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We present a novel method of reconstructing the phase-amplitude dynamics directly from measured electrophysiologi-
cal signals to estimate the coupling between brain regions. For this purpose, we use the recent advances in the field of
phase-amplitude reduction of oscillatory systems, which allow the representation of an uncoupled oscillatory system as
a phase-amplitude oscillator in a unique form using transformations (parameterizations) related to the eigenfunctions
of the Koopman operator. By combining the parameterization method and the Fourier-Laplace averaging method for
finding the eigenfunctions of the Koopman operator, we developed a method of assessing the transformation functions
from the signals of the interacting oscillatory systems. The resulting reconstructed dynamical system is a network of
phase-amplitude oscillators with the interactions between them represented as coupling functions in phase and ampli-

tude coordinates.

Signals from interacting brain regions display transient
synchronization of phases and amplitudes in different fre-
quencies. Commonly, the interaction between regions of
the brain is quantitatively described by either analyzing
the correlations of amplitudes of the measured signals or
by calculating phase-synchronization measures. However,
for a complete picture of the interactions it is important to
analyze the dynamics of both the amplitude and the phase.

In this work, we present a new method for finding
the interaction between brain regions by reconstructing
the phase-amplitude dynamics directly from the measured
electrophysiological signals. The method is based on the
representation of the oscillatory activities in the brain as
phase-amplitude oscillators in a unique form using trans-
formations (parameterizations) related to the eigenfunc-
tions of the Koopman operator. We combined the pa-
rameterization method' ™ and the Fourier-Laplace aver-
aging method®’ to develop a novel method of estimating
the transformation functions from the oscillatory activi-
ties in the measured electrophysiological signals. Thereby,
we reconstruct a dynamical system as a network of phase-
amplitude oscillators with the edges representing coupling
functions in phase and amplitude coordinates.

Using synthetic signals generated from several models
with known and unknown theoretical phase-amplitude re-
duced forms, we demonstrate that our method is capable
of finding the proper unique dynamic form of these oscil-
latory systems in the reduced phase-amplitude space.

Our method can be applied to describe any network of
interacting oscillators as a dynamical system using sig-
nals of the network elements. In particular, to analyze
the coupling between distant brain regions using high time
resolution signals, such as electroencephalography (EEG)

or magnetoencephalography (MEG). Further simulation
and study of the reconstructed dynamical system then en-
ables the construction and investigation of a mathematical
model of various neural pathologies and disorders of the
brain.

Oscillators, synchronization, experimental data, network,
communication between brain regions

I. INTRODUCTION

Performing a cognitive task involves large-scale integration
of multiple brain regions, which is accompanied by an emer-
gence of transient synchronization over multiple frequency
bands®1V. The transient synchronization observed during the
stimulus of a cognitive task, e.g. the processing of a move-
ment, its preparation and execution stages, is functionally rel-
evant for the activation and coordination of a widespread net-
work of oscillatory neural populations across brain areas?l,
A detailed study of the emergence mechanisms of the transient
synchronization is important to understand the interaction be-
tween brain areas involved in such a task.

An assessment of the coupling between distant brain re-
gions by means of the synchronization of oscillatory ac-
tivity observed in EEG/MEG signals can be performed in
different ways'“¥: by considering the relation between
the phase of the signals and calculating phase synchro-
nization measures 19 by analyzing the relationship be-
tween amplitudes with respect to an event using event-
related synchronization (ERS) and desynchronization (ERD)
measures'/, or by calculating phase-amplitude coupling
(PAC) measures ¥4 which consider the correlation between
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phase and amplitude of different frequency bands. All these
conventional measures provide only an estimation of the inter-
action magnitude between the oscillatory sources, but do not
provide information about the direction of the coupling and
can not explain the mechanism of the transient synchroniza-
tion. The latter is possible by analyzing a dynamical system
that describes the oscillatory network and reproduces the ob-
served transient synchronization.

The reconstruction of a dynamical system in a form of
coupled phase oscillators from observations was first pre-
sented in Ref. 21 and was developed further in the fol-
lowing works Refs. [22-30. These methods are based on
the phase reduction approach*/**4 which is usually lim-
ited by weak coupling between oscillators, which, how-
ever, is usually not the case for the connection between
brain regions. For strong coupling cases consideration of
the amplitude of the oscillations is required. In the re-
cent decades several approaches of phase-amplitude reduction
were developed®, namely methods based on the parameter-
ization approach’™336 the Koopman operator®/</+% and
the isostable coordinates approaches® ™, with further devel-
opment as data-driven phase-amplitude reduction approaches
using isostable coordinates***, using dynamic mode decom-
position (DMD)**>4 and as an extension of dynamic causal
modelling®?,

In this work we aim at developing a new method to build
a dynamical system that will be able to describe the coupling
between regions of the brain (the sources of measured sig-
nals) in the framework of transient synchronization, reflected
in phase and amplitude of the measured signals (Fig. [I). We
achieve this by reconstructing the network of dynamical sys-
tems in a unique (invariant) form using the amplitude and
phase of the measured signals by adapting the recent advances
in the phase-amplitude reduction theory. In particular, the
phase-amplitude reduction performs a transformation of ob-
servable variables (i.e. the phase and amplitude of the mea-
sured signals (6;,r;), see Fig. into uniquely defined re-
duced variables (the reduced phase and amplitude (¢;, ;), see
Fig. ). This reduction allows us to find a unique dynamical
description of the network and the coupling terms between the
regions. Thereby, we make several assumptions: (1) during
the performance of a cognitive task some intrinsic processes
within the cortical column of a brain region activate oscilla-
tory activities in different frequencies, (2) in the considered
interval of time this oscillating system has a limit cycle and
the amplitude and phase are determinable around this limit
cycle, (3) the interaction between brain areas is reflected in
the transient synchronization of phase and amplitude of the
measured signals.

The outline of this article is the following. We begin by
introducing the key concepts of the phase-amplitude reduc-
tion and then divide the methods section into two parts. In
the first part, we provide a brief overview of the theoretical
methods of phase-amplitude reduction for uncoupled oscil-
lators with a known vector field (VF). There, we introduce
the parameterization and the Koopman operator approaches.
Further, based on these approaches we present a numerical
method for determining the transformation functions that per-

form the phase-amplitude reduction for systems with a known
VE. In the second part of the methods, we introduce a method
for reconstructing the phase-amplitude dynamics of an ob-
served system using measured signals. Here, we approxi-
mate the system’s VF from the measurements and find the
coupling functions as a result of the phase-amplitude reduc-
tion. In the results section, we demonstrate the applicability
of the phase-amplitude reduction method to several models of
interconnected oscillators with different amplitude and phase
properties. Finally, we conclude with a discussion of the re-
sults and outline potential future applications of the method.

1. METHODS
A. Introduction to phase-amplitude reduction

In this section, we introduce the amplitude and phase re-
duction method and review several concepts that will form the
basis for the methods presented further in this study.

1. Koopman operator and phase-amplitude reduction

Consider a dynamical system described by an autonomous

system of ODEs

x=F(x), xeR" (1)
which has a limit cycle I' of period 7. We assume that the
limit cycle is hyperbolic stable, that is, its Floquet exponents
satisfy Aj =0and Z{A;} <0, for j=2,...,n. We denote by
A the stable manifold of the limit cycle I', which coincides
with its basin of attraction.

We introduce the phase-amplitude reduction following
Ref.[7. Let us assume that there exists a local diffeomorphism
% M C R" — C" that transforms the state space coordinates
X into new coordinates z, such that the dynamics in the new
coordinates are given by

Zi:“iZi,i:17---7n7 (2)

where () =iwand u; = Aj, j=2,...,n.

Then, we redefine the coordinates in the following way. If
Ui € R, we define a new coordinate 0; = z; € R and denote
Ai £ ;. If i §§ R we define o; = |Z,‘| € R and Q; = /7 €
[0,27), and also denote A; = Z{y;} and w; = .#{w;}. By
removing repeated variables due to complex conjugate pairs,
we obtain an n-dimensional system of ODEs in the amplitude
and angle variables given by

(pk = W,
6 = Aoy, ©)
where k=1,....m+1and [ =2,....n—m—1, and m is

the number of pairs of complex conjugate Floquet exponents
A;’s. This transformation of the system in Eq. into the
linear system in Eq. (@) is called phase-amplitude reduction’
and corresponds to the parameterization method presented in
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FIG. 1. From electrophysiological signals to a network model. We extract the amplitude and phase of the brain signals of different sources
obtained from experimental measurements during the performance of a cognitive task. The extracted (observable) amplitude and phase (6;,r;)
for each region i are transformed into the reduced amplitude and phase (¢;, 6;) by means of the phase-amplitude reduction. The reconstructed
network is a dynamical system, where the edges are given by coupling functions. The parameters of the reconstructed system and of the
transformation from observable to reduced space are obtained from the experimental data.

Refs. |3, 14, and|36. To perform the phase-amplitude reduction,
we should find a transformation from the state space coordi-
nates X € . C R" to a new phase and amplitude coordinates

= ((Pl yeee s Pmt1,02,- 0, o-nfmfl) € [szn)mel X Rnimil’
where the dynamics is linear as given in Eq. (3). We will refer
to this space as the reduced space.

This transformation is closely related to the Koopman op-
erator as shown in Refs. |6, (7, and [39. The group of Koopman
operators associated with system in Eq. is a linear one-
parameter semi-group of operators {U’},>0 : # — .F acting
on the space .# of scalar functions (observables) g : .# C
R" — R as follows®=¢:

U'g=gos, 4)

where s’ £ 5(¢,-) : .4 — M is the flow of system in Eq. (), i.e
s'(x) = s(z,x) is the solution of system in Eq. (I) with initial
condition x € .#. In other words, if the state x after time ¢
transfers into s(¢,x) due to the dynamics of system in Eq. (1),
then the observable g(x) of the system transfers into g(s(z,x))
due to the linear operator U’. Thus, the Koopman operator
lifts the dynamics from the state space (X) to the observable
space (g(x)) such that the dynamics in the reduced space is
linear but infinite-dimensional.

Due to linearity we can define the eigenfunctions of the

Koopman operator as the non-zero functions ¢, € 7 satis-
fying

U'dy = ey, ¥t 20, &)
where u € C is the corresponding eigenvalue’2C. If we de-

fine the new variable z(7) = x)), then using Eq. (@) and

¢ll (S(tv

Eq. (3), we have

_Ut‘Pu( ):i@w%( )
= pet gy (x) = pz(t).  (6)

Thus, the eigenfunctions of the Koopman operator transform
the dynamics of the system in Eq. (I into the linear dynam-
ics given in Eq. @), and therefore serve as the transformation
functions that perform the phase-amplitude reduction. Indeed,
the Koopman operator associated with the system in Eq. (1)) is
well characterized¥. The principal eigenvalues of the Koop-
man operator are given by t; = i@ and the Floquet exponents
Mj=A;j(j=2,...,n) with associated eigenfunctions ¢y; that
have support on the basin of attraction of the limit cycle and
are continuously differentiable in the interior. Thus, the dif-
feomorphism 2 is defined as Z(x) = (@, (X), ..., Py, (X)).
The phase variable ¢, in Eq. () describes the periodic dy-
namics along the limit cycle I', whereas the other phase ¢y
(k> 1) and amplitude o; (I > 1) variables describe the tran-
sient dynamics towards the limit cycle. Moreover, on the limit
cycle, we have o; = 0 for all /. In our study we assume that
the dynamics of the considered system can be approximated
as planar, meaning that all amplitude variables except one, e.g.
02, decay rapidly to the limit cycle (i.e. 0 > Z{A2} > Z{A}
for j > 2), thereby leaving only two variables - the phase ¢
and amplitude o, variable - that describe the state of the sys-
tem. Further in the text we use these variables without indices.
The dynamics in the reduced space then reads as

{ ¢=o ™)

6=A>Ao,

(1) = %(])u(s(t,x)) =
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where @ = 27 /T is the radial frequency of the oscillation and
A is the real part of the Floquet exponent with smallest mod-
ulus.

It needs to be mentioned that the definition of the coordi-
nates (¢, o) in the reduced space is not unique. Any phase
variable ¢ = ¢ + 0¥, where ¥ € [0,27) and any amplitude
variable & = bo, where b € R also satisfy Eq. (7). This un-
certainty can be solved if we fix ¢ = 0 anywhere on the limit
cycle, and set a condition to the gradient of the transformation
function with respect to o, as it will be mentioned later.

2. parameterization method and the invariance equation

Here we present the parameterization method which was in-
troduced in Ref. |3 and used in Refs. 4, [36, and |57 as a phase-
amplitude reduction method. Consider a planar system (for
higher dimensions see Ref.|36) for which we know the trans-
formation from the phase ¢ and amplitude ¢ variables into
the state variables x = (x,y) € R?, i.e. x = K(¢, 6). Using the
chain rule we have

(— Ko i Ks ®)
X=00% 795
and, using Eq. (@) with n = 2 and Eq. (@), we obtain
dK dK
T 1050 = F(K(9.0)) ©)

The equation above is known as the invariance equation®9.

One can also derive the inverse invariance equation as follows

ID(x)

F(x>(x)aq;ix)+F(y)(x)—ay =, (10)
9%(x) 9% (x)
@ (51 22X | 20) () 92 X)
FY(x) ===+ FY(x) 3 = A%(x), (11

where F&, FO) are the corresponding components of F,
while ®(x) and X(x) are the phase and amplitude transfor-
mations from the state space into the reduced space.

Note that Egs. (9),(I0Q) and can also be expressed in
polar coordinates, i.e. x = (6,r). Then, Eqs. (I0) and (1)
read as

FO(x) ajéx) +F(x) aq;ix) = o, (12)
FO(x) aggx) +F(x) ag(rx) = A%(x), (13)

where F(")(x) and F(®)(x) are the components of F in polar
coordinates.

To further distinguish the transformations, we will use
the following notation. The transformation K(¢@,c), that
maps the variables (¢, o) from the reduced space to the vari-
ables x = (0,r) of the state space (see Fig.[2) is called for-
ward transformation. We use superscripts to indicate its
components, for instance K(x)((p,c). The transformation
(d(x),X(x)) that maps the state space variables into the re-
duced space variables is called inverse transformation. The

latter is associated to the eigenfunctions ¢(x) of the Koop-
man operator defined up to some constant multiplier or shift
as discussed above.

It was shown in Refs. 4 and |5 that the forward transforma-
tion (the parameterization) can be approximated around the
limit cycle by Fourier-Taylor series, that is,

=

K(p,0) =Y K.(p)o", (14)
n=0

where K, (@) are 27m-periodic functions in @, which are ap-
proximated using Fourier series as follows

Ki(@)=Y qnie™. (15)
k=—o0

Using the invariance equation in Eq. @), it is easy to see
that Ko(¢) is a parameterization of the limit cycle I.

Following Ref. 4, we insert Eq. (I4) into Eq. () and expand
the expression using Taylor series around the limit cycle, i.e.
o = 0. Then, by collecting coefficients of ¢ on both sides, we
obtain a homogeneous linear differential equation for K (¢):

0-LK\(¢) + AKi(9) = DF(Ko(9)) K1 (9),  (16)

de
with @ =27 /T. Thereby, K] is an eigenfunction of the linear
differential operator

d
Z £ 07~ DF(Ko(9),
with eigenvalue —A. As it is shown in Refs. |3 and 4, we have
that K (¢) is a periodic eigenfunction of . with eigenvalue
—A if and only if K;(0) is an eigenvector of the monodromy
matrix My—>; with eigenvalue e*T. The matrix My—2z is a
fundamental solution of the first variational equation

d T

do Mo =2
evaluated at ¢ = 27, with initial condition My—o = I. Once
Ki1(0) is chosen as an eigenvector, Kj(¢) is determined
for all ¢ € [0,27) by solving Eq. (), that is, K|(¢) =
e ATICMe M, K (0).

By repeating the procedure of inserting Eq. into Eq. (@)
and collecting terms with 6", one can derive linear non-
homogeneous differential equations for K,(¢), n > 2 which
depend on K;(¢), j < n, thereby finding the higher terms of
Eq. as shown in Ref. 4. Moreover, as it is shown in
Refs.|36 and |57, using the expression for the parameterization
K(¢@,0) (the forward transformation function) one can find
the expression for the inverse transformation functions ®(x)
and X(x).

DF(Ko(¢))My, A7)

B. Phase-amplitude reduction for an uncoupled oscillatory
system

In this section we describe how to find the transformation
that performs the phase-amplitude reduction of an uncoupled
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FIG. 2. Phase-amplitude transformations. The transformation that performs the phase-amplitude reduction from the observable space (6,r)
to the reduced space (@,0) is the inverse transformation. The transformation that changes the coordinates from the reduced space to the

observable space is the forward transformation.

system. For this computation, we assume that a good approx-
imation of the vector field (VF) of the uncoupled system is
available in a certain region (not necessarily small) around the
limit cycle in the observable space (6,r), where 6 and r rep-
resent the angle and the radius of a signal measured from the
uncoupled system. The system dynamics are given by:

6 =F(0,n),
F =FU)(6,r),

where F(®)(0,r) and F(")(6,r) are the two components of
the vector field F(0,r) expressed in polar coordinates. The
method for obtaining a good approximation of the vector field
will be discussed in the next section. It is important to note
that knowing the vector field in polar coordinates is equiva-
lent to knowing it in Cartesian coordinates (x,y) via standard
transformations.

Furthermore, we assume that the approximated system has
a limit cycle, which could be represented as {(6,7(0)),0 €
[0,27)}, where r(0) is a periodic function that can be approx-
imated using Fourier series by

N, .
Ye)= Y g (18)

k=—N,

We emphasize that the observable variables are the radius
and angle 6 of the measured signal. However, given the vector
field F describing the system’s dynamics, the state space (in
polar coordinates) is equivalent to the observable space. To
distinguish the variables further in the text, we refer to (6,7)
as observable variables and (¢, 0) as reduced variables (see
Fig.[2).

We search for forward and inverse transformation functions
in Fourier-Taylor series form as given in Eq. (I4) and Eq. (T3).
Namely, for the observable angle and radius we have:

0=K(p,0)=p+Y ¥ 4o (19

n=0k=—o0
r=k"(g,0)=Y Y qli0""?. (20)

n=0k=—c

Note that for n = 0, i.e., on the limit cycle, we have:

0 = o+ ¥ dpre?
.

where the form of the phase transformation coincides with
the forward transformation of the phase reduction given in
Refs.[23 and 30.

For the reduced angle and amplitude we have:

p=0(0,)=0+Y Y 4\%reto Q1)
n=0k=—co
and
c=Xx(0,r)= Z Z qﬁli)r”eike, (22)
n=0k=—c0

where qflek) , qflr;{, qflq?, qff? are the coefficients that need to be

determined. Here again, if we set r = y{") (6) from Eq. (I8)
into Eq. 21 the Fourier-Taylor series of the phase transfor-
mation turns into Fourier series, which coincides with the in-
verse transformation of the phase reduction given in Ref.|30.

1. Fourier-Laplace averaging integrals

In section [TAT] we showed that the transformation we are
seeking can be obtained from the eigenfunctions of the Koop-
man operator. In Ref.[7, it is demonstrated that an eigenfunc-
tion of the Koopman operator that corresponds to the eigen-
value u can be found using the time averaging integral over
an observable function g(x) along the trajectory, provided that
the averaging is not equal to zero everywhere and the observ-
able function g(x) fulfills specific properties. Let

. . 1 T _
gu(xo):}gnmg/o g(s(t,x0))e *dr. (23)

If the eigenvalue p is real, the integral 23)) is called Laplace
average and the observable function should vanish on the limit
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cycle (i.e. g(x) =0,vx € I'). Whereas, if the eigenvalue is
imaginary (i.e. U = io, ® € R), then the integral is called
Fourier average and it is equal to the eigenfunction ¢;q, for
almost all choices of the observable function g(x) (for details
see Refs. |6l and (7).

The integral in Eq. can be used to find the inverse
phase-amplitude reduction transformations ®(x) and X(x).
Thus, we apply the Laplace average integral to the observ-
able function defined as g(s(t,xo)) = r(t) — ¥'")(6(t)), which
vanishes on the limit cycle.

For an uncoupled planar system, the solution of system in
Eq. (@ in the reduced space is

= ot+ ¢, (24)
o(t) = ope™, (25)

S
=
-~
=
|

where @ and oy are the initial conditions. Using this solution
and the approximation given in Eq. (20) we can obtain the
Laplace average for the initial condition X in the observable
space:

g0 = im - [ [0~ ¥ (00 e Far

T
~ lim % /0 {K(r>((p(f),6(f))—K(r>((p(‘c),0)} ez

Z Z C] Gn 1204 (n 1)/11'+ika)rd,c
k .

n=1k=—co

Since we have considered a hyperbolic stable limit cycle, we
have A < 0. Therefore, taking the limit .7 — o all terms tend
to 0 except the one for n = 1. Hence,

o T
_ () ikgy i L / kot 5
Xp) = Oy e lim — ettt =

) kzz,mql’k T T o

" o) Ty )
=0y ro—i— hm —Z r ‘e (10’ 1) :Goqgro
k;éo
Therefore,
g/l(XO)—qLoGO—qLo (%0), (26)

which indicates that the Laplace average provides the inverse

transformation function X scaled by a constant factor qg%.

In the same way, we can show that the angle of a Fourier
average along the trajectory over an arbitrary observable func-
tion (for example, the x-component of the state space or the
measured signal) results in the inverse transformation func-

tion for ¢:
1 7 .
g»(X0) = lim —/ x(1)e ' *%dt
T —so0
}15100— / K9 (¢(1),0(z))e % dr
- 1im _/ Z Z ana n ik A TH (k=107 o
Toe T Jo =
i(k-1)07
_qé>e“”0+ lim 1 5 "“”0761(. o
T —vo0 f ik—1o

k;él
PMAtilk-1@) T _q

- n ik@g
+ hﬂloy Z Y dg.iohe (A +i(k— )

n=1keZ
=g, (27)

Thus,

L8iy(%0) = Zg 6% = gy = D (xo). (28)

2. Numerical calculation of the inverse and forward
transformations

The numerical calculation of the Laplace average Eq.
presents certain challenges. First, we need the values of A and
o for the reduced system in Eq. (7). Second, it is necessary
to determine an optimal time range .7 for computing the time
averaging integral in Eq. (see. Ref.[7). In this section, we
outline the detailed steps involved in these computations.

Given the VF F(x) describing the system’s dynamics, we
estimate @ by determining the period of the limit cycle, and
A by calculating the eigenvalues of the monodromy matrix
obtained from Eq. (I7). Namely, we simulate the system dy-
namics for a sufficiently long time until the radius coordinate
converges to the limit cycle %’)(6). To obtain this expres-
sion, we determine the coefficients g; of the Fourier series in
Eq. (I8) by fitting the time courses 6(¢) and r(r) on the limit
cycle using the least squares error method (see Appendix [Al.

Then, we compute the derivatives of F with respect to r
and O along the limit cycle and solve the linear variational
equation in Eq. for one period T using the initial condi-
tion My—o = I. The eigenvalues of the resulting monodromy
matrix My—>, are equal to ik = MT = M2T/0 The largest
negative A; corresponds to the value A we are looking for.

The calculation of the Laplace averaging integral is limited
by numerical precision’. Consider the time evolution of an
observable defined as

p() = r(t) = 1"(0(r)). (29)

The time course of p(¢) is shown in the upper left panel of
Fig.[3l Due to the limitation of the precision of the numerical
integration, the product of two competing functions - expo-
nentially growing e Mand p (¢) that exponentially approaches
the limit cycle - results in numerical errors in the averaging in-
tegral. This issue is illustrated by plotting | p (z)| in logarithmic
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scale (blue curve in right panel of Fig.[3), where numerical
instabilities appear once the numerical precision threshold is
reached (indicated by the horizontal dashed black line in right
panel of Fig.[3).

However, the initial values oy and ¢y can be determined
without directly calculating the integral. Instead, they can be
found by using a finite time and logarithmic scale, as it will
be discussed further.

The observable p(t) can be expressed as

"), <>> K (9(1))
E L

n ik(po enltJrik(vt

At

If we factor out cpe”’, we have

G()EMZ Z q

n=1k=—co

n 1 1k(p0 (ﬂ*l)l[*f’ik(vl

2 6ye™R(1).  (30)

Since A < 0, after a transient time .7, the terms involving M
in the expression for R(¢) decay down to zero and, therefore,
only oscillatory terms with n = 1 remain, i.e.

Ry~ Y, qpelmeher 2 Rr). 31)
k=—oo
The average of R() over one period T is
R(O)r = < ) q‘{,ie“‘%ei“”> = aip
k=—oo T

Hence, from Eqgs. (30) and we have

lo()le ™ )7 = (RW))r ~ g honl.  (32)
On the other hand, we have
log|p(t)| ~ At +log(0oR(t)), (33)

that is, the asymptotic behavior of the function can be de-
scribed by a straight line with slope A plus an oscillatory term
around log |q%60|. This is shown in the right panel of Fig.[3l
where |p()] is plotted in semi-logarithmic scale. As shown,
the calculation of |p(¢)| becomes unstable after approximately
the time point #,, which is defined using the precision thresh-
old of the numerical integration (horizontal dashed line). If
we consider an interval of several periods before reaching this
threshold ( € [t1,52], where t, = t; + 2T), we observe that the

time course of |p( )| in logarithmic scale oscillates around the
(r)

function g, 0006 !, which appears as a straight line in the log-
arithmic scale plot (red dotted line).

Therefore, to find |q%60|, we average the last few pe-

riods of |p(r)|e~*" before reaching the numerical precision
threshold, as shown in the bottom panel of Fig. Bl In this
case, an interval of two periods (red line) was used. Notice

that the time course of |p(t)|e *' becomes generally oscilla-
tory after a transient time (see Eq. (31)), as shown in Fig.
in the Appendix. Moreover, if the initial estimate of A ob-
tained from solving Eq. is not accurate, one can deter-
mine the correction to A by using the average slope of the
curve log|p(¢)| — A, which is also shown in Fig.[[3]in the
Appendix.

As discussed previously, the reduced amplitude ¢ can be
defined uniquely up to a constant multiplier. Therefore, we
can redefine the amplitude oy as q(lféco, thereby fixing the
scaling of 0. The sign of oy is determined by the sign of

p(0).

0.2 10° ; —
p(t) =r(t) —y(6(1) lo(6)]
0 lp(B)]; ¢ € [tr, 1]
*  alon
= () 5 oM
=z -02¢/ 1 L | G1,000€
= 100
-0.4
-0.6

: [T
p(t)]e™
\/'( et € [t to]

*  aoo or
10
“““““““ (R(t)o0)1

10718
0

FIG. 3. TIllustration of how to find the amplitude variable oy cor-
responding to an initial point (6p,rp) in the observable space for
the canonical model close to the numerical instabilities. Upper left
panel: Time course of the observable p introduced in Eq.(29) (solid
blue curve) that vanishes on the limit cycle I'. Right panel: The ab-
solute value of p in semi-logarithmic scale, where the expression
opet appears as a line (dotted red line) with constant part equal
to oy (red star, the crossing with the vertical axes). The horizon-
tal dashed black line is the threshold of numerical precision, and
the right vertical dot-dashed black line marks the time point #, at
this threshold. The left vertical dot-dashed black line at #; is in
two-period-distance to the right one. The solid red line denotes
the time course of |p(t)|,7 € [t1,12]. Bottom left panel: The time
course of |p(¢)|e* (solid blue curve) approaches the horizontal line
(R(t)o0|)T ~ |q(1r()) 0p| (dotted red line, red star) before the numerical
instabilities. The solid red line and the two vertical dot-dashed black
lines are the same as in the right panel. The vertical dotted lines in-
dicate the oscillation periods.

In a similar way, we can determine the initial value
@ by computing the angle of the average of x(t)e ' =
r(t)cos(0(t))e ' over several periods of oscillation, after
a transient time and before reaching the numerical precision
threshold. This process is equivalent to calculating the inte-
gral in Eq. (@7), where the terms involving ¢"*" decay to 0
after some transient time and the terms involving ¢**®7 vanish
due to time averaging over several periods. We define ¢ as
@ =0 when 6y =0

Having computed several pairs of initial conditions in the
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observable space {6;0,70} jen, and the corresponding ones
in the reduced space {; 0,00} cn, We can then approxi-
mate the forward transformation functions in the form given
in Egs. (I9)-@0) using the regularized least squares method
(see Appendix [Al) with the Fourier-Taylor basis functions

gt — {a"ei’“f’,n —0,... Ny k= —Nk,...,Nk}, (34)
where the superscript () denotes the dependence on the re-
duced variables ¢ and ©.

Similarly, we can approximate the inverse transformations
in the form given in Egs. and using the basis func-
tions

gl — {r"eike,n —0,... Nyk=—N,,... ,Nk} . (35)
where the superscript (x) denotes the dependence on the ob-
servable variables 0 and r.

Finally, the complete procedure for finding the transforma-
tion functions is as follows:

1. Knowing the VF of the system, or a good approxi-
mation of it in a given region, numerically integrate
the system to find the limit cycle I, the frequency ®,
and the approximation of the limit cycle as given by
Eq. (I8) using the least squares (LSQ) method (see Ap-
pendix [A).

2. Using the limit cycle, solve the variational equations in
Eq. and estimate A by finding the largest (in mod-
ulus) eigenvalue e* of the monodromy matrix My—2x

3. Numerically integrate the system with different initial
conditions on a grid {0 5057 j70}j€N over several periods,
obtaining the time courses r(¢) and 0 () of the solutions.

4. Compute p(¢) and refine the value of A by determining
the average slope of log|p(¢)| — At during the last two
periods of the simulation (or two periods before reach-
ing the numerical precision threshold). See Appendix[C]
for details.

5. Determine |op| for a given (6y,ry) by averaging
|p(t)]e=* over the last two periods of the simulation
(or two periods before reaching the numerical precision
threshold) and setting sign(op) = sign(p (0)).

6. Determine @ for a given (6y,ry) as the angle of the
time average of r(t) cos(0(¢)) over the last two periods
of the simulation (or two periods before reaching the
numerical precision threshold).

7. Use the initial conditions in the observable space
{6j0,7j0}jen and the reduced space {@;0,0j0}jen
to approximate the forward transformations given in
Egs. 20) and by means of the regularized least
squares method (see Appendix |A) with the basis func-

tions in Eq. (34).

8. Similarly, approximate the inverse transformations in
Egs. and by means of the regularized least
squares method (see Appendix [A)) with the basis func-

tions in Eq. (33).

C. Amplitude and phase reduction for coupled oscillatory
systems

In the previous section, we discussed how to determine the
transformation functions assuming that the VF of the system,
or a good approximation of it, is known. In this section,
we present a method for finding the VF and performing the
phase-amplitude reduction for coupled systems using the sig-
nals measured from these systems.

1. Approximation of the VF for coupled oscillatory systems

Let us assume that we have a set of M trials of measured
signals from N different sources with high time resolution,
{si(t)}p,i=1,...,N,p=1,...M. Then, using methods to
extract the amplitude and angle of the signals, for example
the Hilbert transformation®®%, we obtain a set of trials with
radius and angle time courses {6;(t),7;(¢)}, which we refer
to as observable amplitude and phase. Using finite differences
we obtain the time derivatives of the observable radius and
phase {6;(r),7i(t)} p.

The dynamics of a source &

can be represented as

xi:ng)(e,',r,',...,v.,-(ej,rj),...), (36)
where x is either 8 or r, and v; is the input from other sources
coupled to source i, e.g. Vi =T cos(0;). As we have shown
in the previous sections, in order to find the transformation
functions we need an expression for the VF of the uncoupled
system. The function F; is, in general, non-linear with respect
to its variables, thus the dynamics of the uncoupled system can
not be separated from the dynamics induced by the coupling.
However, if we approximate F; using a Fourier-Taylor series,
then all the terms in the series that depend only on 6; and
r; correspond to the uncoupled dynamics, and the rest to the
coupling. Moreover, we assume that inputs from other sources
do not interact with each other and we can approximate the
coupling part by only considering pairwise interactions.

Thus, the approximated VF describing the dynamics of
source i consists of its uncoupled dynamics and the sum of
pairwise couplings with other sources, that is,

5~ FY (65,1 +ZG(X (6,71,65.,7), 37)

where x is again either 8 or r. In Eq. (37) we refer to the

function Fi(x) (64, r;) representing the uncoupled dynamics as
uncoupled VF, which we approximate as

Py Z gL, (38)

n=0k=— Nk
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(x:)

where g, are the coefficients of the Fourier-Taylor series for
the VF in source i.

The pairwise coupling function, Gf);) (6;,1i,0j,1;), referred
to as coupling part of the VF, depends also on the variables 6;
and r; of other sources. We approximate this function using a
Fourier-Taylor series expansion in the variables (6;,7;,0;,7;)
as follows:

()( iz i

m=0 =0 k;=—Np,

9!7rl7617rj
N,
) Cfnlzjkkrrm Lellkiitkif)) - (39)

where cfn i /2 k; are the coefficients which need to be deter-

mined, x is elther 0 or r, and the subscripts i, j of the super-

scripts (x; ;) indicate the relation to the coupling G( ") Notice
that the sum in Eq. (39) excludes terms with k; = O Terms
with r and k; = 0 correspond to the uncoupled VF (Eq. G,
since only terms involving r; and 6; remain. Terms with 77’
(for m # 0) and k; = O are excluded to ensure the dependence
on v;, as the variables rj and 6; do not appear separately in

(x)

the coupling part Gl > but only in combination via v;.

In practice, the approximations in Eq. (37)-(38)-(39) are ob-
tained by means of the least squares method (see Appendix[Al)
using a combination of the following basis functions

{rn ik0; n:O’___,Nn andk: —Nk,...,Nk}, (40)

and

‘Pl(j) {r r; e(k9+k9) 41
miamj:Oa"'uNma m,—f—ijNm,

ki = _Nkiv---aNkiv
kj= Ny, Nijs g ;Ao},

for every input region j. The superscript (x) in Egs. and
I) denotes the dependence on the state variables 6 and r, and
the lower indices i or j denote of which source. Notice that
we have different ranges for the indices n and k in Eq.
and for the indices m;, m;, k; and k; in Eq. @1.

Using the above equations, we can compute an approxima-

tion of the uncoupled VF F; )

l( Y for every source and the incoming input to this source.

The obtained functions give a good approximation of the un-
coupled VF and coupling in the domain that is covered by
the measured data. Furthermore, using the regularized least
squares method (see Appendix [A) we escape over-fitting and
provide a good approximation even in the surrounding of the
domain covered by the measured data, as it will be shown in
the results Section.

and the coupling part of the VF

2. Computing the coupling in the reduced space

The equations of the dynamics of a system with coupling in
the reduced space read as:

{ (pbi — wl+zjgl((€)(q)hchq)juo-j)7
& =

liGi-i-ng,(‘j)((PiaGn‘Pja(’j)7
where g( ?) and g( %) are the pairwise coupling functions be-
tween the osc1llat0r iand j.
Using the invariance equations Eqs. (I2)-(13), taking into
account the approximation of the VF in Eqs. (37)-(38)-(39),
and assuming independence of the coupling terms between

different oscillators, we obtain the following equations for

gl(ff.) and gff? in the reduced space separately for every pair-

wise coupling {i, j}:

(42)

@), Ii ~0) , IPi ()

gi,j ((I)hzlaq)jaz ) (96 G( P ij (43)
0%; AL r
4% o (0,5, @) = EGI(J)JF o 0 s

where ®; = ®;(6;,r;) and X; = ¥;(6;,r;) are the inverse trans-
formation functions approximated using the method presented
in Section Notice that the terms on the right hand
side of Egs. and (44) depend on the observable variables
(6,r). In the practical implementation, we define a four di-
mensional grid {6;,r;,6;,r;} for every j =1,...,N and find
the values of g( ) and gl(‘(;) with respect to this grid in the
observable space Then, using the inverse transformations
we find the corresponding four dimensional grid in the re-
duced space {¢;, 0;, 9;,0;} and approximate the coupling us-
ing Fourier-Taylor series as follows

Ny, Do

Y ¥ o'}

n;j= Onjf

ij

Z Puginr
k :7Nk kjika
k0

gl(’)j{)(q)h (o (p]a G/

N,

i

l(Pl+kj(Pj) (45)

where y is either ¢ or o, and again the subscripts i, j of the
superscripts (¥; ;) denote the reference to the coupling g%).

Then, the coefficients p,(ff’nfj ) k., together with 4; and @; pro-
vide the whole set of parameters of the amplitude and phase
equations Eq. in the reduced space.

The approximation in Eq. (3) can be written in a more
suitable form for the regularized least squares method (see
Appendix[A) using the basis functions

\Ijl(ﬂg) _ {Ginic;ljei(ki(Pthj(Pj) , (46)
Nmaki = _Nkiu ce 7Nk,'7
7Nkj7 kj # 0} .

n,‘,anO,...,

kj:—Nkj,...
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I1l. RESULTS
A. Description of the models

To test our method we used four models: (i) the radial
isochron clock, (ii) the canonical model for an oscillator, also
known as Stuart-Landau oscillator, (iii) the van der Pol oscil-
lator and (iv) the Wilson-Cowan model (see Appendix[B)). The
first two models have circular limit cycles and known transfor-
mation functions (see Egs. (B3) and (B7), and Supplementary
Materials for their derivations), whereas the last two models
have non-circular limit cycles and there are no known analyt-
ical expressions for their transformation functions. Moreover,
the phase variable of the uncoupled radial isochron clock does
not depend on the amplitude (see Eq. (BI)) and the input in
the Wilson-Cowan model is non-linear (see Eq. (BI0)). The
properties of the models are summarized in Table 1.

We simulated these models as pairs of two coupled oscil-
lators of the same kind but with different parameter values
(see Appendix[Blfor the parameter values). We generated 100
trials for every pair of oscillators with different initial condi-
tions. The initial conditions for the simulations were chosen
randomly to cover the region around the limit cycles. The tri-
als lasted several periods of the oscillations. In all simulations
the first oscillator was driving the second one.

B. Reconstruction of the VF

In this Section, we present results of the reconstruction of
the VF using synthetically simulated signals (trials) from the
different models presented above.

From the trials, we first determine the time courses of the
radius r(¢) and the angle 6(¢). Then, we compute a numeri-
cal approximation of their time derivatives 7(¢) and 6(¢). No-
tice that, in practice, experimental signals are typically filtered
around a specific frequency before analyisis. As a result, the
time courses of both the radius and angle, as well as their
derivatives, will exhibit smooth behavior.

Using the approximated derivatives and the time courses
of the variables, we approximate the VF with the regularized
least squares method (see Appendix [A) using the basis func-
tions in Eq. (40) and Eq. (@I)). This allows us to represent the
VF as a sum of the uncoupled VF and the pairwise coupling
from other sources.

The results of the reconstruction of the uncoupled VF for all
four different models are given in the Supplementary Materi-
als. Examples of the reconstruction of the VF for two coupled
radial isochron clocks and two coupled van der Pol oscilla-
tors are given in Figs. @ and[5] respectively. In both figures,
as goodness of approximation, the maximal deviation of the
reconstructed uncoupled VF from the theoretical one among
all coordinates of the data points is given on the top of every
panel. Overall, one can see that the approximations are close
to the theoretical VFs.

Observe in Fig. M that the trials (data points in red) for the
uncoupled oscillator (left panels) gather around the surface of
the uncoupled VF, whereas for the coupled oscillator (right

max(g) = 0.0085793 max(e) = 0.0085764

dry/dt
dry/dt

0.5

max(g) = 0.0088048

do, /dt
db, /dt

0.5

0
-5

0.5

0, 5 15

FIG. 4. An example of the uncoupled VF reconstruction for two
non-identically coupled radial isochron clocks. The left panels cor-
respond to the first, and the right ones to the second oscillator. The
first oscillator drives the second one. Red dots are the data points (tri-
als). Approximated uncoupled VFs are depicted as black mesh sur-
faces. The corresponding theoretical VFs are plotted as green mesh
surfaces. The numbers above each panel correspond to the maximal
deviation of the green and black surfaces at the data points.

max(e) = 0.054464 max(g) = 0.10579

dry /dt

db, /dt

6y /dt

FIG. 5. An example of the uncoupled VF reconstruction for two
non-identically coupled van der Pol oscillators. The notations are
the same as in Fig. Fl
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Model name analytical transformation | phase depends on amplitude | circular limit cycle | linear input
Radial isochron clock known no yes yes
Canonical model known yes yes yes
van der Pol oscillator unknown yes no yes
Wilson-Cowan unknown yes no no

TABLE 1. Table of the properties of the models studied.

panels), the trials strongly deviate due to the input received
from the first oscillator. Nevertheless, the VF approximation
successfully distinguishes the uncoupled VF from the cou-
pling with high accuracy, as indicated by the maximal devi-
ation between the theoretical (green mesh) and approximated
(black mesh) surfaces at the coordinates of data points, which
is quantified above each panel.

Since the trials do not uniformly cover the space (0,r),
some regions on the plane (6,r) have a higher density of data
points than others. This uneven distribution causes slight de-
viations between the values of the approximated VF and the
theoretical one in areas with lower density or absence of data
points. Notably, thanks to the regularization (ridge regression)
used in the least squares method, the approximation does not
deviate much from the theoretical one, even outside the re-
gion covered by the data points, with only minor deviations in
these uncovered areas, which still maintain a close fit to the
theoretical model.

Even for a highly nonlinear VF function, such as for the
van der Pol oscillator (see Fig.[3), the VF can be well approx-
imated outside of the regions covered by the data points.

C. Reconstruction of the transformations

After determining the uncoupled VF of the oscillatory sys-
tems, we apply the approximation method presented in Sec-
tion to find the individual inverse and forward trans-
formations of the oscillators. Specifically, we construct a
grid of initial conditions in the observable space. For each
initial condition {6, 7o }ken in the observable space, we
simulate the system over several oscillation periods and de-
termine the corresponding initial conditions in the reduced
space { @k, 00 }ken using the linear approximation method
discussed in the Methods Section. With these pairs of ini-
tial conditions in both the observable and reduced spaces, the
transformation functions are then approximated using the reg-
ularized least squares method (see Appendix [A).

In Fig. [6l we show the comparison between the recon-
structed inverse transformations and the theoretical ones for
the radial isochron clock and the canonical model (see Ap-
pendix and B2). Since for both models the theoretical
expression of the inverse transformation ¢ = £(6,r) does not
depend on the phase 6 (see Egs. and (B7)), the com-
parison is performed only for the observable radius » and the
reduced amplitude 6. The blue dots correspond to the approx-
imated initial values of the amplitude in the reduced space o.

In Fig. [7l we show the comparison between the approxi-
mated inverse phase transformation and the theoretical one for
the radial isochron clock (left panel) and the canonical model

(right panel). For the radial isochron clock, the phase trans-
formation is @ = 6 (Eq. (B3)) and does not depend on the
radius (see the left panel in Fig.[7). For the canonical model,
the inverse transformation depends logarithmically on the ra-
dius (Eq. (B7)). In the right panel of Fig. [7] the approximated
initial values of ¢ are compared with the theoretical ones for
different initial values of radius r and different fixed values
of 8. As one can see, the approximations of the initial ampli-
tude and phase, and therefore the approximated amplitude and
phase inverse transformation functions, coincide with the the-
oretical values for the radial isochron clock and the canonical
model.

In Fig. 8l we show an example of the reconstructed in-
verse transformations for the van der Pol oscillator (see Ap-
pendix[B3)) and the Wilson-Cowan model (see Appendix[B4).
In both models, the inverse transformations depend non-
linearly on both amplitude and phase. The results of the re-
construction of the transformation functions for all oscillator
models, together with the derivation of the theoretical expres-
sions for the transformation functions are given in the Supple-
mentary Materials.

FIG. 6. Comparison of the reconstructed inverse amplitude transfor-
mations and theoretical ones for the radial isochron clock (left panel)
and the canonical model (right panel). Blue dots are the approxi-
mated initial values of the amplitude in the reduced space o for the
simulated trials with the initial values of the radius r in the observ-
able space. Red curves are the corresponding theoretical values of
the inverse amplitude transformations.

D. Reconstruction of the coupling part

In this Section, we present the results of reconstructing the
coupling part of the VF for the four models under considera-
tion. As indicated in the Methods Section, we first determine
the coupling in the observable space using the approximated
coupling component of the VF and the gradients of the in-
verse transformations. To do this, we generate random points
in the four dimensional space (6;,7;,0;,r;) for every pair of
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FIG. 7. Comparison of the reconstructed inverse phase transforma-
tions and the theoretical ones for the radial isochron clock (left panel)
and the canonical model (right panel). Left panel: Blue dots are the
approximated values of the inverse phase transformation (the initial
values of the phase in the reduced space @) for the radial isochron
clock with respect to different initial phases 8 and with a fixed ini-
tial value of the radius r = 1.2 in the observable space. Red curve
represents the corresponding theoretical values of the inverse phase
transformation for the radial isochron clock. Right panel: Blue dots
are the approximated values of the inverse phase transformations (the
initial values of the phase in the reduced space @) for the canonical
model with respect to the initial values of the radius r for different
fixed values of the initial phase 6. Red lines represent the corre-
sponding theoretical values of the inverse phase transformation for
different fixed values of 6.

coupling ij. The range of random points is selected between
0.8 times the maximum and 1/0.8 times the minimum radius
of the data points. This ensures a more accurate approxima-
tion, since both the VF and the transformation functions are
better approximated near the limit cycle.

After estimating the approximation of the coupling compo-

nent Gl(x) in the observable space according to Eq. (39) with
the basis functions in Eq. (1)), we determine the correspond-
ing coordinates of the random points in the reduced space

(@i, 04, 9;,0;) using the inverse transformation. Then, we ap-

proximate the coupling component ggx.) in the reduced space

according to Eq. (@3)) with the basis functions in Eq. @6). The
results of the approximation are the real-valued Fourier-Taylor

coefficients p,(ff’n’j )‘ k., that define the coupling in the amplitude

and phase variables (see Egs. (42))) for every pair of oscillators
ij.
We present the approximated Fourier-Taylor coefficients

piﬁ%{khkj as a heat map (see Fig. 0). The coefficients are
sorted in panels based on the amplitude terms of the corre-
sponding basis functions, that is, the combinations of powers
of 0; and o; are indicated by labels at the top of each panel.
In all panels, the vertical axis corresponds to the components
of the basis functions that depend on the oscillator’s own am-
plitude and phase (i.e. ¥;), while the horizontal axis corre-
sponds to those that depend on the amplitude and phase of
an input oscillator (i.e. ¥;). Each intersection on the heat
map corresponds to the value of a Fourier-Taylor coefficient
associated to the product of the vertical and horizontal basis
functions. This visualization effectively arranges the approx-
imated Fourier-Taylor coefficients into a matrix, constructed
as the product of basis functions as described in Eq. (46).

Examples of the reconstructed coupling coefficients for the

radial isochron clock and for the canonical model are pre-
sented in Figs. [10/ and For these models, the analytic ex-
pression of the transformation functions, as well as the cou-
pling functions can be derived (see Appendix [Bl and Supple-
mentary Materials). The reconstructed coupling coefficients
for these models are non-zero only for the terms that have a
specific combination of the cosine and sine functions (Figs.
and [TI). For example, for the radial isochron clock, the cou-
pling coefficients for the phase equation are non-zero for the
terms involving cos(¢;)sin(¢@;) (see Fig [L0l bottom), which
agrees with the theoretical expression of the coupling func-
tions in Eq. (B4). Moreover, the signs of the coefficients are
also in accordance with the theoretical ones, e.g. for the am-
plitude coupling we have a positive sign for the terms with
Glpq? =1, o, sz and 612, and a negative sign for the terms
with 0;, 6;0;. We observe a similar agreement between the
theoretical expression of the coupling coefficients (Eq. (BS))
and the reconstructed coupling coefficients for the canonical
model (Fig.[IT). The coupling coefficients for the other mod-
els are given in the Supplementary Materials as well.

For the van der Pol oscillator, the reconstructed coupling
coefficients are shown in Fig. In this case, we do not have
an analytic expression neither for the transformation functions
nor for the coupling part of the VF in the reduced space. How-
ever, it is noteworthy that the non-zero coefficients of the cou-
pling part form a grid-like pattern, suggesting that the basis
functions can be sparsified. Moreover, the grid form suggests
that the coupling part can be approximated (factorized) as the
product of two functions: one consisting of the basis func-
tions that depend only on the oscillator’s own variables (i.e.
o; and @;, represented on the vertical axes), and the other con-
sisting of basis functions that depend on the input variables
(i.e. oj and @;, represented on the horizontal axes). Thus,
the former function corresponds to either the amplitude or the
phase response functions of the oscillator, while the latter cor-
responds to the input. This representation of the coupling part
as a product of response functions and input is possible due to
the linear coupling in the original van der Pol oscillator sys-
tem (see Eq. (B9). In contrast, the coefficients of the coupling
part for the Wilson-Cowan models do not exhibit a clear grid
form (see corresponding figures in the Supplementary Mate-
rials), since the system non-linearly depends on the input (see
Eq. (BI0)).

For all models, the calculated coefficients of the coupling
part of the first oscillator (without input) were negligibly
small, which demonstrates the ability of the presented method
to detect the directionality of the coupling. The results of the
estimated coupling coefficients for all models and oscillators
are given in the Supplementary Materials.

IV. DISCUSSION

We have presented a new method for the reconstruction of
the phase-amplitude dynamics from high time resolution sig-
nals measured from oscillatory systems. This method is in-
tended to be applied to electrophysiological signals from the
brain, such as Magneto- or Electroencephalography (M/EEG),
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FIG. 8. An example of the reconstructed inverse transformation functions £(6,r) and ®(6,r) for (A) the van der Pol oscillators and (B)
the Wilson-Cowan models. The left column of each panel corresponds to the amplitude transformation 6y = (6, rp) and the right column
corresponds to the phase transformation @y = ®(6y,rg) from the observable to the reduced space. The upper panels correspond to the first
oscillator and the lower panels to the second oscillator. The red dots are the initial values of the amplitude and phase in the observable (6, )
and reduced (¢, 0p) spaces. The black surfaces are the approximated inverse transformations using the regularized least squares method.
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FIG. 9. Explanation of the meaning of the Fourier-Taylor coefficients
panels for a particular example. See text for more details.

Electrocorticography (ECoG), and intracranial EEG iEEG),
to build a dynamical system that reproduces the transient syn-
chronization properties between brain regions within and be-
tween different frequency bands observed in the experiments.
The presented method combines recent advances in the
field of phase-amplitude reduction. Namely, the parameter-
ization method"#358 and the time averaging approach for
determining the transformation functions®**! based on the
Koopman operator framework*/**, The approximation of the
parameterization functions from Refs. 4 and [36 allowed us
to clarify the relationship between the eigenfunctions of the
Koopman operator and the transformation functions. More-
over, using this approximation of the parameterization, we de-
rived a method for evaluating the time averaging integral that
is well-suited for numerical estimation (Eq. (33) and Fig.[3).
The results of the phase-amplitude reconstruction across
different models show an accurate VF approximation for both
uncoupled and coupled oscillatory systems. Furthermore, the
approximated transformation functions show a robust agree-
ment with the theoretical ones for the coupled radial isochron
clocks and the coupled canonical models, which have an an-

Iytical expression to compare with. Indeed, the approximated
coupling coefficients show good agreement with the theo-
retical values. When our method was applied to the van
der Pol oscillators and the Wilson-Cowan models, which ex-
hibit non-linear interdependence of the phase and amplitude in
their transformation functions (not known analytically), com-
pelling results were also obtained.

The goal of reconstructing the phase-amplitude dynamics
in the reduced space is to develop a representation of the sys-
tem’s dynamics that is independent of the specific observ-
ables. As shown in previous studies on phase reduction®#!,
when reconstructing the reduced phase dynamics from mea-
sured signals, it is necessary to take into account the non-
circularity of the limit cycle, or equivalently, the asymmetry
of the phase distribution. Neglecting the transformation be-
tween observable and reduced phases®! could cause spurious
coupling terms. These principles also apply when reconstruct-
ing phase-amplitude dynamics from the amplitude and phase
of measured signals. Indeed, the system in Egs. (EZI) implies
that, in the absence of coupling (g =0 and gl( =0), the
phase grows linearly and the amphtude decays exponentlally
If we dismiss the non-circularity of the limit cycle, e.g. by
taking the experimentally measured phase and defining the
amplitude variable as the radial distance to the limit cycle,
the deviation of the observed amplitude decay from the ex-
ponential one and the variation of the rotation speed of the
observed phase along the limit cycle and in the surrounding
region, will appear in the coupling terms. Therefore, the re-
constructed transformation functions serve the purpose of de-
scribing these dependencies of the amplitude and the phase on
the domain surrounding the limit cycle.

As previously mentioned, the transformation functions are
unique up to a constant factor for the amplitude and a constant
shift for the phase. In the method presented, these constants
are fixed during the numerical approximation of the trans-
formation functions, ensuring the reconstruction of a unique
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FIG. 10. An example of the computed Fourier-Taylor coefficients of the reconstructed coupling in the amplitude equation (top panels) and
phase equation (bottom panels) for two uni-directionally coupled radial isochron clocks (see Appendix B1).

(‘7?7‘77')

ci

c2 sl s2

(0/,09)

Cc

c2 sl s2

5

(of,99)

c

c2 st s2
U,

]

(07, 09)

cl

c2 sl s2

(0}, %)

cl

c2 sl s2
P,

(of,09)

cl

c2 sl s2
[

J

0.5

0.5

0.5

-0.5

ci

- c2

s1
s2

c1

- c2

s1
s2

ci
c2
s1
s2

ci

S~ c2

s1
s2

ci

= c2

s1
s2

cl

- c2

s1
s2

(07, })

-

cl c2 s1 s2

Y]

(0},0})

-

cl c2 st s2

Yi

(0},})

-

cl c2 st s2
L)

]

(0f.0})

cl c2 st s2

Yi

(0}, 0))

cl c2 st s2

Y,

(o}, )

cl c2 st s2
U,

]

0.5

0.5

0.5

0.5

0.5

0.5

.

cl
c2
s1
s2

ci
c2
s
s2

cl

- c2

s1
s2

cl
c2
s1
s2

cl
c2
s1
s2

cl
c2
s1
s2

(o}, 07)

1 ¢l c2 st s2

i

(0/,0%)

1 ¢l c2 st s2
¥

i

(07,07

1 ¢t c2 st s2
.

J

(o!,09)

1 ¢l c2 st s2
¥

j

(0},07)

1 ¢t c2 sl s2
Y

(of,0%)

1 ¢l c2 st s2
¥

i

0.5

0.5

0.5

-0.5



Reconstruction of phase-amplitude dynamics from electrophysiological signals

ci
c2
s1
s2

()

cl

s1
s2

ci

s1
s2

[

s1
s2

ci

s1
s2

ci
c2
s1
s2

v,

FIG. 11. An example of the computed Fourier-Taylor coefficients of the reconstructed coupling in the amplitude equation (top panels) and
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phase equation (bottom panels) for two uni-directionally coupled canonical models (see Appendix [B2)).
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and observable independent dynamical system in the reduced
space.

In comparison to several data-driven methods presented in
recent studies (e.g. Refs. 46, 49, and |54), this study uti-
lizes only polar coordinates and Fourier-Taylor approxima-
tions. The crucial part of the presented method is determining
the VF with the coupling using basis functions from Fourier-
Taylor series. The VF approximation method resembles the
ones presented in Ref. |23 for phase coupling and in the sparse
indentification of nonlinear dynamics (SINDY) method®%04,
but without sparsification of the VF coefficients matrix. The
representation of the VF as the sum of the basis functions has
another advantage. Albeit we do not make any assumptions
about the VF of the uncoupled system and assume pairwise
coupling, the approximation with Fourier-Taylor basis func-
tions allows the coupling component of the VF to be treated
as an additive (linear) input. This approach simplifies the cal-
culation of the coupling functions in the reduced space.

Another distinction of our method is the approximation of
the coupling part as a sum of pairwise interactions, each ap-
proximated using two dimensional Fourier-Taylor series that
depend on the amplitude and phase of both the driving and
driven systems in a general form. This approach is requested
by the specificity of the high time resolution of brain sig-
nals. Unlike data-driven phase-amplitude reduction methods
based on dynamic mode decomposition (DMD) with input
and control? >4, SINDY?402403  first and higher order approx-
imation of the isochron equations®#/4? and the methods for
estimating the response functions*$, our approach does not
have access to the input or driving signals coming into the re-
gion of interest. Instead, we can only measure the resulting
electrical/electromagnetic signals emitted by different brain
regions. Therefore, we assume that input to a brain region,
along with the interaction of the neuronal populations within
that brain region, generates the oscillations at different fre-
quencies observed in the measurements. Thus, the reconstruc-
tion method presented here is intended to be used as a tool
to describe the transient synchronization between these oscil-
lations, both within and across distant brain regions, in the
form of a dynamical system. Our method thereby extends con-
ventional methods — such as phase synchronization measures
in the phase domain, correlation analyses and event-related
(de-)synchronization (ERD/ERS) in the amplitude domain, or
Phase-Amplitude Coupling (PAC) and similar methods in the
phase and amplitude domain — by not only providing informa-
tion about the directionality of coupling, but also revealing the
intrinsic mechanisms of the dynamical interactions.

The presented reconstruction method has several require-
ments for successful application that we next discuss in detail.
(1) A good approximation of the VF in the domain outside of
the coverage of the data points is essential. This was achieved
by applying the regularized least squares method with gener-
alized cross-validation (GCV) (see Appendix [A). The regu-
larization constrains the coefficient values by means of the L2
norm, helping to prevent overfitting of the data points. How-
ever, effective reconstruction of the VF with coupling requires
a good coverage of the observable amplitude and phase do-
mains. From a practical point of view, this requires a data

set (trials) that starts from a range of different amplitude and
phase values. (2) Our method can be applied to signals origi-
nated from any network of oscillatory systems, provided that
a limit cycle exists for the sytem under consideration. Thus,
clear oscillatory patterns must be present in the measurements
for meaningful interpretation of the results. (3) Our method
is intended to be applied to oscillatory signals filtered from
the actual measurements around a given frequency. Thus, the
noise in the signals should be filtered out as much as possible
in order to obtain a good approximation. (4) For the extrac-
tion of the phase and amplitude information from the signal,
one should use adapted methods that reduce the dependence
of the extracted information from the future and the past of
the signal, as discussed in Refs. 48, (58, and59.

In conclusion, we present a method for deriving a dynam-
ical system from high time resolution signals generated by a
network of interacting oscillators, particularly, from interact-
ing distant brain regions. The analysis of the resulting dynam-
ical system provides a valuable tool for constructing mathe-
matical models and investigating neural pathologies and brain
disorders. This includes conducting in silico experiments with
targeted manipulations of activity within specific brain re-
gions or their couplings. Such research can contribute to a
deeper understanding of the neurobiological underpinnings of
cognitive processes and how network synchronization is im-
paired by (non-)pathological aging.
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V. SUPPLEMENTARY MATERIAL

In the Supplementary Material section, we provide detailed
information about the models used to test our method, to-
gether with the derivation of the theoretical expressions for
the transformation and the coupling functions for the radial
isochron clock and the canonical model. We also present the
results of the VF and the reconstruction of the transformation
functions, and the estimated coefficients of the coupling func-
tions for all models.

Appendix A: Regularized least squares method

In this section, we present the regularized least squares
method in the ridge regression formulation®+0¢,

Let us assume that we have the column N-vectors x =
{x}T,y={y}T.i=1,...,N and basis functions y; : R — R,
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j=1,...,M. Let ¥ be the N x M matrix of basis functions
with elements y;(x;). We want to approximate y using the
basis functions as

y ~ ¥q, (AD)

where q = {g;}" is the column M-vector of coefficients that
can be obtained by solving the minimization problem

q = arg min {||¥q—y|*+«lq*}, (A2)
qeRM

where K is the regularization parameter. Then, the solution of

Eq. (A2) is

q=(k1+97w) 'wly, (A3)

We find the optimal regularization parameter using the gener-
alized cross-validation method (GCV)®*©€, The optimal x is
found by minimizing

_Ia—yl?

GCV (k) =

(A4)
Here, 7 is the effective number of the degree of freedom:

r p[

; (A5)

where p; are the singular values of ¥ (or P12 are the eigenval-
ues of ‘PT‘P), and r is the rank of the matrices.

Appendix B: Models

In all simulations, models of two uni-directionally coupled
oscillators were used, that is, the second oscillator receives an
input from the first oscillator.

1. Radial isochron clock

The system of equations for the coupled radial isochron
clock in polar coordinates reads as®/¢*

do; j i
— 1_|_gl-jﬂ cos(6;)sin(6;),
dt ri ' (BI)
dr; - i
drt = airi(1—r7) +&;jsin(6;)r;sin(6),

where a; > 0 is the parameter controlling the decay rate to the
limit cycle and ¢;; is the parameter controlling the coupling
strength.

The theoretical expressions for the forward transformation
functions are

& (¢, 0) =1,

G 1 (B2)
K00 =\ T 200,

and for the inverse transformation functions are

D;(6;,r;) =6;,
1 r7—1 (B3)
i

261,‘ r;

Zi(6,ri)

The system of equations for the coupled radial isochron
clock in the reduced space approximated using Fourier-Taylor
series on both amplitude variables o; and 0; is

do;
dt

1
~1+ &ij COS((pi) sin((pj) (1 —ai0;+a;cj— Ea%G[Z

P 3 2.2
_a,aJG,O'J—l—EajGj—i—... ,

do; sin(@;) sin(@;
d_tl ~ —2G[G[+8[jw (1 —3a;0;+a;o;
3 2 2 3 2.2
+§ai Gi —3611(,1]616/"‘561]6] +), (B4)

where we have provided the terms up to order 2 in the ampli-
tude variables o; and o;. For the derivation of these equations
we refer the reader to the Supplementary Materials.

2. Canonical model

The system of equations for the canonical model for an os-
cillator, also known as Stuart-Landau oscillator3#“U_in po-
lar coordinates reads as follows

: 2 Tj o
6, =1+ o;air; — &jj— sm(@,-) COS(ej),
i (B5)
Fi Z(X,‘V,‘(l — r,z) + &jrj COS(Q,‘)COS(GJ'),
where oscillator i receives input from oscillator j. The param-
eter values used in the simulations are: a; = 1.2, ap = 1.0,
o =15 ap=2.0,¢,=0.0,&; =0.3.

The theoretical expressions for the forward transformation

functions are

K% (91,01) =i+ % In(1 - 200;),

(B6)
, 1
K000 =\ T30y

and for the inverse transformation functions are

CD,'(Q,‘, V,‘) =06, + Cl,‘ln(r,'),

1 1 (B7)

Zi(6;,ri) =20 (1 - ?) :
The system of equations for the canonical model in the re-
duced space using Fourier-Taylor series on both amplitude

variables o; and o; is
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dO','
190 20y, 6 (cos(p) cos() 4+ (sin() cos(g s 3eos() cos()
+ (cos(g1) sin(;)a; +cos(@;) cos(;)) 07/ 0 — ((af —3) cos(;) cos(@;) +4ajsin(g;) cos(9;)) 07 /2
+ (sin(@;) sin(@;)aia; + sin(@;) cos(@;)a; — 3cos(;) sin(@;)a; — 3cos(¢;) cos(¢;)) &;0;0;
— (a2 — 3) cos(gy) cos(@;) — 4a; cos(¢) sin(;)) &2 67/ (204) + .. )
do; . .
90 1 + 6 (~sin() cos(y) +cos(y)cos( -+ (aF + 1)sin(g) cos() )i
+ [aiajcos(@;) sin(@;) + a;cos(¢r) cos(@;) —a;sin(@i) sin(@;) —sin(¢;) cos(¢;)] ajdj
+ [—cos(¢;) cos(@;)a; + sin(¢;) cos(@;)a; — cos(¢;) cos(@;)a; + sin(¢;) cos(¢;) ]| & 67 /2
+ [a?a;sin(e;) sin(;) + a sin(¢;) cos(@;) +a;sin(¢;) sin(@;) + sin(¢;) cos(¢;)] a0 0;
— [(a3 = 3)aicos(@i) cos(@;) + (3 — a3) sin(@;) cos(@;) — 4aiajcos(@;) sin(@;) +4a;sin(@;) sin(@))] @ 67 /2 + .. .),
(B8)
[
where we have provided the terms up to order 2 in the ampli- Appendix C: Finding initial conditions in the reduced space

tude variables o; and ¢;. For the derivation of the equations

we refer the reader to the Supplementary Materials. In general, in the limit when .7 — oo the expression for

R(t) in Eq. (BI) is oscillatory, as shown in Fig. [[3] for the van
der Pol oscillator. The system is integrated for five periods,
enough time for the trajectory to relax to the limit cycle (upper
panel). The red line in the middle panel of Fig. 13| marks the
The system of equations for the van der Pol oscillator in time course of log(|p(¢)|) — Az, 7 € [t1,12], where 1, is the time

3. Van der Pol oscillator

Cartesian coordinates®*"/< reads as follows point at the threshold of numerical precision and t; =1, — 2T
dx; If the initial approximation of A, obtained using the mon-
ar b odromy matrix from the solution of Eq. (), is not enough

(B9) . = I .
dy; accurate the function log(|p(¢)|) — At at the limit oscillates
dr =ui(1— )y —Xi + &jX;j, around a non-zero slope line, as shown in the middle panel in

Fig. [13] (here for demonstration purposes the initial approxi-
mation of A was changed). The correction AA to the value of
A can be estimated as the slope of the line that passes through
the points log(|p(¢1)|) — At and log(|p(72)]) — At,. After cor-
rection of the value of A, the time course of |p(¢)|e~(*+A4)!
tends to an oscillation around a zero slope line and mean equal

t©[g}/00]-

where an oscillator i receives an input from an oscillator ;.
The parameter values used in the simulations are: u; = 0.3,
My = 0.5, €,=0.0,&; =0.1.

4. Wilson-Cowan model

The system of equations for the Wilson-Cowan model*!*/*
in Cartesian coordinates reads
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S1. MODELS
A. Radial isochron clock
1. Isolated oscillator

The system of equations for an isolated radial isochron clock is

D =y —ax(P+y?), (S1)
dt
d
d—f =x+ay—ay(x’+y°). (S2)
In polar coordinates (r, 0) the system reads as
d
d—: = ar(1-r?),
(83)
wo_,
dt

where a is a real parameter. When a > 0 the system has a hyperbolic attracting limit cycle with » = 1.

2. Transformation functions

We find the transformations (parameterization) K (r) (p,0),K (6) (¢, o) using Lie brackets as presented in'. Denoting the vector
field of Eq. (S3) as X and considering the vector field

ar3
Yz[ 0 ] (S4)

one can see that these two vector fields satisfy [X,Y] = —2aY, where square brackets denote Lie brackets. Thus, A = —2a and
we find the transformation functions by solving the equations dgK(®) = ¥5(K(®)) and dsK") = Y;(K(")) using the stable limit
cycle solution as the boundary condition. More precisely,

oK(®)

0o =0, 5>
")

856 —ak"). (S6)
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From the first equation and using K (?) (¢,0) = @ we have

k()
/ dK'® — 0,
Jo

K9 —p=0,
K% (p,0)=.

From the second equation and using K(") (¢,0) =1 we have

KU g (r) -G
/ T = a/ do,
J1 K@) 0

. [

Then, the forward transformation functions in polar coordinates are

, i
K(9,0) =\ 15—

K9(p,0) =0,
and in Cartesian coordinates are

1

(%) — g (0) —

K (,0) =K"(,0)cos(K™(9,0)) = |/ T———cos(9),
1

) — ; () — ;

K (,0) =K"(,0)sin(K"(9,0)) = |/ T——sin(9).

The corresponding inverse transformation functions are

121
z =—
( 2a r?
®(0,r) =6

3. The response functions
The response functions in polar coordinates are

3

1 )
(r) = = 3
dsK a(l—ZaO') ar’,

a(p[((r) —
agK(G)
8¢K(6)

3

0
0,
1

S2

(87)

(S8)

(S9)
(S10)

(S11)

(S12)
(S13)
(S14)



S3

The response functions in Cartesian coordinates are

9oKW =racos(8), (S15)
dpKY) = — rsin(), (S16)
9K =rasin(6), (S17)
oK) =rcos(8). (S18)
Derivating the expression (K™ (®(x,y),Z(x,y)),KY) (®(x,y),E(x,y))) = (x,y), we obtain the following relation between par-

tial derivatives of the forward and inverse transformations (parameterizations), see Section 3.2 inl:

@ A0\ [ KW dgKW \ ! -
AL AL )\ 9pKD) 9pKL) : (S19)

Thus, we have

_ sin@ cos@
h® @\ [ —rsin@ rPacosd - _ r r (520)
KX Y )\ rcos@ rlasin® | cos® sin®
ar? ar?

4. Coupled radial isochron clocks

The system of equations for a radial isochron clock (with index i) coupled with another radial isochron clock (with index j)
via the second variable y is given by

dx;

d_tl = aix;—yi— aixi(x; +¥7), (S21)

dyi 2., 2

—r = Nitayi—ailg +y;)+ &gy, (822)
where g;; is the coupling strength between the clocks with indices i and j. The system in polar coordinates reads as

dr; . .

d_rt = airi(l — rlz) + &j sm(@,-)rj s1n(9j),

do;

yri =1+ Slj cos(ei) sin(6;).

Taking into account that A = —2a, @ = 1 and that the input is (0,y;)7 = (0,r;sin(6;))”, we write the system of reduced
amplitude and phase equations as

ddc:i = —2a;6i+ &,;0,%i(0;, @) - K" (0}, 9;) sin(K%) (5, 9;)),
do; N . .
d_qt) = 1+£;0,®i(01,¢) K" (0;,9)sin(K"% (0}, 9;)),

where d,%;(0;,¢;) and d,®P;(0;, ¢;) are the amplitude and phase response functions of Eq. (S20), presented as functions of o;
and ¢@;:

AT = &(i)”) = L1206 sin(@), (S23)
ar; a;
0;
b, = Cosﬁ ) _ (1= 2a;07)*cos(¢y). (S24)

Finally, we obtain the system of equations in the reduced space

do; _ 1 (1—24i0;)? :

o T RO o () sin(@)
do, (1-2ai07)' -

- 1+e,,mc<>8(fpf)sm<<m)-
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We can approximate the response functions Eqs. (S23)-(S24) and the input using Fourier-Taylor series on 6; and ; around zero:

and
K (6 0 sin(K O (6 o)) — — S0(®)
Yj =KVi (Gja(Pj)Sln(K J (0-]7(PJ))_ (1—2611'01')1/2
~sin(g)) (1 +aj0;+ 2d26% + 2ale} +
~ Sin (Pj ajGj Ealoj EajGj oo |
Thus,
do; in( ;) si i 3 1 3 5
dct; ~ _Zai6i+8ijw <1 —3a;0; + Eaizoiz—i— za?aﬁ—l—...) (1 +a;o;+ 5(1?6}4— Ea?aﬁ—l—...
dei . 1 1 3 5
i 1+ &jcos(¢;)sin(@;) <1 —a;0; — Eaizoiz— Ea?of—l-...) <1+aj6j—|—§a56j2+§a?6f—|—...)

Also we can approximate using Fourier-Taylor series of the coupling part on both variables o; and ¢; around zero as

doi
dt

do,
dt

B. Canonical model

1. Isolated oscillator

oL :l(l - 201,~G,~)3/2 sin(@;) ~ L sin(¢@;) (
a

ai

1

3 1
1 —3a;0;+ _aizo-iz + —a?of t+.. ) )

2

2

1 1
8),CI>,~ 2(1 — 261,‘0',')1/2 COS((p[) ~ COS((,D,‘) (1 — a;o; — —a»20'-2 — —a36i3 +.. ) s

~ —2a;0; + ;j

. 1
~ 1+ g;cos(¢;) sin(9;) (1 —ai0i+a;j0)— Ea"z

sin(¢;) sin(g;)

ai

211 21

3 3
(1 —3ai0i+a;0;+ a0} —3aia;0i0; + S ajo] + ...

The system of equations for an isolated canonical model is

dx

dt
dy

dt

In polar coordinates the system reads as

2. Transformation functions

2
O, —a;a;0;0;

— =ax(1— (X +y%) —y(1 + aa(x*+y?)),

=ay(1— (x+y%) +x(1 + aa(x* +y%)).

d
d—: = ar(l1—r?),
% = 1+ aar’.

2 %%

3 2.2

).

).

(S25)

(S26)

(S27)

(S28)

(S29)

(S30)

(S31)

(S32)

(S33)

(S34)

(S35)

Following! we use Lie brackets to find the transformations (parameterization) as presented in section for the radial
isochron clock. Denoting the vector field of equation Eq. (S33) as X and taking the following vector field

3
ar-
Y= [ —oar? ] , (S36)
we can show that they satisfy [X,Y] = —2aY, where square brackets denote Lie brackets. Thus, for the canonical model

A = —2a. The transformation functions are found by integrating the equations dsK®) = ¥(K(®)) and 9K = Y;(K(")),



namely
(6)
KT k"’
Jdo
oK) (3
Jdo ’

S5

(S37)

(S38)

and using the boundary condition on the stable limit cycle as K )((p,O) = 1. The integration of Eq. (S38) is similar to the

integration of Eq. (S6) and the obtained transformation function is

] 1
K7(0.0) =\ T 350

From Eq. (S37) and Eq. (S39) and using that K(®) (¢,0) = @ we have

0K®) oa

Jdoc  1-2ac’

.K(B) O
/ dK(®) — _ / s
Jo Jo 1— 200

KO —¢= gln(l —200).

® — o+ (1 — ") _ ]
K\%(¢,0) (p+21n(1 2a0), K'"(¢,0) T 5ac

The inverse transformation functions are
1 1
>r0)=—|1——

d(r,0) =0 +aln(r).

Thus,

3. The response functions

The response functions in polar coordinates read

3
2
ook -a (LY e

1-2a0
a(pK(r> :0,
(9) __ ad _ )
dsK T 2ac aor”,
dpK'®) =1.

Using that K& = K cos K(®) and K = K(") sinK(®) the response functions in cartesian coordinates are

K™ =r* o (cos 6 + asinh),
aGK(Y) :r3a(—a0059 +sinf),
aq,K(x> =—rsinb,

(S)q,K(y> =rcos 6.

(S39)

(S40)

(S41)

(S42)

(S43)
(S44)
(S45)
(S46)

(S47)
(S48)
(S49)
(S50)
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Using Eq. (S19) we find

h® 9@\ _ 1 ([ —r?o(sin(0) —acos(0)) r*c (asin(6)+cos(0)) (S51)
AL X | o3 cos(0) sin(0) ’
or as a functions of ¢ and ¢:

2@ =—(1-2a0)? (sin((p—f—gln(l —205)) — acos(p + gln(l —2ac))) , (S52)
9@ =(1-2a0)? (asin((p—i—gln(l —2a0)) +cos(<p+gln(1 —2ac))) , (S53)

3
axzzwcos(¢+gln(1—2aa)), (S54)

3

_ 3
F3> :(1#6) sin(g+ 5 In(1 - 200)). (S55)

4. Coupled canonical models

The system of equations that describes the coupled canonical models is expressed in Cartesian coordinates as
% =04i(1 = (5 + 7)) = yi(1 + oai(xf + 7)) + &%), (856)
Vi =04yi(1 = (5 + 7)) +xi(1 + ogai(xi + 7)), (857)

where j is the index of another canonical model coupled to the one with index i, g;; is the coupling strength between oscillators
i and j. The same system in polar coordinates reads

Fi Z(X,'V,‘(l —rl-2)+8,~jrjcos(6,~)cos(6j), (S58)
9,‘ :1—l—a,amz—eijﬁsin(ei)cos(ej). (859)
i
For the canonical model A = —2a and @ = 1 and the input considered is (x;,0)” = (rjcos6;,0)”. Then, the system of
equations for the amplitude and phase in the reduced space is
do; . :
dct; = —20;0; + £;0:Zi(01, i) - K" (05, 9;) cos (K% (o7, 9))), (S60)
do; . .
= 1+£,0.0,(0,9) K" (0}, 0;)cos(K (. 9,)). (S61)
Using Eq. (S40), (S32), and (S34) we obtain
do; &j (1— 206,-6,')3/2 a; aj
dr =— 2066, + E[ W COS((pl + E ln(l — 20616,))008((/)] + 3 ln(l - Z(XJGJ)), (862)
d(p,‘ (1 — 206,'6,‘)1/2 ( . a;
— =l =& i+ = In(1 —2a0;
o 8,(1 200,172 sin(¢; + > n( 0,0;))
—ajcos(@; + %ln(l - 2a,~0',~))) cos(¢p; + % In(1 —2a;0j)). (S63)

The Fourier-Taylor approximation of the response functions on ¢; around zero is

Cos ; . o .
o LZi(o;, ¢) %T(Pl — (3cos @ —asin@;)o; — 3' (4a;sin@; + (a? — 3) cos ;)67
o 5 . 3
—?(a,» +1)(a;sing; —3cos@;)o7 + ..., (S64)
2

o
0 ®;(0;, ¢;) ~ — sin @; + a;cos @; + Oc,-(ai2 + 1)sin@;0; — 7’ (ai2 + 1)(a;cos @; — sin (pi)oiz

3
— %(cz% +1)(4aicos ¢;+ (af —3)sin )07 + ... (565)



The Taylor expansion of the input on o; around zero is

KU (cj,9;)cos(K\% (0, 9;)) =~ cos@; + oj(a;sing; + cosg;)

2

2

o — % ((C,Z_

S7

; 3)cos(pj—4ajsin(pj)crj2 + ..

Thus, the Fourier-Taylor expansion of the system of equations for the canonical system in the reduced space reads as

dGi
dt

=~ 2001+ & ((cos( @) cos(p;)) /o +

(sin(¢;) cos(@;)a; — 3 cos(;) cos(9;))0; + (cos(@;) sin(@;)a; + cos(@;) cos(@;))etjoj/ 0ti—

~ (@ -

3) cos(¢;) cos(@;)) —|—4a,-sin((p,>)cos((pj))ai6,2/2+

+ (sin(@;) sin(@;)aia; + sin(¢;) cos(@;)a; — 3cos(;) sin(@;)a; — 3cos(¢;) cos(¢;)) ;00—

~ ((a§ —3) cos(@1) cos(¢))

do;
dt

+
+
+

a? 3)aicos(@;)cos(@;)+ (3 —

—4ajajcos(@;)sin(@;) + 4a;sin( ;) sin((pj)] (sz

C. Van der Pol oscillator

—4ajcos(¢;) sin((pj))a]qu-z/(Zai) +

a?) sin(@;) cos(@;)

sz/2+...).

: ) . (S66)

=1+ e,;,-(— sin() cos(;) + cos(;) cos(@;)ai + (af + 1) sin(g;) cos(9;) 0;
[aiajcos(@i) sin(@;) + aicos(@;) cos(;) — a;jsin(;) sin(@;) — sin(¢;) cos(@;)] aij
[—cos(@;) cos(@;)a; + sin(;) cos(@;)ai — cos(@;) cos(@;)a; + sin(¢;) cos(@;)] &
[afa;sin(@;)sin(@;) + a7 sin(@;) cos(@;) + a;sin(;) sin(@;) + sin(@;) cos(¢;)] ;0507
-

67 /2

(S67)

The system of equations for a van der Pol (vdP) oscillator (with index i) which receives an input from another vdP oscillator

(with index j) reads

D. Wilson-Cowan model

The system of equations for an isolated Wilson-Cowan model is

where the function S(-) is defined as

The system of equations for two coupled Wilson-Cowan models is

dx; ‘
ar P
d
% =1i(1 —x7)yi — xi + €x;
dx;
d_tl = —x; + S(px,i + aixi — biyi),
d
dytl = —yi+S(pyi+ cixi — diyi),
1
S = .
(2) 14+e 2
dx;
d_tl =—x;i +S(px,i + aixi — biyi),
dy, _
= = Yi+ S(Py,i+ cixi — diyi + €(x; — Xo,7))
dx;
- =X+ S(ox i axi—by;),
dyj _
== ==y +8(pyj+cjxj—djy;+E€i(xi—x04)),

dt

(S68)

(S69)

(S70)

(S71)

(S72)

(S73)
(S74)
(S75)

(S76)
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where xo; and xo ; are the x-components of the unstable equilibrium points for the corresponding isolated WC models, that can
be found by solving the equation:

0=—x0+ S(px + axo— byy), (877
0 =—yo+S(py+cxo—dyy). (S78)
Taking into account that
S
9 st -5, (579)
dz
we can linearize the Wilson-Cowan model for weak coupling (¢ < 1) as follows
dx;
T =i+ (Pt aii— by, (S80)
dyi

E -y + S(py’i +cixi — d,'yi) + S(py,,- —+cixi — d,'yi) (1 — S(py,i +cixi — diy,')) &ij (Xj —X()J). (S81)
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S2. RIGHT HAND SIDE APPROXIMATION

Here, we present examples of the reconstruction of the uncoupled vector field (VF) using synthetically simulated signals
(i.e. observables) from different models. All simulated models consist of two uni-directionally coupled oscillators, where the
first oscillator is connected to the second one. To assess the goodness of the approximation, the maximal deviation of the

reconstructed uncoupled VF from the theoretical one for all coordinates evaluated on the data points is given on the top of every
panel of Figs. IS1HS4

max(e) = 0.0085793 max(e) = 0.0085764

dry/dt
dry/dt

0.5

max(e) = 0.0088048 max(e) = 0.010149

de, /dt
db,/dt

0.5

FIG. S1. An example of the reconstructed uncoupled VF from simulation of two coupled radial isochron clocks. The red dots are the data
points, the green mesh is the theoretical and the black mesh is the reconstructed uncoupled VF. The second oscillator (right column) receives
input from the first oscillator (first column).
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max(e) = 0.1747

max(e) = 0.14638
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FIG. S2. An example of the reconstructed uncoupled VF from simulation of two coupled canonical models. The red dots are the data points,
the green mesh is the theoretical and the black mesh is the reconstructed uncoupled VF. The second oscillator (right column) receives input

from the first oscillator (first column).

max(e) = 0.054464

dry /dt
dry/dt

6, /dt
dby/dt

max(g) = 0.10579

FIG. S3. An example of the reconstructed uncoupled VF from simulation of two coupled van der Pol oscillators. The red dots are the data
points, the green mesh is the theoretical and the black mesh is the reconstructed uncoupled VF. The second oscillator (right column) receives

input from the first oscillator (first column).
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max(e) = 0.086594 max(e) = 0.058403

e
3}

dry/dt
dry/dt
1S)

-0.5

db,/dt

FIG. S4. An example of the reconstructed uncoupled VF from simulation of two coupled Wilson-Cowan models. The red dots are the data
points, the green mesh is the theoretical and the black mesh is the reconstructed uncoupled VF. The second oscillator (right column) receives
input from the first oscillator (first column).

S$3. RECONSTRUCTION OF THE TRANSFORMATION

Here, we present the results of the reconstruction of the transformation functions for the different models using the recon-
structed uncoupled VF functions.

0 -5 05

ap2ta it ess
L
it

0 505 0 5 05

FIG. S5. An example of the reconstruction of the inverse transformation functions £(6,r) and ®(6,r) from the uncoupled VF of two coupled
radial isochron clocks. The red dots are the values of the initial conditions in the reduced space calculated using the averaging method and the

black mesh is the transformation function approximated using the initial values (the red dots). Upper panels - the first oscillator, lower - the
second.
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FIG. S6. An example of the reconstruction of the inverse transformation functions £(0,r) and ®(0,r) from the uncoupled VF of two coupled
canonical models. The red dots are the values of the initial conditions in the reduced space calculated using the averaging method and the

black mesh is the transformation function approximated using the initial values (the red dots). Upper panels - the first oscillator, lower - the
second.

FIG. S7. An example of the reconstruction of the inverse transformation functions £(0,r) and ®(6,r) from the uncoupled VF of two coupled
van der Pol oscillators. The red dots are the values of the initial conditions calculated using the averaging method in the reduced space and the

black mesh is the transformation function approximated using the initial values (the red dots). Upper panels - the first oscillator, lower - the
second.
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FIG. S8. An example of the reconstruction of the inverse transformation functions (0, r) and ®(6,r) from the uncoupled VF of two coupled
Wilson-Cowan models. The red dots are the values of the initial conditions in the reduced space calculated using the averaging method and
the black mesh is the transformation function approximated using the initial values (the red dots). Upper panels - the first oscillator, lower -
the second.



S14

S4. RECONSTRUCTION OF THE COUPLING

Here, we present the results of the reconstruction of the coupling functions for the different models using the reconstructed
coupling part of VF and the inverse transformations.
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FIG. S9. An example of the reconstructed coupling coefficients in the amplitude equation for two uni-directionally coupled radial isochron
clocks. The upper panels correspond to the first oscillator without input, and the bottom panels correspond to the second oscillator, that receives
input from the first one. The coefficients are presented as a heat-map (see description in Fig. ?? in the main text).
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FIG. S10. An example of the reconstructed coupling coefficients in the phase equation for two uni-directionally coupled radial isochron clocks.
The upper panels correspond to the first oscillator without input, and the lower panels correspond to the second oscillator, that receives input

from the first oscillator. The coefficients are presented as a heat-map (see description in Fig. ?? in the main text).
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FIG. S11. An example of the reconstructed coupling coefficients in the amplitude equation for two uni-directionally coupled canonical models.
The upper panels correspond to the first oscillator without input, and the lower panels correspond to the second oscillator, that receives input
from the first one. The coefficients are presented as a heat-map (see description in Fig. ?? in the main text).
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FIG. S12. An example of the reconstructed coupling coefficients in the phase equation for two uni-directionally coupled canonical models.
The upper panels correspond to the first oscillator without input, and the lower panels correspond to the second oscillator, that receives input
from the first one. The coefficients are presented as a heat-map (see description in Fig. ?? in the main text).
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FIG. S13. An example of the reconstructed coupling coefficients in the amplitude equation for two uni-directionally coupled van der Pol
oscillators. The upper panels correspond to the first oscillator without input, and the lower panels correspond to the second oscillator, that
receives input from the first one. The coefficients are presented as a heat-map (see description in Fig. ?? in the main text).
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FIG. S14. An example of the reconstructed coupling coefficients in the phase equation for two uni-directionally coupled van der Pol oscillators.
The upper panels correspond to the first oscillator without input, and the lower panels correspond to the second oscillator, that receives input
from the first one. The coefficients are presented as a heat-map (see description in Fig. ?? in the main text).
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FIG. S15. An example of the reconstructed coupling coefficients in the amplitude equation for two uni-directionally coupled Wilson-Cowan
models. The upper panels correspond to the first oscillator without input, and the lower panels correspond to the second oscillator, that receives

input from the first one. The coefficients are presented as a heat-map (see description in Fig. ?? in the main text).
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FIG. S16. An example of the reconstructed coupling coefficients in the phase equation for two uni-directionally coupled Wilson-Cowan
models. The upper panels correspond to the first oscillator without input, and the lower panels correspond to the second oscillator, that
receives input from the first one. The coefficients are presented as a heat-map (see description in Fig. ?? in the main text).
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