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Synthetic fractional flux quanta in a ring of superconducting qubits
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A ring of capacitively coupled transmons threaded by a synthetic magnetic field is studied as a realization of a
strongly interacting bosonic system. The synthetic flux is imparted through a specific Floquet modulation scheme
based on a suitable periodic sequence of Lorentzian pulses that are known as “Levitons.” Such scheme has the
advantage to preserve the translation invariance of the system and to work at the qubit sweet spots. We employ
this system to demonstrate the concept of fractional values of flux quanta. Although such fractionalization
phenomenon was originally predicted for bright solitons in cold atoms, it may be in fact challenging to access
with that platform. Here, we show how fractional flux quanta can be read out in the absorption spectrum of a
suitable “scattering experiment” in which the qubit ring is driven by microwaves.
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I. INTRODUCTION

Networks of mesoscopic-scale systems at sufficiently low
temperature can provide us with artificial quantum matter that
can be exploited both to study fundamental aspects of quan-
tum science and to design quantum devices [1]. To this end,
different platforms have been explored, ranging from arrays
of quantum dots [2] and trapped ions [3] to superconducting
circuits [4] and cold atoms [5,6]. A fruitful viewpoint adopted
so far in the community has been that genuine notions of
mesoscopic physics of electronic systems such as the Joseph-
son effect, point contacts, or persistent currents can provide
inspiration to define concepts in quantum technology [7—12].
Here, we provide a case study going in the opposite direction:
We demonstrate that specific notions originally emerging in
current research in quantum technology, as in ultracold atoms
systems, can inspire electronic mesoscopic physics. Specifi-
cally, we will refer to attractive bosonic cold atoms [13—17].
On one hand, such systems are difficult to simulate classically.
On the other hand, attracting bosons allow the formation of
bright solitons that, in turn, bear a great potential in atom-
tronics and quantum sensing [10-12]. In particular, bright
solitons in a one-dimensional lattice have peculiar properties
of stability [18], which are predicted to have a strong impact
in interferometry [19].

Here, we focus on a striking property of lattice bright soli-
tons confined in a ring-shaped potential pierced by a synthetic
magnetic field: As a result of specific many-body correla-
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tions, the system’s persistent current is characterized by a
periodicity reflecting a fractional value with respect to the flux
quantum @ obtained in the noninteracting case. Crucially
for the logic we adopt in the present work, we note that the
fractionalization phenomenon manifests itself in a fractional
periodicity of the energies of the system as a function of the
magnetic field, which, following Leggett, are the analogue of
Bloch bands for the problem [20]. In the present case, such
fractionalization is predicted to scale as the inverse of the
number of particles N, in the system [21]. Such N, depen-
dence makes it difficult to directly observe the feature in cold
atom experiments, since N, is typically large.

In this work, we will define a superconducting qubit quan-
tum simulator for the dynamics of attracting bosons hosted in
a ring lattice pierced by an effective magnetic field. In partic-
ular, we shall see that our system displays signatures of the
fractionalization phenomenon distinctive for bright solitons.
Linear chains of capacitivelly coupled qubits have been re-
alized experimentally and have aroused considerable interest
in the fields of driven-dissipative dynamics [22], many-body
localization [23-26], disordered quantum phases of artificial
matter [27], quantum walks [28-30], and perfect quantum
state transfer [31,32]. In these systems, the low-energy modes
are plasmons that can be excited by microwave photons
and propagate through the capacitors. Such excitations be-
have as bosons located at the qubit’s sites, and because of
the nonlinear inductance of the Josephson junctions in the
qubits, they can interact with each other. In contrast to the
Cooper pair dynamics occurring in Josephson junctions arrays
[33], here the boson-boson interaction is effectively attractive
[34,35]. The important observation, here, is that the natural
regime in which such systems work is the one of moderate
number of bosons N, thus opening the door for analyzing
the attractive Bose-Hubbard dynamics [18,36-38] in condi-
tions that might be challenging to reach in other physical
platforms.

Published by the American Physical Society
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FIG. 1. (a) Schematics of a circuit constituted by a chain of
transmons, which realizes an attractive Bose-Hubbard model. (b)
Floquet modulation protocol, consisting in local transmon frequency
modulation.

Our capacitively coupled qubit ring system is depicted
in Fig. 1(a). In particular, we note that the effective mag-
netic field cannot induce any actual matter-wave motion as
it occurs, for example, in cold atoms. Nevertheless, we can
implement a synthetic magnetic field in our superconduct-
ing qubit system through a Floquet driving [39-43] of the
transmon frequencies. The latter is suitably engineered to fa-
cilitate the operations to be carried out on the superconducting
circuit system and protect the transmon performances from
decoherence.

II. SYSTEM AND METHODS

Transmons are weakly anharmonic quantum oscillators
that are well described by attractive bosons [34,35]. The
latter consist of collective oscillations in the circuit and the
attraction results from the weak anharmonicity provided by
the Josephson potential in the regime E; > E¢, with E; the
Josephson energy and E. the charging energy. In a ring
configuration with N; capacitively coupled transmons, as
schematized in Fig. 1, the bosonic excitations can hop from
one transmon to the other and realize a Bose-Hubbard model
of attractive bosons in a lattice [27,44,45]:

Ns
Hy=Y" [wnj - %nj(nj — 1) = Jo(a,,a, +H.c.)], (1)

J=1
where aN+1 = ag, nj = a;aj, [ORAaPV SECEJ — Ec, U~ Ec,
Jo = (Co/(Cy + Cg))A/EcE; /8, and we set /i = 1 henceforth.
The charging energy of the transmons E¢c = &2 /2(Cy +Cy))
is expressed in terms of the capacitance of the Josephson
junction C; and the capacitance to ground of the supercon-
ducting islands C,, with Cy <« C;, C, being the capacitance
between nearest-neighbor transmons. Assuming (Cy/(C; +
CVE;/(8Ec) < 1,wehave Jy K U < w (see Ref. [46] for
details on the circuit Hamiltonian), implying strongly attrac-
tive interaction. We note that the transmon frequency can be
modulated w — w(t) by employing the so-called split junc-
tions, composed by a parallel of Josephson junctions threaded
by a time-dependent external flux ¢,(¢). Special working
points are the so-called sweet spots that correspond to maxima
or minima of the energy versus ¢,. In this regime, the qubit
properties are particularly stable against flux noise [4,47-49].

Synthetic gauge fields can be realized experimentally
through Floquet modulation protocols [39-42]. The modu-
lation is described by time-dependent frequencies w;(t) =
w — dw;(t), where dw is periodic with period T and we
assume 2 /T > Jy, U. Therefore, the Hamiltonian acquires
an additional term

H(t)=Hy— Y _ 8w;(t)n;. )
J

We can perform the unitary transformation U(¢) =
expli Y in S/ Tdt'sw ;(t")] so that the effective Floquet Hamil-
tonian in the fundamental band is given by the time-averaged
Hamiltonian Hey = (UT(0)H(OU (t) — iU (1)U (1)), with
(- V7 = OT dT—’ The goal of the protocol is that Heg
acquires a complex hopping amplitude Jy — Joe[%,
accounting for the Peierls substitution employed in
one-dimensional matterwave circuits in the presence of a
gauge field [50]. A finite Peierls phase has been achieved in
two-dimensional arrays of transmons in the hardcore boson
limit (U — oo) with a combination of static gradients and
local sinusoidal modulations of « that match the gradient
steps [23,51,52]. We notice that such protocol typically lifts
the transmons away from their sweet spot and that in the
absence of static gradients, a sinusoidal driving has been
demonstrated to yield generic values of Peierls phases in
{0, 27} at the price of suitably coloring the modulation with
more than one frequency [39,53-60]. We point out that
synthetic gauge fields have also been realized in systems of
transmons by suitable sets of two-qubit gates in the hardcore
boson limit [61,62]. However, such investigations do not
access the bright soliton physics determined by interactions.
In the next section, we propose a specific Floquet protocol
that leads to generic Peierls phases in {0, 27} and that can
also be employed with the transmons at the sweet spot. Our
Floquet scheme employs the so-called Leviton dynamics.

III. SYNTHETIC GAUGE FIELD BY LEVITON PROTOCOL

Levitons consist of suitable Lorentzian pulses that are
characterized by an exponential Fourier spectrum and yield
a quantized phase advanced of 27. Based on such a feature,
Levitons have been originally introduced in quantum physics
by Levitov as noise-free electronic excitations for edge states
in the quantum Hall effect regimes [63—67]. Here, we propose
Levitons to implement a synthetic gauge field by Floquet dy-
namics. The protocol consists in modulating a suitable subset
of adjacent N, < N, transmons through a sequence of Leviton
pulses of period 7 and width 7:

2t
awj(t):;(t—tj—kT)2+r2’ )

in which ¢; is a site-dependent reference time. We shall see
that N,, > 2 is a necessary condition for the protocol to work.
Thanks to the properties of Levitons, it can be analytically
shown that the hopping between the modulated adjacent trans-
mons acquires a phase y:

. et g N _s
Je iy — <]Oe lf dt' (Sw(t")—Sw(t l)))T, (4)
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FIG. 2. (a) Phase and (b) modulus of the complex hopping be-
tween two transmons modulated through Levitons, as a function
of the time delay 6¢/7T for four different values of the Lorentzian
width 7 /T [in panel (a), only the curve for the smallest width can be
distinguished from the other three curves].

which can be adjusted by varying the time delay
8t = (tj+1 —t;) between pulses in adjacent transmons. This
feature can be explicitly seen for e=#"*/T « 1 for which we
have Je™ ~ Jye=2"/T (see also the Supplemental Material
[46]). Indeed, Fig. 2(a) shows an approximately linearly
increasing phase y between two adjacent transmons versus 4¢,
for different values of the normalized Lorentzian width 7 /T
such that e=#*%/T « 1. At the same time, the hopping rate
J/Jy is also shown to be weakly dependent on &¢, as shown in
Fig. 2(b).

We comment that, due to the linear dependence of the
phase y on ¢, modulating all the transmons with time-shifted
pulses does not lead to any synthetic flux (since all phases
gained cancel out around the ring). In turn, by modulating
only a subset of N,, transmons, a net synthetic flux can be
achieved. This choice introduces two “external” links between
the modulated and nonmodulated transmons, and the associ-
ated hopping rate J' is suppressed:

J/ — (J()@iif dt’sw([’ftj))T — _Joefzﬂt/T. (5)

Therefore, in order to preserve the translation invariance of
the system in the fundamental Floquet band, the bare hopping
at the external links needs to be modified to compensate the
suppression due to the modulation, Jo — J; = Joe*"*/T. Ad-
ditionally, the 7 phase shift acquired in one external link is
compensated by an analogous one at the second external link.
The result of the protocol is that we can impart a net synthetic
flux to the system

® =27 (N,, — )5t/T, (6)

which can be controlled with the time delay of the pulses
between adjacent transmons.

Several comments are now in order. (1) The Floquet
protocol based on Leviton dynamics can interestingly be
employed at the transmon sweet spots. To see this, we no-
tice that the minimum of the modulation Sw(t) is w. =
(27 /T)tanh(wrt/T) and when the transmons are modulated
at the sweet spot they naturally generate a “dc component”
w. [46]. (2) In order to utilize the series of Levitons at the
sweet spots, it is then necessary to shift the frequency w of the
modulated transmons by w,, so to compensates the dc compo-

nent. The proper value of the Floquet period T and the width
of the Lorentzians t can then be adjusted a posteriori, so to
match the step w. and the bare hopping J;. (3) We note that the
rescaling of J| breaks the original translation invariance of the
Hamiltonian Hy and can introduce coupling to higher Floquet
bands in the exact time-dependent dynamics. Nevertheless,
for sufficiently high Floquet frequency such that 27 /T >
J,e*™™/T these transitions can be suppressed [46]. (4) Finally,
we point out that requiring the total amplitude of the modula-
tion to be a fraction of the transmon frequency sets the correct
hierarchy of frequency scales: 27 /T < 27w /Tt < w. This is not
in contrast with the requirement that the Floquet frequency
is effectively the higher scale in the system as in each sector
of constant number of bosons the dynamics is controlled by
J/U; typical values of J/w ~ 1072 can fully justify a Floquet
regime in which J « 27 /T < w. The numerical comparison
between the target and the actual dynamics of the system is
carried out in the Supplemental Material [46].

IV. SPECTRUM MEASUREMENT

Having established a protocol for imparting a synthetic flux
to the system, we now propose an experimentally feasible
scheme for detecting the effect of ® on the superconducting
circuit. Specifically, we consider a transmission line capaci-
tively coupled to the ring of transmons and add the driving
term 2 cos(wyt)(a; + a}L) to the Hamiltonian, where €2 char-
acterizes the strength of the driving. The ring network can
then be coherently driven by microwaves of frequency w, and
by the same transmission line the outgoing photons can be
monitored. This way, we can map out the spectrum of the
system through the amplitude of the reflected wave S(wy).
Following Ref. [35] and by time averaging the combined Flo-
quet modulation and external driving dynamics (in the rotating
frame of the driving), the effective Hamiltonian becomes [46]

NJ

U
Her =) [(w = wan; = nj(n; = 1)]

j=1

Ny
i®/Ns 71 i
—Jo ,2—1:(8 *Mal, a;+He) + > (@ +ap, ()

and we have neglected fast rotating terms for Q < w, w,.
Clearly, the coherent driving implies non-number-conserving
process (it couples sectors with different number of bosons):
The system coherently absorbs photons from the transmission
line and incoherently loses photons both via the transmission
line and by relaxation processes in each transmon; in addition,
dephasing in each transmon can also result in a loss of co-
herence. We expect that solitonic bands with different N, are
separated in energy by ~U . Therefore, in order to avoid band
mixing, we require 2 < U. For simplicity, we assume that
only transmons that are not modulated through the Floquet
protocol are connected to the external drive.

We study the evolution of the entire system phenomeno-
logically through a Lindblad master equation [68—71]

—— = L[p] = —ilHesr, p1 + Dilp] + Dyl2], ®)
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FIG. 3. (a) Modulus of the wave reflected off the driven system
as a function of the synthetic flux ®, detuning w; — @ (in GHz), and
driving amplitude Q2 = 0.01 GHz, for a chain of N, = 4 transmons.
A clear single-particle spectrum (N, = 1) appears as a broad bright
signal around zero detuning and shows the expected 27 periodicity
as a function of the synthetic flux. At negative detuning, a band
made of two-particle bound states characterizing bright solitons ap-
pears with the predicted periodicity halved to & (lower part of the
spectra). (b) For further increasing the external drive 2 = 0.04 GHz,
three-particle bound states emerge with one-third periodicity. (c)
Superimposed spectra of the N, = 1, 2, 3 sectors, showing the corre-
spondence with the output signal. (d) Close-up of the N, = 3 sector.
The rest of the system parameters are given in the main text. The
color bar in panel (a) is made nonlinear by setting z(x, y)*°.

with Dy[p] = 3-,10,,@P 0] o) = 510] ) Ojer- P} 2 gen-
eral dissipator, which for relaxation processes is specified by
O,y = 4/v1a; and for dephasing processes is described by
O = Ma;a i, with y; and y, the transmon relaxation
and pure dephasing rates, respectively, which within a phe-
nomenological approach should be interpreted as effective
ones. To model the system output, we follow Refs. [34,35,69]
and assume that site 1 couples with rate I" to the transmis-
sion line. Following a quantum Langevin approach [68,72,73],
coherent irradiation results in the input field mode amplitude
being related to the driving strength € as v/T (afn) ~ i2 and

the output field is a , ~ «/Fcﬂl'. In this regime, photon reflec-
tion amplitude is then expressed as

S(wa) = (aly)/(ah) = TTrlpyail/if ®

where pg is the steady-state density matrix satisfying
d0pss/0t = 0. We then perform numerical simulations for
system of size N; =4, keeping up to N, =3 excita-
tions, and we choose experimentally relevant parame-
ters taken from Ref. [35]: w =3.9GHz, U = 0.188 GHz,
J =0.041 GHz.

In Fig. 3(a), we present the results for weak driving 2 =
0.01 GHz, I' = 5MHz, y; = 1 MHz, and we neglect y, (see
Ref. [46] for a discussion of the role of y,). Notice that typical

decoherence rates are dominated by relaxation processes and
that the chosen value of y; is a worst-case scenario rather
than an optimistlc Value A clear broad bright signal following
the dlspersmn E =w— wy —Jcos(2rwk/N; + ®/N;), for
k=0,...,N; — 1 emerges. This feature, displaying the full
2 ﬂux periodicity, is identified as corresponding to the
N, =1 sector. Remarkably, a weaker signal in the form of a
dip is visible, in the lower part of Fig. 3(a), which corresponds
to the N, = 2 sector. Here, we see the inception of the reduced
periodicity, where a minimum appears between & = 0 and
® = 2x. The apparent deviations with respect to the perfect
reduced periodicity were demonstrated to arise as 1/N; correc-
tions [18,21,74]. In order to observe the N, = 3 bound state,
we needed to increase the driving amplitude €2 to be of order
J. We comment that the timescale for photon hopping from
the transmission line to the lattice site j = 1, determined by
27 /€2, has to be comparable to or shorter than the timescale
on which photons hop from one transmon to the other, 1/J,
requiring Q 2 J. For @ = 0.04 GHz, " = 0.1 MHz, and y, =
1072 MHz, the sector N, = 3 appears, as shown in Fig. 3(b).
The lowest energy band is displayed as significantly broad-
ened and we can only observe the fractional 277 /3 periodicity
in the excited bands. We also point out that degeneracies in
the level crossings of the many-body spectrum, taking place at
specific values of the synthetic flux, are lifted as a combined
effect of driving and dissipation.

Our numerical findings are corroborated by a perturbative
calculation valid for large U of the energy dispersion [46]

EM = ES" — g, cos@rk/N; + N,®/Ny), (10

with  E" = Ny(@ — wg) — $N,(N, — 1)
&, 71),(J/U Ye=1 [75]. This formula is in good agreement

and J(N y =

with the exact spectrum shown in Figs. 3(c) and 3(d).

In summary, our analysis shows that the low energy bands
in the absorption spectrum have a periodicity reduced by N,
reflecting the size of the bound state formed in the system.
According to the predictions in Ref. [18], for sufficiently
strong attractive interactions the energy bands corresponding
to bound states detach from the single particle (scattering)
band [see Fig. 3(c)]. We note that solitons are increasingly
more fragile with N, to decoherence. This is due to the fact
that the solitons take approximately a time ~N;/Jw,) to go
around the ring of transmons. Therefore, to observe coher-
ent flux oscillations such a time has to be shorter than the
single transmon relaxation time ~1/(N,y;) and pure dephas-
ing time 1/y, [76]. Thus, we require Nyy1, vy < Jw,)/Ns,
so that the protocol needs a ratio J/U not too small. The
chosen value of the relaxation rate in Fig. 3(b) is within
the state-of-the-art values [77,78] and we have checked that
the solitons and their periodicity are visible up to y; =
0.1 MHz (see Ref. [46] for an assessment of the coherence
properties).

V. CONCLUSIONS

We have shown how a ring-shaped system of capacitively
coupled transmons can be employed to study the many-body
dynamics of attracting bosons in the presence of an effec-
tive magnetic field. The latter is obtained through a suitable
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Floquet driving protocol employing Lorentzian pulses (Levi-
tons). This way, we widen the scope of the superconducting
circuit quantum simulators significantly.

The bosonic effective dynamics is indeed characterized
by the formation of bright solitons whose smoking gun is
the fractionalization of flux quantum that is predicted to be
displayed in the “band structure” of the system (energy versus
magnetic field) [18,21]. Such flux quantum fractionalization
emerges for realistic experimental conditions [35] in a suitable
reflection protocol (see Fig. 3).

Important problems such as the impact of disorder on the
fractionalization, macroscopic phase coherence and SQUID
physics [37], Aharonov-Bohm oscillations in bosonic sys-
tems [79], N-component bosons, and mesoscopic simulation
of lattice gauge theories [80] can be studied in a regime of
parameters that is complementary to the working conditions
of strongly interacting cold atom systems. Such a platform

is also complementary to others describing synthetic gauge
fields in weakly coupled photons, such as those occurring
in topological photonics [81]. Relying on the relevance of
solitons in quantum metrology [19,82—-85], we expect that
our scheme can open perspectives for superconducting circuit-
based quantum sensing.
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