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Abstract
Time-series information needs to be incorporated into energy system optimization to
account for the uncertainty of renewable energy sources. Typically, time-series aggre-
gation methods are used to reduce historical data to a few representative scenarios
but they may neglect extreme scenarios, which disproportionally drive the costs in
energy system design. We propose the robust energy system design (RESD) approach
based on semi-infinite programming and use an adaptive discretization-based algo-
rithm to identify worst-case scenarios during optimization. The RESD approach can
guarantee robust designs for problems with nonconvex operational behavior, which
current methods cannot achieve. The RESD approach is demonstrated by designing
an energy supply system for the island of La Palma. To improve computational per-
formance, principal component analysis is used to reduce the dimensionality of the
uncertainty space. The robustness and costs of the approximated problem with sig-
nificantly reduced dimensionality approximate the full-dimensional solution closely.
Even with strong dimensionality reduction, the RESD approach is computationally
intense and thus limited to small problems.
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GSIP generalized semi-infinite program
MILP mixed-integer linear program
MW megawatt
NLP nonlinear program
RESD robust energy system design
PC principal component
PCA principal component analysis
PV photo voltaic
SIP semi-infinite program
TAC total annualized cost
VRES variable renewable energy sources

Greek Symbols
λ Lagrange multiplier for equality constraints
μ Lagrange multiplier for inequality constraints
φ auxiliary variable

Latin Symbols
b binary variable for on/off decision
e energy supply gap
eepi auxiliary variable for energy supply gap
g inequality constraint
g vector of inequality constraints
h equality constraint
h vector of equality constraints
L Lagrangian function
n number
S set of representative scenarios
T set of time steps
w vector of variables for single-level NLP
W feasible set of variables for single-level NLP
x design variable
x vector of design variables
X feasible set of design variables
y uncertain variable
y vector of uncertain variables
ỹ vector of dependent uncertain variables
ȳ vector of independent uncertain variables
Y feasible set of uncertain variables
z operational variable
z vector of operational variables
Z feasible set of operational variables

Subscripts
d data points
e energy supply gap
en energy system
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eq equations
i index
j index
epi epigraph reformulation
o operational costs
p principal components
re f reformulation
s representative scenarios
t time step
x design variables
y uncertain variables
z operational variables

Nomenclature

Throughout the manuscript, scalar-valued quantities are denoted in regular font, e.g.,
x , vector-valued quantities are denoted in bold font, e.g., x, and set-valued quantities
are denoted in calligraphic font, e.g., X .

1 Introduction

The transformation of energy supply systems from fossil energy sources to variable
renewable energy resources (VRES) has increased the volatility of electricity supply
and, consequently, demand.This volatility introducedby the stochastic nature ofVRES
has led to new challenges in the design and operation of energy systems (Gross et al.
2007; Huber et al. 2014; Heptonstall and Gross 2021).

Mathematical optimization is an effective tool to design energy systems that are
optimal, e.g., have minimal total annualized cost or global warming impact, and can
be leveraged to design energy systems that are robust towards the volatility introduced
by VRES (Biegler and Grossmann 2004; Yunt et al. 2008; Lubin et al. 2011; Li and
Barton 2015). Optimization has been successfully applied to design energy systems
across various scales, from utility systems at the plant scale (Papoulias and Grossmann
1983; Voll et al. 2013; Bahl et al. 2018; Baumgärtner et al. 2019) to energy systems
for districts (Bünning et al. 2018; Schütz et al. 2018; Teichgraeber and Brandt 2019)
up to power systems on islands (Ma et al. 2014; Gils and Simon 2017; Barone et al.
2021) and on the (inter)-national scale (Kannan and Turton 2013; Siala et al. 2019;
Reinert et al. 2020). For a review of modeling tools for renewable energy systems, we
refer to Ringkjøb et al. (2018).

Modeling the volatility of VRES leads to uncertainties in the optimization prob-
lem parameters. Two popular approaches to account for uncertain parameters are
stochastic programming (Dantzig 1955) and robust optimization (Campo and Morari
1987). Stochastic programming requires knowledge of the probability distribution
of the uncertain parameters and optimizes the expected value of the objective func-
tion. Robust optimization, on the other hand, guarantees the feasibility of an optimal
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solution for all parameters within a predefined uncertainty set and does not require
the probability distribution. For detailed information on stochastic programming and
robust optimization, we refer to Birge and Louveaux (2011) and Ben-Tal et al. (2009),
respectively.

To capture the time-varying behavior of VRES, the probability distribution can be
approximated discretely by including historical time-series data in the optimization
as scenarios in a two-stage stochastic programming (Dantzig 1955) formulation of
the design problem (Teichgraeber and Brandt 2022). A sufficiently high temporal
resolution is needed to properly account for the time-varying behavior of renewable
electricity production (Poncelet et al. 2016; Keles et al. 2017; Ringkjøb et al. 2018).
Excessive use of historical data and high temporal resolutions, however, increase
the number of constraints and variables of the optimization problem, thus leading
to computationally intractable formulations (Pfenninger et al. 2014; Hoffmann et al.
2020). Therefore, tradeoffs between computational tractability and the degree of detail
in which the system is modeled are necessary.

Different dimensions of model complexity reduction can be leveraged to facilitate
computational tractability. First, model complexity can be reduced by spatial aggre-
gation. A prominent and extreme example is the copper plate assumption, where the
spatial distribution is completely ignored, and transmission losses are neglected (Hess
et al. 2018). Furthermore, temporal model complexity can be reduced by using only a
representative subset of the historical time-series data, e.g., a collection of represen-
tative days (Chapaloglou et al. 2022). A popular method to determine representative
scenarios is clustering (Kotzur et al. 2018; Teichgraeber and Brandt 2019). However,
aggregation methods may neglect extreme scenarios, which may impact the opera-
tional feasibility of the optimal system design.

Heuristicmethods have been introduced to incorporate extreme scenarios during the
design. The heuristics identify and add extreme scenarios to the optimization problem
before performing the design optimization. For example, Domínguez-Muñoz et al.
(2011) exclude days with peak demands from the aggregation and add these to the
scenario data of the problem directly. However, by incorporating individual peak days
for the different energy demand forms, e.g., heat, cooling, and electricity, interactions
between these demand forms may get lost. Furthermore, when multiple uncertain
quantities are considered, e.g., solar electricity production and electricity demand, the
worst-case realization might not correspond to scenarios where the quantities are at
their extreme values but rather a scenario where the interaction of their values creates
the largest supply and demand mismatch.

Furthermore, the worst-case scenario depends on the energy system design; for
example, the installed capacities of solar PV and wind turbines in an energy system
influence whether scenarios with low wind speeds or low solar irradiance are critical.
A priori extreme period selection cannot consider this influence of the design on the
extreme periods.

To mitigate this problem, extreme periods specific to a given (preliminary) design
can be identified by optimizing the system operation, i.e., by determining whether
the considered design can satisfy energy demands for all historical scenarios. Scenar-
ios in which operations are found to be infeasible are then added as extreme periods
to the design problem formulation, and subsequently, another design optimization is
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performed. In the context of energy system design, Bahl et al. (2016) introduced such
an iterative heuristic in which they repeatedly solve a design problem with approxi-
mated operational costs and add virtual time steps for which the operational problem
becomes infeasible until eventually a design is obtained that can supply all historical
scenarios. The solution approach that Bahl et al. (2016) use to identify worst-case
scenarios from a set of finite cardinality is very similar to the algorithm proposed
by Blankenship and Falk (1976) to solve semi-infinite programs (SIPs). Teichgraeber
et al. (2020) developed this concept further and referred to it as the optimization-based
feasibility time-step heuristic.Wewill refer to this approach as the feasibility time-step
heuristic for brevity. However, as we will show, considering only the historical data
may not be enough to identify robust designs. Specifically, if the operational problem
is nonconvex, the identified system design may not be feasible for scenarios that lie
“between” historical scenarios, i.e., that constitute convex combinations of historical
data.

Addressing the aforementioned challenges,wepropose a rigorous and robust energy
system design (RESD) approach that identifies worst-case scenarios from a prede-
fined space of possible uncertainty realizations during the optimization. The RESD
approach bears similarity to the approach for optimal process design under uncer-
tainty by Halemane and Grossmann (1983). We formulate the energy system design
problem as a two-stage stochastic program, where we approximate the objective by
discretization but treat the constraints continuously by formulating them as semi-
infinite constraints (Charnes et al. 1962; Grossmann and Sargent 1978; Hettich and
Kortanek 1993; Djelassi et al. 2021). The discretized approximation of the objective
is obtained by approximating the operational costs using a small number of represen-
tative scenarios that we determine using clustering. To address the neglect of extreme
scenarios by clustering, the semi-infinite constraints enforce feasible operation for
all scenarios within a predefined uncertainty space and guarantee the robustness of
the identified design towards the volatility introduced by the VRES and the energy
demand. Semi-infinite programs often arise in robust design problems (Ben-Tal and
Nemirovski 2002); for reviews of semi-infinite programming, we refer to Hettich and
Kortanek (1993); Rückmann and Reemtsen (1998); Guerra Vázquez et al. (2008);
Stein (2012).

The key difference between established methods in energy system design, such as
the feasibility time-step heuristic, and the RESD approach is the ability of the latter
to consider continuous uncertainty spaces, i.e., allow the sets of possible uncertainty
realizations to have infinite cardinality. In contrast, the feasibility time-step heuristic
is constrained to finite cardinality sets. The space of uncertainty realizations can be
defined arbitrarily; a straightforward example of such a set is a box-constrained set. In
the present work, we define the uncertainty space by means of the convex hull around
the historical data, i.e., we consider convex combinations of historical data as possible
uncertainty realizations.

The optimization problem corresponding to the RESD approach is a three-level
hierarchical program that is computationally challenging to solve. If all historical data
points are contained within the bounded part of the search space, the optimization
problemcorresponding to theRESDapproach is a restrictionof the problemconsidered
in the feasibility time-step heuristic (Bahl et al. 2016; Teichgraeber et al. 2020). A
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solution to the restricted problem is robust formore scenarios than the original problem
but may have a worse objective function value.

In previous work, we demonstrated that principal component analysis (PCA) is
well suited to reduce the dimensionality of energy time-series data (Cramer et al.
2022). To facilitate computational tractability, we use PCA (Pearson 1901) to reduce
the dimensionality of the data in the RESD approach. Furthermore, we utilize a lifting
approach to improve computational tractability for design problemswhere the problem
of determining the optimal operational strategy is convex. Specifically, we leverage
that the lower-level problem is a convex optimization problem to reformulate the
problem as a SIP using the approach proposed by Diehl et al. (2013).

The remainder of this work is structured as follows: Section 2 introduces the prob-
lem structure associated with the RESD approach and explains how the historical
data is incorporated into the optimization problem. In Section 3, we use an illustrative
mixed-integer linear problem (MILP) example to demonstrate the shortcomings of the
feasibility time-step heuristic in identifying relevant extreme scenarios and demon-
strate the robustness of the RESD approach. Furthermore, special cases in which the
feasibility time-step heuristic (Bahl et al. 2016; Teichgraeber et al. 2020) yields identi-
cal results to the RESD approach are pointed out. Finally, the lifting approach based on
Diehl et al. (2013) is introduced to improve computational performance for problems
with convex operational behavior. By means of a case study on the La Palma energy
system, Section 4 then analyzes the accuracy of the designs obtained by the RESD
approach and the influences of the dimensionality reduction and the lifting approach
on the computational performance. Finally, Section 5 summarizes our work.

2 Robust energy system design approach

Robust energy system designs are feasible for all considered uncertainty realizations,
i.e., they are able to supply the energy demand while satisfying all operational con-
straints. However, they are not robust with respect to the objective, i.e., they do not
give a guaranteed bound on the operational costs. The RESD approach relies on two
concepts to identify robust designs that are cost-optimal: (i) the operational costs are
estimated using a small number of representative scenarios with associated probabil-
ities of occurrence (Chapaloglou et al. 2022), (ii) an embedded optimization problem
ensures the feasibility for all possible uncertainty realizations within a predefined
uncertainty set.
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min
x,zs

I nvestment costs(x) +
∑

s∈S
Operational costs(zs), (PS)

s.t. gen(x, ys, zs) ≤ 0 ∀s ∈ S (Energy system model),

max
y

min
z

Energy gap(x, y, z) ≤ 0,

s.t. gen(x, y, z) ≤ 0 (Energy system model),

gy(y) ≤ 0 (Uncertainty bounds),

(PS) shows the general structure of the RESD problem. The upper-level problem
is the deterministic equivalent of a two-stage stochastic program (Birge and Louveaux
2011) with a discrete approximation of the scenarios by fixed uncertainty realizations
ys and determines the optimal design decisions x, such as the installed capacities of
renewable generators, to achieve a cost-optimal design with respect to the expected
value of the operational costs, which is calculated by estimating operational costs with
operational decisions zs . While we assume that the investment costs are not subject
to uncertainty, the operational costs depend on future uncertainty realizations, e.g., on
the solar irradiance; thus, we estimate their expected value by means of representative
scenarios S (Chapaloglou et al. 2022).

Furthermore,gen(·, ·, ·) are the constraintsmodeling the energy system,whichoccur
both in the upper- and lower-level problem to ensure the feasibility of the operational
decisions associated with the representative scenarios and the extreme scenarios.

max
y

min
z

Energy gap(x, y, z) ≤ 0, (MLP)

s.t. gen(x, y, z) ≤ 0 (Energy system model),

gy(y) ≤ 0 (Uncertainty bounds),

To ensure robustness, an embedded optimization problem, which we refer to as the
medial-level problem (MLP), guarantees that the energy supply gap is nonpositive for
all possible uncertainty realizations y, i.e., the energy supply meets or exceeds the
energy demand. This is achieved by identifying the worst-case uncertainty realization
for the superordinate designwithin the predefineduncertainty set definedbygy(y) ≤ 0.
Reaction to the uncertainty realizations, i.e., recourse actions (Birge and Louveaux
2011), is considered through operational decisions z, e.g., battery charge and discharge
decisions.

2.1 Processing of historical data

The RESD approach requires representative scenarios for operational cost estimation
and uncertainty bounds that delimit the search space for the identification ofworst-case
uncertainty realizations. We choose to obtain both from historical time-series data.

Figure 1 shows the corresponding data processing step. For each quantity of interest,
e.g., solar irradiance, the historical time-series data is split into the desired represen-
tative period length, e.g., a representative day.

123

509



M. Wedemeyer et al.

Fig. 1 The processing of historical time-series data to obtain the representative scenarios and uncertainty
bounds for the RESD problem: Time-series data with the length of the representative period are collected for
different quantities, normalized, and concatenated such that a single vector is obtained for each representative
period in the historical data. Representative scenarios are obtained by clustering the concatenated and
normalized data according to the framework by Teichgraeber and Brandt (2019). Uncertainty bounds are
obtained by first reducing the dimensionality of the historical data and then determining bounds in the
lower-dimensional space

First, representative scenarios are chosen according to the framework by Teich-
graeber and Brandt (2019), where normalization helps to ensure equal weighting
of different quantities during clustering. The normalized time-series data for each
attribute, e.g., solar irradiance and electricity demand, are then concatenated, and
representative scenarios are selected by clustering. Clustering on the concatenated
quantities is necessary to maintain the temporal coherence between different quan-
tities. The choice of the employed normalization technique, clustering method, and
parameters is generally problem-specific; we refer to Teichgraeber and Brandt (2019)
for guidance.

Second, the bounds for the uncertainty set need to be determined. In previous
work, we showed that time-series scenarios for renewable energy sources lie on
linear lower-dimensional manifolds (Cramer et al. 2022). Accordingly, we intro-
duce a dimensionality reduction step to facilitate better computational tractability
of the RESD problem. The dimensionality reduction shifts the worst-case search to
a lower-dimensional latent space, reducing the number of variables in the embedded
optimization problem.We choose principal component analysis (PCA) (Pearson 1901)
as a linear dimensionality reduction technique. In principle, nonlinear dimensionality
reduction methods could be used. However, the corresponding reverse transformation
is embedded in the optimization problem.Hence, using a nonlinear reverse transforma-
tion gives rise to a nonlinear and, thus, typically much more challenging optimization
problem. Depending on the truncation error, the identified extreme scenarios can be
more or less extreme in the original space, meaning that the identified designs could
be over- or under-conservative.

After reducing the dimensionality of the historical data by a transformation into the
principal component space, we need to determine bounds on the lower-dimensional
uncertainty realizations. The use of nonlinear bounding techniques would give rise
to nonlinear optimization problems. Instead, we choose the convex hull to bound the
uncertainty realizations using linear equations. The convex hull can be defined as
a convex combination of its vertices or as points that lie inside the combination of
half-spaces, i.e., the faces of the convex hull (Avis et al. 1997); we refer to Section
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2.2 of the supplementary material for more detailed information. Determining the
convex hull has exponential time complexity with respect to the dimensionality of
the data (Chazelle 1993), so that for a larger number of principal components the
time to compute the convex hull can become a bottleneck, even in comparison to the
optimization runtime.

2.2 The RESD approach problem formulation

In the following, constraints are hidden in the sets from which the optimization vari-
ables can be chosen for better readability. The (RESD) problem has the following
form:

min
x∈X ,zs∈Zs (x,ys)

f (x) +
∑

s∈S
fo(zs), (RESD)

s.t. max
y∈Y(x)

min
z∈Z(x,y)

max
t∈T

et (x, y, z) ≤ 0

(RESD) is a variant of the problem proposed by Halemane and Grossmann (1983) for
optimal process design under uncertainty. It includes a cost function that depends on
both design costs f (x) and approximated operational costs

∑
s∈S fo(zs). Furthermore,

a constraint enforces feasibility in the worst-case: max
y∈Y(x)

min
z∈Z(x,y)

max
t∈T

et (x, y, z) ≤ 0.

Here, x are the design decision variables, e.g., installed PV capacity, and zs are the
operational decision variables, e.g., battery charging or discharging rates. The subscript
s is a scenario index and indicates that zs are the operational decisions associated with
the respective scenario, while the fixed parameters ys are the uncertainty realizations
for scenario s.

The robustness of the design is enforced by an embedded optimization problem,
which requires that the energy supply gap et (x, y, z), i.e., the difference between
demand and supply of some energy form, e.g., electricity, has to be nonpositive, i.e.,
the supply must be equal to or exceed the demand, at all time steps t in the set of
considered time steps T . In the case of multiple demands, e.g., electricity and heat
(n = 2), et (x, y, z) will be of the form

et (x, y, z) = max
(
et,1(x, y, z), . . . , et,n(x, y, z)

)
,

with n referring to the number of energy forms considered. The inequality constraint
requiring the energy supply gap to benonpositive has to hold for all possible uncertainty
realizations y, e.g., capacity factors for PV, while the operational variables z can be
adjusted to help meet the demand.

The set X = {x ∈ R
nx | hx (x) = 0, gx (x) ≤ 0} contains all feasible realizations of

the design decisions and the set Y(x) = {y ∈ R
ny | hy(x, y) = 0, gy(x, y) ≤ 0}

describes the feasible set of the uncertainty realizations. Sets Zs(x) = {zs ∈
R
nzs | hzs (x, ys, zs) = 0, gzs (x, ys, zs) ≤ 0} and Z(x, y) = {z ∈ R

nz | hz(x, y, z) =
0, gz(x, y, z) ≤ 0} describe feasible operational states and are bounded by equations
describing the technical behavior of the system, e.g., equations describing the charging
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and discharging capabilities of the battery, which additionally depend on the capac-
ities of the installed components x. The dimensions of the vectors are denoted by
nx , nzs , ny, nz , respectively.

The embedded optimization problem in (RESD) can be replaced by a semi-infinite
existence constraint (Djelassi 2020):

max
y∈Y(x)

min
z∈Z(x,y)

max
t∈T et (x, y, z) ≤ 0 ⇐⇒ ∀y ∈ Y(x)[∃ z ∈ Z(x, y) : max

t∈T et (x, y, z) ≤ 0]

If coupling inequality constraints, i.e., constraints of the form gy(x, y) ≤ 0 that involve
the design decisions x and the uncertainty realizations y, are present, the resulting prob-
lem is an existence-constrained generalized semi-infinite program (EGSIP) which can
be solved by solving its existence-constrained semi-infinite program (ESIP) relaxation
under some mild assumptions (Mitsos and Tsoukalas 2015).

Note that special care must be taken if coupling equality constraints are present. In
the medial-level problem, coupling equality constraints can contain both upper- and
medial-level variables: hy(x, y) = 0. In the lower-level problem, coupling equal-
ity constraints can contain upper- and/or medial-level and lower-level variables:
hz(x, y, z) = 0. Problems with coupling equality constraints may require special-
ized algorithms since the convergence of the algorithms employed in this work is no
longer guaranteed. However, the coupling equality constraints can be eliminated if
they can be rearranged as explicit functions that define some dependent optimiza-
tion variables as a function of the remaining (independent) variables. For example,
consider a medial-level problem with coupling constraints hy(x, y) = 0. If the uncer-
tainty realizations y can be split into a dependent part ỹ and an independent part ȳ
and the coupling equality constraints hy(x, y) = hy(x, ỹ, ȳ) = 0 can be rearranged
into an explicit equation ỹ = ỹ(x, ȳ), ỹ can be replaced by ỹ(x, ȳ) everywhere, thus
eliminating the dependent variables and removing the coupling equality constraints.
Halemane and Grossmann (1983) use this technique to replace the state variables in
the operational stage by a function of the design variables, uncertainties, and oper-
ational variables. In the case that the coupling constraints cannot be rearranged as
an explicit function, methods for solving SIPs containing implicit functions, such as
the specialized algorithms proposed by Djelassi et al. (2019) and Stuber and Barton
(2015) may be used.

To solve the (RESD) problem, we first reformulate it as an EGSIP and then
form the ESIP relaxation, which we solve using the algorithm introduced by Dje-
lassi and Mitsos (2021) and implemented in the libDIPS software package (Zingler
et al. 2023). To this end, we transform the embedded optimization problem, i.e.,
the max

y∈Y(x)
min

z∈Z(x,y)
max
t∈T

et (x, y, z) problem, into a bi-level problem by introducing an

auxiliary variable eepi to the minimization problem, which moves the innermost max-
imization problem into the constraints of the superordinate minimization problem.
Since T is a finite set, we replace max

t∈T
et (x, y, z) − eepi ≤ 0 by one equation for each
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time step t and obtain the bi-level problem:

max
y∈Y(x)

min
z∈Z(x,y),eepi

eepi ,

s.t. et (x, y, z) − eepi ≤ 0 ∀t ∈ T

By including the auxiliary variable eepi and the corresponding constraints in the set of
lower-level variablesZepi (x, y) = {z ∈ R

nz , eepi ∈ R| hz(x, y, z) = 0∧gz(x, y, z) ≤
0∧ et (x, y, z) − eepi ≤ 0 ∀t ∈ T }, we can write the embedded optimization problem
as max

y∈Y(x)
min

z∈Zepi (x,y)
eepi , and thus obtain for the full design problem:

min
x∈X ,zs∈Zs (x,ys)

f (x) +
∑

s∈S
fo(zs),

s.t. max
y∈Y(x)

min
z∈Zepi (x,y)

eepi ≤ 0

This problem can now be reformulated as an EGSIP (Djelassi and Mitsos 2021):

min
x∈X ,zs∈Zs (x,ys)

f (x) +
∑

s∈S
fo(zs), (EGSIP)

s.t. ∀y ∈ Y(x)[∃ z ∈ Zepi (x, y) : eepi ≤ 0]

Generally, if the lower-level feasible set Z(x, y) of the (RESD) problem is defined
by constraints of the form gz(x, y, z) ≤ 0, a reformulation of the problem is required to
ensure applicability of the ESIP algorithm (Djelassi 2020). This reformulation moves
the constraints gz(x, y, z) ≤ 0 into the objective function, which enables the medial
level to identify y that make the lower-level problem infeasible. However, in problem
(EGSIP), the epigraph reformulation constraints et (x, y, z) − eepi ≤ 0 ∀t ∈ T are
always feasible if the bounds on eepi are sufficiently large, which we can always guar-
antee by choosing the bounds appropriately. The guaranteed feasibility of the epigraph
constraints allows us to omit the reformulation step for the epigraph reformulation con-
straints. Similarly, it is not necessary to move constraints of the form gz(x, z) ≤ 0 into
the objective function since y cannot cause infeasibility of gz(x, z). Note that uncer-
tainties typically occurring in energy system design problems are uncertain demand
and uncertain generation by renewable energy sources, which enter the problem only
in the energy balance, i.e., the objective function of the medial-level problem.

The next step is to form the ESIP relaxation. To this end, we first write problem
(EGSIP) equivalently (Djelassi 2020) as

min
x∈X ,zs∈Zs (x,ys)

f (x) +
∑

s∈S
fo(zs),

s.t. ∀y ∈ Yre f [∃ z ∈ Zepi (x, y) : eepi ≤ 0 ∨ gy(x, y) > 0],

where Yre f = {y ∈ R
ny | hy(y) = 0, gy(y) ≤ 0} is the set of possible uncertainty

realizations without the inequality constraints that depend on the upper-level variables
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x, which instead have been moved into the logical constraint eepi ≤ 0∨ gy(x, y) > 0.
This logical constraint describes that either the medial-level problem is feasible and
the energy supply gap is nonpositive or the medial-level problem is infeasible, i.e.,
the set of worst-case uncertainty realizations is empty. In either case, the upper-level
problem is feasible. Furthermore,we assumehere that the coupling equality constraints
hy(x, y) = 0, if they were present, have been removed using the procedure described
at the beginning of this Section.

To make the ESIP algorithms available in libDIPS (Zingler et al. 2023) applicable,
the strictness of the inequality−gy(x, y) < 0 is relaxed, resulting in an ESIP problem:

min
x∈X ,zs∈Zs (x,ys)

f (x) +
∑

s∈S
fo(zs),

s.t. ∀y ∈ Yre f [∃ z ∈ Zepi (x, y) : eepi ≤ 0 ∨ −gy(x, y) ≤ 0],

which can also be written as:

min
x∈X ,zs∈Zs (x,ys)

f (x) +
∑

s∈S
fo(zs), (ESIP REL)

s.t. ∀y ∈ Yre f [∃ z ∈ Zepi (x, y) :
min(eepi ,−gy, j (x, y) | j ∈ {1, . . . , ngy }) ≤ 0]

Note that this relaxation is generally inexact. However, it is established in SIP literature
that for all but degenerate cases, the relaxed problem should lead to the same objective
value as the original problem Mitsos and Tsoukalas (2015).

For notational convenience, we define ge(x, y, z) := min(eepi ,−gy, j (x, y) | j ∈
{1, . . . , ngy }) and write ESIP REL as:

min
x∈X ,zs∈Zs (x,ys)

f (x) +
∑

s∈S
fo(zs), (ESIP)

s.t. ∀y ∈ Yre f [∃ z ∈ Zepi (x, y) : ge(x, y, z) ≤ 0]

The (ESIP) problemdetermines designdecisionvariablesx andoperational decision
variables zs such that for all feasible uncertainty realizations y in the set of possible
uncertainty realizations Yre f there exist operational recourse actions z so that the
constraint ge(x, y, z) ≤ 0 is satisfied, meaning that either eepi ≤ 0 is satisfied or one
of the EGSIP constraints is violated, i.e., −gy, j (x, y) ≤ 0, and the set of uncertainty
realizations of the EGSIP Y(x) is empty.

3 Limitations of the feasibility time-step heuristic

This section highlights how the feasibility time-step heuristic cannot rigorously pro-
vide robust designs for nonconvex problems. Specifically, we showcase in Section 3.1
how the RESD approach can identify a robust design for a nonconvex problem while
the feasibility time-step heuristic (Bahl et al. 2016; Teichgraeber et al. 2020) fails.
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Section 3.2 shows the cases for which the feasibility time-step heuristic yields robust
designs. Finally, in Section 3.3, we present an extension to the RESD approach that
improves performance for problems with convex lower-level problem.

3.1 MILP example

Ensuring operability for all historical data may not be enough to obtain a robust design
if the operational problem is nonconvex. SIPs with nonconvex lower-level problems
are challenging to solve and cannot, in general, be reformulated as finite optimization
problems (Djelassi et al. 2021). The reformulation into a tractable finite optimization
problem requires the equations and uncertainty set to fulfill special criteria (Bertsimas
et al. 2011).MILPs are nonconvex problems and are extensively used in energy system
design (Pfenninger et al. 2014). Therefore, we use a small MILP example that mimics
an energy system to demonstrate the shortcomings of the feasibility time-step heuristic
and solve it using the RESD approach.

The MILP problem reads

min
(x1,x2)∈[0,100]2

2x1 + x2, (MILP RESD)

s.t. ∀y1 ∈ [0, 100][∃(z1, z2, b) ∈ Z(x1, x2, y1) : y1 − z1 − z2 ≤ 0],

with the feasible set

Z(x1, x2, y1) = {(z1, z2) ∈ [0, 100]2, b ∈ {0, 1} | z1 − x1 ≤ 0 ∧ z2 − bx2 ≤ 0∧
0.2bx2 − z2 ≤ 0 ∧ y1 − z1 − z2 = 0}.

In (MILP RESD), x1 and x2 represent abstract component capacities, y1 an uncer-
tain demand, and z1 and z2 component outputs, while b models on/off decisions
for component 2 to account for the minimal part load restriction of that component.
Compared with Component 1, Component 2 is half as expensive to install but has a
minimum part load, below which the component has to be shut off.

For simplicity, we assume cost and demand data without reference to real-world
data. Specifically, Component 1 is assumed to cost 2 units, and Component 2 is
assumed to cost 1 unit. Demand is assumed to be in the range between 0 and 100
units and has to be met exactly without curtailment of excess power.

Note that the coupling equality constraint y1 − z1 − z2 = 0, which represents
the no-curtailment constraint, can be handled by applying the approach described
in Section 2.2, i.e., we solve the equality constraint explicitly for z2 and substitute
z2 = y1 − z1 to obtain the following problem:

min
(x1,x2)∈[0,100]2

2x1 + x2, (MILP FEAS)

s.t. ∀y1 ∈ [0, 100][∃(z1, b) ∈ Z f eas(x1, x2, y1) : 0 ≤ 0],
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with the feasible set

Z f eas(x1, x2, y1) ={z1 ∈ [0, 100], b ∈ {0, 1} | z1 − x1
≤ 0 ∧ y1 − z1 − bx2 ≤ 0 ∧ 0.2bx2 − y1 + z1 ≤ 0}.

When substituting z2 = y1− z1 into the SIP constraint, we obtain the trivial constraint
0 ≤ 0, which is always satisfied if the feasible set Z f eas(x1, x2, y1) is not empty.
Hence, (MILP FEAS) ensures that the lower-level feasible set is not empty.

The lower-level feasible setZ f eas(x1, x2, y1) depends on the uncertain variable y1.
As described in Section 2.2, we remove this dependency by moving the constraints
into the objective function of the medial- and lower-level problem, i.e.,

min
(x1,x2)∈[0,100]2

2x1 + x2, (MILP ESIP REF)

s.t. ∀y1 ∈ [0, 100][∃(z1, b) ∈ Zre f (x1, x2) :
max{y1 − z1 − bx2, 0.2bx2 − y1 + z1} ≤ 0],

with the feasible set

Zre f (x1) = {z1 ∈ [0, 100], b ∈ {0, 1} | z1 − x1 ≤ 0}.

and solve it using the ESIP algorithm implemented in libDIPS (Zingler et al. 2023).
The involved sub-problems and the solver settings can be found in Section 1 and
Table 2 of the supplementary material, respectively.

We obtain an optimal system design with x1 = 16.60 and x2 = 83.40, i.e., the
capacity of the more expensive Component 1 is roughly 20% of the capacity of Com-
ponent 2. The fact that the more expensive Component 1 is built allows the system to
satisfy the demand below the minimal part load of Component 2.

If only the vertices of the uncertain demand set {0, 100} had been considered, the
optimal solution would have been x1 = 0 and x2 = 100. However, this solution is not
robust to certain possible intermediate demands. For example, the demand y1 = 15 lies
below the minimal part load of Component 2, i.e., 0.2 · 100 = 20. Since Component
1 would have been installed, this demand could not be satisfied.

Note that the nonconvexity introduced by the minimal part load of Component 2
would not lead to infeasibility without the no-curtailment assumption. If curtailment
were allowed, Component 2 could be operated at minimal part load for demands
smaller than its minimal part load. Consequently, the minimal part load could be
neglected in the medial-level problem, effectively removing the nonconvexity. Thus,
nonconvexities do not necessarily lead to worst-case scenarios that lie in-between
historical scenarios. However, the example highlights that care must be taken when
applying the feasibility time-step heuristic (Bahl et al. 2016; Teichgraeber et al. 2020)
to nonconvex problems.
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3.2 When considering historical data is sufficient

In the previous section, we highlighted how the feasibility time-step heuristic (Bahl
et al. 2016; Teichgraeber et al. 2020) may fail for nonconvex problems. However, there
are special cases for which the heuristic yields designs that are identical to the ones
found by the RESD approach using the convex hull bounding the full dimensional
uncertainty space. In these special cases, the objective function ge(x, y, z) and the
constraints of the lower-level problem need to be such that worst-case scenarios lie at
an extreme point of Yre f . An analogy to this is that the maximum of a convex function
lies at an extreme point of its domain. The identified designs are then robust to all
uncertainty realizations in the convex hull of the considered historical data.

Worst-case scenarios can then be identified by solving the embedded (MAXMIN)
problem, i.e.,

max
y∈Yre f

min
z∈Zepi (x,y)

ge(x, y, z), (MAXMIN)

using vertex enumeration (Halemane and Grossmann 1983), i.e., the vertices of the
feasible set of uncertainty realizations Yre f are enumerated, and the operational prob-
lem is solved for each vertex. It is thus sufficient to examine the historical data that
constitute the vertices of the convex hull and unnecessary to consider the entire his-
torical data set, as it is done in the feasibility time-step heuristic.

There are two special cases for which Halemane and Grossmann (1983) and Bialas
and Karwan (1982) have proven that the worst-case scenarios lie on the vertices of
the feasible set and for which the feasibility time-step heuristic thus leads to robust
designs: (i) if the semi-infinite constraint ge(x, y, z) is jointly convex in y and z and
all other lower-level constraints are convex in z (Halemane and Grossmann 1983), and
(ii) if both the medial-level and the lower-level problem of the (RESD) problem are
linear, i.e., the objectives and constraints are linear and consequently the embedded
MAXMIN problem is a bilevel linear program (BLLP) (Bialas and Karwan 1982).

3.3 Lifting approach for convex lower-level problems

Finally, we introduce a lifting approach to improve the computational performance of
the RESD approach that is applicable if the lower-level problem is convex, i.e., the
operational problem is convex. The motivation for this reformulation is that solving
(ESIP) using the ESIP algorithm proposed by Djelassi and Mitsos (2021), which is
based on the Blankenship and Falk (1976) algorithm, proved to be computationally
slow in our preliminary investigations. Specifically, we found that the majority of the
CPU time to solve the ESIP was spent on the solution of the embedded optimization
problem (MAXMIN), which is equivalent to the semi-infinite existence constraint of
(ESIP), i.e., ∀y ∈ Yre f [∃ z ∈ Zepi (x, y) : ge(x, y, z) ≤ 0].

The lifting approach described in Diehl et al. (2013) allows us to reformulate
(MAXMIN) as a single-level nonlinear program (NLP). To this end, we first refor-
mulate (MAXMIN) as a SIP by writing its epigraph reformulation with the auxiliary
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variable φ (Stein 2003):

max
y∈Yre f ,φ

φ, (ES)

s.t. φ − ge(x, y, z) ≤ 0 ∀z ∈ Zepi (x, y)

We then employ the lifting method (Diehl et al. 2013) to reformulate (ES) into the
NLP

max
y∈Yre f ,z∈Zepi (x,y),φ,λ,μ

φ,

s.t. φ − L(x, y, z,λ,μ) = 0,

∇zφ − ∇zL(x, y, z,λ,μ) = 0,

μ ≥ 0,

μᵀgz(x, y, z) = 0,

with Lagrange multipliers λ and μ and

L(x, y, z,λ,μ) = ge(x, y, z) + λᵀhz(z) + μᵀgz(x, y, z).

Note that ∇zφ = 0 and by substituting φ in the objective function using φ =
L(x, y, z,λ,μ) we end up with the single-level problem:

max
y∈Yre f z∈Zepi (x,y),λ,μ

L(x, y, z,λ,μ), (NLP)

s.t. ∇zL(x, y, z,λ,μ) = 0,

μ ≥ 0,

μᵀgz(x, y, z) = 0

The objective is nonlinear because of the multiplication of the Lagrange multipli-
ers μ and λ with the constraints gz(x, y, z) and hz(z). Note that, contrary to Diehl
et al. (2013), we added the nonlinear complementarity constraints μᵀgz(x, y, z) = 0
since we found this to help convergence in our case study (cf. Section 4). This is an
unexpected result since a major motivation of the lifting approach is to avoid the com-
plementarity constraints, which are numerically poorly behaved (Scheel and Scholtes
2000).

Finally, by replacing (MAXMIN) with its single-level reformulation (NLP), we
obtain the SIP reformulation of the (RESD), i.e.,

min
x∈X ,zs∈Zs (x)

f (x) +
∑

s∈S
fo(zs), (RESD SIP)

s.t. L(x,w) ≤ 0 ∀w ∈ W(x),
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with

W(x) = {y ∈ Yre f , z ∈ Zepi (x, y),λ,μ |
∇zL(x, y, z,λ,μ) = 0, μ ≥ 0,

μᵀgl(x, y, z) = 0}.
(RESD SIP) can be solved using the implementation of the Blankenship & Falk

algorithm (Blankenship and Falk 1976) available in libDIPS (Zingler et al. 2023).

4 La Palma energy system

We now analyze how close the lower-dimensional RESD problem approximates the
costs of the full-dimensional problemaswell as the performance of theRESDapproach
using the example of determining a robust energy system design for the island of La
Palma in the Canary Islands. La Palma is an example of an isolated energy systemwith
significant decarbonization potential. Isolated energy systems are defined by a lack
of connection to a superordinate energy grid and, consequently, a necessity for self-
sufficiency in electricity production.Due to theirmaturity and reliability, diesel engines
have been the electricity generators of choice for many isolated systems (Kennedy
et al. 2017). As of 2021, only 20% of gross electricity production in the whole Canary
Islands was supplied by renewable sources, highlighting the presently strong reliance
on fossil fuels (Gobierno de Canarias 2023a). Furthermore, the Canary Islands have
a high availability of renewable energy resources, especially solar (Meschede et al.
2016), and plans to decarbonize their economy and achieve carbon neutrality by 2040
(Gobierno de Canarias 2023b) have been announced.

We consider the following system components: PV units, wind turbines, diesel
generators, and battery systems.We neglect tomodel the electricity distribution system
and the related transmission losses to keep the computational complexity manageable;
thus, all system components are directly connected to a single node to supply the
island’s energy demand.

We use data for wind speed and global irradiance obtained from the Photovoltaic
Geographical Information System (PVGIS) by the European Union (European Com-
mission 2022; Huld et al. 2012). Furthermore, electricity demand data was aggregated
from the Spanish electricity system operator Red Eléctrica de España (2024). The data
covers the timespan from 2013 to 2019 and is separated into single-day periods with
an hourly resolution. We use 15 representative scenarios in the approximation of the
operational costs, as this number leads to a decent approximation of the load curve
(see supplementary materials, Figure 2). Detailed information about the case study,
such as the modeling of the individual components, determination of cost parameters,
and the overall problem formulation, is provided in Section 2 of the supplementary
materials.

The resulting RESD problem has linear medial- and lower-level problems. Hence,
the lifting approach (cf. Section 3.3), the vertex enumeration (cf. Section 3.2), and thus
also the feasibility time-step heuristic (Bahl et al. 2016; Teichgraeber et al. 2020) are
applicable. We utilize the latter as a reference to solve the full-dimensional problem
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and compare the solution to those of the RESD approach with different degrees of
dimensionality reduction. We do not compare the computational performance of the
feasibility time-step heuristic with that of the RESD approach, as the RESD approach
is generally applicable, i.e., for nonconvex problems, whereas the feasibility time-
step heuristic yields guaranteed robust designs only in the special cases described in
Section 3.2.

The full problem formulation and the application of the reformulation steps
described in Section 2 to transform the embedded optimization problem into a single-
level NLP are provided in the supplementary materials in Sections 2.2 & 2.4. The
resulting (ESIP) and (RESD SIP) are solved with the Blankenship & Falk-based ESIP
algorithm and the Blankenship & Falk algorithm, respectively, using the implemen-
tation in libDIPS (Zingler et al. 2023) and the Gurobi solver version 11.0 (Gurobi
Optimization, LLC 2024). We use a desktop computer with a 4-core/4-thread Intel
i5-4570 CPU with 3.2GHz/3.6GHz base/turbo frequency and 16GB of RAM run-
ning Microsoft Windows 10 Enterprise version 10.0.17763. Optimization settings for
libDIPS and Gurobi deviating from the default values are given in Section 3 of the
supplementary materials; all 4 cores were allocated to the numerical experiments.

4.1 Optimal robust design

First, we briefly analyze the robust design resulting from the RESD approach and
compare it to La Palma’s current energy system. Figure 2 shows the mean and the
standard deviation of the daily electricity demand. Additionally, the 15 representative
scenarios used to approximate the operational costs are shown. The demand varies
significantly over the course of a day, with a multiple-hour-long peak in the middle
of the day between 08:00 and 12:00 and a sharp peak in the evening around 20:00.
The demand data varies between 0.2MW and 44.8MW, with the low value of 0.2MW
being associated with a power outage that occurred on December 11th, 2013.

Figure 3 shows the currently installed capacities as well as the capacities of the
robust design obtained by the RESD approach using 16 time steps and 9 principal
components.

The total annualized costs (TAC) of the RESD design amount to 28.0Me/yr and are
comprised of 19.2Me/yr of capital expenses and 8.8Me/yr of operational expenses.
The average cost of electricity generation is 105.6e/MWh, compared to the actual
average cost of electricity generation in the entire Canary Islands of 161.5e/MWh
in 2021 (Gobierno de Canarias 2023a). Note that the current energy system has an
overcapacity of conventional diesel generators due to some of the generation capacity
being held back as a backup. In the RESD approach, we do not take into account
possible component failures.

In the robust design, the majority of electricity is produced by wind turbines with
50.8%, followed by solar with 41.2%, and diesel with 8.0%. Renewable resources
are preferred over diesel since they have lower variable operational costs. The high
variable operational costs of diesel engines are primarily driven by the price of fuel
and the costs of dispatch emission rights, which are described in Section 2.3 of the
supplementary material. Compared to the current design, the RESD design exhibits
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Fig. 2 Mean and standard deviation of the daily historical electricity demand on the island of La Palma
in 2013-2019. Demand data were obtained from the Spanish electricity distribution system operator Red
Eléctrica de España (2024). Furthermore, the 15 representative scenarios used to compute the operational
costs are depicted as dashed lines. There is significant variation in demand over the course of a day, with a
wide peak during the morning and a sharp peak in the evening

Fig. 3 Installed component capacities for the robust design (blue) identified by the RESD approach using
16 time steps and 9 principal components. For comparison, the currently installed capacities (orange)
(Gobierno de Canarias 2023a) are shown. The current design has much higher conventional generation
capacity. However, plans to switch to higher renewable electricity generation have already been announced
(Gobierno de Canarias 2023b). Note that we did not consider possible component failures in the RESD
approach, and hence do not have backup capacities, which are considered in the current design
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Fig. 4 Average solution times in logarithmic scale for the ESIP and the lifting approach. The average
solution time in seconds is plotted against the number of principal components (PCs) for varying numbers
of time steps. The solution time increases both with an increasing number of PCs and time steps. The lifting
approach scales better with an increasing number of PCs than the ESIP approach

a much higher share of renewable generation, with the renewable energy penetration
reaching 92.0%. In comparison, only 10.3%of gross electricity production inLaPalma
was supplied by renewable sources in 2021 (Gobierno de Canarias 2023a).

4.2 Performance and accuracy

We run the La Palma case study for different numbers of time steps and principal
components (PCs). Varying the latter parameter allows us to determine how the dimen-
sionality reduction influences the computational performance and the accuracy of the
obtained results. We always use five random seeds for the Gurobi optimizer (Gurobi
Optimization, LLC 2024) and average the obtained solution times since solution times
can vary strongly with random seeds depending on the nodes explored by the branch
and bound algorithm.Wemeasure the solution time by taking the ‘CPU time’ reported
by libDIPS (Zingler et al. 2023), which is the sum of the wall-clock times reported by
Gurobi (Gurobi Optimization, LLC 2024) for all sub-problems. Note that we did not
account for the time it takes to calculate the convex hull in the performance evalua-
tions. As mentioned in Section 2.1, with larger latent space dimensionality, the time
to compute the convex hull can become significant compared to the solution time.
Hence, we limited the maximum number of principal components in our numerical
experiments to 9.

Figure 4 shows the average solution time for the ESIP and the lifting approach for
different numbers of PCs and time steps.

As expected, the solution time increases with an increasing number of time steps
and PCs. The ESIP approach shows a very strong increase in the solution time with
an increasing number of PCs. In fact, we could not obtain results for four or more
components with the ESIP approach since the run times became too long. The lift-

123

522



Robust energy system design via semi-infinite programming

Fig. 5 Optimal total annualized cost (TAC) of energy system designs obtained using the lifting approach
against the number of principal components (PCs) for varying number of time steps (top). Dashed lines show
results obtained with the feasibility time-step heuristic (Bahl et al. 2016; Teichgraeber et al. 2020) discussed
in Section 3.2. For a low number of PCs, a significant approximation error can be seen. If the number of
PCs is chosen sufficiently large, i.e., greater than or equal to 5, the TAC of full-dimensional problems is
approximated closely by the RESD approach. Explained variance ratio plotted against the number of PCs
for a varying number of time steps (bottom). A small number of PCs can explain a majority of the variance
in the historical data

ing approach outperforms the ESIP approach if more than two PCs are used. There
is a significant increase in solution time between two and three components. After-
ward, solution time increases more slowly with an increasing number of components.
Furthermore, higher temporal resolutions strongly increase solution times.

The top of Figure 5 shows the optimal TACs of the energy system designs obtained
using the lifting approach plotted against the number of PCs for a varying number of
time steps. As a reference, the results obtained using the feasibility time-step heuristic
(Bahl et al. 2016; Teichgraeber et al. 2020) described in Section 3.2 are shown. The
bottom shows the explained variance ratio.

If the number of PCs is small, the RESD designs have lower TACs than the designs
resulting from the heuristic. This indicates that, for a small number of PCs, the trunca-
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Fig. 6 The maximum energy supply gap for RESD designs with different time resolutions obtained using
the lifting approach, calculated by solving the operational problem for all historical data points, is plotted
against the number of principal components (PCs). The supply gap is large for a small number of PCs,
showing that these designs are not robust. The energy supply gap decreases quickly with an increase in the
number of PCs and levels off close to 0MW at 5 PCs, indicating robust designs

tion error from the dimensionality reduction leads to designs that are not robust. With
an increasing number of PCs, the TAC of the RESD designs quickly approach those of
the designs resulting from the heuristic. In some cases, the TACs of the RESD designs
exceed those of the designs obtained by the heuristic, indicating that the truncation
error can also lead to overly robust designs. Note that relatively few PCs are needed
to account for a majority of the variance in the historical data. With 5 PCs, more than
90% of the variance are explained for all time resolutions. We observe that the TAC
of the full-dimensional problem are approximated closely for all time resolutions if
the number of PCs is chosen such that the explained variance is above 95%.

Figure 6 shows the energy supply gap over the number of PCs for different time
resolutions. The energy supply gap is calculated by solving the operational problem
for each historical data point and selecting the maximum constraint violation.

For a small number of PCs, the energy supply gap is large, i.e., in the order of
multiple megawatts, showing that these designs are not robust. This finding highlights
the tradeoff between a sufficiently accurate approximation of the time-series data and
the computational performance. Importantly, the energy supply gap decreases quickly
with an increase in the number of PCs and levels off around 5 PCs. In fact, for 48
dimensional data, i.e., 16 time steps and 3 quantities (solar, wind, demand), 6 PCs are
sufficient to achieve an appropriate approximation of the full-dimensional problem and
hence a robust design. In some cases, the energy supply gap even becomes negative,
indicating an overly robust design. This is in accordance with the observation that the
TACs for these numbers of PCs are higher than the respective TACs for the designs
obtained by the heuristic.

Choosing the right dimensionality of the latent space is difficult in the case of a
nonconvex problem. However, we note that the energy supply gap approaches zero for
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designs that were obtained with a latent space dimensionality that covers more than
95% of the variance in the historical data. Hence, the explained variance ratio may be
used as an indicator to decide on an appropiate dimensionality of the latent space.

5 Conclusion

Uncertainties introduced by VRES should be incorporated into the design of energy
systems. Previously a priori heuristics, e.g., statistical selection of extreme periods
(Domínguez-Muñoz et al. 2011), or optimization-based heuristics, e.g., the feasibility
time-step heuristic (Bahl et al. 2016; Teichgraeber et al. 2020), have been proposed.
However, a priori methods cannot identify extreme periods specific to the energy
systembecause they are agnostic to its design.Moreover, optimization-basedheuristics
may fail if the design problem exhibits a nonconvex operational problem, e.g., a MILP
resulting from the need to model minimal part loads.

We present the robust energy system design (RESD) approach, a rigorous but
computationally intense approach to identify extreme scenarios during the design opti-
mization. Specifically, we introduce a semi-infinite existence constraint to the energy
system design problem to ensure robustness with respect to uncertainties, resulting in
a tri-level optimization problem.

Our RESD approach for the identification of worst-case scenarios during optimiza-
tion can be seen as a generalization of the finite optimization problem corresponding
to the feasibility time-step heuristic (Bahl et al. 2016; Teichgraeber et al. 2020), which
determines the constraint violation for all historical scenarios and iteratively adds sce-
narios with infeasible time steps as extreme scenarios. However, as we have discussed,
it is only sufficient to check operability with the historical data, or more specifically,
all the scenarios that define the boundary of the convex hull of the historical data,
in the case of linear medial- and lower-level problems or jointly convex medial- and
lower-level problems. The computational performance of the iterative feasibility time-
step heuristic could potentially be improved by using a preprocessing step to identify
and discard some or all data points in the interior. In contrast, our RESD approach
is dedicated to the more general nonconvex case. The MILP example in Section 3.1
demonstrates how components with minimal part load in combination with a no-
curtailment constraint can lead to worst-case scenarios that lie between historical data
and not on the vertices of the uncertainty set. Future work should examine to which
extent the worst-case scenarios for realistic multi-energy systems, which allow for
some curtailment and/or contain storage components, also do not lie on the vertices
of the uncertainty set.

Different uncertainty-bounding methods can be used in the RESD approach. In the
present contribution, we consider the convex hull of the historical data as the possible
uncertainty set, taking advantage of the fact that the describing equations are linear.
Still, the computational effort for solving the RESD problem increases quickly with
an increasing number of time steps.

Computational tractability can be improved by leveraging dimensionality reduction
techniques such as principal component analysis (PCA).While we observe that robust
designs can be obtained even in the presence of rather aggressive dimensionality
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reduction, the use of PCA inherently introduces an approximation error that can lead
to overly or underly robust designs. A suitable dimensionality of the latent space must
be found empirically, and in the nonconvex case, a rigorous criterion for validating
the robustness of an obtained design is missing. However, the explained variance
ratio can be used as an indicator in guiding the selection of an appropriate latent
space dimensionality. Specifically, we found designs obtained with a latent space
dimensionality covering more than 95% of the variance of the historical data to yield
TACs that are close to the TAC of the full-dimensional design.

Although the lifting approach can improve performance if the considered design
problem has an embedded convex operational problem, the applicability of the RESD
approach is currently limited to small problems due to the involved computational
intensity. Furthermore, we found that including the complementarity constraints
improves the performance of the lifting approach. This is an unexpected result, and
it should be investigated if this holds generally. Wider applicability of our approach
could be enabled by faster methods for solving hierarchical programs. For example,
the approach by Seidel and Küfer (2022) that improves the rate of convergence of the
adaptive discretization approach could reduce the long solution times of the embed-
ded MaxMin problem. Furthermore, the integration of bounding approaches that can
handle nonconvexities in the historical data, e.g., holes, as well as the use of nonlin-
ear dimensionality reduction techniques, e.g., autoencoders (Kramer 1991), should be
investigated.
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