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In quantum information processing, a tension between two different tasks occurs: while qubits’ states
can be preserved by one isolating them, quantum gates can be realized only through qubit-qubit inter-
actions. In arrays of qubits, weak coupling leads to states being spatially localized and strong coupling
leads to delocalized states. Here we study the average energy level spacing and the relative entropy of
the distribution of the level spacings (Kullback-Leibler divergence from Poisson distribution and Gaus-
sian orthogonal ensemble) to analyze the crossover between localized and delocalized (chaotic) regimes
in linear arrays of superconducting qubits. We consider both transmons and capacitively shunted flux
qubits, which enables us to tune the qubit anharmonicity. Arrays with uniform anharmonicity, comprising
only transmons or flux qubits, display remarkably similar dependencies of level statistics on the coupling
strength. In systems with alternating anharmonicity, for typical disorder in the qubit frequencies the local-
ized regime is found to be more resilient to the increase in qubit-qubit coupling strength in comparison
with arrays with a single qubit type. Our results, which we also confirm using generalized Bose-Hubbard
models, support the design of devices that incorporate different qubit types to achieve higher performances.
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I. INTRODUCTION

Superconducting qubits provide a feasible platform for
quantum computing and simulation purposes [1]. For com-
putation, fast quantum gates can be attained if the qubits
are coupled to each other with sufficient strength [2—4]. On
the other hand, qubits need to be sufficiently isolated to
minimize the effects of residual interactions that negatively
affect information processing protocols. Therefore, study-
ing this type of trade-off is a problem of central importance
that is attracting considerable attention in the field [5—7]. It
has been argued that qubit arrays for quantum computa-
tion should be in a localized regime that can be achieved
through a certain amount of spread (disorder) in qubit tran-
sition frequencies [5]. Subsequent studies both showed that
quasiperiodic parameter modulation can be more effective
than random disorder in keeping the system in the local-
ized regimes [8] and considered the connection to classical
chaos in coupled nonlinear oscillators [9]. Fixed qubit-
qubit couplings lead to so-called residual ZZ interactions,
which can impact gate fidelities in multiqubit systems
[10—12]. Interestingly, such interaction can be suppressed
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when qubits with opposite anharmonicity are coupled
[13,14].

The interplay between localized and extended correla-
tions of qubits also provides a valuable viewpoint for quan-
tum simulation [15]. Specifically, linear arrays of capac-
itively coupled transmons [16] have been demonstrated
to provide a quantum simulator for driven-dissipative
bosonic systems with attractive interactions [17,18]. In
this one-dimensional platform, the many-body localized
to ergodic transition has been studied both experimentally
and theoretically [19-22], and recently the experimental
capabilities have been extended to ladders [23] and two-
dimensional arrays [24—29]. In addition, theoretical studies
have analyzed low-energy states of the system charac-
terized by localized excitations of (bright) solitonic type
[30-32].

In this work we study the localization properties in
qubit arrays through the statistical distribution of the
energy level spacings of transmons and/or capacitively
shunted flux qubits (CSFQs) [33-35]. We use two dif-
ferent approaches: the first one is based on the average
level-spacing ratio (see also Ref. [21]); for the second
one we consider a relative entropy of the level-spacing
distribution known as Kullback-Leibler (KL) divergence

© 2025 American Physical Society
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[5]. Both approaches show that the repulsive (CSFQ) and
attractive (transmon) cases are characterized by equivalent
spectral statistics, a result that we explain by resorting to
an appropriate Bose-Hubbard (BH) model. The suppres-
sion of unwanted ZZ interactions motivates us to consider
arrays with alternating values of anharmonicity—that is,
mixed transmon-CSFQ devices. Interestingly, we find that
the localized phase can persist up to stronger coupling
strength than in arrays with uniform anharmonicity but
otherwise identical parameters; the increase can be signif-
icant (more than 40% in linear arrays) for typical disor-
der, but becomes negligible when the disorder is stronger
than the anharmonicity. We also show that increasing the
mismatch between the anharmonicities beyond the value
needed for optimal ZZ suppression further stabilizes the
localized phase. The latter result is obtained by our con-
sidering a generalized Bose-Hubbard model; hence, the
investigation of such models in superconducting-qubit
platforms can complement their study in the context of
bosonic atoms in optical lattices [36].

The article is organized as follows: In Sec. 1I, we intro-
duce the models investigated in this work. In Sec. III, we
describe the diagnostic tools we use for analyzing the level
statistics. Our results on the comparison between the level
statistics of uniform and alternating-sign one-dimensional
qubit arrays are presented in Sec. [V. The extension of our
findings to higher-connectivity arrays is briefly explored
in Sec. V. Finally, we summarize our results and discuss
possible future directions in Sec. VI.

II. MODELS

An array of M capacitively coupled qubits is described
by the Hamiltonian

. M . M—1
H=>Y HZ+K> NN, (1)
i=1 i=1

where 7:(,Q is the Hamiltonian of the qubit at site i, either
a transmon (Q = T) or a CSFQ (Q = F), K characterizes
the coupling strength between neighboring devices, and N;
counts the number of excess Cooper pairs on the island of

qubit i. Figure 1(a) schematically shows (top to bottom)
transmon and CSFQ arrays, and an array with CSFQs and
transmons at odd and even sites, respectively.

The Hamiltonian for the transmon in Fig. 1(b) is [16]

HT = 4E-N? — Ej; cos ¢, ()

where E¢ is the charging energy, assumed to be the same
for all transmons in an array, E; is the Josephson energy,
and ¢;, conjugated to N;, is the phase difference across
the Josephson junction at site i. We consider the transmon
regime Ej; > E, in which the spectrum is weakly anhar-
monic. The site-index dependence of the Josephson energy
can account for variations due to fabrication and/or design
choices. We note that while E¢ depends on the dimen-
sions of capacitors (typically tens to hundreds of microns)
that can be fabricated accurately, the nanometer-thick tun-
nel barrier of the junction, determining E;, is more easily
subject to random fluctuations. For the CSFQ we use the
Hamiltonian [35]

ﬁf = 4ECF]AVZ‘2 + Ejpi {—2cos(@) + acos(2g)}, (3)

where Ecp is the charging energy of the CSFQ, E; is the
Josephson energy of the two identical large junctions of
the ith CSFQ, and « is the ratio between the Josephson
energy of the third (smaller) Josephson junction and E jz;;
see Fig. 1(c). Both Ecr and « are taken as independent
of i, and we have assumed the application of an external
magnetic field such that half a flux quantum threads the
loop formed by the three junctions. Here ¢; is a collec-
tive variable, the average of the phase differences across
the two large junctions, and we ignore the mode associ-
ated with the difference of the phases as it has much higher
energy [35].

Equation (1) can be approximately cast in the form of
a generalized Bose-Hubbard model. Specifically, we intro-
duce bosonic annihilation, 3,», and creation, l;j, operators
at each site via the relations ¢; = (44,)"" 4(133' + b;) and
N, = 1(141,-/4)1/4(131-T — b;) [3], where 4; for each qubit type
is given in Table I. We then expand the cosines up to
the fourth power of ¢;, and for consistency we keep only
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FIG. 1.

(a) The systems considered in this work: uniform arrays of transmons (top) and CSFQs (middle), and an array comprising

both devices (bottom) with alternating-sign anharmonicity. (b) Circuit diagram of a single transmon qubit. (c) Circuit diagram of a
single CSFQ. The parameter o represents the ratio of the Josephson energy of the smaller Josephson junction (JJ) to the Josephson

energy of two identical larger Josephson junctions.
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TABLE 1. Relations between the parameters of the qubit
array Hamiltonian, Eq. (1), and the Bose-Hubbard Hamiltonian,

Eq. (4).

Transmon CSFQ
A; E; /8Ec (I = 20)EF, /4Ecr
hwoi  /8EjEc —Ec  \J16(1 = 20)EypEcr — ECF%
Ui —Ec EcrBa —1)/(1 - 2a)
Jiit1 %yArTrH

terms that commute with the number operator 7; = 13313,
(i.e, we consider terms up to the next-to-leading order
in 4/1/4; < 1). Making a similar approximation in the
term coupling neighboring qubits, where we keep the con-
tributions that commute with the total number operator
n=7Y_,n; we obtain

M Moo
Hen = Z haorif; + Z ?l;li(ﬁi -1
i=1 i=1

M—1
+ 3w (Blabi+He), ©

i=1

where h = h/2m is the reduced Planck constant. The
parameters of the Bose-Hubbard Hamiltonian are related to
those of the qubits as in Table I. Note that with our approxi-
mations the frequencies wy; and hopping coefficients J; ;1
depend on the site, while the interaction strengths U; = U2
depend only on the qubit type, U being always nega-
tive for transmons and U" for CSFQs being positive when
1/8 < a < 1/2. Note that since [ﬂBH,ﬁ] = 0, we can sub-
tract a term @q; 72 from the right-hand side, where @, is the
average of the frequency over the sites; this shows that the
relevant energy scales are the typical fluctuation in the fre-
quency, the interaction energies, and the (average) hopping
amplitude.

II1. DIAGNOSTIC TOOLS FOR LEVEL
STATISTICS

Studying the statistics of the difference between
eigenenergies is a well-established tool to determine
whether a system is localized or chaotic. Poisson statistics
characterizes localized systems and Wigner-Dyson statis-
tics characterizes chaotic ones [37,38]. Here we consider
the distribution P(r) of the consecutive level spacing ratio

. En+1 - En En - En—l
¥p = min , , (5)
En - En—l En—H - En
where the index n =2,...,D — 1 counts the eigenstates

in ascending order of energy and D is the dimension of the

considered sector of the Hilbert space with a fixed num-
ber \V of excitations. By definition, 0 < r,, < 1, and, more
importantly for our purposes, the distribution of , is inde-
pendent of the local density of states [39,40]. The Poisson
statistics for energy levels results in the probability dis-
tribution for 7, being Py(r) = 2/(1 4+ r)>. No analytical
formulas are, in general, available for the Wigner-Dyson
statistics. Here, since the Hamiltonians have only real
entries, we are interested in the distribution for the Gaus-
sian orthogonal ensemble (GOE) [41,42], for which we use
the expression

r—l—r2

Pi(r) =2C
[ +r)?—0.875r]

5/2° (©)

where C| >~ 3.662 is the normalization constant. The sub-
script B = 0, 1 in Pg is the so-called Dyson index, denot-
ing the absence (8 = 0) or presence (8 > 0) of level
repulsion. The choice of the form of P; and its relation
to the Wigner surmise are discussed in Appendix A (see
Ref. [43]).

To quantitatively characterize the crossing point
between localization and chaos as we change parameters
in the Hamiltonians, we consider two diagnostic tools:

(1) The average level-spacing ratio 7= (), r,/(D —
2)), with (...) denoting averaging over a Gaussian distri-
bution of Josephson energies. The values for the Poisson

and GOE distributions are 7o = fol dr Po(r)r =21In2 —
1 >~ 0.3863 and r; >~ 0.5308, and we define the crossing
point by requiring that 7 = (o + 71)/2;

(2) The KL divergence Dg;,

Di(Pl|O) = Y peln (@) , )
T 9k

which gives the entropy of distribution P relative to distri-
bution Q. Here P is the numerically calculated distribution
P(r), with the index k in p; denoting the kth bin to which
the r, are assigned (see Appendix B for more details on the
numerical approach), and Q is either Py or Py; the cross-
ing point is identified by our requiring that Dy (P||Py) =
DgL(P||Py).

IV. LEVEL STATISTICS IN ONE-DIMENSIONAL
ARRAYS

Having introduced the relevant models and the diagnos-
tic tools in Secs. II and III respectively, we now discuss
the level statistics for some concrete cases. To minimize
finite-size effects, we focus on one-dimensional arrays in
this section, while extensions to two-dimensional arrays
are considered in Sec. V.

Figure 2 shows the disorder-averaged distribution of r,
for a CSFQ array [Eq. (1) with Q = F] for a range of cou-
pling strengths. We consider the case of half filling (the

014048-3



BLAIN, MARCHEGIANI, AMICO, and CATELANI

PHYS. REV. APPLIED 24, 014048 (2025)

2.0 70 mm 30

1.8 b .
216N, T K
g 14 — 50 —~
o TN S 20 'y
T2 : = 40 E
S 1.0 = 15 <&
3 08 | = 30 =
® ~
< 06 |/ 50 B 10 <
£ 041 _

0.2 15 10 9

00 L I I 1

00 02 04 06 08 1.0

FIG. 2. Distribution of the level-spacing ratio r, [Eq. (5)] for
an M = 10 CFSQ array (solid lines) with /' = 5 excitations for
different coupling strengths K in Eq. (1) (color scale). The qubit
parameters are o = 0.35, Ecp/h = 54 MHz, and Ejr randomly
selected from a Gaussian distribution with mean E;r/h = 301
GHz and standard deviation 8E;r/h = 8.51 GHz; these parame-
ters match those of transmon devices [5]. The data are averaged
over 5000 disorder realizations. The dashed lines show the dis-
tributions Py (black) and P; (gray). The dot-dashed line shows
the level statistics for the Bose-Hubbard model [Eq. (4)] with
average hopping amplitude J equivalent to K/h = 5 MHz. The
average values of J (left axis in the color bar) are computed from
K according to Table 1.

total number of excitations being half the length of the
array), as states with maximum local occupancy 1 within
this subspace are expected to be representative of the com-
putational subspace [5]. The distribution nearly follows Py
(localized) for the lowest coupling considered, K/h =1
MHz, and P; (chaotic) for the largest, K/h# = 30 MHz.
With increasing coupling strength, the distributions evolve
from Py to Py. This evolution can be investigated with the
use of so-called intermediate statistics [44]; here we only
point out that, similarly to the case of transmon arrays [21],
we find that the level statistics of the Bose-Hubbard model
[Eq. (4)] agrees with that of the CSFQ array, as we show
explicitly for one intermediate coupling value.

Turning to our diagnostic tools, we plot in Fig. 3 the
average level-spacing ratio and KL divergences for trans-
mon [red curve , Q = T in Eq. (1)], CSFQ (blue curve,
QO =F), and alternating transmon-CSFQ (green curve,
Q=T and Q = F for even and odd sites, respectively)
arrays as a function of the qubit-qubit coupling strength
expressed in terms of the (average) hopping amplitude J.
The qubit parameters are chosen such that the average fre-
quency wg; and its standard deviation dwg; are the same
for all three array types, and the anharmonicities are oppo-
site for transmons and CSFQs, U" = —U” = U. Both 7
and Dygp change smoothly with coupling strength (up to
fluctuations whose amplitude decreases with increase of
the number of disorder realizations). Clearly, at low cou-
pling all of the distributions are in the localized regime,
since 7 =~ ry and Dgp (P||Po) < Dk (P||P1), and at large

Transmon — Alternating —

CSFQ —

0.52
0.48
I

0.44

0.40

—
=3
~

0.3 [

0.2

0.1

Dy (Pl|Q)

0.0

J/h (MHz)

FIG. 3. (a) Average level-spacing ratio and (b) KL divergence
for transmon (red), CSFQ (blue), and alternating transmon-
CSFQ (green) arrays as a function of the average hopping
amplitude J. The horizontal dotted lines in (a) correspond to
(top to bottom) 7, (7o + 71)/2, and 7. In (b), the solid curves
are for Dy (P||Py) and the dashed curves are for Dy (P||P1).
The Parameters for CSFQs are as in Fig. 2, the correspond-
ing parameters for transmons are Ec/h = 250 MHz, E; /h = 44
GHz, and 8E;/h = 1.17 GHz [5]. The inset shows an enlarge-
ment of the crossing points, highlighting the positive shift in
coupling strength for the alternating array when compared with
the transmon-only and CSFQ-only systems.

coupling all of the distributions are in the chaotic regime,
¥ 2 ry and D (P||Po) > Dk (P||P1).

The transmon and CSFQ arrays display remarkably sim-
ilar dependencies of 7 and Dy, on J (the transmons’ Dy
curves would agree with those in Ref. [5] if plotted with
the same normalization); both quantities are found to be
close to the values obtained for the Bose-Hubbard model.
This feature reflects a remarkable symmetry that holds for
the level statistics of the Bose-Hubbard model under the
exchange U <> —U if the same disorder distribution sym-
metric around @g; is used for the two signs of U (the
derivation is given in Appendix C). For all three qubit
array types, the crossing points in Fig. 3(a) (from 7) are
comparable to those in Fig. 3(b) (from Dk ). This finding
cross-validates the two approaches. For concreteness, in
what follows we define the crossing point hopping ampli-
tude Jg as the value of J for which the divergences are
the same for arrays of type O = T, F, A (with 4 denoting
arrays with alternating transmons and CSFQs).

The inset in Fig. 3(a) highlights one of our main results;
namely, that for disorder strength as in typical devices, the
crossing point hopping amplitude is larger for alternating
arrays, J& > J! ~ JE. We quantify this enhancement by
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FIG. 4. (a) Relative shift in crossing point AJc/JZ as a func-
tion of the disorder strength dwg;/U for the Bose-Hubbard
model. The vertical dashed line shows the disorder strength
used in all other figures (see Ref. [5]). The inset shows the
numerically calculated values of J£ (blue circles) and J¢ (green
circles), fitted by quadratic functions (solid curves); the rela-
tive difference between those two curves gives the solid line in
the main panel. (b) Crossing point hopping amplitude J¢ for an
array with alternating transmons and CSFQs vs ratio of anhar-
monicites n = —UF /UT (we change U" while keeping fixed
U’ /h = —250 MHz, other parameters are as in Fig. 3, mapped to
the Bose-Hubbard model according to Table I). The linear best-
fit line is shown as a guide for the eye. The points in (a),(b) are
obtained by our averaging over 1000 disorder realizations.

introducing AJc = J& — JE; in Fig. 4(a) we plot AJc/JE
[calculated for the Bose-Hubbard model, Eq. (4)] as func-
tion of dwy;/U. The relative increase of J¢ is largest for
weak disorder and decreases monotonically with disorder
strength. Such a result can be qualitatively understood by
one considering the level repulsion between next-nearest-
neighbor sites: at small disorder, the fact that the multiex-
citation levels of the site placed between the next-nearest
neighbors are detuned due to the opposite sign of U favors
localization, but this effect becomes less important with
increasing disorder (see Appendix D). For strong disor-
der, $wy1 /U 2 1.7, we find that J? < J£, even though for
all array types the crossing point hopping increases with
disorder: see the inset in Fig. 4(a).

So far, we have set U7 = —U" for the alternating arrays,
a choice motivated by the cancellation of ZZ interac-
tions between neighboring qubits [13,14]. However, from
the point of view of localization, we find this is not
necessarily the optimal choice. This remarkable feature
is highlighted in Fig. 4(b). Indeed, J¢ in an alternating
array can be increased or decreased by one changing the

ratio n = —U" /UT. In other words, our results show that
the localization enhancement in arrays with alternating-
sign anharmonicity is unrelated to the suppression of the
residual ZZ interaction in such systems.

V. LEVEL STATISTICS OF TWO-DIMENSIONAL
ARRAYS

In the previous section we showed that one-dimensional
alternating-sign anharmonicity qubit architectures are
more resilient to chaos; the arrays used in actual devices for
quantum computing purposes are usually two dimensional
[3], so here we explore to what degree higher connectivity
affects our results. For the computation of the full spectrum
we use the exact diagonalization technique, which is typ-
ically limited to small size and few particles, M ~ 1012
at half filling [9,21] since Djj , 2.6 //M for large M,
and so is not particularly suitable for higher-dimensionality
arrays [here DY = (V=) is the dimension of the N/~
particle sector]. However, we can explore two minimal
yet relevant case studies, in analogy with the discussion
given in Ref. [5]: (1) the surface-7 chip architecture [45]
and (2) a 3 x 3 array. The qubit connections for the two
cases are shown on the left in Figs. 5(a) and 5(b), respec-
tively; for instance, the surface-7 chip is obtained from a
linear chain of seven qubits by connection of the middle
one (qubit 4) to the first and the last ones (qubits 1 and
7), and so the model Hamiltonian is obtained by addition
of Jy1biby + Ju7bib7 + H.c. to the Hamiltonian in Eq. (4).
Our goal is to compare the level statistics in uniform and
alternating-sign anharmonicity arrays, the latter case hav-
ing qubits with opposite anharmonicity (n = 1) as shown
in Fig. 5.

The solid curves in the main panels in Fig. 5 show the
average-level spacing ratio 7 as a function of the hopping
J (in the unit of U) for the surface-7 chip with N' =4
[Fig. 5(a)] and a 3 x 3 array with A" =35 [Fig. 5(b)],
both for a transmon array (purple) and for an alternat-
ing transmon-CSFQ array (green). For comparison, we
also display the average level-spacing ratio for linear
chains with the same N and M (dashed curves in Fig. 5).
The crossing points for the surface-7 chip and the 3 x 3
array—the intercepts between the curves and the mid-
dle horizontal line—are sizably reduced compared with the
linear case, since the higher connectivity suppresses the
localization effects (analogous results have been reported
in Ref. [5] for transmon-only arrays). Nonetheless, the use
of alternating transmon-CSFQ arrays still leads to stronger
resilience to chaos, although in a reduced fashion: for the
surface-7 chip the relative increase of the crossing point,
g =I5 /JE, decreases from 59% to 34%, and for the
3 x 3 array it decreases from 52% to 36%. These results
confirm that the use of alternating-sign anharmonicity
qubits is beneficial also for two-dimensional arrays.
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FIG. 5. Level statistics in two-dimensional arrays. The solid
curves show the average level-spacing ratio 7 as a function of the
hopping amplitude J for (a) a surface-7 chip with N' = 4 par-
ticles and (b) a 3 x 3 lattice with A/ = 5 particles for uniform
interaction (solid purple lines) and alternating-sign interaction
(solid green lines). For comparison, the average level-spacing
ratio for linear chains with the same particle and site numbers
are displayed with dashed lines. The horizontal dotted lines in
(a),(b) correspond to (top to bottom) 7, (7o + 71)/2, and 7. For
each value of J (assumed to be homogeneous throughout the
array), we average over 1000 disorder realizations taken from a
Gaussian distribution with standard deviation dw/|U| = 0.47 for
the Hamiltonian in Eq. (4), where additional hopping terms are
included according to the connectivity schematized on the left

in (a),(b).

VI. CONCLUSIONS

We have investigated the crossover from localized to
chaotic regimes in arrays of superconducting qubits com-
prising CSFQ and transmon qubits displaying positive
and negative anharmonicity, respectively, as described by
the Hamiltonians in Egs. (1)~«3). Once the parameters
of the models are appropriately matched, the statistics of
the level-spacing ratio can also be reproduced by use of
the disordered Bose-Hubbard model given by Eq. (4).
The level statistics of the Bose-Hubbard model is found
to be independent of the sign of the on-site interaction U.
Such a finding is in contrast with the ground-state proper-
ties of the model being clearly different in the attractive or
repulsive cases (see Ref. [30]).

Our results indicate that for small disorder strength
relative to the anharmonicity, arrays with alternating trans-
mons and CSFQs remain localized up to a higher coupling
strength compared with chains consisting of one qubit
type only; see Figs. 3 and 4. Interestingly, the onset of
the chaotic behavior arises at even higher coupling when
the difference between nearest-neighbor anharmonicities
is increased. For large disorder strength compared with

the anharmonicity, arrays with a single qubit type or
alternating qubits display similar localization properties.

For quantum computing applications, future research
could extend our investigation of the localized to chaotic
crossover to additional diagnostic tools, such as the Walsh
transform [5]. Larger systems, especially in higher dimen-
sions, could be studied via a classical approach [9]. On the
quantum simulation side, the possibility of engineering the
strength and nature (attractive or repulsive) of the on-site
interaction provides a new platform for the investigation of
many-body localization. More broadly, we highlight that
superconducting qubits enable tailoring of the interaction
properties of the system at a local level, beyond what has
been achieved so far in other platforms, for example, the
cold-atom platform [46,47].
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APPENDIX A: DISTRIBUTIONS FOR THE
CONSECUTIVE LEVEL SPACING RATIO

The study of the distribution of level spacings in quan-
tum systems has a long history, in particular within ran-
dom matrix theory [41,42]. The well-known generalization
of the Wigner surmise for the level-spacing distribution
Py (s) of random matrices, corresponding to exact results
for 2 x 2 matrices, is as follows:

Piy(s) = aps’ e, (Al)

where s, = E,11 — E,, and ag and bg are known con-
stants [42]. The Dyson index 8 depends on the symmetries
of the random matrices considered, with 8 = 1 for the
GOE of real symmetric matrices, § = 2 for the Gaus-
sian unitary ensemble (Hermitian matrices), and 8 = 4 for
the Gaussian symplectic ensemble (Hermitian quaternionic
matrices).

In analogy with the Wigner surmise, an approximate dis-
tribution Py (r) for the level-spacing ratios [Eq. (5)], which
corresponds to the exact distribution for 3 x 3 random
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FIG. 6. Values of 8 and y (inset) found by our fitting Eq. (A3)
to numerical level-spacing ratio distributions for the uniform-
interaction Bose-Hubbard model as a function of coupling
strength J. The horizontal dashed line is at 8 = 0.5, and the
intersection with the data gives the value of the crossing point
between localized and chaotic regimes J¢ (vertical dashed purple
line). For comparison, we also show the crossing points deter-
mined with the methods described in the main text, the Dyp
crossing (dashed green line) and 7 = 0.4585 (dashed blue line).
The horizontal line in the inset is at y = 0.875. The parameters
are as in Fig. 2, mapped to the Bose-Hubbard model according
to Table I, with 5000 disorder realizations used.

matrices, was derived in Ref. [40],

2 4R

PW(”) = Z_}S(l+r+}’2)l+3ﬁ/2’

(A2)

where Z; = 8/27 for the GOE. To be able to both capture
the distribution for large matrices and interpolate between
localized and chaotic regimes, a generalization of Eq. (A2)
was proposed in Ref. [43],

(r+ )P

Py(r;y) = 2Cgy RE

1438/2° (A3)

where Cp, is a normalization coefficient such that
[ drPg(r;y) = 1. Equation (A3) with # =0 and y = 0
reduces to the distribution Py in the main text, and with
y = 1 reduces to Py(r) in Eq. (A2). Since the models
that we study in this work have only real entries in the
Hamiltonian, we are interested in the GOE, 8 = 1; to find
the corresponding value for y, we fit P;(r; ¥) to estimates
for the distribution obtained from numerical data for large
matrices in Refs. [40] and [43], finding y =~ 0.875 (see
Figs. 6 and 8); see Eq. (6).

As mentioned above, Eq. (A3) can interpolate between
the localized and chaotic regimes [43]; here we use this
feature to capture the localized-chaotic crossing point by
assuming B € [0...1]. We perform a two-parameter fit
of Eq. (A3) to the binned frequency distributions at each
value of hopping amplitude J, such as those shown in
Fig. 2, to find 8 and y. Figure 6 shows the value of the

500 T T T T 8
R

450 t S
N //',’
= 400 | .
= p::
= 350 ya 1
NS 300 |- )
= 250
2 200 | 5 , 1
o KL crossing o
§ 150 + 3 =05 o 7
5 100 P = 7 =0.4585 - |
3 Uniform —

50 fo Alternating

0 1

0.0 0.5 1.0 1.5 2.0 2.5 3.0
Disorder strength dwg, /U

FIG. 7. Effect of disorder strength on the crossing point J¢,
extracted from the Dy crossing (squares), 8 = 0.5 (circles), and
7 = 0.4585 (triangles), for the uniform-interaction (purple) and
alternating-interaction (green) Bose-Hubbard model. The solid
lines are quadratic polynomial fits to the Dk crossing values.
The vertical dashed line represents the disorder strength used
throughout this work (see Fig. 4). The parameters are as in Fig. 2.
The data are for 1000 disorder realizations.

fitted B as a function of J for the BH model in Eq. (4) with
uniform interaction. The index B8 monotonically increases
with J from 0 (localized regime) to 1 (chaotic regime);
we define the crossing point hopping J as the value of J
for which 8 = 0.5, identified by the vertical dashed pur-
ple line. The other vertical dashed lines in Fig. 6 show
the crossing points estimated with use of the methods
described in the main text, the Dgy crossing (green) and
7 (blue): the value of J¢ from g = 0.5 is approximately 13
MHz higher than that from the Dy crossing, which in turn
is about 3 MHz higher than that from the 7 method.

Despite the quantitative differences in the estimates for
Je, all three methods give a consistent picture of the evo-
lution of the crossing point with disorder, as shown in
Fig. 7: for both uniform and alternating interaction in
the BH model, J¢ increases monotonically with disorder
strength dwg;. Moreover, all three methods agree on the
value of dwy/U =~ 1.7 above which J¢ for the uniform
case becomes larger than for the alternating case.

In closing this section, we briefly discuss a poten-
tial limitation in using Eq. (A3) to study the localized
to chaotic crossover. In proposing Eq. (A3), Corps and
Relafio Ref. [43] noted that the relation between y and 8
is not universal, since it depends on the model being stud-
ied: if there were a unique relationship determining y as
a function of B, then the crossover could be analyzed in
terms of 8 only. Our results in Fig. 8 show not only that for
the BH model the relation differs from that of other models
investigated in Ref. [43] but also that it displays a marked
dependence on the number of excitations A but not on the
system size M.
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FIG. 8. y as a function of 8, both found by two-parameter fits
of Eq. (A3) to numerical level-spacing ratio distributions for the
uniform-interaction Bose-Hubbard model [Eq. (4)], for various
numbers of excitations A/ and sites M. Each point corresponds
to one value of J, with 1000 disorder realizations used. Other
parameters are as in Fig. 2 andare mapped to the Bose-Hubbard
model according to Table I. The horizontal dashed line shows
y = 0.875.

APPENDIX B: NUMERICAL METHODS

For the numerical studies of arrays with uniform and
mixed qubit types, we consider a fixed number of exci-
tations \. We first diagonalize the Hamiltonian 7:{,Q of
each single qubit at site i, where the N lowest eigen-
states [u);, u=0,..., N, with energy EZ' are computed
in the charge basis (eigenstates of operator N;) restricted to
N; € {—=50,...,50}. We then consider an array of qubits,
Eq. (1), for which the Hilbert space is the tensor prod-
uct of the individual qubits’ Hilbert spaces, and keep the
leading-order particle-number-conserving hopping terms

1 — 8«
1 -2«

haor = /16Er(1 — 20)Ecp — Ecr

1-8
A:_ECF “

4Ecr 11 -320 1
Ecr - —
Er(1-20)|81—-2a 4

in the expansion of ]V,Niﬂ , resulting in the Hamiltonian

M

Ae-y
i=1 u=

M-1N-1 N

+KY YD galu+ 1)iul;

i=1 u=0 v=1

® v — 1)ip1{vlip1 +Hee,

N
E2|u)i{ul;
0

(B1)

with gip = (u + 1[;Njlu)i(v — 11 1Ni11]v)it1.

The values of r, are computed from the eigenvalues
found by exact diagonalization of Eq. (B1) and are aver-
aged over many realizations of disorder in Josephson
energy, each randomly selected from a Gaussian distri-
bution with mean E; or E;r and a standard deviation

computed such that the distributions of wq; for the two
devices match (see below). To calculate the KL diver-

gence, Eq. (7), we bin the resulting data into 50 equally
wide bins, and the values of p; are the frequencies in each
bin, while g = P;(r),i = 0, 1, is computed, with 7 being
the midpoint of the kth bin.

As indicated above, to make a suitable comparison
between transmon and CSFQ arrays, or to attain the can-
cellation of residual ZZ interaction, some care must be
taken in selecting the parameters of the qubits. For trans-
mons, we simply used the same (experimentally moti-
vated) parameters as in Ref. [5]. For CSFQs, we need to
determine values of Er, its standard deviation §E r, Ecr,
and « such that the average frequency @y, its standard
deviation Swy;, and (the absolute value of) the anahar-
monicity .4 match those of the transmons; the anharmonic-
ity of a qubit is given by A = h(wi2 — wo1), where hw;; =
EP — E°.

To numerically find suitable parameter values, let us
consider the following approximate expressions for wy;
and A:

1 —8a\*
()]

17

1 -2«

valid for E;r(1 — 2a) > Ecr. Equations (B2) and (B3)
can be also used for the transmon with the replacements
a— 0, Ecp = E¢, and Ejp — E;/2 [compare Egs. (2)
and (3)]. To determine starting points for our numerical
determination of the CSFQ’s parameters, we drop the last

E 4E 11—32a
NEr(—20) | 4

(B3)

(

1—2a 32

1 —8a)\?
1 — 2« ’

term in each of the two equations and invert them to find

8o — 1 (vBECEy — 2Ec)’

T 1-2a 16Ec(1—2a) °

JF (B4)
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B~ E 1 -2«
cr=Eeg T

(B3)

Note that Eq. (B5) can be satisfied only for 1/8 < o <
1/2. Similarly, for the standard deviation §E;r, using
Egs. (B4) and (B5), we obtain the following expression for
its starting value:

8EJF ~ 2 h&om
Ej — hwo —Ec’

(B6)

Setting @ = 0.35 roughly in the middle of the allowed
range, we find experimentally realistic values for E r; see
Refs. [35,48,49].

APPENDIX C: LEVEL STATISTICS OF THE
BOSE-HUBBARD MODEL

The Hamiltonian for the disordered Bose-Hubbard
model [see Eq. (4)] can be written in the form

R M UM
Hpu = Z héwoin; + 7 Zﬁi(ﬁi -1
i1 i1

M—1
+ Z Jiit1 <B;r+lgi + H.C.) s

i=1

(Ch

where dwyy; is the deviation of the frequency at site i from
the average frequency of the array (subtracting the aver-
age frequency, 7:{BH — 7:[BH — o171, does not change the
level spacings when one is considering a sector of the
Hilbert space with a given number of excitations). Clearly,
7-A(Q3H = —7:(BH has the same level spacings as 7:(31{, the
opposite frequencies, and the opposite sign for the inter-
action term; the sign of J;;+1 is unimportant and can be
changed by one redefining by — (=1)ib; (note that this
transformation preserves both 7; and the bosonic commuta-
tion relations). Thus, differences in the level-spacing ratios
under the exchange U <> —U are due to only the frequen-
cies. For a distribution of frequencies symmetric around
the mean, for each set of Swy; there exists a correspond-
ing set with opposite values of Swyy;; in averaging over
disorder (i.e., over frequencies), both sets contribute to the
level-spacing statistics, and hence the cases with opposite
values of U have the same statistics, as stated in the main
text.

In Fig. 9, we show the same data as in Fig. 3 (solid
lines) and, for comparison, the corresponding results for
the BH model (dashed lines), both with uniform interac-
tion and with alternating interaction. We recall that the BH
model is expected to be a good approximation to transmon
and CSFQ arrays in the limit £; > E¢, (for the CSFQ,
replace £; by 2(1 — 2a)E r and E¢ by E¢p; see Table I);
indeed, we find that all quantities are within a few percent

Transmon —  Alternating Alternating U
CSFQ —  Uniform U BH model .
BH model
(a) T T
0.52
0.48
1.
0.44
0.40
(b) 0.30 C T T T T T 7]
S 020
S —
=] N L L
£ 010} ‘ /
0.00 e — ‘
0 50 100 150 200 250 300
J/h (MHz)
FIG. 9. Crossover in qubit arrays vs Bose-Hubbard model. (a)

Average level-spacing ratio and (b) KL divergence for transmon
(solid red line), CSFQ (solid blue line), and alternating transmon-
CSFQ (solid green line) arrays, and the uniform interaction
(dashed purple line) and alternating-sign interaction (dashed
green line) BH model as a function of (average) hopping ampli-
tude J. The horizontal dotted lines in (a) correspond to (top to
bottom) 7, (7o + 71)/2, and 7y. In (b), the increasing curves are
for Dk (P||Py) and the decreasing ones are for Dy (P||P;). The
parameters used are as in Table I and are mapped for the BH
model as in Fig. 3, with 5000 disorder realizations used.

of each other. The uniform-interaction BH model curves
are hardly distinguishable from those for the CSFQ array,
whose E;/E¢ ratio is larger than for the transmon array.

1. Counterrotating terms

The results presented in this work are obtained with use
of the rotating-wave approximation [3]; in other words,
terms that do not preserve the total number of excitations
are ignored [see Eq. (4)]. This approximation holds for
small coupling compared with the average qubit frequency
J /@ <« 1, with relative corrections to the energy levels
being approximately (J/ao;)? at the leading order in per-
turbation theory. Here we show that the counterrotating
(CR) terms give a negligible contribution to the level statis-
tics of the models investigated. For concreteness, we focus
on the disordered Bose-Hubbard Hamiltonian, and include
the CR terms as follows:

M-1
Hpn.cr = Hpu + Z Jiit1 (B,THB,T + gi+l£’i> , (C2)
i=1

where the first (second) term in parentheses raises (low-
ers) the excitation numbers of two neighboring sites by
one excitation each. Thus, the last term of the Hamiltonian
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in Eq. (C2) does not conserve the total number of excita-
tions, [ﬂBH_CR,ﬁ] # 0, and connects all the sectors of the
Hilbert space with the same parity, yielding an infinite-
dimensional Hilbert space that needs to be truncated
in numerical calculations. We account for the effect of
the CR terms on the spectrum of the N -particle sector
[with dimension D}l = (N i ~!)] at the second order in
perturbation theory. Concretely, we consider the matrix
representation of ﬂBH.CR on a basis set including the
N -particle sector Fock states |y;), with k=1, .. ,D%,

and all the states |¢;), with /= 1,...,D), for which
(x| Z?ifl (Ejﬂlgj + 1;,-_;,_18!') |;) # 0 for at least one k.
Clearly, these states belong to the (N — 2)-particle or the
(N + 2)-particle sectors; their number D}/ can be evalu-
ated in a closed form, reading (for M > 2 and N/ > 2)

WN+M—-—4HWN +M - 3)DAH

M=2 N2
(€3)

DY = (M — 1)DY +

and 13%:2 = 2N for M = 2. The first (second) term on the
right-hand side of Eq. (C3) accounts for the states reached
by acting with the two creation (annhiliation) operators in
the CR term on the A -particle sector. This formula shows
that the dimension of the Hilbert space we need to consider
to include perturbatively the CR term is at least M times
that of the original one, and so the computation of the spec-
trum is more costly. Taking, for example, the case N = 4
and M = 10, we have D% = 715 and [)% = 6930, and the
dimension of the Hilbert space increases by approximately
1 order of magnitude. After computing the DY + DY
eigenvalues for each disorder realization, we compute the
level statistics by selecting the D). eigenvalues for which
the expectation value of the total particle number operator
7 on the corresponding eigenstates rounds to \V; this proce-
dure is robust because the relative deviation ((2) — N) /N
over these states is of order J?/@3;.

Figure 10 shows the average level-spacing ratio and the
KL divergence for the spectrum of a chain with A/ = 4 and
M = 10 and averaged over disorder realizations (see the
caption), with our either including [solid lines, Eq. (C2)]
or ignoring [dashed lines, Eq. (4)] the CR terms. The
differences between the two cases for both the uniform
system (purple lines) and the alternating system (green
lines) are comparable to the statistical uncertainty in our
dataset, showing that CR terms do not significantly affect
the level statistics; this result also validates our perturba-
tive approach, since the influence of higher-order terms is
expected to be even smaller.

APPENDIX D: LEVEL REPULSION IN A
THREE-SITE ARRAY

The enhanced resilience to chaos in alternating
transmon-CSFQ chains compared with uniform chains for

Uniform U —
Alternating U —

Hpn-cr —
Heu
‘ :

(b) 030

S 020

_Q

E 0.10

£ 0.

0.00
0 50 100 150 200
J/h (MHz)

FIG. 10. Influence of the counterrotating terms on the level

statistics. (a) Average level-spacing ratio and (b) KL divergence
for uniform (purple lines) and alternating (green lines) BH arrays
as a function of the hopping amplitude J, obtained by our includ-
ing (solid lines) or ignoring (dashed lines) the CR terms. The
horizontal dotted lines in (a) correspond to (top to bottom) 7,
(ro +71)/2, and 9. We consider 5000 disorder realizations for
the dashed curves, where CR terms are ignored. For the solid
curves, due to the larger Hilbert space (see the text) we con-
sider 1000 disorder realizations for 50 < J/h < 150 MHz and
500 realizations for the remaining values of J. For all the data,
we consider N/ = 4 particles and M = 10 sites. The parameters
used are as in Table I and are mapped to the BH model as in
Fig. 3.

small disorder strengths hdwg; <« U can be captured in
a minimal setting, consisting of three sites (M = 3) and
two excitations (N = 2). For convenience, we set i = 1
hereafter. With no loss of generality, we consider arrays
with transmons at the lateral sites (Q = T for i = {1, 3}),
and a generic qubit type in the central site C. To compare
localization in systems with uniform and alternating-sign
anharmonicity (interaction), we investigate the level repul-
sion between the second excited states in next-to-nearest
sites, i.e., the states |2,0,0) and |0,0,2) in our minimal
setting, where a suppressed level repulsion favors localiza-
tion. More specifically, in a worst-case scenario for local-
ization, we take the transmons to have the same frequency
w and anharmonicity —U, so that |2,0,0) and |0,0,2) are
degenerate. Because of disorder, the qubit frequency in the
central site is detuned by dw, and hence the state |0, 2, 0) is
detuned from |2, 0, 0) and |0, 0, 2); specifically, the detun-
ing amounts to 26w and U+ U¢ + 28w for all-transmon
and alternating chains, respectively (see the level dia-
grams in Fig. 11). This difference determines the enhanced
localization for alternating chains, as we detail here.
The Hamiltonian of the disordered Bose-Hubbard model
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FIG. 11. Level diagrams in a three-site (M = 3) and two-

particle (A = 2) array with resonant frequency end sites for
(a) transmon and (b) alternating chains. The level repulsion
between the states |2,0,0) and |0,0,2) depends on the energy
of the state |0,2,0), and so on the anharmonicity of the central
qubit. For small disorder, w < U, arrays with alternating-sign
anharmonicity have a smaller level repulsion, thus favoring
localization (see the text).

[Eq. (4)] for ' = 2 and M = 3 can be written in the basis
{12,0,0),11,1,0),(1,0,1),]0,2,0),0,1,1),10,0,2)} as
the 6 x 6 matrix

~U ~2J 0 0 0 0
V2J Sw J N2 0 0
R 0 J 0 0 J 0
Hen=1 "0 2 0 Uct2s0 V37 0 |’
0 0 J V2 S N2J
0 0 0 0 V2J —U
(D1)

where we subtracted the irrelevant constant 2w. The eigen-
values of the Hamiltonian in Eq. (D1) can be computed
explicitly for arbitrary values of the parameters U, U¢, dw,
and J since the characteristic polynomial of the matrix
factorizes in a quadratic equation and a quartic equation.
For our goals, it is sufficient to estimate the energy level
splitting AE of states |2,0,0) and |0,0,2) in the limit
J KU, U+ éw|, |U+ Uc + 28w|. Using a standard per-
turbative approach for degenerate levels, we can express
the energy splitting at the leading order as

44

AEM) = T sw/02 ' T Th 0+ 20w/0|

(D2)

where n = U¢/U. Clearly, AE o< J* as four hopping pro-
cesses are necessary to connect the states |2,0,0) and
|0,0,2) (see Fig. 11). The level splitting is obtained by
our summing over the two possible paths; both paths
involve the states |1,1,0) and |0, 1, 1) and either the state
[1,0,1) or the state |0,2,0). Each hopping between the
states j and j' contributes a factor Vj;//(E;» + U), where
Vijr = (G | Hgulj"), Ej = (j'|Hgnlj'), and j’ runs only over
the intermediate states (i.e., the denominator for the last
hop is unity); clearly, the splitting for the path involving
|0,2,0) depends on the central qubit type. Equation (D2)
captures the enhanced localization of an alternating chain
(with n > 0) over a uniform chain (n = —1); at low disor-
der, dw/U « 1, the level splitting for the alternating chain
in comparison with the uniform chain is suppressed as

AE(m) _ |dwl3+n
AE(-1) — U l+7y

(D3)

and decreases monotonically with 5 for a fixed disorder
strength Sw, consistently with the increased value of J¢
with increasing n [see Fig. 4(b)]. In contrast, the relative
splitting increases with |Sw|/U, qualitatively in agree-
ment with the reported decrease in AJ¢/J¢ with increasing
disorder; see Fig. 4(a).

The result in Eq. (D2) enables us to consider the effect
of disorder in the anharmonicity on localization in uniform
arrays. Let us take n = —1 + §U/U with U < U;, in this
case we find (still assuming o < U)

-1

AE(—1) ~ 28w (D4)

AE®m) ‘ 1 sU
Therefore, for deviation §U from uniform anharmonicity
large compared with the frequency disorder dw, we expect
localization to persist to stronger hopping J than in the case
of nearly uniform anharmonicity §U < §w.
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