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Abstract

Random walks are considered in a one-dimensional monotonously decreasing energy
landscape. To reach the minimum within a region ()¢, a number of downhill steps have
to be performed. A stochastic model is proposed which captures this random downhill
walk and to make a prediction for the average number of steps, which are needed to hit the
target. Explicit expressions in terms of a recurrence relation are derived for the density
distribution of a downhill random walk as well as probability distribution functions to hit a
target region () within a given number of steps. For the case of stochastic optimisation, the
number of rejected steps between two successive downhill steps is also derived, providing
a measure for the average total number of trial steps. Analytical results are obtained for
generalised random processes with underlying polynomial distribution functions. Finally
the more general case of non-monotonously decreasing energy landscapes is considered
for which results of the monotonous case are transferred by applying the technique of
decreasing rearrangement. It is shown that the global stochastic optimisation can be fully
described analytically, which is verified by numerical experiments for a number of dif-
ferent distribution and objective functions. Finally we discuss the transition to higher
dimensional objective functions and discuss the change in computational complexity for
the stochastic process.
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1. Introduction

Biased random walks (RW) with varying or decreasing step sizes have been studied
for some time and are known in the mathematics community as Bernoulli convolutions [1-3].
Different scenarios have been studied for 1-dimensional (1d) systems, among them the expo-
nentially decaying step size, which is also known as the lazy or tired random walker [4,5].
For a systematic decrease in step sizes in a random walk, some interesting properties could
be obtained. For a random walk with step sizes dx;, = £A7", 0 < A < 1, the random walk
is bound to a finite region, and for A = 27¥/2, limiting density distribution functions for the
end-to-end distances, i.e., the sum of random steps, could be found, which correspond to
a (k4 1)-times convolution of a uniform density distribution on [—1,1] [6]. As a general
result, it could be shown that for A € [1/2,1], the corresponding density distribution is almost
continuous, whereas in the interval A € [0,1/2], the supports are discrete Cantor sets [7,8].
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First passage time characteristics [9] for random walks with decaying steps in 1d
systems were considered in Ref. [10], where an analogy was also considered for a continu-
ous time random walk with a decaying diffusion constant in time. For the discrete case,
values of A were found, where the mean first passage time undergoes transitions, which
are reflected in ladder like behaviour. Later, memory effects were also studied for random
walks with decaying steps [11] in d-dimensional systems, which is present in these systems
due to the finite extent of end-to-end distance as the step size decays to zero. Correlations
between, e.g., the direction of the first step and end-point position could be computed
analytically. First passage times in 2d and 3d were considered in Ref. [12], where the exit
time from a confined region was considered.

In the present article we first consider a simplified random search model in one-
dimensional space for global stochastic optimisation [13,14], which follows an acceptance
criterion upon a decreasing cost function. It will be demonstrated that the path between
successive steps follows a biased random walk model (only downhill moves are accepted)
with variable step size. It proceeds with the generation of uniform random numbers which
are generated within a finite region () and the minimum region, Q. C (), is searched for
through trial-and-error attempts. Although there were suggestions for improving the
simple search method [15], it is instructive to analyse the underlying method in detail in
order to understand its procedure and efficiency from a formal point of view. In a Monte
Carlo minimisation procedure, the simple global search corresponds to a scheme where
the state of a system S is updated for the case that a state with lower energy is found. The
analogy to a random walk is then given by the fact that the system proceeds in a direction
towards a minimum by progressing with steps of stochastic, but, on average, decreasing
step size. The real experiment will, however, consist of successful trial moves and also
rejected moves resulting from uphill trials, which will be considered separately within the
present analysis.

Therefore, we will consider two different aspects here, i.e., a random search [16,17],
which considers acceptance and rejection of steps, as well as random walk which considers
the succession of accepted steps as a downhill random walk with (on average) shrinking
step size [18,19]. As a result of our analysis the average number of random walk steps as
well as the number of search steps is obtained. For the latter one it is essentially the number
of rejected steps, which strongly increases with the proximity to the target region with
shrinking search space. Therefore, random walks can be modelled as a downbhill process
in a non-zero gradient energy landscape, E(r), having a defined minimum at r. within a
region Q). In the case that E(r.) diverges, it is considered to be ensured that there is a 1,
for which Eq(rg) = max{E(r) : r € Q¢}. This might sound like a rather simple case for
an optimisation problem and various techniques are known to move the system efficiently
towards the minimum state [20-22]. In fact, the equivalence between global optimisation
consistency and random search was discussed in Ref. [23]. The global stochastic search
method is justified in cases where a global minimum is hidden in a complex shaped energy
landscape exhibiting local minima as well as steep or flat energy gradients. Via random
global moves, one can escape from local minima and explore, non-locally, the search space.
It is understood that a pure random blind search is most often not competitive with other
global methods, e.g., simulated annealing [24,25] or genetic algorithms [26,27]. More recent
applications for random search originate from hyperparameter optimisation for machine
learning applications [28,29], where the optimisation process often operates in even higher
dimensional spaces. It was reported that random search might provide a more efficient
procedure than, e.g., grid-based methods [30]. In a recent study, a comparison to the particle
swarm algorithm showed a very similar performance of the random search model for the
hyperparameter optimisation of a convolutional neural architecture [31].
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One motivation for the present study came from atomistic simulations in material
sciences and was targeting a deeper understanding of a real world Hybrid Monte Carlo-
Molecular Dynamics simulation [32-34]. As such, in solids, the stress field, produced by a
dislocation [35] in the centre of the system, distorts the regular lattice of a solid and lowers
the diffusion activation energy for interstitial particles in the lattice, leading to a preferred
diffusion towards the dislocation and giving rise to higher particle concentrations, called
the Cottrell atmosphere [36]. The free energy gradient is thereby superimposed by the
energy barriers, produced by the solid particles in the crystal, which makes optimisation a
non-trivial task.

A similar situation is found for biophysical simulations of protein folding [37-39]. This
is especially so during the equilibration phase, where, e.g., elongated peptide chains are
relaxed into a pre-folded stage, e.g., dihedral bond angles are randomly modified and only
states with smaller energies are accepted. Artificial overlap between particles is excluded
by a rejection step, controlled by the energy change. If the aim of the simulation is to
explore the available energy landscape, a finite temperature is introduced, also allowing
fluctuations in energy with uphill moves, which is controlled by a Monte Carlo Metropolis
criterion [40]. A realistic description also includes correlation effects, induced by particle
interactions on the atomistic level. These effects are not taken into account in the present
article, which focuses on downhill moves in energy corresponding to a minimisation
procedure for a temperature T = 0.

There are a number of established stochastic optimisation procedures available [41]
which have their main application domain. For example, Monte Carlo methods are
often applied to high dimensional problems, appearing in particle simulations where
ground state energies or conformations are of interest. Prominent examples are simu-
lated annealing methods [22], parallel tempering [42] or more general exchange Monte
Carlo methods [43,44]. Other methods for high dimensional or multi-objective problems
include modern bio-inspired methods, like particle swarm methods [45,46] or genetic
algorithms [47].

One leading question is, therefore, how many successful steps of a purely stochastic
optimisation problem are to be expected to reach the target region of the energy minimum.
If a metric can be defined, which measures the distance to the global minimum, every
successful step leads the optimisation process closer to its target. We will first consider the
idealised case of a monotonously decreasing energy landscape in 1d and, consequently, the
step size of successive random steps is, on average, decreasing and therefore provides an
analogy to random walks with decreasing step sizes, where, in the present case, the walk
proceeds only in one direction.

The process description can be mapped to a biased random walk, which only proceeds
if a state with lower energy is found and which ends when a given region in space is reached
during the random process. The variance is thereby related to the average time between
successive events to hit the target. This process, however, is a one-step process in the sense
that only single random events are considered to lead to a target hit. In the present work
we consider a sequence of random events, which successively lead to an approach towards
the target and finally hit. The posed question is as follows: how many of these successive
random steps are needed to hit the target? This random process will be analysed in terms
of interval arithmetics of random sequences with interval width /1, which will lead to a
result of an iterative scheme of sums of interval averages. Continuous processes will result
as a limiting case of intervals, i.e., limy_.g.

It is understood that the outcome of such a random sequence will depend on the
underlying random process, which will also be considered. We start from a uniform
distribution U[0, 1], which serves as a widely used random process, but is also the easiest
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way to explain the procedure of how to compute the average number of steps to hit the
target and their corresponding distribution functions.

In principle we consider a rather simple model of successive steps from a starting
position to a given target region (Figure 1), i.e., given a position x, € [0, 1], the position at
step n + 1 will be at x,,11 = x, — & ¥y = (1 — &p) x4, where &, < U[0,1]. If we consider
the initial position to be given as xg = 1, this gives rise to the random sequence

n
Xn+1 = H (1) ()
k=1
The average position of the random walker at step 7 is therefore given as
o (n k x\k
() = 1 () (0@ @

k=0

For uniformly distributed random numbers ¢ € [0, 1], the factors are found as

o= ([ dxx>k:21k ®

) =1- % (1) 1 @

k=1

so that

From that point of view it is straightforward to compute the average position of a downhill
random walker after n steps. What we are considering here is the average number of
steps to reach a certain target region €. In the former process we consider the number of
steps and ask about the average distance. For the case that all walkers have reached the
target, we derive expressions for the average number of steps (n(e)) they have needed
to finish the walk. In addition we derive probability densities to find a random walker
after n steps at position x and give explicit distribution functions for the probability to hit a
target of size € after n steps. Knowing the density distribution as a function of x, it is also
possible to compute the number of rejected steps between two successful steps, which is
also derived explicitly.

YT NV NN NN

To T T2 T3 Tg4 Ty T € Iy

Figure 1. Schematic illustration of the stochastic experiment for a continuous downhill random walk.
Each walker starts at xyp = 1 and moves from its current position x; towards the origin x = 0 with a
step size 6x; = £ x;, ¢ € [0,1], until the criterion 1 — Y dxy < e is fulfilled.

From the idealised case of monotonously decaying energy functions, we extend the
analysis to the more general case of non-monotonous objective functions, for which the
global minimum is to be found. Since trial moves are performed in a non-local way, i.e.,
each position on the interval has the same probability to be chosen for the next trial move,
we show that we can use the technique of decreasing rearrangement [48-50] to translate the
results from the simplified scenario of monotonous objective functions to the more general
case. In this way, the success of the stochastic optimisation procedure is independent of the
underlying objective function, which leads to rather general conclusions about the effort to
find the minimum in a stochastic optimisation experiment.

From the formalism, which is derived, it is straightforward to consider generalised
types of random walks, having, as an underlying random process, other distributions than
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the uniform one. Although it is not generally possible to obtain analytical results, we give a
demonstration for a triangular distribution function, which is the result of a composition of
two random steps from a uniform distribution. This can be generalised to more complex
underlying distribution functions, e.g., B-Splines [51] or exponential functions, which can
be considered a compound process of individual distributions.

2. Theory

In developing the model, we first consider a system in 1d, defined in the interval
[0,1] and which has an initial state Sy({x}), where the random walkers start at a given
position, e.g., x = 1. For the present system this corresponds to the outer boundary. As a
very simple illustration, the system is characterised by a monotonously decaying function,
corresponding to a particle moving stochastically in an energy gradient. A physical system
at temperature T = 0K would decay continuously towards the minimum position. If
the process of approaching the minimum position is modelled by a random walk, this
corresponds to a downhill walk of variable step size, which is considered in the present
paper. Therefore, stochastically placed random walkers are considered for a downhill
process, i.e., the step size is evaluated in the range éx = [0, x], where x is the current
position of a random walker. In the following we will subdivide the random walk into
moves, which lead closer to the minimum, defined within a region € > 0 in the system
and those moves which lead to larger energy values. If we consider the process as an
optimisation process, in order to find the minimum state of a system, we only accept
those moves, which lead to lower energetic states and reject those which lead to higher
values. Therefore, we can also consider a downhill random walker, performing steps of size
dxn = ¢ xn, where x,, is the current position of the random walker at step n and ¢ < U[0,1],
so that the position at step (n + 1) is given as x,,4+1 = x, — 6x,. The random walk stops if
the condition x;, < € is met, where € > 0 is a threshold value. The question is then, how
many steps on average, (1), are needed to finish the process for a given threshold value €.

2.1. Forward Step Probabilities

We start with a simple discrete system in a one-dimensional setting, defined in the in-
terval [0, 1]. The system is discretised into Ny equally sized intervals of width éx = 1/ Ny,
where the Nj-th interval is defined on [x;_1, x;|. Now, we consider a random experiment of
Ng random events, where particles are thrown uniformly over the interval [0, 1]. Repeating
this experiment a large number of times, in each interval there will be, on average, the same
number of particles, i.e.,

nl(l) = Z\Z\I;i = Nz 6x 5)

1)

with variance [52] Var [n ; } = N/Np (1 —1/Ny). In a second step, we first consider

a subsystem with N; intervals, each populated with a total number of counts nfl). This
number of entries is then thrown uniformly over the intervals j € [1,i], which defines
the second step of the random experiment. Since the total probability to hit any of these
intervals is 1, the probability for hitting any interval j, starting from interval i, is given by

1 . .
Pi,j = ﬁz 7 V] € [1/ l] (6)

@ = 2)
ij ij
interval i. This shows that the probability for transferring the content of an interval with

and therefore, n nl( pij, where n;”’ is the partial population in step 2, originating from

index count N; uniformly to intervals with a lower index does depend on the local index of
the interval via 1/N;. If from each interval the whole content is thrown uniformly over the
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intervals with lower index, this leads to a superposition of contributions, i.e., the interval
Ny only obtains contributions from itself (particles which move on average éx < Ax/2),
i.e., it is diminished further by a factor of 1/ Ny;. The interval Ny;_1 obtains contributions
from itself and interval Nj;. The interval N,;_, obtains contributions from itself and the
intervals Ny;_1, Ny and so on. Finally, the first interval N; keeps its original content
(there is no interval with a lower index) and obtains contributions from all other intervals
i € [2, Np], which individually contribute én; = n vy N; = NN ~;» which results in

L2 Ne
@ _ Ne /1 1
Mol TNy, (NM TNy -1
@ _ N1, 1 1
M2 TNy, (NM+NM—1+NM—2
Ny—1
L2 Ne 'y 1
1 Nt Nyt — k

k=0

A schematic illustrating this process for the first two steps is shown in Figure 2. For this
discrete experiment it is understood that N has to be sufficiently big in order to approximate
(k

n; ) for larger step numbers k as the expectation value of the average number of counts in
each interval.

25

PN, = P2 = 5= P =77

05 [

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

/ 2
] <
1 Nl ! 1 I
PN =N, No-n U PTNMN-on N TN

n=0

Figure 2. Illustration of the basic process for the time evolution of stochastic forward moves. After
the first move, the initial /-function density is distributed as a constant density in the intervals. In the
following steps, the density in each interval i is reduced by a factor Ny —i.

In order to prepare for a continuum random process, we consider a density distribution
(on(x))Ng at step number n inside of each interval as a result of Nz random events. This
density distribution function can be introduced as a continuous function of x € [0, 1]

Nm Ne (k
(pu(ee = 5 g D Z )00 —GK) € [rxial ()

where Nz = lec\]:MLx /6] N¢ (k) and ¢;(k) are random numbers drawn from uniform distribu-
tions in the intervals ¢;(k) € U[0,kdx], k > [x/dx]. In a discrete experiment, the number
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of random experiments, Ng(k), performed from each interval k depends on the current
population, n ]((") , inside this interval. For a sufficiently large number of random events Ng,
we can consider each interval to be populated with the expectation value p, (x) which in

the limiting case is given by

pn(x) = Elon(x)] = lim {on(x))ne (8)
=00
For the discrete system, it is constant within each interval and it is defined to fulfil a
normalisation property

1 M oy
| dxoutx) = )3 [ dxpn =1 ©)

Since the random process only redistributes the density towards the origin, there is a
conservation of mass, so that the normalisation property holds for arbitrary n > 0.

Continuing the random process with a uniform probability distribution from each
individual interval will lead to an ongoing shift in the density towards the origin. If an
e-region is defined as an integer number of intervals, it is understood that in each step there
will be new arrivals within this region, and finally, for n — oo, the whole population will
be located inside the e-interval.

The change in density in the intervals can be described formally by a propagator;
changing the density at position x at step 7 to a different density at step n + 1, and therefore
the total population, in each interval will be given by

Pnr1(x) = P{on; dx}y (10)

where P{p,; 6x}1 is a discrete propagator operating on the space discretised by éx and col-
lecting all contributions from location x to 1. It propagates the current density distribution
within each interval [x; 1, x;] (i € [1, M]) at time step 1 to time step n + 1 according to the
underlying stochastic process and can be defined as

1 M-1 Xit1
Ploworti= Y [ azo0)p(2) an
i=|x/6x] 7%

If we consider the initial step, the density is a §-function distribution at x = 1. From
there, the probability to jump to any location within the interval [0,1] is 1, i.e., any jump of
a random particle, starting at x = 1 will be located within [0, 1]. For the general case of a
particle being located at z € [0, 1], the probability to jump to location x < z is

=p(z)dz (12)

dz
p(x,z)dz = -

and the density distribution after the first random step can be described as

M

prlx) = [ aze0() p(2) 13)
i=|x/dx) < Yi-1
M1 xi 5(1—2)
- ZE/J(i_ldz - (14)

i=I(x)
= 1 (15)
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where we have introduced the notation I(x) = |x/dx] to indicate the left index of the
interval, in which a particle at x is located. At step 7, the density will be given by

My
e = 3 [ dzpa@)p2) (16)
i=I(x) 7 *i-1

If we formally consider the limit of dx — 0, the integral part gets
Xi

lim dz pu(z) p(z) = 0x pu(x) p(x) (17)

6x—0 Jx;—6x

From Equations (16) and (17) the sum is rewritten as the Riemann integral

. M 1
ggoi:lz(x) oxf(x) = [ dzf(2) (18)

so that the combined transition for éx — 0 is written as

= /xl dz py-1(z) p(2) (19)

For the process, which we consider, the probability density is given by p(x) = 1/x.
That is for each interval [0, x|, the total probability to jump from x to any other location
z € [0,x]is Pysx = [y dzp(z) = 1. Therefore we can write

x)I/xl dzp”%(z) (20)

In the initial step the process starts at xp = 1 so that the density is written as
po(x) = 6(1 — x). To illustrate the solutions, we write down the first four terms explicitly:

o1(x) = /1 d;zpozﬁ:/1 dz@:l (21)
pa(x) = / a: 212 /x1 2= = —log(x) (22)
pa(x) = / a2 _ / 4298 _ L jog(xy2 (23)
pa(x) = / dz piz 5 / dz =—310g(X)3 (24)

From the recursive scheme, Equation (20), we can write down an analytic solution for
the time evolution of the density field. Since p(z) = 1/z is given and the density p,11(x)
produces, as a result of integration, powers of # of the logarithm, we first evaluate

/ dz lOg — ( _')_nfl log(x>n+l (25)

from where we get in combination with Equations (21)—(24)

(=" (="t
nl

Pne1(x) = log(x)" or on(x) = W log(x)”*1 (26)

Results for the density distribution function are shown in Figure 3 for analytical and
numerical values from random walk simulations.
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Figure 3. Density distribution as a function of distance for the first six (left) or ten (right) steps in the
random walk. The underlying random process has a uniform distribution function. Different curves
indicate densities after different numbers of steps in the random walk. Symbols represent results
from an explicit random walk simulation.

The distribution function for the number of steps to reach the target within the e-region
is then given as the collection of individual probabilities for n steps and constant distance
x=€<1,i.e,

n n
p(n+1le) = ( nlv) l((igl)(f) (27)
Lo o log(e)t
(=1)" log(e)"

= —_— 28
al ollog(e) (28)
1
_ n ,—|log(e
= —i|log(e)|" 18l (29)
or 1
. _ n—1
p(n;e) = —— €|log(e)| (30)
(n—1)!
Results for the probability density distribution function are shown in Figure 4.
y
05 - - - - - - - - - 1x100
x=2) —— 1x10" E
x=24 1x102 ¢
X= 2:2
< 081 xchs 21x103 |
c \\ x=28 <
3 \ x=29 S1x104 E
1x10°5
1x10°6 3
x=2710
R ; 1x107 | | | | | | ) )
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
no. steps n no. steps n

Figure 4. Probability density distribution for finishing the random walk in a number of steps n
for given sizes of the target region, €. The underlying random process has a uniform distribution
function, U[0, 1].

The shift in n corresponds to the fact that at least one step is needed to move the
random walker to the target, even if € = 1 (it is always assumed that the walker is not yet
inside the e-region in the initial state). This looks quite similar to a Poisson distribution
function p(k; A) = Ake=*/k!, where k is usually a number of occurrences. The present
case corresponds to a shifted Poisson distribution function, where the probability at step
n depends on the (n — 1)-th step. The Poisson distribution function is very well studied
and has, as the expectation value for the number of occurrences, the value A. As shown in
Appendix A, the expectation value and the variance of the current process is given by

Efme] — 1+]log(e)l 61
Var[n;e] = |log(e)] (32)
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We can define a discrete flux into the e-region as the spatial integral over the density
change per unit step for x € [¢, 1], i.e.,

1
jrlmie) = [ dx(on(®) = pusa (1)) 3)
= 7% /l dx(n log(x)"_lJrlog(x)") (34)

which corresponds to the density decay in the region x > €. Figure 5 shows a surface plot
for j,(n; €) as a function of step index and size of target region, which shows that the step
index for the largest rate of change in the system is slowly increasing with reduced €. The
curves for a fixed € thereby obey the summation rule

[ee)

Y jr(me) =1 (35)

n=0

reflecting the fact that on the long term, i.e., n — oo, the whole density in the system will
be located inside the target region €.

03
0.25
02
015
S 01
3 0.05

atio j;(n;e)

flu

2 flux ratio jy(n;€)
pooooo0000
O=NWAOTONOO =

Figure 5. Left: Flux ratio j,(1; €) (blue) describing the change in particle content in the system for
x > €. For a large number of steps 7, the change decreases to 0, but the total amount, i.e., the integral
over the flux ratio tends to 1 indicating that the total amount of random walkers has reached the
target region. The overlayed line (red) indicates the position of maximum flux ratio for a given €.
Right: The integrated part of the flux ratio, adding up to 1 for large times, i.e., the whole density is
moved beyond the limit €. Nearly linear contours reflect a logarithmic dependence of the density

flux as a function of the size of the target region e.

2.2. Number of Rejected Steps

So far, we have considered the density and the probability for accepted random trial
moves bringing the minimum search closer to an e-region, which is eventually reached
after a certain number of steps n. The complete minimisation process would also account
for trial steps which lead to a direction of increasing energy and which are consequently
rejected (Figure 6). For the present study, these steps are considered as rejected as a result
of an acceptance criterion, which only accepts moves leading to lower energies. Therefore,
the question is, how many steps in total would be necessary to bring a random walk inside
the target e-region

o I xI9 XT3 €Iy € Ig
Figure 6. Schematics for a random walk optimisation, where rejected steps (dashed lines) lead to
higher energies (towards left) while jumps towards lower energies (towards right) are accepted (solid

lines), ending in the region x € [0, €].
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The number of average rejections between each accepted step can be computed along
the following considerations. Since we assume a finite interval with a monotonously de-
creasing energy function, one direction from the current position x will lead downhill, while
the other direction leads uphill. As mentioned before, uphill moves might be considered
but are rejected as a valid stochastic move. Therefore, we can compute simply the number
of stochastic attempts until a downhill move is found. If we consider now the whole
configuration space, i.e., states with lower and higher energy, then it is understood that
while approaching the e-region, the number of possibilities to go downhill in energy is
decreasing while the available space with higher energy is increasing. If the trial moves are
selected from a uniform random number generator, the probability to move downhill will
be given by the ratio of lower energy volume, (), to total volume, ()g, and vice versa the
ratio of higher energy volume, Qs\ (), to total volume, )g, to move uphill in energy. If
the current position of the random walker is x, the total probability to generate trial moves
with lower/higher coordinate is therefore given as

Pz<x:/ dz Pz>x:/ dz 36
G<x)=[ d Pe>m=[ @6
For the one-dimensional system defined in [0, 1], considered here, the probabilities are,
therefore, simply the length of regions smaller and larger than x, i.e.,

Pz<x)=x Plz>x)=1-—x (37)

Therefore, the ratio between uphill and downhill steps is then given by the ratio of the
probabilities. For each random walker, the number of rejected uphill steps with respect
to an accepted downhill step is then P(z > x)/P(z < x) = (1 — x)/x. Therefore, if the
probability in step # to find a random walker in the interval dx is given by the density
pn(x), the ratio between the number of rejections to acceptances is given by the integral
over the density multiplied by P(z > x)/P(z < x), i.e.,

Nyej(n;€) = /: dx pn(x) <91c — 1> (38)

(1) (- log(e))"!
(n+1)!

4va4%@rmwmmmMA%@0

((n+1) (e—1) (39)

where Wy (x) is the WhittakerM-function [53,54]. Equation (39) means that after n accepted
trial moves in a stochastic optimisation procedure with the size of the target region €, one
will observe on average 1,,j(1; €) rejected steps before succeeding in a (1 + 1)th successful
move. Since the total integral over the density in the limits [0, 1] is constant (conservation
of mass), the portion of particles reaching the region € is growing with n and so the total
number of rejected particles is decreasing with n. In the long run, it is lim, . p(x > €) =0
and consequently also the number of rejected steps vanishes. Results for Equation (39) are
shown in Figure 7. Note that Equation (39) only provides information about the waiting
times, i.e., the average number of trial moves between two accepted steps. Therefore, the
expectation number of total rejected steps for a random walker until it reaches the target of
size € is given by the sum, i.e., the cumulative function

E [nrej(n/' 6)] = kz nrej(k/' €) (40)
=1
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or, if the total number of rejections is required for a random walker which tries to find a
minimum region of size €

(o]
E [”rej(e)] = § , Nrej (k; E) (41)
k=1
160 !
140! ot 1x10? 2}
x =2’§ gi
=2" 3
120 X225 25
A x=28 1x100 28
2 100t xZ5e A 5o
K H g 2
g 8o x=2 £ 1x102
v T
60 | v
0 1x10™
20 1x10°®
o . . . . )
0 5 10 15 20 25 30 0 5 10 15 20 25 30
no. steps n no. steps n
=1 —
1x10% hop — 1x104 [
n=3
n=4
1x102 =2 1x102 [
n:g —
A 1x10° ne — A 0
'Z’ n;g — g 1x10
Z1x102 - %, ol
C;-_>1x10 ::E1X1° 2
\ \
1x104 | 1104 T
1x10°6 - 15106
1x108 . . . . \ ) ) h . 1x108 . . . . . .
0 01 02 03 04 05 06 07 08 09 1 %107 1x10®  1x10°  1x10% 1x10° 1x102 1x101 1x10°
target size € target size €

Figure 7. Average number of rejected steps for all random walkers in the RW model, i.e., also
including those which have already reached the target region Q). Those which have finished the walk
contribute with zero weight to the average. Different curves show results for different sizes of Q. Top
left: number of rejected trial steps as function of successful RW steps; top right: same as logarithmic
representation; bottom left: average number of rejected steps for active particles as function of target
size, €, for different steps n in the RW; bottom right: same as logarithmic representation. Symbols
represent results from numerical random walk simulations.

This is different if we consider the rejections for those particles which are still active
in the random walk, i.e., all particles at positions x > €. This can be computed if we
renormalise the density to 1 within the interval [e, 1], i.e.,

ROV S & 1
P (n;€) = ng)(n)/e dx pu(x) (x - 1> (42)
with .
ng) (n) = dx pu(x) (43)
o
+(—1og(€)) "2 W,/ (ns1)/2(— 108(6))1 (44)

where we have used the upper index notation “(0)” to indicate that the underlying
probability distribution function is a uniform distribution function. Results are shown
in Figure 8 for both Equation (42) and numerical random walk simulations. The number
of rejected steps is increasing with the number of step size, since the event space which is
available for rejected states, i.e., going uphill in the RW, is increasing. Since the number of
active particles in the RW is decreasing in each step, the RW is finally finishing.
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Figure 8. Number of rejected steps for those particles which are still active in the random walk, i.e.,
those which are not yet in the target region Q). Different curves show results for different sizes of
Q¢ (Equation (42)). Top left: number of rejected trial steps as function of successful RW steps; top
right: same as logarithmic representation; bottom left: average number of rejected steps for active
particles as function of target size € for different steps n in the RW; bottom right: same as logarithmic
representation. Symbols represent results from numerical random walk simulations.

2.3. Triangular Distribution Function

With the formalism derived in the last section, we can now also study different
underlying distribution functions for the stochastic process. The simplest extension from the
uniform distribution function is the triangular distribution, i.e., a B-Spline of order-1. This
distribution function can also be considered as the resulting distribution of the sum of two
uniformly distributed random variates. To compute the successful trial step distributions,
we consider the direction with decreasing step size, i.e.,, we only consider the positive
branch of a centred distribution and write

0 0
W =16+ 2y 5)
In analogy to the case of the uniform distribution, we can write

(1) W )y oy Yo x0(1—2)
@ = [ azpfl @) p Nz =2 [ TR

1 1
pgl)(x) = / dngl)(z) pD(x;2) = 4 / dz X = —ax log(x) (47)
X x Z

1 1
pgl)(x) = /x dzpél)(z) p(l)(x;z) = -8 /x dz xlng(z) = 4x log(x)2 (48)

=2x (46)

1 1 1 1 xlog(z)? 8
@ = [ azpl @) p iz =8 [z TEEL = Zxlog(x)  49)

where we have used the fact that the probability distribution for a forward move is now
pD(x;2) = 2x/22 (50)

The meaning is that x is the position, which collects contributions from random walk
processes, starting from z > x. For a position at z, the total density p,(ql)(z) is moved

towards positions x < z with a linear probability function. Since it is considered that
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the total amount at z is moved, the total probability is normalised to 1, which results in
Equation (50). Constructing a recursive scheme from these terms and from the formalism,
which was derived, the probability to be located at x after n steps is found to be

n

oM (x) = (~1)" ¥ log(x)" ™ meNt (51)

(n—1)!

A comparison between results from Equation (51) and a numerical experiment are com-
pared in Figure 9.

n=1 ——
n=2 —— 1x102
10 n=3
n=4 5
s n=5 i 1x100 -
n=6 —— nel ——
= < n=2 ——
Z 6 Z1x102 | no3
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n=7 ——
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< 1x10°6 | n=9 ——
° ’:>< n=10 1
o ’ ;i vs ; . . . . . .
0 01 02 03 04 05 06 07 08 09 1 1x108  1x107 1x10% 1x105 1x10* 1x10% 1x102 1x107" 1x10°

X

Figure 9. Density distribution of the random walk as a function of distance, x (Equation (51)). The
underlying random process has a triangular distribution. Different curves indicate densities after
different numbers of steps, 1, in the random walk, as indicated in the figure. Symbols represent
numerical results from explicit random walk simulations.

The probability distribution, to be located at a position x after n steps, is then readily
found to be

1)
n (%)
p(n;x) = P ) (52)
Yhet Pzgl)(x)

L2 () leg -
-1 T, (- )-1—(n3"1)!xlog<x>"—1 )
2n71 -

— 7(11_1)!( 1)1 2% log(x)"~ (54)

with mean value and variance (cmp. Appendix A)

E[n; €] 1—2log(e) (55)
Var[n;e] = —2log(e) (56)

The number of random walk steps, which are rejected as a result of moving upwards
in the energy landscape, can be computed in analogy to Equation (38). The number of steps
is then found to be

nﬁel].)(n;e) = /dxpn (1) (57)

)= Lony log(x)"~ 1
/ & (n—1)! (xz_l) (58)
-1 2n+1
- (<n)+1y (2”/2<—10g<X>>”/2 Wiz, i) /2(—2log(x))  (59)

(=2 x (n+1) (—log<x>>")
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where W, /5 (,+1)/2(—log(x)) is again the Whittaker function [53,54]. The first explicitly
(1)

rej (

rejected steps if the random walk has reached 7 successful downhill steps, i.e., particles which

computed terms for n,,’ (n; €) are given in Appendix D. This provides the total number of
have already reached the target region would contribute with zero unsuccessful uphill steps.
If we ask how many steps are performed by those articles which are still active in the random
walk, this can be computed by a normalised density within the active region, i.e.,

AV (ne) = — L /1d (1—1> 60
nre] (7’[, 6) Q((;l) (7’1) c X Pn (x> x ( )
where the normalisation factor, i.e., the integral over the density in the range of x € [¢,1] is
given by
M '
Q) = [ dxpux) 1)
_ €e(=2log(e))"
= RS e(n+1)
+(—21og(€)) "> W, 2 (n11)/2(—210g(x)) (62)

2.4. Polynomial Distributions of Order-k

Applying the same technique to compute densities as before, we write

1
@ = [ a4zl @) pY ) (63)
1 k
= [ a4 10 @) (64)
= G D () ol (65)

where the upper index (k) indicates the polynomial order, i.e., k € N and we have used the
normalised polynomial distribution function (cmp. Equation (50))

k
x
p®(zix) = (k+1) ) (66)
Due to the conservation of total probability to find a random walker in the interval x € [0, 1],
itis fol dxpﬁlk)(x) =1, Vn,k e N.
The probability distribution to hit the target after n steps is given by the sum over all
densities for a given target size € and normalised to 1. Therefore

) o) (x;¢)
p (1’[; 6) = W (67)
Yoz1 pn (x€)
It is found that } ;" ; p,(qk) (x;e) = (k+1)/x, so that
1 B . _
p® (n;e) = [CE] (=" 1 (k+1)" 1 5 log(x)" ! (63)

Results for Equation (68) for the case of a triangular distribution function are shown in
Figure 10.
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It is readily found that the normalisation condition of this probability distribution
holds. The first moments of n are found to be (cmp. Appendix A)

W) = % p®me) =1 (©9)
n=1

W) = % np®(me) =1 (k+1) log(e) (70)
n=1

ygk) (e) = i n? p(k)(n; €)=1-3(k+1) log(e) + (k+ 1)2 log(e)2 (71)

3
Il
—_

from where the expectation value and variance is given as

E[n;e] = 1—(k+1) log(e) (72)
Var[n;e] = —(k+1) log(e) (73)

A comparison between analytical and numerical results of Equation (72) is shown in

Figure 11.
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Figure 10. Probability density distribution as a function of steps of the random walk for given sizes
of the target region €. The underlying random process has a triangular distribution function.
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Figure 11. Average number of random walk steps to hit the target of size e. Compared are results
from numerical simulations for stochastic processes, governed by polynomial distribution functions,
p®) (x) = (k+ 1) x*. Dashed lines show theoretical predictions from Equation (72).

As for the uniform random process, we compute the number of rejected steps before
encountering the next successful step as

1 1
nig(n;e) = /edxp,(qk)(x;e) (x_1> (74)
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k+1)"
= e D ) (- logle
nntl katy2f 1 "z
+W<2, > (k + 1)log(e)> € 1 log(e€) (75)

_w(r ot ka1 i
W<2, > klog(e))e ( klog(e)>

In this expression the integral is carried out over the density in the interval x € [¢,1], i.e., it
does only correspond to random walkers which are not yet finished and therefore, with

(k)
rej
Starting with N random walkers will therefore lead to the total number of waiting steps,

increasing step number 7, the number of rejections, n,,; (n; €), will finally decrease—to zero.
which are accumulated in the experiment. Results are shown in Figure 12 for analytical
results from Equation (75) and numerical values. The number of rejected steps is increasing
with the number of step size, since the event space which is available for rejected states,
i.e., going uphill in the RW, is increasing. Since the number of active particles in the RW is
decreasing in each step, the RW is finally finishing.
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Figure 12. Number of rejected steps for all particles in the random walk, i.e., those which have
reached the target region () and contribute a weight of zero. Different curves show results for
different sizes of (). Symbols represent results from numerical random walk simulations.

To consider the average waiting time for individual random walkers, which have not
yet reached the target region, i.e., those which are still active, we compute the normalised
step number by



Mathematics 2025, 13, 3269 18 of 36

a0 ey = L0,
nrej(n,e)— 0 nrej(n,e) (76)
€

which takes into account a normalised density distribution outside the target region. The

normalisation factor ng) is readily found as

1
ng) = /edxp,(qk)(x;e)

= B o G2y e (—togey )

+(k41)"/2 k172 (_10g(e)/?71) W(;, z -21- 1, —(k+1) log(e))] (77)
Results for Equation (76) are presented in Figure 13 for polynomial distribution functions
of order p = [1,6]. The number of rejected steps is increasing with number of step size,
since the event space which is available for rejected states, i.e., going uphill in the RW, is
increasing. Since the number of active particles in the RW is decreasing in each step, the
RW is finally finishing. In Figure 14 we further compare the number of rejected trial moves
as function of the number of steps in the random walk.
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Figure 13. Number of rejected steps for those particles which are still active in the random walk, i.e.,
those which are not yet in the target region Q.. Different curves show results for different sizes of ().
Top left: number of rejected trial steps as function of successful RW steps; top right: same as logarithmic
representation; bottom left: average number of rejected steps for active particles as function of target size
€ for different steps n in the RW; bottom right: same as logarithmic representation.
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Figure 14. Average number of rejected steps for all random walkers in the RW model, i.e., also
including those which have already reached the target region Q.. Those which have finished
contribute with zero weight to the average. Different curves show results for different sizes of Q.
The number of rejected steps is decreasing with number of step size, after reaching a maximum,
since increasing number of walkers is finishing and therefore the net contribution of active walkers
is diminishing. Since the number of active particles in the RW is decreasing in each step, the RW is
finally finishing. Left: linear scale; right: logarithmic scale (for indicated polynomial degree p).

2.5. The Case of Non-Monotonous Objective Functions

For this case there is no simple way to make an analytical prescription of the density
distribution, since regions in space may contain local minima and the resulting density,
p(x,n), is not simply the integral over a known region of space, from where contributions
are gathered. Each point in space, ¥, is related to an energy, U(x), but the set of coordinates,
i.e., spatial regions for which U(x") < U(x), might not be simply connected, but separated by
energy barriers. Therefore, there is no straightforward way to find the whole set of coordinates
{X'|(U(x") < U(x))}. In order to perform a convergence analysis we consider a transformed
function. The basic idea is to use the concept of decreasing rearrangement [48-50]. To make
this concept more clear, we assume that the function of interest, f(x), is measurable and we
can introduce a distribution function 7i(x) = m{|f| > x}, where m(.) denotes the measure.
Then the rearrangement f* of function f is defined as

f*(x) =inf{z > 0,7i(z) < x} (78)
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The function f*(x) accordingly contains all values of the original function f(x) but in an
ordered way, so that the function is monotonously decreasing. Specifically, the computation
of powers of that function holds

| axlfer = [ axip e 79)

In that way we again consider a monotonously decaying energy function in the
transformed space, for which the same principles apply which we found before. Practically
we introduce a discretisation in space, x;, for the original energy function, where x; is
a coordinate of a node i and the interval width is dx = x;.1 — x; with corresponding
energies U; = U(x;). If we make the assumption that U(x) € C!, the continuous function
is obtained via U(x) = limg,_,0 U;(x;) € R. Therefore the sorted sequence of energies
U = U*(z;) = U(x(z;)) are constructed from a permuted series {z} = {z1,...,z4} +
n({x}) = n({x1,...,x,}), for which

z €{z;,i€[0,1/6x]} with U*(z) € {U*(z;) < U*(zj41),i €[0,1/6x]} (80)

This can be represented schematically as

U(x) W u (Z)

In order to apply the same strategy of analysis, which we have considered before, the
following procedure is suggested. Since we consider a stochastic experiment, where random
variates are generated on the entire interval x € [0,1] and trial moves are only accepted
when a lower energy state is found, we can reformulate the set up of the experiment in the
following way: we consider a sorted energy function in such a way that a transformation
z; = z(U(x;)) is performed , which guarantees that

Uf(z;) —U*(z) >0  z; <z (81)

To compare with the numerical values, we apply a similar procedure as in the stochas-
tic experiment, i.e., we sum all contributions inside an interval dx and assign the result to
the next upper integer interval index. For the analytical result this implies performing an
integral inside the interval [x, x 4 dx|, which allows a direct comparison. For the analytical
result, Equation (26), it therefore follows

. 1 kéx iz o -
pp(n) = E/(kfl)éx zp,(z;€) (82)
_ 1 kox (_1)7171 n—1
= = /(HW &2 gy 08(2) (83)
1 . n=0
(n-1)
(n—1)1 = log"™ (z)

n—2 (_1)n—1—m

Y

m=1

n>0
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This shows that the concepts, which were presented for the monotonously decaying
functions discussed initially, can be transferred one-to-one if we apply the technique
of decreasing rearrangement. Practically, this might be not applicable to an arbitrary
function, for which the minimum is to be found. However, we see that the analysis then
provides a helpful measure to estimate how many steps will be needed on average to
decrease the energy value further if a given number of successful steps has already been
performed. Therefore, the analysis provides a general framework to judge the effectiveness
of stochastic optimisation and shows a kind of worst-case scenario, which can then be put
in relation to other, more efficient methods. Therefore, the analysis provides an analytical
framework for a bottom-line-model, so that by proper analysis of other optimisation methods,
we can quantify how much faster a given method is with respect to simple or blind
stochastic optimisation.

2.6. Model Systems

In this section we apply two different non-monotonous functions as the underlying
potential surface and perform trial moves to minimise the system energy. As described
previously, we use the technique of decreasing rearrangement to demonstrate, numeri-
cally and analytically, the applicability of the formalism, Equation (84), developed for the
monotonously decaying case. In order to obtain sufficient number of experimental data, a
large number (N = 10%) of experiments has been used to exploit the underlying function.
Both model systems show a rough structure with many local minima. The simple goal here
is to demonstrate that the same formalism, which has been developed for the assumption of
monotonously decaying functions can be applied here. In that sense, the global stochastic
optimisation approach, which is analysed here, is agnostic with respect to local minima,
since each point on the function can be reached with the same probability. Therefore, the
technique of decreasing rearrangement can be applied here to demonstrate the convergence
behaviour of global stochastic optimisation on rough functions. The experimental setup
starts with a uniform density distribution, i.e., the initial position is chosen randomly with
a uniform random number generator. If a random move leads to a lower function value, a
counter for the experiment is increased by one and the position of the random position is
stored in a histogram, corresponding to this counter. Therefore, histograms are constructed
for n successful random moves and averaged over all the performed experiments. This
leads to an average density distribution, which can be compared with the analytical density
description, Equation (84).

2.6.1. Model System 1
The underlying test function, U(x), is defined as

M X —C1; X —Co
U(x) = Z”l,i COS(anjlﬂ)—azri sin(Zrc 2 2")

i=1 1,i 2,1
X —C3; X —Cq
+ a3; cos (2 s 3”) X sin (2 s 4'1) (85)
bs,i by,
with Ny = 20. Values for the parameters ay;, by i, cx; are given in Appendix F,

Tables Al and A2. To smoothen the strength of fluctuations, the function was averaged
over 10 cycles via

Ut () = ¢ (U (x = o) +2u® (x) + U (x + o)) (86)

OIS,

where k € [0,9] with U(%)(x) = U(x) from Equation (85) The potential function U(x) and
its sorted counterpart U*(x) are shown in Figure 15.



Mathematics 2025, 13, 3269

22 of 36

95 T T T T

90 | Model 1 .
85 g
80 B
8 75
D 7 3
65 [ g
60 | g
unsorted
551 sorted 1
50 1 1 1 1
0 0.2 0.4 0.6 0.8 1
X

Figure 15. Potential U(x) for model system 1, where the original and the sorted versions are shown
for comparison.

2.6.2. Model System 2
The underlying test function, U(x), is defined as

N, ay

with Np = 20. In order to avoid divergences, the constant term € = 10~8 was introduced.
Values for the parameters ai, by are listed in Appendix G, Table A3. The potential function
U(x) and its sorted counterpart U*(x) are shown in Figure 16. It is to be noted that the
plot shows the absolute value of U(x) on a logarithmic scale, i.e., the highest peak value at
x = 0.85 corresponds to the minimum in the system.

1x108 . . . .
Model 2 unsorted
sorted
1x105 |
__ 1x10t
<
Ko
2
1x10° |
1x102
1X101 1 1 1 1
0 0.2 0.4 0.6 0.8 1
X

Figure 16. Potential U(x) for model system 2, where original and sorted versions are displayed
for comparison. The absolute value of the logarithm of the function is shown, i.e., the highest peak
corresponds to the absolute minimum.

As can be observed for both model systems, the analytical and numerical results
perfectly agree within numerical noise for the smallest values in the histogram of Figures 17
and 18. On the one hand, this is due to the limited number of experiments; on the other
hand, this is also due to the size of the interval (6x = 1 x 10~3), which was chosen in order to
resolve the sharp peaks in the potential function of model 2. In Figures 17 and 18 the density
evolution of the random walkers is shown for different iteration counts. For the model
systems 1 and 2, the global minima are found at x; ~ 0.78 and x, = 0.85, respectively. It is
clearly seen that the density peaks at x; (Figure 19) and x, (Figure 20) is increasing for
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larger iteration counts 711, while the rest of the system shows a strongly decreasing density,
which is indicative for the assembly of random walkers in the global minimum of the
systems. It is again demonstrated that the analytical description of the iteration process is
in very close agreement to the numerical experiment, which deviates only due to limited
statistics and interval width in the histogram.

1x10* T T T T T T T T T 1x10* T T T T
w0zt Model 1 1 1x102 Model 1 i —
« ]
1x10° e N“ ‘“\
MY WY m /V\,W \
1x102 oo W / \ 1x10% BN 1
N\ AT \n W
waod b | Y W k‘ ‘
< \ ‘wv ﬂ | '\\\ < 1x102
o xios || | A } I n=t —— a
1108 | “‘r ﬂ V HM% ” :f 1x10 ]
i 4T heto AN .. .
MD‘OE \”\“ M h=13 —— \f WS R D
1x10°12 \‘ﬂ ‘H u Jn 16 e |
s P11 AL W" W ‘v WO e e e
o o1 03 04 05 06 o7 08 1 0 01 02 03 04 05 06 07 08 09 1
X

Figure 17. Random walker density p(x) for model system 1, where both the original and the sorted
versions are shown for comparison.
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Figure 18. Random walker density p(x) for model system 2, where both the original and the

w2t Model 2 | 1

sorted versions are shown for comparison. Left: real density distribution; right: sorted density with
superimposed analytical result, obtained with Equation (84).
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Figure 19. Comparison for model 1 of numerical and analytical results for the density evolution
of the random walkers after n = [2,5,10, 15] successive trial moves. The lower dashed line marks
a resolution limit which is caused by the number of random experiments, which limits numerical
values to this level.
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Figure 20. Comparison for model 2 of numerical and analytical results for the density evolution of
the random walkers after n = [2, 5,10, 15] successive trial moves.

2.7. Performance Considerations

From the findings it is possible to derive some performance considerations. Until
now the main results which could be obtained were the analytical predictions of the
number of both accepted (Equation (31)) and rejected (Equation (41)) steps. If we consider
the evaluation time of operations for accepted (T;cc) and rejected (t,;) trial moves, i.e.,
Ttot = Tacc 1 Trej, We can give an estimate for the overall performance, measured in execution
time Ty, in terms of €. If we denote the expectation values for the number of accepted and
rejected steps as Ny and Ny,j we can write

Trw(€) = Nacc(€) Tace + Niej(€) Trej (88)

The number of accepted steps has an obvious logarithmic scaling behaviour with €. For the
rejected steps, we will graphically show in Section 3 a scaling of Ny,;(€) ~ €. Therefore,
the performance of the random walk optimisation procedure as described in the present
article has a complexity of O(e~1). As a motivation, we already anticipate here that the
generalisation of the performance to higher dimensions follows a O (e~) behaviour, where
d is the space dimension of the random walker.

3. Outlook for Multi-Dimensional Spaces

A schematic for a two-dimensional search space is illustrated in Figure 21. This can be
easily extended to n-dimensional spaces as n-spheres. Starting from the simple basic idea
of a deceasing energy function, the procedure is then similar than for the one-dimensional
case, where a walker starts from the boarder of a system and proceeds walking until it
reaches an e-region, defined around the global minimum in the system. It is understood
that the initially placed random point can then be considered to be located on the surface of
an n-sphere and that it further proceeds towards the centre of the sphere. From Figure 21 it
becomes conceptually clear that search spaces, (0 C (), can be characterised by isosurfaces,
which enclose only smaller values than the value on the boarder, dQ) . If the system is
spherically symmetric, the only relevant measure is the distance (") = || rfn) — r¢l|,, where
(n)

r

./ is the position of random walker i at iteration step 7 and r. the minimum location.
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Therefore, by transforming coordinates to n-dimensional spherical coordinates, it is only
the radial variable r which is of relevance for the acceptance of steps and not the angular
degrees of freedom. Angular variables can be integrated out, which reduces the problem to
a similar problem to the one-dimensional case. For non-monotonous cases the technique of
symmetric decreasing rearrangement can be applied here [55,56]. In this case Equation (79)
is still fulfilled, so the main properties of the function for the minimisation procedure
should be preserved. Although it is not guaranteed that all transformed functions possess
the continuity property [55], this should not present a problem for the discussion here, since
this was not a requirement for the derived formalism. Therefore, the arguments, which we
used for the one-dimensional case, should also be valid for non-homogeneous functions
in a n-dimensional space. An issue which was not considered in the present article may
occur with constrained-optimisation, including whether constraints can be consistently be
transformed from the original to the rearranged function representation.

: :777.%75 s 1:; T3 To I o
Figure 21. Schematics of a two-dimensional search space with monotonous decay towards the centre.
Starting a random walk from the outer boarder of the system, a next step is accepted for a point closer
to the centre (successive steps are numbered from outside to inside). The one-dimensional case below
can be viewed as successive projections onto the radial direction, linking the multi-dimensional to the
one-dimensional case. Indices correspond to the end-point indices of the 2-dimensional random walk.

A major difference between the one-dimensional case and the n-dimensional system
becomes more obvious for the number of rejected steps between accepted ones. Quali-
tatively, a strong increase in rejected steps is expected, which can be understood by the
increased number of degrees of freedom in higher dimensions. In Equation (37) the ar-
gument was based on the ratio of the volumes between the space which contains smaller
values (e.g., energy) and the volume of space with larger values. During the optimisation
process, (). becomes restricted and shrinks in volume. If a global sampling strategy with
a uniform distribution of random numbers in R¥ is taken, it follows that the probability
for a random walker to move from higher to lower values reduces proportionally to the
volume. If we consider L as an average length scale for each dimension of the volume Q)
and set the total volume of the system to |Q)] = |Q<| + ||Q]>| = 1, then, in analogy to
Equation (38), the number of rejected steps increases as

1 1

Myej(n,x € 00<) = o o7

(89)
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which is a power law relation for the number of rejected steps depending on the dimension-
ality of the system. For our simulated system we can provide a more precise scaling. If we
respect that the system is enclosed by a box [—1,1]?, but the restricted motion of a random
walk proceeds towards the centre of the box by jumping to surfaces of decreasing d-spheres
with volume V;(r) = %/2r?/T(d/2 + 1), we get a scaling relation py(r) = 27/ V,(r) of

_29r(d/2+1)

d(r) - /2 4d (90)

To illustrate this behaviour, numerical experiments were conducted for random sam-
plings in d-dimensional space Q; = [—1,1]%, where a target region Q¢ was defined in the
centre of the box. Numerical simulations were conducted in the same spirit as for the
one-dimensional system, i.e., a random point with coordinate xn = {x; | U(x;) < U(Xn-1)}
was accepted as new minimum value. Figure 22 shows results for number of steps in
dimensions d = [1,5] for both accepted steps (left) and rejected steps (right) as function
target size €. We stress that these are preliminary results, since a detailed, formal analysis
would go beyond the present intention of the work, but it seems obvious that both accepted
and rejected steps follow a scaling relation, which is more obvious for the rejected number
of steps. As was mentioned before, a simple geometric argument provides the asymptotic
scaling for small values of €, which can be verified by the superimposed dotted lines. For
the accepted steps the transition from an accepted sample to a point in n-space with a
smaller energy involves the mean free path from the surface of a n-sphere towards its
centre. As a rough measure we computed the mean step size, (||0x||,) of a random walker
during the minimisation procedure (i.e., mean step size between accepted points {x;, }). In
the figure, the scaled results for n,,; (¢;d)(|[0x||,) /d are superimposed, which show a very
similar behaviour for small value of e. This shows that the number of steps to reach a region
of size € increases as O(d), since the mean step size (||0x||,) only weakly increases with d
(for dimensions d = [1, 5] the values of the steps sizes are in value {1,1.13,1.2,1.24,1.27}).
Note that the scaled value for the one-dimensional case is preserved, since d = 1 and
(6x) = 1. An in-depth formal discussion for this scaling needs to be performed and will be
discussed in a forthcoming work. Here, the intention for the qualitative level of discussion
was to provide an outlook for the more general case in higher dimensions.
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Figure 22. Left: Average number of accepted steps which are needed to reach a target region of
size €. From below to top, curves correspond to dimensions d = [1,5]. An approximate scaling
factor of (6r(d))/d was applied to results for higher dimensions and are compared to case d = 1,
where 0r(d) is the average effective step size in dimension d. Right: Total number of rejected trial
moves in dimensions d = [1,5], which can be fitted asymptotically for small target regions € to
fe) = /7/(2T(d/2+1) %) (dashed lines).
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4. Discussion

We have analysed the process of a stochastic optimisation to find a minimum in a system
with monotonously decaying energy function. Although this is a rather simplistic system,
it provides interesting insights from the perspective of the stochastic process. If only the
successful steps (i.e., accepted steps in the stochastic optimisation process) are considered,
one can consider the problem as a random walk with decreasing step size for the case where
one approaches a minimum in a monotonously decreasing energy landscape. The present
investigation aimed to analyse the procedure of global stochastic optimisation, where uniform
random numbers are generated to find the global minimum. This can be considered a brute
force approach, which is used to find an optimum without any possible guide from the
numerical point of view (e.g., steepest decent methods or guided by gradients [57] or its
stochastic extension [58—60]). The present study is therefore considered as a solvable model
problem, which is able to capture the characteristics of the blind optimisation process. We have
derived expectation values for both the necessary number of successful steps to approach the
global minimum and the number of rejected steps in the system for a prescribed threshold
value €. For the latter one the total number of rejections was obtained from the sum of
rejections between successful steps, a calculation which was based on the evolution of the
particle density distribution during the progression of the random walk.

It is well understood that there are other (and more efficient) methods to find the
minimum state in such a simple system. The present work is intended to provide an
analytical framework for the global stochastic optimisation process, which can be consid-
ered as a reference result for more evolved minimisation techniques which allows us to
better quantify the efficiency gain of a method with respect to the blind optimisation. We
have considered not only the uniform distribution as an underlying stochastic process, but
also more generalised power distributions were investigated, from where, in principle, other
distributions can be constructed. As a general behaviour we have found that the number of
steps to reach the target shows a logarithmic diverging behaviour for vanishing target sizes,
€ — 0. For power distributions with exponent k, it was found that the logarithmic factor is
just multiplied by (k4 1). A very similar result is obtained for the variance, Equation (73),
which, in a way, resembles the scaling factor of a simple random walk in higher dimensional
space. This analogy is not by chance since the power law distribution functions with exponent
d which we have studied are the probability distribution functions for (d 4 1)-dimensional
spaces. This is in line with our findings, as can be anticipated from the qualitative analysis
of the multi-dimensional case; power law distributions will be essential for the study of the
radial component of the random walk. A more detailed study has to reveal more specific
properties of multi-dimensional cases. For a simple symmetric multi-dimensional setup with
monotonic decay towards the minimum, the analysis of the accepted steps in one-dimensional
or multi-dimensional spaces should not be changed. We briefly sketched this argument in
Section 3 to provide a first motivation for further work. A more detailed formal analysis
Eg]) (n; €) between accepted steps in d-dimensional
space is important which will be conducted in a forthcoming work, where we will also sys-

including the number of rejected steps n

tematically study the increase in computational work of stochastic optimisation as a function
of space dimension. A brief outline and motivation for further work is provided in Section 3.

5. Conclusions

Results which were obtained in the present work refer mainly to the one-dimensional
case. A systematic extension of the analysis will allow for the inclusion of local minima or
for rough energy landscapes in higher dimensions. We have already shown in the present
work that by applying the technique of decreasing rearrangement, each rough surface in
1d can be transformed into a monotonously decreasing energy landscape. For a global
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stochastic technique [13,14], where the random walker can reach the whole system in each
step, this implies that rough or smooth energy landscapes do not present a qualitative
difference for the optimisation process. In higher dimensions the technique of decreasing
rearrangement can be formulated in a symmetrised form with sorted level sets along a
radial component. Therefore, a generalisation of the presented formalism could include
the symmetric decreasing rearrangement to relate rough and non-monotonous energy
landscapes to a simple case of a decreasing function. The presented formalism has to be
generalised and to be adjusted. As mentioned before, the decreasing rearrangement is not
considered as a practical improvement in the optimisation procedure, but as a conceptual
tool that the developed analysis has a wider applicability. Furthermore, it is understood
that for most real systems, the position of the global minimum is not known and search
spaces are too large in order to know all function values for sorting before minimising
(this would imply that the minimum could be simply found by sorting). The fundamental
reason for applying the method of decreasing rearrangement is that one can demonstrate
that for the global stochastic optimisation, no qualitative difference between monotonic
decreasing and rough functions is present. Therefore, the conclusion of the study is that
all analytical results, which relate, e.g., to the number of trial moves, are valid for both
types of systems and therefore provides some insight into the number of attempts to find a
minimum or to make a prediction of how many trial moves, on average, are to be expected
if one already has evolved during the stochastic optimisation.

A fundamentally different situation is met when making the transition to local optimisation
techniques [13], where random walkers have a finite range of jumps inside of a finite interval
dx € [—Ax, Ax]. In this case the technique of decreasing rearrangement can only be applied to
the local environment, which, e.g., does not contain the global minimum of the system. Since
the length scale A of roughness is, e.g., not known this will consequently lead to trapping in
a local minimum if Ax < A. Therefore, an efficient scheme would combine local and global
optimisation, which might lead to an increase in accepted steps towards the global minimum,
but might also lead to a decrease in rejected steps (at least for the local moves, because of
reduced search space inside [—Ax, Ax]). This question will also be investigated in future.

In higher dimensions, the global stochastic method, as analysed in the present article,
becomes limited by the number of rejected steps. In Section 3 a brief outline was presented
on what is to be expected for higher dimensions. Preliminary results were obtained on a
numerical basis, which, however, made the inherent limiting factor of global stochastic
methods obvious, i.e., the number of rejected steps, which increases as « (L/r)? when
L is the system size in one coordinate direction and r is the measure for the distance to
the minimum, which is reduced after each accepted trial step (cmp. Equation (90)). It
was observed, however, that the number of accepted steps, which are needed to reach the
target, increases approximately only linearly with the number of dimensions, a fact which
could be used in combination with other methods. As mentioned previously, a next step
can include the combination of global and local search strategies and to analyse possible
benefits from there.

Work in this direction is currently conducted and will be presented in a future publication.
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Appendix A. Norm, Mean Value and Variance for Polynomial
Distributions of Order k

Here, the first three moments, associated with normalisation, mean value y = E[n; €]
and the variance 0> = Var[n; €] are computed for the distribution function, Equation (68)

p(k)(n,.€> — ((;1_);11; (k—|— 1)7171 k1 log(e)”fl (A1)

which is the probability for a stochastic process, governed by variates drawn from a power-
distribution with exponent k, to reach a target region of size €.
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Variance:
varmel = i (e) - (e)? (A8)
= 1-3(k+1) log(e) + (k+1)*log(e)?
—[1—2(k+1) log(e) + (k+1)* log(e)?] (A9)
= —(k+1) log(e) (A10)
Appendix B. Explicit Expressions for Equation (38) (Uniform
Distribution Function)
Nyej(n;€) = ;Zg_i(_el); {(n+1)(e—1)
Ve log(€) "2 W, o, r11) 2 (~ log(€)) | (A11)
The first terms of these expression are given by
no (Le) = —1+e—log(e) (A12)
n02e) = ~1te—clogle)+ 5 log(e) (A13)

= 9(1;6)+ (1-¢) log(e) + 5 log(e)?
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I () PNS oa 3, L 4
- nre]' (31 6) + 6 (1 6) 10g<€> + 24 log(e)
and in general we obtain for n > 1
ey — O 1. e 1—e€ n-1, 1 n
nrej (Tl, 6) - nrej (Tl 1'6) + ( 1) <(Vl _ 1)! log(e) + n! 10g(€) > (A16)
n—1 -1 k
= —1+e) ( k') log(e)*
k=0 "
n 1-e n—1 l n
+(-1) ((n —1)1 log(e)" " + — log(e) ) (A17)
Appendix C. Explicit Expressions for Equation (43) (Uniform
Distribution Function)
NSRS S & 1_
g (n;e) = QEO)(n) /6 dx pn(x) (x 1) (A18)
with
€ (—log(e))" n
QL (n) = LB (/6 (1) o+ (~ 10g()) /2 W2 02~ o(e))] (A19)

The integral in Equation (A18) has been already calculated in Appendix B. The first
terms of the normalisation factor are given by

o) - 1 (20
O1) = 1-¢ (A21)
= Qc(0)—e
@) = 1-e+elogle) (A22)
= Q(1) +elog(e)
é‘” (3) = 1—e+elogle)— %(—:log((—:)2 (A23)
= Q(2)— %elog(e)2
094) = 1-e+elogle) %elog(e)2 + % clog(e)? (A24)
= Qc(3)+ gelog(e)’ (A25)
and in general
) (D K
Qe'(n) = 1—e), = log(e€) (A26)
k=0 "
_1\n—1
= ng)(n -1)— (( _)1)! € log(e)”_1

(A27)
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Appendix D. Explicit Expressions for Equation (A29) (Triangular
Distribution Function)

M) ! 1
My (€)= j dxpn(x) | — =1 (A28)
- (_1)2n+1 on ) B "
= Tt (n+1) (x> — x)(—log(x)) (A29)
—log(x
+x( zg( ) )2 W, /3 (1) 72(—210g(x))
(- 10B(5))" VR Wy a2 o) )
The first terms of these expression are given by
nsj)(l;e) = &2 -2e+1 (A30)
"53/) (2;¢) = —2€%log(e) +€*+4log(e)e—4e+3 (A31)
nS} (3;) = 2¢€%log(e)? —2€? log(e) + €2 —4e log(e)? +8 log(e) e —8e+7 (A32)
el (46) = —(4/3)¢ log(e)® +2¢? log(e)? — 2¢2 log(e) + €2 + (8/3) € log(e)’
—8¢ log(e)? +16 log(e) e — 16€ + 15 (A33)
1% (56) = (2/3)€ logle)* — (4/3) € log(e)® + 262 log(e)? — 2 €2 log(e) (A34)

—(4/3) € log(e)* + (16/3) € log(e)® — 16 € log(e)? + 32 log(e) €
+€? —32¢ +31
ngg; (6;€) = —(4/15)€ log(e)® + (2/3) €® log(e)* — (4/3) €? log(e)® + 2 €2 log(e)?
—2¢% log(e) + €2 4 (8/15) € log(e)® — (8/3) € log(e)* + (32/3) € log(e)®
—32¢€ log(€)? + 64 log(e) € — 64 € + 63

Appendix E. Explicit Expressions for Equation (A37) (Triangular
Distribution Function)

NOVPSRR S & 1
Ry (1;€) = le)(n)/e dx pu(x) (x —1>

o) = W [e (n+1) + (=2 log(€)) ™2 W,/ (s1) /2(—210g(x))}

(A35)

(A36)

(A37)

The integral in Equation (A36) has been already calculated in Appendix B. The first

terms of the normalisation factor are given by

Q) = 1
o) = Q)¢
= 1-—¢?
oM@2) = oW(1)+2log(e)? e
= 1-¢€*+2log(e)€
Wiy = oM(2) -2 log(e)?e?
= 1-—¢€*+2log(e)?e? — 2 log(e)?e?

O) = Q@)+ 3 logle)’e

(A38)
(A39)

(A40)

(A41)

(A42)
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= 1-¢€>+21log(e)*e® — 2 log(e)?e* + % log(e)3€?
and in general we obtain

Wy = oW1 " 2 -

D) = oln=1) = 257 € logle) (A%3)
n—1 k
-2

= 1-¢ k;) ( k!) log(e)* (A44)

Appendix F. Parameters for Model System 1

Values for parameters a;, b; and c;; which are enter Equation (85) are listed in
Tables A1 and A2.

Table Al. Parameters 4, and b; , for Model System 1.

Index k a1k a2k a3k bk bk b3 k by
1 4.390 7.485 7172 10.501 10.520 6.469 26.330
2 7.562 5.198 7.125 5.699 6.560 17.444 9.216
3 3.560 5.718 6.498 0.196 11.836 25.204 25.299
4 0.348 9.913 20.987 14.443 6.511 23.996 4.783
5 2.701 3.516 14.768 1.068 15.402 22.369 23.881
6 6.436 4.363 11.032 3.718 5.238 19.290 14.675
7 6.366 2.794 11.240 9.437 8.692 4.293 20.627
8 0.950 10.004 3.941 5.471 7.078 32.063 5.442
9 9.331 3.123 10.241 9.219 1.181 0.349 9.100
10 0.793 3.135 4.787 0.044 4911 1.103 25.434
11 2.726 2.654 3.443 6.444 3.717 36.231 21.825
12 3.563 2.159 9.255 5.203 11.723 11.998 15.442
13 6.456 0.505 12.519 12.686 7.317 22.017 19.387
14 7.638 11.257 1.476 5.383 2.881 34.070 10.467
15 7.807 1.960 9.229 10.998 0.703 37.445 17.563
16 2.794 4.799 20.585 10.644 12.639 14.420 14.609
17 4.875 1.511 3.925 6.252 5.693 4.068 19.079
18 8.359 5.932 7.686 1.407 13.970 32.728 7.608
19 3.259 3.684 2.626 13.292 3.240 14.631 11.557

20 4.522 2.241 3.768 0.131 3.063 11.810 9.459
Table A2. Parameters c; ; for Model System 1.
Index k C1k Co c3k Cak
1 19.747 8.464 13.329 3.276
2 3.294 7.085 5.882 10.901
3 5.178 7.872 7.003 7.783
4 21.753 8.916 0.130 5.083
5 21.825 7.214 12.359 3.667
6 14.217 13.327 1.208 6.384
7 20.605 13.681 12.093 6.801
8 11.037 7.927 2.617 3.041
9 8.160 3.556 9.284 4.364
10 10.838 10.837 6.507 3.989
11 0.201 0.217 10.883 11.858
12 18.857 8.278 9.495 3.637
13 20.370 3.550 7.205 7.519
14 6.037 6.987 5.145 14.307
15 10.168 3.974 5.424 8.345
16 15.246 9.316 4.405 8.951
17 4.617 9.981 3.281 4.641
18 15.746 0.094 9.423 11.156
19 0.451 8.705 8.303 0.113
20 5.751 13.332 7.369 2.097
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Appendix G. Parameters for Model System 2

Values for parameters a; and by which enter into Equation (87) are listed in Table A3.

Table A3. Parameters for Model System 2.

Index k ay by
1 0.467 0.218
2 0.632 0.685
3 0.058 0.582
4 0.851 0.119
5 0.165 0.458
6 0.302 0.720
7 0.187 0.872
8 0.543 0.446
9 0.880 0.952
10 0.852 0.845
11 0.215 0.334
12 0.094 0.328
13 0.220 0.294
14 0.900 0.636
15 0.145 0.704
16 0.476 0.012
17 0.414 0.836
18 1.000 0.888
19 0.269 0.830
20 0.899 0.804
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