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Excess quasiparticles and their dynamics in the presence of subgap states

P. B. Fischer

1.2 and G. Catelani®'-3

VJARA Institute for Quantum Information (PGI-11), Forschungszentrum Jiilich, 52425 Jiilich, Germany
2JARA Institute for Quantum Information, RWTH Aachen University, 52056 Aachen, Germany
3Quantum Research Center, Technology Innovation Institute, Abu Dhabi 9639, UAE

® (Received 13 May 2025; accepted 10 September 2025; published 26 September 2025)

Material inhomogeneities in a superconductor generically lead to broadening of the density of states and
to subgap states. The latter are associated with spatial fluctuations of the gap in which quasiparticles can be
trapped. Recombination between such localized quasiparticles is hindered by their spatial separation and hence
their density could be higher than expectations based on the recombination between mobile quasiparticles. We
show here that the recombination between localized and mobile excitations can be efficient at limiting the
quasiparticle density. We comment on the significance of our findings for devices such as superconducting
resonators and qubits. We find that for typical aluminum devices, the subgap states do not significantly influence

the quasiparticle density.
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A finite energy gap for excitations is what makes super-
conductors attractive materials for realizing electronic devices
with low losses. At temperature T approaching the critical
one (T.), quasiparticle excitations are a significant source of
losses, but because of the gap, at T < T, the number of quasi-
particles is exponentially suppressed in thermal equilibrium.
However, experimental evidence points to a low-temperature
density of quasiparticles much larger than expected in de-
vices such as qubits and resonators. Various nonequilibrium
mechanisms are being investigated as sources of excess quasi-
particles, such as environmental and cosmic radiation [1-3],
pair-breaking photons [4-7], and phonon bursts [8,9], and
the quasiparticle dynamics can be studied even in the few-
quasiparticle regime [10]. The basic model for the dynamics
of the quasiparticle density n as function of time ¢ was
introduced long ago by Rothwarf and Taylor (RT) [11]: quasi-
particles created at a rate G recombine pairwise, leading
to a rate equation dn/dt = G — Rn®> with R the recombina-
tion coefficient; in the steady-state dn/dt = 0, the density is
determined by the competition between generation and re-
combination, n = \/G/R. More recently [12,13] it has been
argued that a thorough understanding of the experimental
evidence requires extending this simple model, in particular
to account for inhomogeneities in the superconducting gap,
for which there is direct evidence in strongly disordered su-
perconductors [14]; in fact the devices studied in Ref. [13]
were fabricated with highly disordered granular aluminum.
The gap inhomogeneities can be due to spatial variations in the
concentration of magnetic impurities [15] or in the strength
of the pairing constant [16]. For concreteness, in this work
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we focus on weak magnetic impurities, but the results are
straightforwardly applicable to the other case.

Magnetic impurities have long been know to suppress T,
with increasing concentration [17]; here we are interested in
how they affect the density of states (DoS). According to
Bardeen-Cooper-Schrieffer (BCS) theory, in the absence of
magnetic impurities the DoS is characterized by a square-
root divergent peak at an energy A. Using the approach of
Abrikosov and Gorkov (AG) [18,19], extended to account
for fluctuations in the concentration of impurities [20-22],
it can be shown that a sufficiently high concentration of
magnetic impurities weakly coupled to the conduction elec-
trons [22] modifies the DoS in two ways (see Fig. 1 left):
first, they broaden the peak by changing the square root di-
vergence to a square root threshold at energy E, = A(l —
n*3)2 < A; this broadening depends on the average im-
purity concentration and is quantified by a dimensionless
pair-breaking parameter n = 1/1;A, where 1/t is related to
the exchange interaction part of the total scattering rate of
electrons by impurities; we set the reduced Planck constant
i and the Boltzmann constant kg to one throughout. Second,
spatial fluctuations in the impurity concentration cause lo-
cal depressions of the energy gap where quasiparticles can
be trapped (see Fig. 1 right), since the states in these lo-
cal depression are subgap (that is, they have energy smaller
than E,); the subgap states add to the DoS a compressed-
exponential “tail” decaying over an energy scale e7 < n*3A.
According to Ref. [12], the spatial separation between “lo-
calized” quasiparticles trapped in the subgap sates hinders
their recombination; this reduction of the quasiparticle re-
combination rate then leads to an increase in their number
above what is expected for “mobile” quasiparticles of energy
E > E,. In this work we revisit the role of localized quasi-
particles in determining the overall quasiparticle density and
discuss the implications of our results for superconducting
devices.
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FIG. 1. Left: Average density of states as function of energy,
showing the AG broadened peak above E, and the subgap tail below
it. The different background colors are used to distinguish local-
ized (red) and mobile (blue) quasiparticle states. Right: Local value
of the gap as function of position; also depicted are the various
processes affecting the quasiparticle densities, namely recombi-
nation between localized (recombination coefficient I';;) and/or
mobile (I',; and I',,,) quasiparticles, localization (rate I'j,.), and
excitation (ey).

A phenomenological model generalizing the RT one can be
straightforwardly written down for the dynamics of the densi-
ties of localized (x;) and mobile (x,,) quasiparticles [13,23]

a’x; )

o Diocxm — Dexxt — Upuxpx; — Tyxp + g1, (1)
dx,, 2
7 = lﬂex)cl - l—‘loc:xm - lexmxl - mexm + 8m- (2)

Here, the densities x, = ny/ncp, @ =1, m, are normalized
by that of the Cooper pairs nc, = 2vA, with v the DoS per
spin at the Fermi energy, I'ex denotes the rate for excitation
from a localized to a mobile state, I, the rate for the inverse
(localization) process, I'yg, @, B =1, m, the recombination
coefficient between localized (/) and/or mobile (m) quasipar-
ticles (see Fig. 1 right), and g, the rate at which quasiparticles
are generated by some pair-breaking mechanism. In the ab-
sence of localized states (x; = 0 = I'}o¢), the model reduces
to the RT equation. In contrast, the authors of Ref. [12] as-
sumed that quasiparticles are generated at high energy only
(g = 0) and quickly localize (I'ioc > [puxs, UpmXm); with
these assumptions, and if excitation can be ignored, Egs. (1)
and (2) approximately reduce to dx;/dt = g, — ';x?, again
taking the RT form. Although direct comparison with the
approach of that work is not straightforward, its main insight
can be qualitatively expressed by saying that effectively the
recombination rate I';; depends on the generation rate through
the dimensionless parameter k = (ncpr? )>gm/Tmm, Where r,
denotes the relevant radius of the localized states, which is
expected to be of order the coherence length & for the dis-
order strengths at which, as we will show, this regime can
be relevant and a few times & for weaker disorder. Then for
K > k. Ref. [12] concludes that I';; >~ I',,,,,, while for ¥k < «,
the relationship becomes I';; >~ Iy, g(k) with the function
g(k), whose concrete form is not relevant for our purposes,
being always smaller than unity. The crossover value k. was
estimated from simulations of the recombination process be-
tween localized quasiparticles to be of order «. ~ 107*. The
arguments in Ref. [12] were developed using formulas for
bulk superconductors which can be generalized to effectively
two-dimensional films of thickness less than the coherence
length [23]. We note that strictly speaking I';; accounts for

recombination between quasiparticles located in different
traps; recombination within a trap could be enhanced (cf.
Ref. [24]), but this does not affect our arguments [23].

In considering the relevance of the results of Ref. [12]
to experiments, one should examine whether the assumption
of fast localization is justified, since the relaxation rate of a
quasiparticle due to phonon emission decreases strongly with
energy upon approaching the superconducting gap [25]. More
recently, it has been shown that the absorption of low-energy
photons can lead to a finite width (that is, an “effective temper-
ature”) of the quasiparticle distribution even if the phonons are
assumed to be at zero temperature [26]; similarly, high-energy
photons responsible for quasiparticle generation generally
lead to a distribution with finite effective temperature [27].
A natural question then is: under which conditions [e.g.,
relation between (effective) temperature and typical energy
er of the subgap states] can localization significantly affect
quasiparticle dynamics? The goal of this paper is to study such
dynamics taking into account states both above and below E,.
To this end, we need microscopic estimates for the coefficients
entering Egs. (1) and (2); such estimates can be obtained using
a kinetic equation approach (see for instance Ref. [28]). Here
we discuss the values of the rates, presenting more details in
the Supplemental Material [23].

The recombination of two quasiparticles is accompanied
by the emission of a phonon. The strength of the electron-
phonon interaction is typically quantified by a time 7y [25-27]
in terms of which we have for the recombination coefficient of
mobile quasiparticles ', >~ r with r = 4(A/ T.)} /7. In thin
superconducting films the parameter r can be reduced due to
so-called phonon trapping [29]; it could also be affected by
the concentration of implanted impurities [30]. Therefore, we
will assume that r is determined experimentally for a given
material and film thickness. Moreover, using the approach of
Ref. [12] we find that I",,; >~ T',,,,,. Regarding I';;, as discussed
above we have I';; < Iy the possible ineffectiveness of
phonon-trapping for recombination involving localized quasi-
particles [24] could lead to this inequality being violated,
but this does not invalidate our results, as we discuss in the
Supplemental Material [23]. Clearly, a finite value for I';; can
only lead to a lower density of localized quasiparticles, so an
upper bound for x; is obtained by setting I';; = 0. Concerning
generation, similarly to Ref. [12] we set g; = 0; we discuss
in the Supplemental Material [23], for both thermal phonons
and pair-breaking photons, under which conditions g; < g,
so that our assumption gives a reasonable approximation.

Turning to the localization and excitation rates, we note
that the latter vanishes in the limit of zero phonon temperature
T and assuming that no nonequilibrium mechanism such as
stray photons can give energy to the trapped quasiparticles.
Below we will consider first the case I'ex = 0 and then the
effect of a finite excitation rate, in particular due to thermal
phonons. The localization rate can be estimated from [23]

2 oo
FlocXm = A f dE pa(E)f(E)tpl (E), 3)
Eg

where E is the energy measured from the Fermi level, p4g
is the AG DoS (cf. Fig. 1 left), and f is the quasiparticle
distribution function; the energy-dependent localization time
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Tioc X Tg accounts for the electron-phonon interaction and
depends on the (disorder-averaged) density of states of the lo-
calized states (normalized by the normal-state DoS v) [16,20—
23]

- aq <ET)]/2..W ~2—d /4
~—(— - 4
p@= S5 (F) Eenla @

with d = 2, 3 the effective dimensionality of the system (d =
2 for films of thickness less than the coherence length), oy =
[d(10 —d) —12]/8, a, =~ 0.32, a3 ~0.53, and € = (E, —
E)/er, where the energy scale €7 depends on the strength of
the disorder and its fluctuations [23]. For quasiparticles with
energy close to E, (E, < E S A) we estimate

o aa e[ (et DY
thC(G)NrS_d(A) r(=g=7")e

Aay +2) 4oy +3)
m(_g_d )e”(_g_d )] )

where € = (E — E;)/er and the symbols I" within square
brackets denote the gamma function. A more general discus-
sion of the relation between localization rate and electron-
phonon interaction is given in the Supplemental Material [23].

If the time 73, were independent of energy, we would sim-
ply have I'joc = 1/710.. Here for our purposes we establish an
upper bound on I, by considering the competition between
localization and relaxation of a mobile quasiparticle into mo-
bile states. Considering again quasiparticles with energy close

to E,, the rate 7,, ! for the latter process is

iy b 2 (Y
7'(6) = o 3(A) 72, 6)
We define the crossover (normalized) energy €. by the
equation Tyoc(€.) = T(e.) [€c = 3.55(2.32) for d =3 (2)];
quasiparticles with energy € > ¢, will more likely remain
mobile after emitting a phonon rather than localize, while
the opposite holds for € < €.. Therefore, the relevant energy
range determining localization can be taken between € = 0
(E = Eg) and € ~ €.. Since rlgcl is an increasing function of
energy, we conclude that T < rlgcl (€.); in what follows, we
will take T}, to be given by the upper bound,

Dioe 2 bar(er/A)'?, @)

with b3 >~ 2.62 and b, >~ 0.59.

Next, we study the steady-state density as predicted by
Egs. (1) and (2) when I'ex = 0. Let us assume that the gen-
eration rate is large enough that I'j; >~ r; then taking the sum
of the two equation we find the steady-state total density
X = X, +X; = +/gu/7, independent of the localization rate.
However, the densities of the two components depend on the

latter,
m 1 m B
=B = B ®)
rl+g rl1+4+p

with 8 = T'ioc//gmr- When 8 < 1, most quasiparticles are
mobile and the density of localized quasiparticles is small,
X1 >~ Do /7 K Xy In fact, in the regime of small B the
effect of I';; can be ignored (at leading order); this can be
understood by noticing that the recombination rate for mobile
quasiparticles r,’l = rxy, >~ ./gmr is large compared to iy,

| crcrccocoCOCCCTOTR S

1
g

FIG. 2. Diagram representing the various regime possible de-
pending on the values of parameters § and «. The background
color denotes quasiparticles being mostly mobile (blue, 8 < 1) or
localized (red, 8 > 1). Only when 8 > 1 and « < k. (lower right
quadrant), the density can be influenced by the suppression of re-
combination between localized quasiparticles discussed in Ref. [12].

and therefore most quasiparticles recombine before they have
a chance to localize

As the generation rate decreases, the regime 8 2 1 can
be reached. The expressions in Eq. (8) still apply so long
as k = k.; interestingly, when both B8 and « are large, we
get x,, =~ gm/Tloc and the localized states effectively acts as
quasiparticle traps, which would beneficial for qubits [31].
If «k <k, and B 2 1 the mechanism discussed in Ref. [12]
could become effective at suppressing [';; below r; since in
this fast localization regime we expect x,, < x; and the density
to decrease monotonically with decreasing generation rate, an
upper limit on x; when « < «. and 8 2 1 is always given by
its value estimated when these parameters are of order unity,
namely

X1 S Toe/ 1. 9)

We stress that only if the (total) density is below this up-
per limit, the mechanism considered in Ref. [12] could
be relevant, since if the density is higher, x; is deter-
mined by the competition between localization of mobile
quasiparticles and localized-mobile recombination, while
localized-localized recombination can be ignored. We sum-
marize the possible regime for the quasiparticle densities in
Fig. 2.

We now consider the effect of a mechanism exciting quasi-
particles from localized to mobile states. If k¥ > «, the results
in Eq. (8) generalize to

x,,,:\/@i, xl=\/§L~, (10)
r1+pg+p r1+pg+8

where B =T/ A/&mT- Not surprisingly, the excitation pro-
cess increases x,, at the expense of x;. Concerning the value
of the excitation rate I'¢x, we note that at sufficiently low
temperatures, T < €7, phonon absorption is not effective at
delocalizing quasiparticles; then absorption of photons with
energy wo > €y should be taken into account, as done in

L100507-3



P. B. FISCHER AND G. CATELANI

PHYSICAL REVIEW B 112, L100507 (2025)

fact in Ref. [13] for resonators. For such devices, one can set
['ex = I'oii, where 7 is the average number of photons stored
in the resonator and I'y is in general a material- and geometry-
degendent parameter; it can be related to the coupling strength

C}?hot [32] between the photons and the quasiparticles, 'y =

cl?;)ﬁ&A Jwo (here we assume wy > n*/°E,); for aluminum

resonators, we estimate 'y ~ 10-1-1072s~!. As temperature
increases above er the photon absorption rate should be com-
pared to that of thermal phonons,

T 7/2
r ZaTr(K> (11)

with ar ~ 0.76 for e « T < Ap*? and ar ~0.66 for
An?? « T « A (the latter value is as for BCS superconduc-
tors [25]). Note that in writing Eq. (7) we assumed T « €7;
in the regime e7 < T < An?/3, we have I'o. < '] [23] and
hence B < B, implying x; < x,,, cf. Eq. (10).

The model in Eqgs. (1) and (2) makes it also possi-
ble to calculate the relaxation rates A;, i =1, 2, of the
quasiparticle densities towards the steady state, x, () ~ Xy +
8x01(0)e™" + 8x4(0)e™!, where X,, o =1, m, are the
steady-state densities and x,;(0) account for deviation from
the steady state at time ¢ = 0. Assuming x > k. so that all
the recombination rates take the value r, by linearization
around the steady state we find A; = 2rx and A = [ +
[ex + rx [23]. The rate A; coincides with that of the original
RT model and represents the relaxation of the total density x,
while A, is the decay rate of the “differential” mode for which
8x; = —8x,,; that is, A, governs the return to the steady state
when quasiparticles are exchanged between localized and mo-
bile states rather than added to the system by a pair-breaking
mechanism.

Having obtained estimates for all the relevant rates, we
can now address the question of which regime is relevant
for current experiments in aluminum devices. The relevant
material parameters are the recombination coefficient » and
the localization rate I'j,., while the generation rate depends
on external factors such as temperature, device shielding,
and filtering. The recombination coefficient in aluminum is
relatively well known; for our estimates in thin-film de-
vices we set r ~ 10”s7! [33]. To evaluate T, Eq. (7),
we need first to estimate the energy scale er; to this end,
we note that it must be small compared to the broaden-
ing A — E; ~ n*>A of the peak in the DoS. The latter can
be extracted from experiments in which the phenomenolog-
ical Dynes parameter yp is used in fitting data sensitive
to the peak shape using the formula pp(E) = Re[(E/A +
ivp)/ \/ (E/A + iyp)* — 1]. Although this formula predicts a
finite DoS of order yp also at small energies £ < A, in
general the peak broadening and the deep subgap DoS are
determined by different parameters; for example, if the broad-
ening is due to the superconductor being in tunnel contact
with a normal-metal film, the formula stops being valid be-
low a so-called minigap energy whose value depends on the
property of the normal layer [34]. For this reason, we do
not estimate yp from measurements sensitive to deep sub-
gap states. Current-voltage measurements in relatively thick
(500 nm) Al SINIS structures found yp ~ 3 x 107* [35];

experiments on thermal transport [36,37] and thermoelectric
effect [38] in Josephson junctions with Al films of thick-
nesses between 14 and 40 nm report yp between 5 x 10~* and
5 x 1073, As mentioned above, for the theoretical modeling
of the subgap states that we use to be consistent, the condition
er < ypA must be satisfied, so we conservatively assume
€r/A ~5 X 10~*, a value an order of magnitude larger than
estimated in Ref. [20]. Then according to Eq. (9) we have
x; S Tioe/r < 107!, Since in Al we have nc, >~ 5 x 10° um?,
this normalized density corresponds to less than one quasi-
particle even in large devices such as 3D transmons [39]
or coplanar waveguide resonators [40] with volume on the
order of a few times 10° um?. Therefore we must conclude
that localization does not contribute to excess quasiparticles
in typical aluminum devices. Given our estimate above for
€7, we additionally note that in typical experiments at 7' =~
10mK, we have T /ey ~ 8; even though the excitation rate
in Eq. (11) is slow, I'¢x ~ 0.03 Hz, in rough agreement with
the estimate in Ref. [20], it is nonetheless much faster than
both the zero-temperature localization rate from Eq. (7) and
its finite temperature counterpart; therefore, we expect that for
T 2 er excitation prevails over localization, again pointing to
the conclusion that localization is not relevant in determin-
ing the quasiparticle density. This conclusion also applies to
devices made with 8-Ta films, since both T, ~ 0.87 K and
er/A ~ 1.5 x 10~* have values similar to that of Al, accord-
ing to a recent work [24]. Interestingly, the density measured
there follows the thermal equilibrium expectation, while the
decay rate is argued to be the excitation rate '/, and therefore
compatible with that of the differential mode [23].

In the preceding paragraph we have considered typical
thin Al films. Even keeping aluminum as the main supercon-
ducting material, the value of yp and hence possibly the ratio
€r/A can be increased in several ways, for example by Mn
doping [35] and by proximity effect with a normal metal [34]
such as Cu [38], methods that, however, suppress the gap A.
Alternatively, oxygen doping can increase A [41,42] (up to a
point) as well as yp [43]; in fact, the quasiparticle dynamics
in granular aluminum resonators appears to be affected by
localization [13]. Similar behavior has been recently reported
in resonators incorporating tungsten silicide [44]. Other
materials widely used in qubits and resonators such as Nb
(yp ~ 5 x 1072 [45]), NbN (yp ~ 2.4-4 x 1072 [46]), or
being explored for spintronics applications [47] such as TaN
(yp ~ 7 x 1072 [48]), also have larger broadening (in units
of A) than Al Increasing €7/A by an order of magnitude
would push up the bound on x; by more than three orders of
magnitude, and also make possible experiments in the regime
T < er in which excitation by thermal phonon is slower than
localization. Moreover, materials with higher gap generally
have faster recombination (larger r) than Al [25], making it
easier to reach the regime 8 > 1 for a given generation rate
g since B =~ (er/A)/2\/r]gn. Therefore, exploring devices
fabricated with properly chosen materials could shed further
light on the role of subgap states in their performances. On
the theoretical side, our considerations could be extended
to cleaner materials by building on the approach presented
in Ref. [49]. In a complementary direction, one could
also consider the case of more strongly coupled magnetic
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impurities, such that an impurity band of localized states
is formed with energy well below the gap [22]; then
localization and mobile-localized quasiparticle recombination
could be enhanced [50], effects that have been used to
interpret experiments in superconducting tunnel junction
detectors [51].

Note added. Recently, similar conclusions were reached in
Ref. [52] based on current-voltage measurements in Al- and
Nb-based junctions.
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