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Abstract
Often, when we consider the time evolution of a system, we resort to approxima-
tion: Instead of calculating the exact orbit, we divide the time interval in question
into uniform segments. Chernoff’s results in this direction provide us with a general
approximation scheme. There are situations when we need to break the interval into
uneven pieces. In this paper, we explore alternative conditions to the one found by
Smolyanov et al. such that Chernoff’s original result can be extended to unevenly
distributed time intervals. Two applications concerning the foundations of quantum
mechanics and the central limit theorem are presented.

Keywords Semigroup approximations · Chernoff product formula · Non-uniform
time division · Central limit theorem

Mathematics Subject Classification 47D06 · 47N50 · 47N30

1 Introduction

Many physically relevant processes are modeled by evolution equations. These evolu-
tion equations may contain terms with different mathematical properties. While each
term can be analyzed and understood separately, it may not be clear how the entire
evolution takes place. Typical examples are the Feynman-Kac formula and Feynman
path integrals in quantum mechanics [8]. Perturbation and approximation are some of
the standard methods we turn to if we want to obtain the complete evolution. Quite
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often, we can associate a semigroup to an evolution equation and in that case what we
would like to obtain is the generator of that semigroup. An important milestone of this
project was Trotter’s seminal paper [13], which later was generalized by Chernoff [3]
presenting a product formula capable of reproducing many of the exponential formu-
las of semigroup theory. This product formula has been the subject of many further
investigations. Some improved its rate of convergence (e.g. [15]), others discussed its
behavior in the operator norm topology (e.g. [16]), while yet others extended its use
to the non-autonomous differential equations (e.g. [14]) or to a framework with mean
ergodic theorems [2]. In this article, we focus on an extension of Chernoff’s result to
the situation where the evolution steps of the terms in the product are not equidistant.
Such an extension requires slightly stronger assumptions to obtain the same statement
as Chernoff’s and therefore first we review the results of Refs. [11, 12]. Then, we
provide a different approach. Finally, we demonstrate the usefulness of these types of
results through a couple of examples from quantummechanics and probability theory.

2 Approximation with non-uniform time intervals

In paper [3], Chernoff states the following theorem (see also [5]):

Theorem 2.1 Suppose X is a Banach space and there is a function

V : [0,∞) → B(X),

from the non-negative reals into the bounded linear operators on X. Function V
satisfies the following conditions: it is power bounded, i.e. there is an M ≥ 1 such
that ‖[V (t)]m‖ ≤ M for all m ∈ N and for each t ≥ 0, and V (0) = I , where I is the
identity operator on X.

If it is true that

Ax := lim
h→0

V (h)x − x

h

exists for all x ∈ D(A) ⊂ X, where D(A) is a dense subspace of X such that, for
some λ0 > 0 the subspace (λ0 − A)D(A) is dense in X, as well, then the closure A
of A generates a strongly continuous semigroup (T (t))t≥0. For every x ∈ X

T (t)x = lim
n→∞ V n (t/n) x, (2.1)

where the limit is uniform on [0, t0] for any given t0 ∈ [0,∞).

What this theorem says is that we can approximate the action of the semigroup T by
dividing the time over which the semigroup acts into uniform pieces and approximate
the action on each one by a simpler action.
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Do we really need to keep the division uniform? Consider the very simple case of
the exponential function:

et = lim
n→∞

(
1 + t

n

)n

. (2.2)

In general, if (an)n∈N is a sequence such that an → ∞ as n → ∞ then

et = lim
n→∞

(
1 + t

an

)an
. (2.3)

On the other hand, we can think about this approximation in terms of the corre-
sponding interval: Consider the interval [0, t], or for simplicity let the interval be [0, 1],
and divide it into n equal non-overlapping intervals that cover the whole of it. The
approximation above corresponds roughly (exactly, if all the an are positive integers)
to this particular partition: The length of one step is 1

an
, but the division is still uniform

in the sense that each subinterval has the same length. Instead of a uniform partition-
ing like that, one can consider an even more general division and the corresponding
limiting product formula. This problem, though, seems to be a generalization, it holds
great importance in several stroboscopic processes, like the quantum Zeno effect or
dynamical decoupling [6], where in experimental settings the uniform division of time
is not realistic.

Proposition 2.2 For each n ∈ N, let
(
an,i

)n
i=1 be a sequence of positive numbers such

that
∑n

i=1 an,i = 1. If, in addition, we assume that

lim
n→∞max

i
an,i = 0,

then

et = lim
n→∞

n∏
i=1

(
1 + an,i t

)
. (2.4)

The proof of this statement can be found, for example, Lemma 4.8 in [9], where
these kind of sequences are called "null arrays".

Application of this approach to semigroups immediately runs into a difficulty. The
original proof relies heavily on commutativity of certain products, so for any t ∈
[0,∞) we have

V (t)mV (t) = V (t)V (t)m,

for any m ∈ N. If {ti }mi=0 are all different, i.e, if ti = t j iff i = j , then still we have

V (t0) ·
m∏
i=1

V (ti ) =
m−1∏
i=0

V (ti ) · V (tm),
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but we cannot claim that the latter product is

V (tm) ·
m−1∏
i=0

V (ti ).

We lose the ability to rearrange the factors, which is the crux of the original proof.
In [11], the authors have proved the following statement and demonstrated it in

Proposition 3 of the same paper:

Proposition 2.3 Let A be the generator of a strongly continuous semigroup on a
Banach space X. Let V : [0,∞) → B(X) be a one-parameter family of contrac-
tions on X such that

V (0) = I and lim
h→0

V (h) − I

h
eaAx = AeaAx, (2.5)

for all a > 0 and x ∈ D(A). Let the sequence
(
an,i

)n
i=1 satisfy the assumptions in

Proposition 2.2. Then,

lim
n→∞

∥∥∥∥∥
n∏

i=1

V (an,i t)x − et Ax

∥∥∥∥∥ = 0, (2.6)

for all x ∈ X.

In order for the above proposition to work, we need an immediate assumption that
A generates a strongly continuous semigroup and fulfills the condition in (2.5). This
is closely related to the Lax Equivalence Theorem [10], because if V satisfies (2.5)
then it is called consistent finite difference scheme.

However, if we want to demonstrate convergence without assuming in advance
the generator property of A we need other assumptions. Our strategy relies on the
use of the Second Trotter–Kato Approximation Theorem [5, Chapter III 4.9]. This
approach creates a greater hurdle, and in order to mitigate this, we introduced a couple
of assumptions. We consider V (t)V (t ′) = V (t ′)V (t) for all t, t ′ ≥ 0, which does not
imply that V (t) is a semigroup (see Examples 4.1 and 4.2). Furthermore, we decided
to work with contractions. We will need a stronger assumption for the array

(
an,i

)n
i=1,

n ∈ N, as well. It should not deviate from the uniform distribution too much:

lim
n→∞

n∑
i=1

∣∣∣∣1n − an,i

∣∣∣∣ = 0. (2.7)

Lemma 2.4 Every sequence of positive numbers
(
an,i

)n
i=1, n ∈ N with

∑n
i=1 an,i = 1

that satisfies Eq. (2.7) also satisfies the condition in Proposition 2.2.
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The converse is not true. Let
(
an,i

)n
i=1, n ∈ N be the array defined the following

way.

{ 1
n + (−1)i 1

2n if n is even,
1
n if n is odd.

It is true that

lim
n→∞max

i
an,i = 0

but

lim
n→∞

2n∑
i=1

∣∣∣∣ 1

2n
− a2n,i

∣∣∣∣ = 1

2
.

The proof of Lemma 2.4 is straightforward:

Proof Since

lim
n→∞

n∑
i=1

∣∣∣∣1n − an,i

∣∣∣∣ = 0

for every ε > 0 there is an N ∈ N such that if n ≥ N then 1
n < ε and

n∑
i=1

∣∣∣∣1n − an,i

∣∣∣∣ < ε.

This implies that if n ≥ N then for all 1 ≤ i ≤ n we have
∣∣ 1
n − an,i

∣∣ < ε and therefore
0 ≤ an,i < 2ε. Consequently maxi an,i < 2ε and in the limit

lim
n→∞max

i
an,i = 0.


�
The following Lemma contains the precise formulation of the assumptions that

were mentioned above.

Lemma 2.5 Let V : [0,∞) → B(X) and the sequence
(
an,i

)n
i=1 satisfy the assump-

tions in Theorem 2.1, Proposition 2.2 and Eq. (2.7), respectively. Suppose V (t) is a
contraction for t ≥ 0 and V (t)V (t ′) = V (t ′)V (t) for all t, t ′ ≥ 0. In this case,

lim
n→∞

∥∥∥∥∥V n(t/n)x −
n∏

i=1

V (an,i t)x

∥∥∥∥∥ = 0 (2.8)

for all x ∈ X and uniformly for t ∈ [0, t0].
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Proof Let n ∈ N and consider the norm of the difference in (2.8):

∥∥∥∥∥V n(t/n)x −
n∏

i=1

V (an,i t)x

∥∥∥∥∥ =
∥∥∥∥V n(t/n)x − V n−1(t/n)V (an,nt)x

+V n−1(t/n)V (an,nt)x −
n∏

i=1

V (an,i t)x

∥∥∥∥∥
≤ ∥∥V (t/n)x − V (an,nt)x

∥∥ +
∥∥∥∥∥
(
V n−1(t/n) −

n∏
i=2

V (an,i t)

)
V (an,nt)x

∥∥∥∥∥
≤

n∑
i=1

∥∥∥(
V (t/n) − V (an,i t)

)
x
∥∥∥ ,

where we used the commutativity of V (t) and the fact that they are contractions. The
last inequality is obtained by induction.

For s > 0, we define

As := V (s) − I

s
∈ B(X), (2.9)

where Asx → Ax for all x ∈ D(A) as s → 0. Then,

∥∥V (t/n)x − V (an,i t)x
∥∥ = t

∥∥∥∥1n At/nx − an,i Aan,i t x

∥∥∥∥
≤ t ·

∣∣∣∣1n − an,i

∣∣∣∣ ∥∥At/nx
∥∥ + t · an,i · ∥∥At/nx − Aan,i t x

∥∥ (2.10)

and observe that

n∑
i=1

∥∥∥(
V (t/n) − V (an,i t)

)
x
∥∥∥ ≤ t · ∥∥At/nx

∥∥ n∑
i=1

∣∣∣∣1n − an,i

∣∣∣∣

+t ·
n∑

i=1

an,i

︸ ︷︷ ︸
=1

·
( ∥∥At/nx − Ax

∥∥ + ∥∥Aan,i t x − Ax
∥∥ )

. (2.11)

Since

lim
n→∞

n∑
i=1

∣∣∣∣1n − an,i

∣∣∣∣ = 0, (2.12)

and hence

lim
n→∞max

i
an,i = 0,
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the statement is true for all x ∈ D(A) and uniformly for t ∈ [0, t0]. However,
∥∥∥∥∥V n(t/n) −

n∏
i=1

V (an,i t)

∥∥∥∥∥ ≤ 2 (2.13)

and thus the Banach–Steinhaus theorem [4, Theorem II.1.18] gives the desired con-
clusion. 
�

3 Main result

Our main result is the following.

Theorem 3.1 Let V : [0,∞) → B(X) be a contraction satisfying the assumptions in
Theorem 2.1 and V (t)V (t ′) = V (t ′)V (t) for all t, t ′ ≥ 0. Let

(
an,i

)n
i=1, n ∈ N be a

sequence of positive numbers such that
∑n

i=1 an,i = 1 and

lim
n→∞

n∑
i=1

∣∣∣∣1n − an,i

∣∣∣∣ = 0. (3.1)

Then

T (t)x = lim
n→∞

n∏
i=1

V (an,i t)x, (3.2)

for all x ∈ X and uniformly for t ∈ [0, t0].
Proof First, Theorem 2.1 yields

lim
n→∞

∥∥T (t)x − V n(t/n)x
∥∥ = 0 (3.3)

for all x ∈ X and uniformly for t ∈ [0, t0], whose proof is based on the SecondTrotter–
Kato Approximation Theorem [5, Theorem III.4.9] and the, so-called,

√
n-Lemma [3,

Lemma 2]. Then, Lemma 2.5 implies that

lim
n→∞

∥∥∥∥∥V n(t/n)x −
n∏

i=1

V (an,i t)x

∥∥∥∥∥ = 0, (3.4)

for all x ∈ X and uniformly for t ∈ [0, t0]. Since,
∥∥∥∥∥T (t)x −

n∏
i=1

V (an,i t)x

∥∥∥∥∥ �
∥∥T (t)x − V n(t/n)x

∥∥

+
∥∥∥∥∥V n(t/n)x −

n∏
i=1

V (an,i t)x

∥∥∥∥∥ ,
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the combination of (3.3) and (3.4) yields (3.2). 
�
AsChernoff’s Theorem provides a generalized Lie-Trotter product formula [13], an

immediate application of our theorem yields further Lie-Trotter type product formulas.

Corollary 3.2 Suppose that (T1(t))t≥0 and (T2(t))t≥0 are strongly continuous contrac-
tion semigroups on a Banach space X with generators (A1, D(A1)) and (A2, D(A2)),
respectively. If the assumptions of Theorem 3.1 hold, i.e. V (t) = T1(t)T2(t) has the
aforementioned commutativity property and the sequence

(
an,i

)n
i=1 behaves like in

that Theorem,
A1+ A2 is closed, and generates a strongly continuous semigroup (T3(t))t≥0, then

T3(t)x = lim
n→∞

n∏
i=1

T1(an,i t)T2(an,i t)x, (3.5)

for all x ∈ X and uniformly for t ∈ [0, t0].
Proof If x ∈ D(A1 + A2) = D(A1) ∩ D(A2) we have

lim
h→0

V (h)x − x

h
= lim

h→0

1

h

[
T1(h)

(
T2(h)x − x

) + T1(h)x − x
] = A2x + A1x .

Now, the application of Theorem 3.1 yields (3.5). 
�
Moreover, one can formulate further corollaries, which are deduced from the appli-
cations of Chernoff’s Theorem, like the Post-Widder Inversion Formula [5, Corollary
II.5.5]. We omit to do this, because these statements work verbatim as Corollary 3.2.

4 Examples

Example 4.1 LetH be a Hilbert space and let L be a bounded self-adjoint operator in
H. We consider the following contraction in the Banach space B1(H) of trace class
operators

V (t)(X) =
√

γ

π

∫ ∞

−∞
dy e−γ /2(y−√

t L)2Xe−γ /2(y−√
t L)2 , X ∈ B1(H), (4.1)

with γ > 0. Furthermore, we have V (0)(X) = X and V (t)V (t ′) = V (t ′)V (t).
In the context of an axiomatic formulation of quantum mechanics, an interesting
question is the dynamic of continuous observations with generalized observables [1].
If the duration of the whole observation is t and t/n is the time interval between two
subsequent measurements, the limit n → ∞ of continuous observation, formulated
as

lim
n→∞ V n(t/n)(X) = T (t)(X),
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exists due to Chernoff’s Theorem, where (T (t))t≥0 is a uniformly continuous semi-
group with generator

A(X) = lim
h→0

V (h)(X) − X

h
= −γ

4

(
L2X + XL2 − 2LXL

)
. (4.2)

Now,we split [0, t] into n time intervalswith lengths t1, t2, . . . , tn such that an,i = ti/t .
In this example, A is a bounded operator, which generates a semigroup. Therefore,
V (t) satisfies (2.5), and thus it is enough that the sequence

(
an,i

)n
i=1 is subject only to

the assumption of Proposition 2.2. Then, the results of Proposition 2.3 implies

lim
n→∞

n∏
i=1

V (an,i t)(X) = T (t)(X).

Example 4.2 Chernoff’s Theorem has also application in probability theory. It is con-
nected to the central limit theorem, which was established by Goldstein [7]. Based
on the result’s of Goldstein, here we show the reader a central limit theorem follow-
ing from Theorem 3.1. We consider X = C0(R) the space of uniformly continuous
functions from R to R, which is a Banach space with the supremum norm. Let ξ1,
ξ2, . . . be a sequence of independent identically distributed random variables with
probability density functions pξ (x) ∈ C0(R) having two finite moments: E(ξi ) = 0
and Var(ξi ) = 1. For a random variable ξ with pξ (x) ∈ C0(R) we define operators
Vξ (t) on C0(R) by

Vξ (t) f (x) =
∫
R

dy f (x − √
t y)pξ (y) (4.3)

for all f ∈ C0(R) and t > 0. These operators are all contractions, Vξ (0) f (x) = f (x),
and

Vξ (t)Vξ (t
′) f (x) = Vξ (t

′)Vξ (t) f (x). (4.4)

Consider the random variable

ζn =
n∑

i=1

√
an,iξi (4.5)

where the sequence
(
an,i

)n
i=1 satisfies the assumptions in Theorem 3.1. One obtains

the generator [7, p. 199]

A f (x) = lim
h→0

Vξ (h) f (x) − f (x)

h
= 1

2
f ′′(x) (4.6)
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with D(A) = { f (x) ∈ C0(R) : all f ′ and f ′′ exist and are inC0(R)}. In fact, A gen-
erates a strongly continuous semigroup T (t) defined by

T (t) f (x) = 1√
2π

∫
R

dy f (x − √
t y)e− y2

2 , (4.7)

which is called the one-dimensional diffusion semigroup [5]. However, the condition
in (2.5) is not fulfilled. First, let us rewrite (2.5) in the following form

lim
h→0

Vξ (h)T (t) f (x) − T (h + t) f (x)

h
= 0. (4.8)

If we pick

pξ (x) = 3
√
3√

2π
x2e− 3x2

2 , (4.9)

then the limit is not zero. Hence, we need to use Theorem 3.1, which yields

T (t) f (x) = lim
n→∞

n∏
i=1

Vξi (an,i t) f (x), f (x) ∈ C0(R). (4.10)

Since

n∏
i=1

Vξi (an,i t) f (x) = E

(
f (x − √

tζn)
)

=
∫
R

dy f (x − √
t y)pζn (y) (4.11)

for all f ∈ C0(R) and by using Lemma 1 in [7] with t = 1, we obtain the following
convergence in distribution

lim
n→∞ pζn (x) = 1√

2π
e− x2

2 , (4.12)

i.e.,

n∑
i=1

√
an,iξi

d−→ N (0, 1). (4.13)

Acknowledgements J.Z.B acknowledges support from AIDAS-AI, Data Analytics and Scalable Simula-
tion, which is a Joint Virtual Laboratory gathering the Forschungszentrum Jülich and the French Alternative
Energies and Atomic Energy Commission.

Funding Open Access funding enabled and organized by Projekt DEAL.

Data availability Data sharing is not applicable to this article as no new data were created or analyzed in
this study.



Semigroup approximations with non-uniform… Page 11 of 11 40

OpenAccess This article is licensedunder aCreativeCommonsAttribution 4.0 InternationalLicense,which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Barchielli, A., Lanz, L., Prosperi, G.M.: A model for the macroscopic description and continual obser-
vations in quantum mechanics. Nuovo Cimento 72B, 79–121 (1982)

2. Bernád, J.Z.: Product formulas in the framework of mean ergodic theorems. Adv. Oper. Theory 5,
15–26 (2020). https://doi.org/10.1007/s43036-019-00001-4 (On page 24 there is a typo. Instead of

�
n−1
2 (V2t/n), the expression reads �

n
2 −1

(V2t/n))
3. Chernoff, P.R.: Note on product formulas for operator semigroups. J. Funct. Anal. 2, 238–242 (1968)
4. Dunford, N., Schwartz, J.T.: Linear Operators, Part I: General Theory. Interscience Publishers, New

York (1964)
5. Engel, K.-J., Nagel, R.: One-Parameter Semigroups for Linear Evolution Equations, vol. 194. Springer,

Berlin (2000)
6. Facchi, P., Pascazio, S.: Quantum zeno dynamics: mathematical and physical aspects. J. Phys. AMath.

Theor. 41, 493001 (2008). https://doi.org/10.1088/1751-8113/41/49/493001
7. Goldstein, J.A.: Semigroup-theoretic proofs of the central limit theorem and other theorems of analysis.

Semigroup Forum 12, 189–206 (1976)
8. Johnson, G.W., Lapidus, M.L.: The Feynman Integral and Feynman’s Operational Calculus. Oxford

University Press, Oxford (2000)
9. Kallenberg, O.: Foundations of Modern Probability. Springer Science & Business Media, New York

(2002)
10. Lax, P.D., Richtmyer, R.D.: Survey of the stability of linear finite difference equations. Commun. Pure

Appl. Math. 9(2), 267–293 (1956). https://onlinelibrary.wiley.com/doi/abs/10.1002/cpa.3160090206
11. Smolyanov, O.G., Weizsäcker, H.V., Wittich, O.: Brownian motion on a manifold as a limit of stepwise

conditioned standard Brownian motions, In: Stochastic Processes, Physics and Geometry: New Inter-
plays. II: A Volume in Honour of S. Albeverio, Canad. Math. Soc. Conf. Proc., vol. 29, pp. 589–602
(2000)

12. Smolyanov, O.G.,Weizsäcker, H.V.,Wittich, O.: Chernoff’s theorem and discrete time approximations
of Brownian motion on manifolds. Potential Anal. 26, 1–29 (2007). https://doi.org/10.1007/s11118-
006-9019-z

13. Trotter, H.: On the product of semigroups of operators. Proc. Am. Math. Soc. 10, 545–551 (1959)
14. Vuillermot, P.-A.: A generalization of Chernoff’s product formula for time-dependent opera- tors. J.

Funct. Anal. 259, 2923–2938 (2010)
15. Zagrebnov, V.A.: Comments on the Chernoff

√
n-lemma, Functional Analysis and Operator Theory

for Quantum Physics (The Pavel Exner Anniversary Volume), pp. 565–573 (2017)
16. Zagrebnov, V.A.: Notes on the Chernoff product formula. J. Funct. Anal. 279, 108696 (2020)

http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/s43036-019-00001-4
https://doi.org/10.1088/1751-8113/41/49/493001
https://onlinelibrary.wiley.com/doi/abs/10.1002/cpa.3160090206
https://doi.org/10.1007/s11118-006-9019-z
https://doi.org/10.1007/s11118-006-9019-z

	Chernoff's product formula: Semigroup approximations with non-uniform time intervals
	Abstract
	1 Introduction
	2 Approximation with non-uniform time intervals
	3 Main result
	4 Examples
	Acknowledgements
	References




