
Eur. Phys. J. Plus         (2025) 140:813 
https://doi.org/10.1140/epjp/s13360-025-06457-z

Regular Art icle

Synchronization of the time-delayed Kuramoto model in a regular network

Sara Ameli1,a , Esmaeil Mahdavi2,b, Mina Zarei2,c, Farhad Shahbazi3,d

1 Forschungszentrum Julich GmbH, Peter Grunberg Institut (PGI-14): Neuromorphic Compute Nodes, 52425 Julich, Germany
2 Department of Physics, Institute for Advanced Studies in Basic Sciences (IASBS), Zanjan 45137-66731, Iran
3 Department of Physics, Isfahan University of Technology, Isfahan 84156-83111, Iran

Received: 24 March 2025 / Accepted: 20 May 2025
© The Author(s) 2025

Abstract This study investigates the impact of delayed coupling on the global and local synchronization of identical coupled
oscillators residing in a ring. Utilizing the Kuramoto model, we examine the effects of delayed coupling on collective dynamics.
Our analytical and numerical results reveal distinct synchronization behaviors across various time delay regimes, including fully
synchronized states, helical patterns, dynamically incoherent states, and random phase-locked states. We identify the regime in
which time delay inhibits synchrony, which aligns with theoretical predictions derived from stability analysis. In the region between
the synchrony-possible and synchrony-forbidden zones, a coexistence of synchronized and unsynchronized dynamics is observed,
referred to as chimera states. We ascertain that the type of chimera states present is moving turbulent.

1 Introduction

Synchronization is the coordinated activity of numerous agents that allows systems to function cohesively across various fields,
including biology, technology, and social systems [1–6]. Understanding synchronization is important because it demonstrates how
individual components work together to create collective behavior. Significant research has focused on developing mathematical
and computational models to tackle the complexities of synchronized behavior. These models have taken into account various
factors, such as coupling structures, frequency distributions, noise, inertia, and time delays [7–11]. Incorporating these elements not
only enhances theoretical understanding but also aids in the development of effective control strategies, optimizes performance in
engineered systems, and provides insights into collective behaviors in both natural and artificial environments.

The Kuramoto model serves as a foundational framework for exploring phase synchronization phenomena, utilizing a straight-
forward mathematical approach to analyze the dynamics of coupled oscillators. Originally designed for fully connected networks,
the model has been extended to encompass more complex topologies, offering valuable insights into the principles that govern
synchronization dynamics. Among these configurations, regular networks stand out due to their nodes having an equal number
of connections. This structured connectivity is particularly significant because it fosters localized interactions among oscillators,
thereby improving our understanding of how local dynamics can influence overall synchronization.

Regular networks serve as a strong basis for understanding the fundamental mechanisms of synchronization. They allow
researchers to investigate how uniform connectivity influences collective behavior in oscillatory systems. This framework has
practical applications; for example, certain arrays of Josephson junctions can be effectively modeled as a Kuramoto-type system
with nearest-neighbor coupling [12, 13]. Existing studies have predominantly focused on ring networks, a specific type of regular
network in which each node connects symmetrically to some neighbors. While this one-dimensional topology may appear to be
simple, it reveals a range of intriguing dynamical features. The system’s symmetry enables various dynamically stable stationary
states, each representing distinct forms of collective behavior. Studies have indicated that ring configurations can display multiple
synchronized states, each with unique winding numbers. The winding number, defined as the number of times the oscillator’s phases
complete a full cycle encircling across the ring, serves as a key indicator of phase-locking. Importantly, these states differ not only
in stability but also in the size of their basins of attraction, with higher winding numbers generally associated with smaller basins of
attraction. Additionally, some unstable states have also been identified [14–18].

Incorporating time delays into the Kuramoto model is essential for accurately representing real-world interactions, where com-
munication between oscillators involves finite transmission times. Recognizing these delays greatly enhances our understanding of
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synchronization in various applications, such as neural networks, power grids, arrays of lasers, electronic circuits, and microwave
oscillators, where interactions are inherently non-instantaneous [19–24]. This perspective allows for a more effective exploration
of synchronization while addressing its complexities. Time-delayed systems are mathematically equivalent to infinite-dimensional
systems because the inclusion of delay adds an extra dimension to the phase space. As a result, the current state of the system can
be influenced by its historical state. This added complexity ultimately limits the predictability of the system’s dynamics [25]. The
introduction of time delays leads to various synchronization phenomena, such as multistability, asynchronous behaviors, and the
emergence of chimera states [10, 23, 26, 27]. In these chimera states, certain oscillators synchronize their behavior while others do
not, highlighting the complex dynamics that arise from delayed interactions. This intricate interplay emphasizes the importance of
time delays in influencing collective behavior within coupled oscillator systems. Consequently, this paper focuses on the synchro-
nization of Kuramoto oscillators with time delays in regular networks. The impact of time delay on synchronization in ring networks
has been investigated through both theoretical and experimental studies [28–30]. The stability condition for phase-locked states in
ring networks of identical phase oscillators with delayed coupling has been established, and the attraction basins’ sizes have been
analyzed [28, 29].

In our previous work, we investigated the synchronization of small-world networks composed of identical coupled phase oscillators
using Kuramoto interactions and uniform time delays. For specific intrinsic frequencies and coupling constants, we observed an
enhancement of synchronization across a range of time delays, as well as a discontinuous transition from a partially synchronized
state with defect patterns to a glassy phase. Additionally, we identified chimera states [27]. In this paper, we derive stability
conditions for synchronized states in regular rings with k neighbors using linear stability analysis. We analyze both analytically and
numerically the frequency phase-locked solutions for fully synchronized states. We notice that the time delay affects the winding
number. Additionally, we observe the emergence of turbulent chimera states.

The paper is organized as follows: Section 2 offers an introduction to the mathematical tools to investigate the phase-locked
solutions in the system and evaluate the stability of fully synchronized states based on the phase-locked frequency. Section 3
presents our numerical findings, highlighting the effects of time delay on the winding number. We then explore chimera states,
analyzing their properties and discussing the implications of these different solutions. Finally, we summarize our results in Sect. 4.

2 Model and method

We study the phase dynamics of a network including N identical coupled oscillators with intrinsic frequencies of ω0, and uniform
time delay interaction is described by the delayed Kuramoto model:

dθ ′
i (t

′)
dt ′

� ω0 +
K

ki

N∑

j�1

ai j sin (θ ′
j (t

′ − τ ′) − θ ′
i (t

′)), i � 1, ..N . (1)

where ki , ai j , and τ ′ denote the number of nearest neighbors of the i’th oscillator, the adjacency matrix elements, and time delay,
respectively. Typically, the intrinsic angular velocity of oscillators can be selected from a distribution; however, our focus here is
exclusively on investigating the impact of time delay. Therefore, the oscillators are considered completely identical for this study.
In this work, we examine a circular regular network topology (ring), where all nodes have the same number of connections from
left and right. Therefore, ki is the same for all the nodes, i.e., ki � k.

Defining θi (t ′) � θ ′
i (t

′) − ω0t ′ (rotating frame) and the dimensionless time t � Kt ′, Eq. (1) transforms to the following form:

dθi (t)

dt
� 1

ki

N∑

j�1

ai j sin (θ j (t − τ ) − θi (t) − ω0

K
τ), (2)

where τ � K τ ′ is the dimensionless time delay. From now on, we set K � 1, and investigate the impact of the phase shift ω0τ on
the dynamics.

To quantify the degree of synchrony in the network, we employ the order parameter r(t), defined as:

r (t) � 1

N
|
N∑

j�1

eiθ j (t)|, (3)

where r � 1 represents complete synchronization, while r � 0 indicates an incoherent dynamical state, randomly frozen state, or a
regular phase-locked pattern. The long-time order parameter (r∞) is measured and averaged over a time window �t after the system
reaches its stationary state:

r∞ � lim
�t→∞

1

�t

∫ �t+ts

ts
rdt , (4)

here, ts is the time after which the system’s dynamics have reached a stationary state.
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The average collective angular velocity in the rotating frame can be calculated as:

� � 1

N

N∑

i�1

lim
�t→∞

1

�t

∫ �t+ts

ts
ωi dt . (5)

In our study, we set ts � 5 × 105 and the averaging time window �t � 3 × 104.
To assess the coherence between oscillators i and j, we employ the correlation matrix to determine the local phase configuration.

The correlation matrix element Di j is defined as:

Di j � lim
�t→∞

1

�t

∫ �t+ts

ts
cos (θi (t) − θ j (t))dt . (6)

Here −1 ≤ Di j ≤ 1, where Di j � 1, Di j � −1 denote in-phase and antiphase states, respectively. In the case of no coherence
between the two oscillators, one finds Di j � 0.

The local order parameter Ri (t) defined as

Ri (t) � 1

2m + 1
|

i+m∑

j�i−m

eiθ j (t)|, (7)

indicates the level of synchronization of each node with its 2m nearest neighbors.

3 Results and discussion

To analyze the synchronization behavior, we employ both numerical and analytical techniques. Our primary focus is investigating
how the interplay between network structure and time delay influences global and local synchronization properties. This paper
considers a regular network with N � 1000 and degree k � 10. We take ω0 � π

2 for the intrinsic frequencies of the phase oscillators
in the Kuramoto model.

3.1 Linear stability analysis

We conduct an analysis of the stability conditions pertinent to fully synchronized states through the utilization of linear stability
analysis. By introducing minor perturbations around these synchronized states, we ascertain the stability boundaries corresponding
to various time delays. For phase-locked solutions in the fully synchronized state, the phase of the oscillators after reaching the
stationary state (θ∗(t)) can be written as

θ∗
i (t) � � f t + β, (8)

where � f and β are the frequency of the fully synchronized state and a constant, respectively. Inserting Eq. (8) in Eq. (2), gives
the frequency � f which is the roots of the function F(� f )

F(� f ) � � f + sin(� f τ +
ω0τ

K
). (9)

Since the network is regular, ki � k � 10 is uniform across all oscillators. To check the stability of the obtained solutions, we
introduce small perturbations to the phase of the oscillators in the stationary state:

θi (t) � θ∗
i (t) + ξi (t) � � f t + β + ξi (t). (10)

Inserting the ansatz (10) to Eq. (2) and linearizing this equation, one finds

ξ̇ � cos(� f τ +
ω0τ

K
)(ξ τ − ξ ) − 1

k
cos(� f τ +

ω0τ

K
)Lξ τ , (11)

where ξ̇ �
⎛

⎜⎝
ξ̇1(t)

...
ξ̇N (t)

⎞

⎟⎠, ξ �
⎛
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ξ1(t)

...
ξN (t)

⎞

⎟⎠, ξ τ �
⎛

⎜⎝
ξ1(t − τ )

...
ξN (t − τ )

⎞

⎟⎠, and L is the Laplacian matrix (li j � δi j ki − ai j ). Diagonalizing the

Laplacian matrix, Eq. (11) can be rewritten as

η̇ � cos(� f τ +
ω0τ

K
)(ητ − η) − 1

k
cos(� f τ +

ω0τ

K
)�ητ . (12)

Here, � is the diagonalized Laplacian matrix. It can be shown that the solutions of Eq. (12) are in the form ηi ∼ exp (zi t), where
the exponents zi are the solutions of the following equation

zi − cos(� f τ +
ω0τ

K
)(e−zi τ − 1) − 1

k
cos(� f τ +

ω0τ

K
)λi e

−zi τ � 0, (13)
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Fig. 1 Angular velocity of the
fully synchronized state versus
ω0τ for a regular network of phase
oscillators with degree k � 10 and
ω0 � π/2. Solid and dashed lines
represent the stable and unstable
solutions, respectively. The green
area shows the bistability region
(color figure online)

Fig. 2 a: Long-time averaged
order parameter (r∞), andb:
long-time averaged angular
velocity of oscillators �, versus
ω0τ . The size of the network is
N � 1000, its degree is k � 10,
and the intrinsic angular velocity
of the oscillators is ω0 � π/2. In
both panels, the blue dots denote
the results of realizations with 100
different random initial phase
distributions. The open circles in
panel (a) denote the average of r∞
over the 100 realizations and the
error bars show the standard error
of means (color figure online)

Fig. 3 The probability density function of the angular velocity, p(θ̇), for ω0τ �a 0,b 1.6,c 1.9,d 2.04,e 2.2,f 3.92,g 4.08,h 4.9. The size of the network is
N � 1000, its degree is k � 10, and the intrinsic angular velocity of the oscillators is ω0 � π/2 (color figure online)

in which λi ’s are the eigenvalues of the Laplacian matrix L. The condition for the stability of the solution is that the exponents
zi < 0 for all i � 1, ..., N , otherwise the solution is unstable.

Figure 1 represents the frequency of the fully synchronized solutions obtained by the above procedure for different time delay
values. In this figure, the unstable solutions have been shown as a dashed line. There are two stable branches for the fully synchronized
solutions in the range of shown time delays. These two branches coexist in the interval 2.89 � ω0τ � 4.32, indicating bistability
in this interval.
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Fig. 4 Time evolution of angular velocity of the oscillators in a time window for ω0τ �a 0,b 1.6,c 1.9,d 2.04,e 2.2,f 3.92,g 4.08,h 4.9. The size of the
network is N � 1000, its degree is k � 10, and the intrinsic angular velocity of the oscillators is ω0 � π/2

Fig. 5 Density plot of the correlation matrix elements for ω0τ �a 0,b 1.6,c 1.9,d 2.04,e 2.2,f 3.92,g 4.08,h 4.9. The size of the network is N � 1000, its
degree is k � 10, and the intrinsic angular velocity of the oscillators is ω0 � π/2 (color figure online)

Fig. 6 Winding number of regular
helical states versus the phase shift
ω0τ , for two different initial phase
distributions (a) nonzero winding
number with r � 0 for τ � 0, and
(b) zero winding number with
r � 1 for τ � 0. The size of the
network is N � 1000, its degree is
k � 10, and the intrinsic angular
velocity of the oscillators is
ω0 � π/2
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Fig. 7 Probability density of the correlation matrix elements for ω0τ �a 0,b 1.6,c 1.9,d 2.04,e 2.2,f 3.92,g 4.08,h 4.9. The size of the network is N � 1000,
its degree is k � 10, and the intrinsic angular velocity of the oscillators is ω0 � π/2 (color figure online)

Fig. 8 Temporal evolution of the
local order parameter with 50
neighbors for a ω0τ � 1.84, and
b 1.85. The size of the network is
N � 1000, its degree is k � 10,
and the intrinsic angular velocity
of the oscillators is ω0 � π/2
(color figure online)

Fig. 9 g0(t) versus time step
simulation after reaching the
stationary state and h0 for a:
ω0τ � 1.84, and b: ω0τ � 1.85
(color figure online)

3.2 Numerical simulations

Here, we represent and discuss the results obtained by the numerical simulations. We used the fourth-order Runge–Kutta method
for integrating the differential equations Eq. (2) with integrating time step dt � 0.01. Also, the results obtained from the fourth-
order Runge–Kutta method are confirmed by the sixth-order predictor-corrector method. The initial phase of the oscillators is taken
randomly from a uniform phase distribution in the interval [0, 2π]. The oscillators evolved independently up to the time interval [0,
τ ], with their interaction commencing at t > τ .
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Figure 2 panels (a) and (b) shows the long-time averaged order parameter, r∞, and the average collective angular velocity, �, as
defined in Eqs. 4 and 5, respectively. Outside the intermediate range of delay values (1.73 � ω0τ � 4.08), the system exhibits either
fully synchronized states (r∞ � 1) or incoherent phase-locked states (r∞ � 0). This is evident from the blue dots in Fig. 2a, which
represent the stationary-state order parameter for each individual realization. The black circles with error bars show the average over
all realizations, indicating the typical behavior across different initial conditions. As we will demonstrate later, these correspond to
regular phase-locked states characterized by constant phase differences.

Although the linear stability analysis based on Eq. 13 predicts the existence of synchronized states for all values of the delay, our
numerical simulations reveal a more intricate scenario. In particular, within the range 1.73 � ω0τ � 4.08, the system does not reach
the fully synchronized states anticipated by the analytical approach. Instead, it consistently evolves into incoherent configurations.
This discrepancy likely arises from the fact that, in this parameter range, the basins of attraction for fully synchronized states are
extremely narrow, making them inaccessible from typical random initial conditions.

For 2.2 � ω0τ � 3.6, the order parameter remains exactly zero across all initial phase configurations. At the boundaries of the
intermediate region (i.e., 1.73 � ω0τ � 2.2 and 3.6 � ω0τ � 4.08), the system still evolves into almost completely incoherent
states. In the following, we demonstrate that within this intermediate regime, the system can exhibit a variety of dynamical behaviors,
despite the absence of global synchronization. This “synchrony-forbidden” region has drawn considerable interest due to its rich
dynamics. Yeung and Strogatz employed stability analysis in the infinite-N limit, reformulating the model as a Fokker–Planck
equation to identify the forbidden synchrony regions [23], which aligns with our numerical findings in Fig.2. The origin of this
behavior will be discussed in detail in subsequent sections.

Figure 2b presents the long-time averaged collective angular velocity of the oscillators, measured in the rotating frame, for all
numerically obtained solutions—both coherent and incoherent—as a function of the phase shift parameter ω0τ . This pattern bears
a strong resemblance to the behavior of the angular velocity of the fully synchronized states, analytically computed and shown in
Fig. 1.

It is important to highlight that in the regions where fully synchronized states numerically emerge—specifically, outside the
interval 1.73 � ω0τ � 4.08, where synchronized and incoherent states coexist—the average angular velocities of the synchronized
solutions closely match the analytical predictions presented in Fig. 1. Remarkably, in these same regions, the incoherent states also
exhibit average angular velocities that are nearly identical to those of the synchronized states.

To gain insight into the local dynamics, we present the probability density function and time evolution of the angular velocity of
oscillators for a specific initial phase distribution in Figs. 3 and 4. The panels (a), (b), (e) (g), and (h) in both figures demonstrate that,
for the time delays corresponding to the collective branches, shown in Fig. 2b, the angular velocity of all oscillators reaches a constant
value in the stationary state, which depends on the value of time delay. This indicates that the system remains frequency-locked,
and delay causes a negative shift in collective angular velocity, �, in each branch.

However, the angular velocity probability density functions in the transition regions between different branches are bimodal, as
shown in Fig. 3c, d, f, indicating the coexistence of two major frequencies which are higher and lower than the intrinsic angular
velocity of oscillators. The time evolution plots of the angular velocity of oscillators, illustrated in Fig. 4c, d, f, confirm that while in
some cases there is a coexistence between two groups of oscillators with different angular velocities; however during the dynamics,
the angular velocity of some oscillators transfers between the two dominant values corresponding to the peaks of angular velocity
distributions. Therefore, within the transition regions, one expects no phase coherence among the oscillators.

Figure 5 illustrates the time-averaged correlation matrices D, as defined in Eq. 6. The horizontal and vertical axes represent the
oscillator indices, while the color scale depicts the values of the correlation matrix, forming a heatmap.

In the case of zero time delay, the matrices display periodic stripe patterns of in-phase (red) and antiphase (blue) correlations.
These patterns correspond to the helical phase arrangements that have been previously reported in regular networks [14, 31]. Such
regular helical patterns are observed for time delays associated with the first and third branches of Fig. 2, specifically in panels (a),
(b), (g), and (h).

In contrast, within the middle branch of Fig. 2, corresponding to the range 1.73 � ω0τ � 4.08, the system exhibits a variety
of dynamical behaviors. At the transition points of this region, the correlation is nearly zero for all pairs of oscillators, signifying
a complete lack of phase coherence. In these cases, oscillator phases differ significantly and evolve independently over time. As a
result, the time-averaged cosine of the phase differences between any oscillator pair approaches zero, which is reflected by the green
color in panels (c), (d), and (f).

Notably, within this intermediate delay range, one also observes more structured incoherent behavior, such as the emergence of
a glassy phase, shown in panel (e), where most oscillators become phase-locked despite the absence of global synchrony.

Regular helical patterns are topological and can be assigned a winding number. Considering �i , i+1 � θi − θi+1, the successive
angle differences modulo 2π within the interval (−π , π], we find that the sum over the ring of �i , i+1 results in an integer multiple
of 2π . This leads us to the definition of the integer winding number q

q � 1

2π

N∑

i�1

�i ,i+1. (14)
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Calculation of the winding number enables us to explore how the nonzero time delay modifies the helical patterns. Figure 6 presents
the variation of the steady-state winding number of the regular patterns versus time delay, for two realizations with distinct initial
phase distributions. Both panels show that the winding number changes irregularly when the time delay increases.

In Fig. 7, we present the probability density function of the time-averaged pair correlation matrix elements, denoted as p(D). As
expected, for the regular helical patterns, this figure illustrates a uniform distribution ranging from −1 to 1 for the elements of the
pair correlation function depicted in Fig. 7a, b, g, h.

For ω0τ � 2.2, which belongs to the middle branch of Fig. 2, it is observed that p(D) exhibits a U-shaped distribution (Fig. 7e).
This characteristic signifies a uniform phase distribution, implying that the phases of the oscillators are randomly frozen within the
interval (−π , π]. The sharp peak centered at zero denotes the incoherent dynamics of a small group of oscillators. Therefore, for
this specific time delay, there exists a coexistence of a glassy state and incoherent dynamics.

At the transition points, the distribution p(D) exhibits bimodal characteristics, with one peak centered at 0 and the other at +1
(refer to Fig. 7c, d, f). The prominent Gaussian peaks centered at zero signify the incoherent dynamics of oscillators, while the
smaller peaks at +1 indicate a limited group of synchronized oscillators. The Gaussian peak at zero arises from the central limit
theorem due to the absence of temporal correlation in the phase differences of pairs of oscillators. The coexistence of synchrony
and incoherent dynamics serves as an indicator of chimera states at the transition points. Such chimera states have been previously
observed in the time-delayed Kuramoto model within small-world networks [27]. In the subsequent subsections, we shall investigate,
in detail, the nature of these chimera states and establish their classification.

3.3 Chimera states

Figure 8 presents the temporal variation of the local order parameter as defined by Equation (7) for 2m � 50 neighbors within a time
window spanning from 531000 to 531200 for ω0τ � 1.84, 1.85 at the transition zone. The red regions illustrate a group of oscillators
exhibiting high synchrony. In both instances, one observes the coexistence of coherent and incoherent groups of phase oscillators,
indicating the presence of chimera states. We employ the method proposed by Kemeth et al. [32] to quantitatively ascertain the type
of these chimera states.

We utilize two functions, g0(t) (spatial coherence of neighbors) and h0 (temporal correlation of neighbors), to determine the types
of chimera states. In this context, we initially calculate the distance between neighboring oscillators by measuring the magnitude of
the subtraction of their phase vectors

Si � |eiθi − eiθi+1 |� 2|sin (
θi − θi+1

2
)|, i � 1, ..N (15)

Then, we obtain the probability density function of S, g(t , S), from which we define g0(t) as

g0(t) �
∫ δ

0
g(t ,S)dS, (16)

where δ � 0.01 max S. It is clear that 0 ≤ g0(t) ≤ 1 at time t. In the case of a large difference between neighboring phase vectors,
g0(t) ≈ 0, and when all neighboring phase vectors are very close to each other, g0(t) ≈ 1.

We use the correlation matrix D, defined by Eq. (6), to calculate the temporal correlation of neighboring oscillators. Defining ρi
as

æi � Di ,i+1, i � 1, ..., N , (17)

we can calculate h0 as follows

h0 �
∫ 1

γ

h(|æ|)d|æ|, (18)

in which γ � 0.99 and h(|æ|) is the probability density function of absolute value of ρi ’s.
Figure 9 demonstrates that for both ω0τ � 1.84 and 1.85, the value of h0 is equal to zero, and g0(t) fluctuates irregularly within a

limited range between zero and one at the stationary state. Kemeth et al. [32] discussed that these behaviors of h0 and g0(t) indicate
a moving turbulent chimera state.

4 Conclusion

In summary, we examined the impact of time-delayed coupling on the synchronization of the Kuramoto model within regular
networks, specifically emphasizing both global and local synchronization dynamics. Our investigation yields several key insights
into how time delays affect the collective behavior of oscillators in networks characterized by high clustering coefficients.

In line with earlier findings from small-world networks [27], our current analysis identified distinct dynamical regimes based
on the phase shift ω0τ . When cos(ω0τ ) > 0, i.e., for the intervals 0 ≤ ω0τ ≤ π

2 and 3π
2 ≤ ω0τ ≤ 2π , we observe multistability
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among different topological states, each characterized by an integer winding numbers. A winding number of 0 corresponds to full
synchrony, represented by r � 1, while nonzero winding numbers indicate helical phase-locked states, which result in r � 0.

Conversely, when cos(ω0τ ) < 0, we encounter a region that is considered forbidden, specifically the interval 1.73 � ω0τ � 4.08.
Within this range, the system cannot achieve synchronization, resulting instead in a randomly quenched phase, often referred to as
a glassy state, or a coexistence of the glassy state and incoherent dynamics. These observations align with predictions from stability
analyses conducted in the infinite-N limit, where the system exhibits a clear transition between synchronized and desynchronized
states [23].

The above regimes correspond to three distinct branches of angular velocity in which all oscillators rotate with the same angular
velocity. In each branch, the angular velocity of the oscillators decreases as the time delay increases.

In the narrow transition intervals between these branches, specifically in the ranges 1.73 � ω0τ � 2.2 and 3.6 � ω0τ � 4.08, we
observe a significant number of dynamically incoherent oscillators. Within this group, some smaller clusters of coherent oscillators
form and dissipate over finite time intervals. The distribution of angular velocities in these transition regions is bimodal, indicating
that the oscillators rotate mostly at two dominant angular velocities. We have demonstrated that these configurations represent
chimera states and established that their classes are moving turbulence.

The results of this study provide valuable insights into the complex dynamics of synchronization in regular networks under the
influence of time delays. The identification of synchronization “forbidden zones” and the detailed exploration of local dynamics
underscore the critical role that time delay plays in determining the collective behavior of the system. These findings possess
broader implications for understanding synchronization in various real-world systems, including neuronal networks, power grids,
and communication systems, wherein time delays are inherent due to finite transmission speeds.

Overall, this study contributes significantly to the expanding body of knowledge regarding synchronization in complex networks,
underscoring the necessity for further research into the interplay between different topologies and coupling functions in conjunction
with time delays. Future endeavors could broaden this analysis to encompass more heterogeneous networks, examine the impacts
of nonuniform time delays, or investigate the robustness of synchronization in the face of varying external perturbations. By
persistently deepening our understanding of these dynamics, we can more effectively harness the potential of synchronization in
both natural and engineered systems. Through the adjustment of network structures or time delays, it may be feasible to achieve
desired synchronization states or avert unwanted desynchronization. This consideration could be particularly pertinent in applications
where the maintenance of a synchronized state is imperative, such as in the coordination of distributed systems or the stabilization
of power networks.
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