼ 2πrR<Te�2ΔR=Terfc½
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ωLR=T

p
�=ΔR; these expressions are valid for

T≪ΔL, ΔR, see Supplementary Note IV D.

Chemical potentials vs temperature
Having introduced our models for the coupled quasiparticle-qubit system,
we nowmove to considering its steady state as function of temperatureT. In
this case, the time derivatives on the left-hand sides of Eqs. (3)–(6) vanish,
and those equations reduce to algebraic ones. Still, the system being non-
linear, analytical solutions canonlybe foundapproximately in certain limits,
aswediscuss in SupplementaryNoteVI.Here,wenumericallyfind the roots
of the system of coupled equations; subsequently, we calculate the chemical
potentials μL, μR>, and μR<, using the computed steady-state values of the
quasiparticle densities (cf. Supplementary Note I). In Fig. 3, we display our
results for the cases of small ωLR/(2π) = 0.5 GHz (panel a) and large gap
asymmetry ωLR/(2π) = 5 GHz (panel b) in relation to thermal energy
T/(2π) = 0.2 GHz at the base temperature of a typical dilution refrigerator,
T ≈ 10mK. In the calculation, we set the photon-assisted parity-switching
rate in the qubit ground state to Γph00 ¼ 300Hz, comparable to the values
reported by several experiments24,44–47, but few orders of magnitudes larger
than that in state-of-the-art devices optimized to suppress such
contributions17,41,43,48. Other parameters are specified in the caption. In both
cases, all three chemical potentials are the largest at the lowest temperature
considered and decrease monotonically (approximately linearly), reaching
zero, i.e., full equilibrium, around T≳ 150mK for our parameter choice.
This behavior arises from the competition between photon-assisted pair-
breaking, which is temperature-independent, and pair-breaking by thermal
phonons, whose rate increases exponentially with temperature. Since
ΔR <ΔL, a crossover temperature �T can be defined by comparing photon
generation to thermal phonon generation in the right electrode,
gpnR> þ gpnR< ¼ gphR , leading to the expression35

�T ¼ 2ΔR

W 4πrR<=gphR
� � ; ð8Þ

where W(z) is the Lambert W (or product-log) function. For our para-
meters, this formula provides an estimate of the crossover within a few
percent of the numerical results in Fig. 3, as shown by the dashed vertical
lines in the figure.

The approximately linear decrease of the chemical potentials with
temperature signals a roughly constant quasiparticle density for tempera-
tures below �T , since μα � Δα � T logð1=xαÞ (with a slight abuse of nota-
tion, we mean here ΔR< ≡ ΔR>≡ΔR); this linear decrease is displayed for
α = R < in Fig. 3a, b with dot-dashed lines. Below we comment on the
deviation from approximately linear behavior for μR> at large gap asym-
metry; in fact, the relation between the chemical potentials depends on the
gapasymmetry, reflectingdifferent energydistributions in the twocases. For
a small ωLR, the nonequilibrium quasiparticles are approximately equally

distributed in the two electrodes, xL � xR> þ xR< �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
gphR =rL

q
. At larger

ωLR, quasiparticles accumulate in the low-gap electrode, xR<≫ xL≫ xR>,
due to fast relaxation compared to tunneling16. In both cases, the chemical
potential differences (see insets of Fig. 3a, b) are largest at the lowest tem-
perature considered, where μL− μR> ~ μR>− μR< ~ ωLR (slightly greater or
smaller than ωLR for small and large gap asymmetry, respectively; see also
SupplementaryNote IA), anddrop as quasiparticle-phonon scattering rates
increasewith temperature.Hence, at low asymmetry, the chemical potential

differences become smaller than the thermal energy (solid gray line in
Fig. 3a) already at low temperature, and the system is approximately in
global quasiequilibrum (see also the “Impact on qubit transition rates”
subsection). In contrast, the chemical potential differences can remainabove
the thermal energy up to higher temperatures in the gap-asymmetric case.
This makes it possible to clearly identify different regimes: for T≲ 30mK
the three chemical potentials are unequal μL > μR> > μR< (the none-
quilibrium regime of Fig. 1a); for 30mK ≲T≲�T ’ 150mK the low-gap
electrode can be characterized using a single chemical potential,
μR> = μR< ≠ μL (local quasiequilibrium, Fig. 1b); finally, above �T the three
chemical potentials fully equilibrate, μR>≈ μR<≈ μL≪ T. The transition
between nonequilibrium and local quasiequilibrium and the corresponding
deviation from linearity for μR> vs T are due to the interplay between
tunneling from the high-gap to the low-gap electrode and the excitation rate
due to phonon absorption in the low-gap electrode: at sufficiently low
temperatures, quasiparticle excitations is slow compared to tunneling,
leading to a nonequilibrium accumulation in the low gap-electrode,
μR> > μR<; as the temperature increases, the excitation rate grows expo-
nentially with temperature, becomes faster than tunneling, and we have μR>

Fig. 3 | Chemical potentials vs temperature. Temperature dependence of the
chemical potentials μL, μR>, and μR< (cf. Fig. 1a) in a single-junction transmon
(charging energy EC and Josephson energy EJ): a small (ωLR/2π = 0.5 GHz) or b large
(ωLR/2π = 5 GHz) gap asymmetry. The dot-dashed lines represent constant quasi-
particle density, as discussed in the “Chemical potentials vs temperature” subsection.
Insets: chemical potential differences (Δμ) vs temperature. The gray solid lines show
the thermal energy for comparison. Note the two scales on the left and the right
vertical-axis are normalized with the left electrode gap ΔL and the gap asymmetry
ωLR, respectively. Colored regions identify the different regimes: nonequilibrium
(aquamarine, left), global quasiequilibrium (orange, middle) or local quasiequili-
brium (light green, middle), and equilibrium (yellow, right) -- see also the high-
lighted labels in Fig. 1. The temperature values separating the regimes are identified
with dotted and dashed vertical lines in themain panels. Parameters:ΔR/h = 49 GHz,
ω10/2π = 5.5 GHz, EJ/h = 14.5 GHz, EC/h = 290 MHz, ων/2π = 119 GHz, Γph00 ¼ 300
Hz, ν0 = 0.73 × 1047 J−1m−3, V ¼ 506× 240 × 0:028 μm3, Γee10 ¼ 100 kHz,
rL = rR< = 6.25 MHz.
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approaching μR< (see Supplementary Note VI D). The dotted vertical lines
in Fig. 3a, b identify the temperature at which the tunneling from the left to
the right electrode at energies ϵ ≥ ΔL equates the excitation rate (see Sup-
plementaryNoteVID); below this temperaturewehave thenonequilibrium
regions (aquamarine) highlighted in the insets.

Impact on qubit transition rates
Themeasurement of parity-switching rates is well-established as a probe of
quasiparticle effects28,45,49, so we consider now whether such measurements
can help distinguishing the various nonequilibrium regimes. In Fig. 4a we
display the parity switching rate ΓP ¼ p0ðΓeo01 þ Γeo00Þ þ p1ðΓeo10 þ Γeo11Þ cal-
culated using the same parameters as in Fig. 3 (solid curves). The parity-
switching rate increases monotonically for the large-asymmetry junction,
while for the small-asymmetry one there is a nonmonotonic evolution at
low temperatures T≲ 25mK. This nonmonotonic behavior stems from the
competition between the tunneling rate �ΓR>00 and relaxation in the low-gap
electrode (τ�1

R ), favoring the accumulation of quasiparticles at energies
above ΔL when temperature becomes smaller than the gap difference (see
Supplementary Notes III and VI). This interplay is absent for large
gap-asymmetries, since relaxation is fast compared to tunneling
τ�1
R ≫ �ΓR>00

16, leading to accumulation of quasiparticles at the low-gap
energy. For comparison, we also display the parity-switching rates calcu-
lated assuming global quasiequilibrium (dashed curves), in which case the
ratio between the quasiparticle densities is fixed by the gap asymmetry and
the temperature (see last paragraph in Supplementary Note VI) and the
overall density by the total generation rate, cf. Eq. (7). For small gap
asymmetry, the global quasiequilibriummodeling reproduces accurately the
full nonequilibrium calculation, except at the lowest temperatures; the
region of agreement coincides with that where the chemical potential dif-
ferences are smaller than temperature, see inset in Fig. 3a. The low-
temperature nonmonotonic feature is missed because by requiring equal
chemical potentials the thus constrainedmodel underestimates the number
of quasiparticles with energy larger than ΔL

16, since in fact we have
μL≃ μR> > μR<. However, this discrepancy may be difficult to uncover
experimentally, as achieving thermalization is progressively harder closer to
the base temperature of the cryostat50. For large asymmetry,measurementof
ΓP also does not permit distinguishing global quasiequilibrium from full or
local nonequilibrium: the temperature behavior is qualitatively similar, and
by repeating the calculation with different photon rate and the gap asym-
metry (increased by factors of 2 and ~1.2, respectively, for our parameter
choice), the global quasiequilibrium approach can describe reasonably well
the results of the full model. Therefore, even though one could fit experi-
mental data for parity lifetime vs temperature assuming global quasiequi-
librium, the extracted parameter values would not be accurate.

The analysis above shows that additional measurements are needed to
identify the nonequilibrium regimes. One possibility is to consider the
temperature dependenceof the ratio between excitation and relaxation rates
for parity switching transitions, as displayed in Fig. 4b. For this quantity, the
difference between the global quasiequilibrium and the full nonequilibrium
modeling is hardly noticeable for small gap asymmetry, while more pro-
minent deviations occur for the large-asymmetry junction. Importantly, the
deviations become even more significant when the parameters are rescaled
as discussed above (cf. Fig. 4a) to capture the total parity lifetime; in other
words, it is in general not possible to consistently fit data for both ΓP and
Γeo10=Γ

eo
10 under the assumption of global quasiequilibrium. For our specific

parameters, the order relation between gap asymmetry and frequency
switches from ωLR <ω10 to ωLR >ω10 after rescaling. In the latter case the
rate �ΓR<10 is exponentially suppressed with (ωLR−ω10)/T (cf. Supplementary
Note III C), resulting in the strong upturn of Γeo01=Γ

eo
10 at low temperatures.

For both small and large asymmetry the excitation/relaxation ratio deviates
from the detailed balance expectation Γeo01=Γ

eo
10 ¼ expð�ω10=TÞ (dotted

line) because for photon-assisted transitions the excitation and relaxation
rates are typically of the same order, Γph01=Γ

ph
10 � 131. In summary, a joint

measurement of the parity lifetime and the ratio of the excitation and
relaxation rates due to quasiparticles can not only distinguish between full

equilibrium and nonequilibrium, but also discriminate different none-
quilibrium regimes, at least for large gap asymmetry.

Magnetic field tuning
While the concurrent measurement of excitation/relaxation and parity-
switching rates has beendemonstrated already49, it ismore demanding than
the determinationof just the total parity-switching rate.Measuring the latter
together with an accurate estimate of the gap asymmetry ωLR would enable
probing the various nonequilibrium regimes. Standard techniques for the
measurement ofωLR, such as tunnel spectroscopy, are in general unavailable
in qubits, and we estimate the uncertainty in ωLR from quantum transport
measurements on previously fabricated devices in the GHz range. In fact,
nominally identical superconducting films displays gap variations of the
order of a fewup to tens of μeV51; at the same time, the determination ofωLR

via the so-called “singularity-matching peak” in the current-voltage
characteristics25 has some intrinsic limitations, given its reduced visibility
for T≪ TC and the thermal broadening52,53. As quasiparticle tunneling is
enhanced near the resonant conditionω10 =ωLR

16, tuning on-chip the qubit
frequencyω10 is a viable strategy for estimating ωLR. The qubit frequency is
commonly controlled by applying a magnetic field perpendicular to the
plane of the junctions in a two-junction SQUID54,55. In such a setup, it is
possible to identifyωLR bymeasuring the parity lifetime as a function of the
perpendicular field; this strategy was successfully adopted in a recent
experiment15, where a peak in the parity-switching rate was observed at the
resonant condition. In particular, ωLR was obtained with a resolution in the
tens of MHz with this approach, which is suitable for T≪ TC.

An alternative way to tune the qubit frequency that can be used also in
single-junctiondevices consists in applying a relatively strongmagneticfield
B∣∣, with typical values between tens to hundreds of mT for aluminum
devices, in the plane of the junction, see schematic of Fig. 5a (the field is
hence stronger than those usually applied in the perpendicular direction;
nonetheless, transmon qubits have been shown to be resilient to in-plane
fields, with lifetimes depending weakly on field up to a few hundred mT23).

Fig. 4 | Parity-switching rates vs temperature. a Total parity-switching rate and
b excitation to relaxation ratio vs temperature for small and large gap asymmetry
(ωLR). Parameters are given in the caption of Fig. 3. For the dot-dashed curves,
Γph00 ¼ 600 Hz and ωLR/(2π) = 6 GHz.
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Themagneticfieldmodulatesω10 bymeans of two separate effects. First, the
field weakens superconductivity in the two electrodes25. The gaps of the two
electrodes decrease monotonically with B∣∣, thus reducing ω10 (in a trans-
mon, ω10 /

ffiffiffiffiffi
EJ

p
, and the Josephson energy EJ is approximately propor-

tional to the average gap); moreover, since the critical field for this
modulation decreases with the film thickness56, the gap of the thicker film is
typically suppressedmore significantly, thus possibly affectingωLR. Second,
the penetration of the magnetic field through the junction oxide barrier
makes the phase difference position dependent, varying along the direction
x in Fig. 5a, thus affecting directly the Josephson coupling. More precisely,
the critical current of the junction is modulated by the magnetic field in a
pattern resembling the Frauhnhofer diffraction by a narrow slit (see Sup-
plementary Note VII for more details)22. The device geometry controls the
relative size of these two suppression effects: for junctions with sufficiently
thin electrodes, as the one experimentally investigated in field-resilient
transmons23,24, the frequency suppression is dominated by the Fraunhofer
effect up to hundreds of milliTesla, with negligible gap-difference mod-
ulations; in practice, one could further reduce the field needed for frequency
suppression and hence the field-induced change in ωLR by properly
choosing the aspect ratio of the junction (making it wider in the x direction
as compared to the y one) while keeping fixed other parameters such as
junction area andfilm thicknesses. For our goals,we assume for simplicity to
be in such a regime, so to disregard any change in ωLR due to the magnetic
field B∣∣.

Figure 5bdisplays theparity switching rate as a functionof temperature
for a fewvalues of the in-planemagneticfield and large gap-asymmetry. The
temperature dependence is qualitatively similar to the one already discussed
above. Typically, the parity switching rates increase with the magnetic field;
the exception is for fields such that ω10(B∣∣)≲ωLR, as discussed more
extensively below. The solid curves are obtained using the full none-
quilibrium model, treating the three quasiparticle densities as independent
variables, while the dot-dashed curves are obtained assuming a global
quasiequilibrium regime and renormalizing the parameters so as to match
the zero-field curve, see Fig. 4a.We note that at finite values of themagnetic
field, the discrepancy between the full model and the global quasiequili-
briumapproach extends over amuchwider temperature range compared to
the zero-field case (cf. Fig. 4a). These results suggest that it is not possible to
use a consistent set of parameters to capture both the temperature depen-
dence and the magnetic field dependence of the transition rates within the
global quasiequilibrium approach. In other words, measuring the rates at
different values of B∣∣ is a suitable approach to identify nonequilibrium
regimes.

Moreover, the magnetic field evolution of the parity switching rates
at a given temperature can give a direct probe of the gap asymmetry. In

Fig. 5c, we display the parity switching rate as a function of the in-plane
magnetic field for different temperatures; the dependence of the transi-
tion rates on B∣∣ is mainly related to interference effects due to the
position-dependent phase difference across the junction (see Supple-
mentary Note VII). The parity-switching rate evolution with field qua-
litatively resembles the behavior observed in a SQUID transmon for
perpendicular field up to half-flux quantum15; the rate typically increases
with the field, except in the vicinity of B∣∣ ≈ 0.27 T, where the peak signals
again the resonance ω10 =ωLR. As one can no longer “renormalize” the
gap difference as to fit the data, the independent determination of ωLR

enables distinguishing between global and local quasiequilibrium, since
the difference between the two approaches is manifest in the temperature
regime for which μR> = μR< ≠ μL (cf. Figs. 3b and 5b).

Discussion
We have developed a model based on rate equations to investigate the
evolution with temperature of the qubit-quasiparticle system. Using effec-
tive chemical potentials, our model predicts different nonequilibrium
regimes. Superconducting qubits with gap asymmetry at most comparable
to the thermal energy even at base temperature can largely be describedwith
a single chemical potential, a situation which we call global quasiequili-
brium. The competition between quasiparticle generation by pair-breaking
photons and thermal phonons results in the commonly observed crossover
between the low-temperature limit, where the quasiparticles are out of
equilibrium (finite chemical potential), and the high-temperature limit,
where quasiparticles are thermalized to the substrate phonons (with van-
ishing chemical potential).

In transmon with gap-asymmetric junctions, the quasiparticles in the
two electrodes can be characterized by two different chemical potentials.
This local quasiequilibrium regime can be observed for temperatures
smaller than the gap asymmetry at which moreover quasiparticle-phonon
scattering is fast enough to enable thermalization in the low-gap electrode.
We discussed possible measurement strategies to discriminate the local and
the global quasiequilibrium regimes, such as the joint measurement of
excitation and relaxation parity-switching rates, or the estimate of these
rates for different values of an in-planemagnetic field. Failing to account for
the local nonequilibrium regime can result in inaccurate estimates of
parameters such as the gap asymmetry and the photon-assisted generation
rate. Conversely, the accurate determination of system parameters can be
helpful in improving devices in which the precise targeting of parameter
values is important, such as multi-qubit chips.

For temperatures at which tunneling is fast compared to quasiparticle-
phonon scattering, our model predicts a third nonequilibrium regime with
three different chemical potentials (and even a fourth regime with

Fig. 5 | Parity-switching rate in parallel magnetic field. a Schematic of a Josephson
junction with magnetic field B∣∣ applied in the plane of the junction, causing a phase
gradient along the widthW of the junction. b Parity-switching rate vs temperature
for different in plane fields. Solid curves are obtained using the full model, while the
dot-dashed curves correspond to a global quasiequilibriummodeling with the same

renormalized parameters used to capture the behavior of the zero-field curve (see
caption to Fig. 4). c Parity-switching rate vs in-plane magnetic field for different
temperatures. The rate has a peak, at B∣∣ ≃ 0.27 T, when the resonant condition
ω10(B∣∣) = ωLR is met. Parameters: BΦ = 0.8 T, ωLR/(2π) = 5 GHz, and the zero-field
values of the remaining parameters are given in the caption of Fig. 3.
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μL − μR>≲ T≪ μL − μR< for small ωLR, cf. Supplementary Note VI A).
However, suchprediction is less reliabledue toour thermalizationansatz [cf.
Eqs. (1) and (2)]. In fact, it is known that fL(ϵ) and fR(ϵ) can deviate from the
Fermi distribution at low temperatures33–35; thus, a more accurate descrip-
tion of this regime requires determining the distribution function fL(ϵ) and
fR(ϵ) as solutions of kinetic equations. The investigation of energy depen-
dence of the quasiparticle distributions is beyond the scope of the present
analysis; nevertheless, the estimates for the transition rates should be at least
qualitatively correct, since the rates are mainly proportional to the quasi-
particle densities (see SupplementaryNote III C). Indeed, ourmodeling has
a weak dependence on the quasiparticle temperature T for T≪ωLR, ω10, |
ω10−ωLR|, in agreementwithpreviouswork16.We remark that ournotionof
quasiequilibrium differs from the one commonly used for charge and heat
transport in normal-metal and superconducting junctions50,57. In those
experiments, the electron-electron scattering rate is fast compared to the
electron-phonon one, and a thermal gradient between the quasiparticle and
the phonon systems can be established. In superconductors, this regime can
be realized if a large fraction of Cooper pairs is broken (that is, if the
normalized densities xα are not too small), as is generally the case for
temperatures not too low compared to the critical one. Here we have con-
sidered parameter regimes in which the quasiparticle densities and tem-
peratures are low (xα≪ 1 and T≪ TC); then the quasiparticle-phonon
scattering is typically faster than that due to quasiparticle-quasiparticle
interaction58,59, and so the latter can be ignored (cf. SupplementaryNote IV).

In thisworkwe have neglected anymechanism leading to quasiparticle
trapping. Quasiparticles can be trapped away from the junction through
gap-engineering techniques, such as controlling the film thickness during
deposition12 or by adding normal-metal14 or superconducting traps60.
Quasiparticles can also be trapped in the core of vortices which can be
present in a device because of residual magnetic fields20. Phenomen-
ologically, trapping can be incorporated in our rate equations by adding
negative terms proportional to the densities to the right-hand sides of
Eqs. (4)–(6)16 and could lead to additional nonequilibrium regimes inwhich
the relations μL≥ μR>≥ μR<may be violated. The proper inclusion of one or
more trapping processes is left to future research.

Methods
The steady-state values of the quasiparticle densities have been obtained by
setting to zero the left hand side of the rate equations Eq. (4)–(6). The
solution to this nonlinear algebraic system of equations has been found
using standard findroot algorithms. The numerical results have been
benchmarked with the analytical approximations derived in limiting cases.
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