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Introducing flexible native entanglement gates can significantly reduce circuit complexity. We propose
a gate integrating iSWAP and CPHASE operations within a single gate cycle. We theoretically show one
possible realization of this gate for superconducting qubits using bichromatic parametric drives at distinct
frequencies. We show how various parameters, such as drive amplitudes and frequencies, can control
entanglement parameters. This approach enhances gate versatility, opening pathways for more efficient
quantum computing.
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I. INTRODUCTION

Quantum computing has made remarkable progress,
achieving milestones such as quantum error correction,
which enables practical computation despite challenges
like decoherence [1–3]. Modern quantum processors now
support around 100 qubits, and quantum supremacy
demonstrations have shown limited speedups [4,5]. As
highlighted recently in Ref. [6], the next goal is achieving
quantum utility by efficiently solving practical problems.
This requires significant advancements in the challenges
for 100-1M physical qubit processors, such as qubit coher-
ence, gate accuracy, and compactification [6,7].

A quantum processor is considered universal if it can
simulate any quantum circuit to arbitrary accuracy using
a finite set of gates acting on a finite number of qubits.
This requires single-qubit Hamiltonians to generate all
SU(2) gates and at least one two-qubit interaction to pro-
duce entangling gates [8]. Discussions of universality often
focus on unitary gates rather than physical Hamiltonians.

Recent technological advancements for controlling
nonunitary errors, e.g., nonequilibrium quasiparticle tun-
neling [9–12] and trap state noise [13,14], as well as
unitary errors, e.g., ZZ stray couplings [15–26], have
improved gate fidelity, architecture, and manufacturing,
have enabled problem-specific algorithms to leverage
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quantum computing’s power [5,27–32]. These develop-
ments have set the stage for high-fidelity computing with
thousands of qubits. Two of the most commonly used two-
qubit gates are iSWAP (swapping |01〉 ↔ |10〉) and CPHASE
(applying a π phase to |11〉). Often, a small CPHASE is a
byproduct of iSWAP and vice versa. However, it has been
shown recently that one can better control the CPHASE
byproduct of iSWAP to define an alternative gate, namely
“fermionic Simulation (fSim).” This other gate can be
separated into two gates in certain conditions.

The fSim gate is a versatile quantum computing tool,
particularly useful for simulating phase transitions in
strongly correlated fermionic systems [33–35]. Com-
bining the functionality of two gates reduces resource
demands and enhances flexibility for parameter-specific
applications.

The fSim gate has been implemented in superconducting
qubits using bichromatic modulation of frequency detun-
ing and coupling strengths or a dc pulse with a parametric
drive [36,37]. These approaches enable continuous trans-
formations, swapping |01〉 and |10〉 while introducing a
controllable phase for |11〉. The gate’s parameters θ and
ϕ allow state swaps and apply a phase factor exp(iϕ), as
represented by

̂fSim(θ , ϕ) =

⎛

⎜

⎝

1 0 0 0
0 cos(θ) −i sin(θ) 0
0 −i sin(θ) cos(θ) 0
0 0 0 eiϕ

⎞

⎟

⎠ . (1)

With full control over θ (0 to 90◦) and ϕ (0 to
180◦), the fSim gate mimics anticommuting particles. It
improves the quantum approximate optimization algorithm
(QAOA) [38] and reduces circuit depth in quantum varia-
tional eigensolvers for molecular hydrogen by a factor of
10 compared to controlled-NOT gates [39]. The rotation
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̂fSim(π/2, π) simplifies resource use for fermion simula-
tions. Combining native fSim gates with XYZ decompo-
sition and optimized fermion-to-qubit mappings reduces
circuit depth by 70% in Fermi-Hubbard model simulations
on square-lattice quantum processors [40].

As an example, consider the general fermionic Hamil-
tonian: H = ∑

ij Aij f̂ †
i f̂j +∑

i Bin̂i +∑

i�=j Cij n̂in̂j , with

n̂i = f̂ †
i f̂i as the number operator. This Hamiltonian

appears in models like the Hubbard model and quan-
tum chemistry, with hopping terms Aij , on-site energy Bi,
and electron-electron interaction Cij . In quantum simula-
tion, the on-site energy is mapped to single-qubit gates.
The hopping terms correspond to iSWAP operations. The
electron-electron interaction together with the fermionic
anticommutator can be mapped to the conditional phase
ϕ. Therefore, being able to implement iSWAP and CPHASE
operations simultaneously makes simulating such kinds of
Hamiltonians more efficient.

Although the fSim concept offers several advantages for
quantum algorithm design, some challenges hampered pre-
vious fSim implementations. In experiments, calibrating
the gate in a continuous two-dimensional (2D) parameter
space is very time consuming. From the theory side, there
is no well-established theory for driving iSWAP transition
and CPHASE transition simultaneously. One of the reasons
is that for systems where two-qubit gates are activated via
level detunings and static couplings, detunings and cou-
plings in the one-excitation subspace (between |01〉 and
|10〉) and two-excitation subspace (among |11〉, |02〉, and
|20〉) can not be controlled independently, which makes the
iSWAP transition and CPHASE transition correlated [36]. For
systems where two-qubit gates are driven via fast oscillat-
ing pulses (microwave drives or parametric flux drives),
the lack of understanding of drive-drive crosstalk makes it
difficult to control simultaneous transitions.

To address those issues in theory, we propose a theo-
retical modification to the fSim gate that integrates iSWAP
and CPHASE operations into a single hardware. This enables
their simultaneous and controllable application, namely the
“concurrent fSim (cfSim).” This approach compresses the
gate time of consecutive iSWAP and CPHASE operations
into one shorter gate with the same output. Our theoret-
ical study demonstrates that this method simultaneously
achieves the full range of iSWAP angles and conditional
phases, inherently facilitating a fermion swap in a single
operation. We note that there have been several previous
works in recent years on concurrent driving of gates to
implement complicated gates [41–44]. In fact, in a recent
experiment, it is suggested to run iSWAP and CZ simul-
taneously through a bichromatic parametric drive on the
coupler between two qubits [45]. In this paper, we give a
detailed analysis and simulations of how concurrent fSim
gates can be implemented. We employ the example of
bichromatic parametric drives at distinct frequencies in a

transmon-coupler-transmon setup. The method uses two
parametric drives: one resonating with the |01〉 ↔ |10〉
transition to control the iSWAP angle, and the other facili-
tating CPHASE transitions via |11〉 ↔ |02〉, |11〉 ↔ |20〉, or
both. Completing an oscillation cycle induces a detuning-
dependent phase shift in the |11〉 state and reduces leakage
at the same time. Moreover, we develop precise analyti-
cal strategies to accurately predict transition dynamics and
resolve crosstalk between the drives, resolving synchro-
nization issues.

The remainder of the paper is organized as follows. In
Sec. II, we introduce the setup of bichromatic paramet-
ric drive and study two models based on it to understand
the dynamics of two-tone drives. We first present analyti-
cal derivations of a two-qutrit toy model and then extend
it to the more complete coupled Kerr nonlinear oscillator
model. Section III deals with an aspect of superconduct-
ing quantum gates: leakage. We show how to minimize
leakage when two drives are present at the same time. In
Sec. IV, we combine all analyses above to derive analyti-
cal expressions of iSWAP angle θ and conditional phase ϕ

in cfSim gates. Numerical simulation and optimization of
cfSim are performed. Section V presents a case of cfSim
gates: ZZ-free iSWAP gate. In Sec. VI, we discuss what
limits the cfSim gate fidelity and give some outlook of
our proposed gate scheme. In Sec. VII, we summarize this
paper.

II. THE MODEL

In superconducting circuits consisting of two transmons
coupled via a frequency-tunable coupler, a continuous two-
qubit fSim gate has recently been realized. iSWAP and
CPHASE gates can be implemented by adjusting the qubit-
qubit coupling strength and frequency detuning, with one
gate activated immediately after the other is deactivated
[36]. Notably, both gates can also be active simultaneously,
enabling the complete and concurrent implementation of
the fermionic simulation gate set in a single operation,
referred to as concurrent fermionic simulation (cfSim).
Below, we present the theory for realizing such a gate using
two parametric drives in a controllable manner.

A. Setup: bichromatic parametric driving (BPD)

Motivated by the idea of realizing fSim gate by a para-
metric drive [46–48], in this paper, we consider the simul-
taneous application of two gates achieved by employing
bichromatic parametric driving (BPD). In this approach,
we apply two parametric drives at distinct frequencies,
each on one qubit. Our proposed gate operates by mod-
ulating the frequencies ω1 and ω2 in an oscillatory man-
ner. Consider the setup depicted in Fig. 1, where both
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FIG. 1. Setup of the system. Two transmons are coupled via
a common coupler. The direct transmon-transmon coupling is
ignored. Two parametric drives are applied to the two transmons
separately. The two simultaneous drives induce a concurrent
fSim gate between the two qubits, exchanging their excitations
and adding a conditional phase.

transmons Q1 and Q2, coupled via a resonator, are para-
metrically driven via modulating external phases ϕe1 and
ϕe2.

The full circuit Hamiltonian reads [49]

H = H1 + H2 + Hc + Hint, (2)

where the transmon Hamiltonians, coupler Hamiltonian,
and the coupling Hamiltonian are expressed in the canoni-
cal phase-charge basis as

Hj = 4ECj n̂2
j − EJj cos(ϕ̂j + ϕej (t))

Hint = �jk4ECjkn̂j n̂k

(3)

with j , k = 1, 2 and c.
The analytical analysis and numerical simulation of the

full circuit Hamiltonian is quite complicated. To focus on
the essential points of our gate scheme, we instead study
two simplified models. We first introduce a toy model con-
sisting of two interacting qutrits to understand the basics of
the gate dynamics under BPD. We then turn to a more com-
plete model including transmon higher levels and coupler
degrees of freedom, which is more accurate yet can still be
studied analytically. Exact numerical simulation of the full
circuit model can be performed with the help of methods
such as time-dependent Schrieffer-Wolff transformation or
Floquet theory [49].

B. A toy model: two qutrits

The schematic of the proposed gate scheme is depicted
in Fig. 2. The first drive resonates the state |11〉 with either
|02〉 or |20〉. The second drive facilitates a swap between
the single-qubit excited states |10〉 and |01〉 by bringing
them into resonance, as illustrated in Fig. 2. The state
|00〉 remains uncoupled from other states because it is
far detuned from the relevant transitions, thereby staying
unaffected by the applied drives.

It is crucial to minimize leakage out of the computa-
tional space, which requires the state |11〉 to complete full
oscillation cycles, transferring its population out of the

FIG. 2. Schematic of BPD for cfSim gates. Relevant levels
are shown. Two parametric drives target two transitions sepa-
rately. When on resonance, drive frequency ν1,2 should match
level detuning. Drive amplitudes �1,2 are not required to match
detunings. For cfSim gates, we choose to drive 1 to resonantly
drive |01〉 ↔ |10〉 transition, therefore, ν1 = ω2 − ω1. The sec-
ond drive is chosen to be near resonant with |11〉 ↔ |20〉 or
|11〉 ↔ |02〉 transition. iSWAP and CPHASE transitions are hap-
pening simultaneously. Both iSWAP angle θ and conditional
phase ϕ can be controlled.

computational subspace (to |02〉 or |20〉) and then back.
This depopulation and repopulation of |11〉 are optimally
synchronized with the swap transition between |01〉 and
|10〉.

The qubit dynamics of an iSWAP and CPHASE gate set
can be efficiently modeled by two interacting qutrits with
time-dependent frequency detuning ω1(t) − ω2(t) = 	 +
h1(t) − h2(t) and fixed coupling strength g. The static
Hamiltonian of such a system in the basis of |01〉, |10〉,
|11〉, |02〉, |20〉 from left (top) to right (bottom) is given by

H0 =

⎛

⎜

⎜

⎜

⎜

⎝

0 g 0 0 0
g 	 0 0 0
0 0 	

√
2g

√
2g

0 0
√

2g δ 0
0 0

√
2g 0 2	 + δ

⎞

⎟

⎟

⎟

⎟

⎠

, (4)

with similar qutrit anharmonicity δ1 = δ2 ≡ δ with δi ≡
E(i)

2 − 2�ωi denoting the anharmonicty associated to
qutrit i.

Since a parametric drive modifies the qubit frequency, it
effectively acts as a time-dependent number operator â†

i âi,
where â†

i (âi) represents the creation (annihilation) operator
for the qutrit i. For simplicity, we assume anharmonicities
are not affected by drives. The total Hamiltonian within
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the 5 × 5 qutrit Hilbert space of interest is expressed as
[36,46,47]

H = H0 +

⎛

⎜

⎜

⎜

⎝

h2(t) 0 0 0 0
0 h1(t) 0 0 0
0 0

∑

i hi(t) 0 0
0 0 0 2h2(t) 0
0 0 0 0 2h1(t)

⎞

⎟

⎟

⎟

⎠

.

(5)

Let us assume the drives h1 and h2 take the form: hi =
�i sin(νit), where drive amplitudes and frequencies are
time independent. We can then move to a rotating frame
where all diagonal terms are zero, see Appendix A. In this
rotating frame, the Hamiltonian is given by

H =
∞
∑

m,n=0

gJm

(

�1

ν1

)

Jn

(

�2

ν2

)

e−it(mν1+nν2)×

(eit	|10〉〈01| +
√

2eit(δ+	)|11〉〈02|
+

√
2eit(δ−	)|11〉〈20| + H.c.), (6)

where 	0 is the static detuning between |01〉 and |10〉, Jn
is the Bessel function of the first kind, and the summation
takes place over integers n ∈ Z.

In Appendix B, we show that, under certain perturbative
conditions, the Hamiltonian can be further simplified:

H = gJ1(x1)J0(x2)|10〉〈01|
+

√
2gJ0(x1)J1(x2)eiεt|11〉〈02| + h.c. (7)

with xk = (νk/�k).
The residual time dependence in the coupling between

|11〉 and |02〉 can be treated by applying another rotat-
ing frame transformation defined as UR = e−iεt|02〉〈02| ⊗ I ,
which rotates |02〉 state and leaves other levels unchanged.
This helps to transform the interaction to the frame rotat-
ing with the frequency of level detuning between |11〉 and
|02〉. The resulting Hamiltonian turns out to be block diag-
onal with the following two diagonal blocks, that resemble
separate iSWAP gates in the subspace spanned by |10〉, |01〉,
and CPHASE gate in the subspace spanned by |11〉, |02〉, as
follows:

H10,01 =
(

0 gJ1(x1)J0(x2)

gJ1(x1)J0(x2) 0

)

(8)

H11,02 =
(

0
√

2gJ0(x1)J1(x2)√
2gJ0(x1)J1(x2) −ε

)

. (9)

Note that in our numerical analysis, we carry on the
analysis in the presence of all possible transitions, and

therefore, we consider the weak driving limit of this section
only to make analysis simpler for analytical verification.
Performing the analytical study in the relatively intermedi-
ate regime of driving amplitude requires to reconsider the
coupling |11〉〈20| that needs to deal with 3 × 3 matrix size
everywhere.

We have now established that it is possible to express
parametrically driven CPHASE and iSWAP operations using
a 2 × 2 matrix representation. Consequently, we propose
describing the operators for the iSWAP and CPHASE gates
using an identical matrix. To facilitate this approach, we
can mathematically introduce the following hypothetical
Hamiltonian:

H =
(

0 g
g 	

)

. (10)

In the case of iSWAP the two columns (and rows) indicate
the states |01〉 and |10〉 with g being the interchanging
strength between the two, which is nearly the interac-
tion strength between the two qubits in the computational
level, 	 the frequency detuning of the two qubits. Yet the
very matrix of Eq. (10) can represent the CPHASE opera-
tor once the columns (and rows) are labeled by |11〉 and
|02〉. Therefore, g for the CPHASE operator will be the
interaction strength between the highest excited level in
the computational subspace of two qubits with the closest
noncomputational energy level.

Now consider that the state of two isolated qubits
is evolved for a specific time t only by the unitary
operator U(t), i.e., U(t) = e−iHt. In the two-level pic-
ture we chose for the two gates in Eq. (10), the unitary
state evolution operator can be represented as U(t) =
e−it	/2

(

cos(�t)1̂ − i sin(�t)
(

nzẐ + nxX̂
))

, with X̂ and

Ẑ being the Pauli matrices, the Rabi frequency � =
√

(	/2)2 + g2 determining the rotation rate. The Pauli
coefficients nz = −	/2� and nx = g/� define the rota-
tion axes.

The iSWAP transition usually occurs by bringing the fre-
quency of one qubit in resonance with the other qubit or
applying a resonant drive with the qubit-qubit detuning. In
the case of applying a resonant drive, the frequency detun-
ing 	 between the two qubits becomes zero in the rotating
frame. In this case one can show |〈01|U(t)|10〉| = sin(gt),
which indicates the rotation iSWAP angle θ can be obtained
by applying the gate U(t) for certain time; in other words,
θ ≡ arcsin(|〈01|U(t)|10〉|) = gt.

The CPHASE gate requires frequency detuning 	

between the two qubits. In this gate transition sends the
photon outside of the computational level, however, in
order to minimize leakage, it is demanded that the final
state goes back to |11〉 at the end of the cycle of two
CPHASE evolutions. Therefore, the total evolution adds a
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phase to the state |11〉.

U(tg) = −e−i
	tg

2 , (11)

with tg = (2π/(
√

	2 + 4g2))

So, the conditional phase ϕ is given by

ϕ = π

(

1 − 	
√

	2 + 4g2

)

. (12)

In terms of tg it can be simplified as

ϕ = π

(

1 − 	

2π
tg

)

. (13)

Therefore, the iSWAP angle θ and the conditional phase
ϕ can be controlled by tuning the corresponding coupling
strengths and drive detuning.

This is not the only way to drive a tunable conditional
phase. In another approach, one drives the |10〉 ↔ |02〉
transition with zero detuning and stays at |02〉 for varying
time to accumulate different conditional phases [50]. The
accumulated phase is given by ϕ = (ω20 − ω10 − ω01)τ ,
with τ being the waiting time at |20〉. This gate can be
implemented fast because ω20 − ω10 − ω01 is usually in
the hundred MHz range. The total conditional phase com-
bines the dynamical and geometric phases in the above
cases. It is also possible to have a pure geometric condi-
tional phase by properly choosing the evolution trajectory
on the Bloch sphere [51].

C. Full model: transmon-coupler-transmon

Let us once again consider the case of two flux-tunable
transmons coupled via a harmonic resonator, as depicted
in the hardware schematic of Fig. 1. Here we consider a
larger Hilbert space for each transmon and coupler. Bichro-
matic parametric drives are applied to the device, with
each drive acting on one transmon. For simplicity of anal-
ysis, we consider the setup where one drive is applied to
each transmon individually. However, this is not a neces-
sary condition from a theoretical perspective. Drives could
instead be applied to the resonator, if it is also tunable, or
both drives could be applied to a single transmon or the
coupler [52].

As discussed at the beginning of this section, treating
the full circuit Hamiltonian as in Eqs. (2) and (3) is not
an easy task, of which the complexity might obscure the
physics behind BPD dynamics. We therefore decide to
model the circuit as two Kerr nonlinear oscillators coupled
via a harmonic oscillator. We furthermore assume that the
drives only modulate the frequencies of the oscillators but
not their anharmonicities. With those approximations, the
dominant features of the physics are kept, and analytical
formulas are still feasible.

Neglecting the counter-rotating terms, we can write
down the Hamiltonian of the system:

H = H0 + Hd,

H0 =
∑

α=1,2,c

ωα â†
α âα + δj

2
â†

α âα(â†
α âα − 1)

+
∑

j ,k={1,2}
gjc(â

†
j âc + H.c.),

Hd =
∑

j =1,2

�j sin(νj t + φd
j )â†

j âj , (14)

where the subindex c denotes the coupler, gjc is the cou-
pling strength between transmon j and the coupler. For the
case of a harmonic coupler one expects that δc = 0, but in
general the coupler can also have a nonzero anharmonicity.

The total Hamiltonian H in Eq. (14) consists of the
undriven Hamiltonian H0 and the drive Hamiltonian Hd.
The undriven Hamiltonian H0 is the generalized Jaynes-
Cummings. Hamiltonian [53]. The drive Hamiltonian has
the standard form of parametric drives [47,54–63].

In order to accurately study the dynamics of the sys-
tem, we first find a transformation U0 that diagonalizes H0,
i.e., H̃0 = U†

0H0U0 with H̃0 denoting diagonalized H0. By
transforming the drive Hamiltonian to the same diagonal
frame where in H0 is diagonalized, the drive Hamiltonian
becomes H̃d = U†

0HdU0, which is not necessarily a diago-
nal matrix. The total Hamiltonian in the diagonal frame is
then H̃0 + H̃d. Note that in this treatment, we are study-
ing the dynamics in the dressed basis of the undriven
Hamiltonian. Note that the diagonal transformation U0
can be analytically found using the Bogoliubov transfor-
mation [64–66] or by exact numerical diagonalization.
Here, in order to perform precise analysis we numerically
determine the diagonalization transformation matrix U0.
This does not add too much computational cost when the
undriven Hamiltonian H0 is fixed.

Let us denote dressed transmon states by Q1 and Q2,
and dressed coupler (a harmonic resonator in our analysis)
states with R. In the Fock basis {|Q1Q2R〉}. The total
Hamiltonian reads

H̃ =
∑

Q1,Q2,R

⎧

⎨

⎩

⎛

⎝ω̃Q1Q2R +
∑

m=1,2

�m sin(νmt + φd
m)N m

Q1Q2R

⎞

⎠

×|Q1Q2R〉〈Q1Q2R|
+

∑

Q′
1,Q′

2,R′

∑

m=1,2

�m sin(νmt + φd
m)Cm

Q′
1Q′

2R′;Q1Q2R

×|Q′
1Q′

2R′〉〈Q1Q2R|} , (15)
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with ω̃Q1Q2R, N m
Q1Q2R, and Cm

Q′
1Q′

2R′;Q1Q2R being defined as
follows:

ω̃Q1Q2R = 〈Q1Q2R|H̃0|Q1Q2R〉,
N m

Q1Q2R = 〈Q1Q2R|U†
0â†

mâmU0|Q1Q2R〉,
Cm

Q′
1Q′

2R′;Q1Q2R = 〈Q′
1Q′

2R′|U†
0â†

mâmU0|Q1Q2R〉,
(16)

defining ω̃Q1Q2R as the eigenfrequency of the dressed
state |Q1Q2R〉. The transformed operator U†

0â†
mâmU0 is

split into the diagonal term N m
Q1Q2R and the off-diagonal

term Cm
Q′

1Q′
2R′,Q1Q2R. The two parametric drives of BPD

are denoted by �m sin(νmt + φd
m), modulating the eigen-

frequencies of the dressed state |Q1Q2R〉 through the
diagonal term N m

Q1Q2R. These drives also introduce time-
dependent coupling between |Q1Q2R〉 and |Q′

1Q′
2R′〉 via

the off-diagonal term Cm
Q′

1Q′
2R′;Q1Q2R.

We define the rotating frame corresponding to the diag-
onal part of H̃ :

Ur = e−i
∫

dt
∑

Q1Q2R |Q1Q2R〉〈Q1Q2R|H̃ |Q1Q2R〉〈Q1Q2R|

=
∑

Q1Q2R

e−i
∫ 〈Q1Q2R|H̃ |Q1Q2R〉dt|Q1Q2R〉〈Q1Q2R|. (17)

We transform the Hamiltonian into the rotating frame
H̃R = U†

r H̃Ur − iU†
r∂tUr and simplify to find

H̃R =
∑

G̃(t)Q1Q2R;Q′
1Q′

2R′ |Q′
1Q′

2R′〉〈Q1Q2R|. (18)

For the full derivation and the expression of
G̃(t)Q1Q2R;Q′

1Q′
2R′ , see Appendix C.

1. The monochromatic parametric driving case

Let us consider the simple and special case of single
parametric driving, namely “monochromatic parametric
drive (MPD).” We apply MPD to Q1 to evaluate the time
dependency of the coupling strength between the swap
between transmons, |010〉 ↔ |100〉. The drive frequency
is resonant with the transition: ν1 = |ω̃010 − ω̃100|.

In Appendix C we generalize the case where trans-
mons and coupler are flux tunable and we apply three
parametric drives, two on qubits with frequencies ν1 and
ν2, and one with frequency ν0 on the coupler. For this
general case we worked out the resonant condition for tran-
sition |Q1Q2R〉 ↔ |Q′

1Q′
2R′〉 will be ω̃Q′

1Q′
2R′ − ω̃Q1Q2R −

(n0ν0 + n1ν1 + n2ν2) = 0 with integer numbers n0, n1, and
n2. The general resonance condition includes multiphoton
processes, which indicates the presence of subharmonic
interactions, see Ref. [67]. This condition for the case of
MPD is simplified to the condition with ν0 = ν2 = 0.

If there is a dominant slow-oscillating component in
G(t), this term primarily governs the dynamics of the cor-
responding transition. Consequently, one can apply the
rotating-wave approximation (RWA) by disregarding all
other fast-oscillating terms.

For MPD under the resonant condition the static cou-
pling strength between |100〉 and |010〉 can be determined
as follows:

ḡ100,010 = iα�1

[

J2

(

β�1

ν1

)

+ J0

(

β�1

ν1

)]

, (19)

where we define α ≡ C1
100,010/2, β ≡ N 1

100 − N 1
010.

The coupling strength between |110〉 and |020〉 can be
calculated similarly when the drive frequency ν1 is res-
onant with 	110,020 = ω̃110 − ω̃020, see Appendix C. This
g coupling is imaginary because of the rotating frame we
chose. In this frame, the interaction resembles a Y-type
rather than an X -type interaction.

The formula Eq. (19) is valid across a wide range, from
the dispersive regime to the strong coupling and/or strong
drive regime, as no perturbative expansion is employed in
its derivation. The only approximation utilized is the RWA.
The parameters α and β are determined by the underly-
ing undriven Hamiltonian and are obtained through exact
numerical diagonalization of this Hamiltonian. As a result,
our findings are exact with respect to the bare frequencies
and bare couplings.

The first term, α�1, represents the dominant linear
dependence of g010,100 on �1. The constant α is pro-
portional to the coupling coefficient C1

100,010. This result
naturally arises from the Hamiltonian (15), where the term
associated with C1

100,010 is the only static coupling between
|100〉 and |010〉. Consequently, the leading linear coupling
is given by α�1.

The second term, J2 (β�1/ν1) + J0 (β�1/ν1), intro-
duces nonlinearity to g010,100. This nonlinearity arises from
the modulation of the frequencies of the dressed states
|100〉 and |010〉 induced by the parametric drives. The
argument of the Bessel functions, β�1/ν1, consists of three
components:

(1) β reflects how differently the drives are coupled to
the states |100〉 and |010〉, given by the difference of the
diagonal terms N 1

100 − N 1
010.

(2) Amplitude �1 (numerator) determines the drive
strength. A stronger drive results in a more significant
nonlinear effect.

(3) Frequency ν1 (denominator) indicates how rapidly
the drive modulates the frequencies of the states. Faster
modulation reduces the nonlinearity.

This nonlinear contribution is typically absent in per-
turbative treatments but can become significant when the
drive amplitude is comparable to the drive frequency.
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We calculate the static coupling strengths g010,100
and g110,020 under their respective resonant drives (ν1 =
	010,100 and ν1 = 	110,020) and compare the results with
numerical simulations in Fig. 3. The nonlinear behavior
is well captured by the analytical formulas. The transition
g110,020 exhibits more pronounced nonlinearity because the
transition frequency 	110,020 is smaller, leading to a larger
ratio �/ν.

The dips observed in Figs. 3(c) and 3(d) corre-
spond to the condition J2 (β�1/ν1) + J0 (β�1/ν1) =
0, which results in g110,020 = 0. Solving the equation
J2 (β�1/ν1) + J0 (β�1/ν1) = 0 numerically yields the
first root β�1/ν1 ≈ 3.83, which matches well with the
numerical simulation. Other higher-order roots are beyond
the accessible range.

2. Drive crosstalk in BPD

For the case of BPD with two parametric drives, the
static coupling strength g between two states can be eval-
uated similarly. For instance, the static coupling between
|010〉 and |100〉 under one resonance drive �1 sin(ν1t)a†

1a1

and one off-resonant drive �2 sin(ν2t)a†
2a2 is given by

g1 = iα�1

[

J2

(

β�1

ν1

)

+ J0

(

β�1

ν1

)]

J0

(

γ�2

ν2

)

, (20)

where

α = C1
100,010

2
, β = N 1

100 − N 1
010, γ = N 2

100 − N 2
010. (21)

Details of derivation and the even more general case of
three parametric derives can be found in Appendix C.

The first part of g1, iα�1(J2(β�1/ν1) + J0(β�1/ν1)), is
identical to the static ḡ100,010 derived under a single reso-
nant drive, as shown in Eq. (19). The crosstalk effect of
the off-resonant drive is introduced through the last term,
J0(γ�2/ν2). This term takes a similar form to the nonlinear
term in the single-drive case. The crosstalk arises from the
frequency modulation of the states |100〉 and |010〉 induced
by the second drive.

The crosstalk factor has two key features:

(1) Nonlinearity: the crosstalk appears through the non-
linear function J0.

(a) (b)

(c) (d)

FIG. 3. Static coupling strength, analytical and numerical. Analytical results are obtained via Eq. (19). Numerical results are from
solving the time-dependent Schrödinger equation defined by Hamiltonians of Eq. (14), where the Hilbert space is truncated to 100
dimensions. Five levels are used for each transmon, and four levels are used for the coupler mode. The analytical formula is valid
for a wide range, from dispersive regimes to strong coupling regimes. (a) Static ḡ100,010 vs qubit detuning. (b) Static ḡ100,010 vs drive
amplitude. (c) Static ḡ110,020 vs qubit detuning. The dip around 300 MHz corresponds to the root of J0(x) + J2(x). (d) Static ḡ110,020 vs
drive amplitude.
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(2) Dependence on the ratio �2/ν2: the crosstalk
depends solely on this ratio.

For small values of �2/ν2, J0 is a monotonically decreas-
ing function. As �2/ν2 increases, J0 begins to oscillate
around zero, resulting in multiple zeros in ḡ100,010 and P100.
This behavior is illustrated in Fig. 4. We numerically com-
pute the static coupling strength ḡ1 and the population
transfer and compare with the analytical results of Eq. (20).
It can be clearly seen that the crosstalk is mainly coming
through the factor J0(γ�2/ν2).

The crosstalk can be understood as an off-resonant base-
band modulation on top of a resonant sideband transition.
The resulting coupling strength is the product of the two
parts. Equation (20) can be generalized to N drives, where
only one drive is resonant and all other N − 1 drives are
off resonant:

ḡ = iα�1

(

J2

(

β
�1

ν1

)

+ J0

(

β
�1

ν1

))

�N
k=2J0

(

γk
�k

νk

)

.

(22)

The formula Eq. (22) can be derived following
the same line as Appendix C. Here we sketch how
it can be done. In the rotating frame, the coupling
strength takes the form: g ∝ �j αj �j sin(νj t) exp{i[ν1t +
�kγk(�k/νk) cos(νkt)]}, where ν1 is the detuning of the tar-
geted transition. One can then expand the exponents using
the Jacobi-Anger identity and perform RWA. Because only
drive 1 is resonant with the targeted transition and all other
drives are off resonant, the only terms left in the sum
belong to the following two cases:

(1) j = 1 so sin(ν1t) cancels the phase factor exp(iν1t).
(2) j �= 1 but it cancels expansion terms from

exp(iγj (�j /νj ) cos(νj t)) and the phase factor exp(iν1t)
is canceled by one expansion term from exp(iγ1(�1/

ν1) cos(ν1t)).

Assuming J0(· · · ) >> J1(· · · ), J2(· · · ), it is easy to find
that only the first case gives dominant contribution. This
thus gives the result Eq. (22), where we have renamed
β ≡ γ1. This expression also applies to multiqubit systems.

(a) (b)

(c) (d)

FIG. 4. Crosstalk effect of one drive on the other. The first drive is fixed at �1 = 150 MHz, ν1 = 	010,100. The second drive is far
detuned from the |010〉 ↔ |100〉 transition. We sweep drive amplitude �2 and frequency ν2 to see the crosstalk effects. (a) Numerical
simulation of static ḡ100,010. The static coupling ḡ100,010 is modulated by the second parametric drive. The dark stripes correspond to
zeros of J0 at �2/ν2 = 2.40, 5.52, 8.65, . . .. The anomalous resonance around ν2 = 225 MHz is not captured by the RWA formula,
because at this spot 2ν2 = 	010,100 and two-photon transitions need to be included to account for this resonance. (b) Numerical simu-
lation of P100 is consistent with the analytical result except for two-photon transition. (c) Analytical calculation of static ḡ010,100 using
Eq. (20). The analytical plot confirms numerical simulation in (a). (d) Analytical calculation of static ḡ010,100. The x axis is rescaled to
illustrate the dependence of crosstalk effect on �2/ν2.
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One can use it to suppress a target transition by requiring
�N

k=2J0(γk(�k/νk)) = 0.

III. MINIMIZING LEAKAGE

Driving the CPHASE transition while the iSWAP drive is
present needs more delicate treatment because we require
the state always to return to |11〉 at the end of the gate
with a fixed gate time tg . When one of the drives is
far detuned, |	110,020 − ν1| � 	110,020, and the other is
near resonant |	110,020 − ν2| � 	110,020. The first-order
coupling strength between |110〉 and |020〉 is:

g2 = iα�2J0

(

β�1

ν1

)[

J2

(

γ�2

ν2

)

+ J0

(

γ�2

ν2

)]

× exp
(

i(	̃110,020 − ν2)t
)

, (23)

with the following definitions:

α = C2
110,020

2
, β = N 1

110 − N 1
020, γ = N 2

110 − N 2
020. (24)

Note that Eq. (23) has a similar structure as Eq. (21). The
only difference is that because here we assume the drive
frequency ν2 is slightly detuned from 	̃110,020, there is
an extra slow-varying phase factor exp

(

i(	̃110,020 − ν2)t
)

,
details can be found in Appendix C.

Within the space of acting CPHASE, which are
{|110〉, |020〉} subspace, we can define the following Pauli
operators:

�̂+=|020〉〈110|, �̂−=|110〉〈020|
�̂z = |110〉〈110| − |110〉〈020|
�̂x = |020〉〈110| + |110〉〈020|

. (25)

The effective Hamiltonian in this subspace can then be
written as

H = ig2�̂
+ei	t + H.c. (26)

with the definition of g as follows:

	 = 	110,020 − ν2

g2 = α�2J0

(

β�1

ν1

)(

J2

(

γ�2

ν2

)

+ J0

(

γ�2

ν2

)). (27)

We can now make another rotating-frame transformation
Ur = exp[−i(	t + π/2)�̂z/2] to rotate away the time-
dependent factor iei	t. The transformed Hamiltonian is
given by

H̃ = U†
r HUr − iU†

r
∂Ur

∂t
= 	

2
�̂z + g2�̂

x (28)

The time evolution can now easily be calculated:

U(t) = e−iH̃ t

= cos(�t)Î − i sin(�t)(nz�̂
z + nx�̂

x), (29)

where � =
√

((	/2))2 + g2
2 , nz = 	/

√

	2 + 4g2
2 and

nx = 2g2/

√

	2 + 4g2
2 . Note that a part of conditional

phase due to ZZ interaction is now absorbed in the rotating-
frame transformation Ur [68].

To maintain a constant gate time tg , we require

�tg = π

⇒ g = ±
√

(

π

tg

)2

−
(

	

2

)2

. (30)

(a) (b) (c)

FIG. 5. Identify the optimal amplitude trajectory. The optimal trajectory is marked by the red dashed line. (a) Analytical plot of P11
vs �2 and ν2 while the first drive is resonant with |01〉 ↔ |10〉 transition: �1 = 150 MHz, ν1 = 	01,10. The optimal drive amplitude �2
is defined as such that P11 is maximum. (b) Numerical plot of P11 vs �2 and ν2. It is consistent with the analytical plot. (c) Numerical
plot of leakage vs �2 and ν2. We calculate the average leakage out of the computational subspace when the initial states are |010〉,
|100〉, and |110〉. The optimal drive amplitude �2 can also be defined as such to minimize the leakage.
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Now combining Eqs. (27) and (30), we can numerically
solve for the optimal amplitude of the second drive �2 for
a given set of (tg , ν1, �1, ν2):

α�2J0

(

β
�1

ν1

)(

J2

(

γ
�2

ν2

)

+ J0

(

γ
�2

ν2

))

= ±
√

(

π

tg

)2

−
(

	110,020 − ν2

2

)2

. (31)

Equation (31) is the main equation that we need for
determining the optimal amplitude of the second drive.
Note that once α, β, and γ are fixed in Eq. (27) by a given
undriven Hamiltionian, the sign of g1,2 normally will not
change within a reasonable range of (ν1,2/�1,2) unless we
flip the signs of �1,2 or ν1,2. So we will only see a sin-
gle branch in the numerical solution of g1,2. The optimal
amplitude shows up as a low-leakage trajectory around a
high-leakage center in the 2D scan of ν2 and �2. Following
the trajectory we have the lowest leakage (complete cycle
of |110〉 → |020〉 → |110〉) and also tunable CPHASE, see
Fig. 5.

The analytical formula Eq. (31) can accurately pre-
dict the optimal drive amplitude �2, Fig. 6. The
curve for optimal �2 has the shape of a semiel-
lipse. In fact, up to first-order approximation, Eq. (31)
becomes (αJ0(β(�1/ν1))�2)

2 + (((	̃110,020 − ν2)/2))2 =
((π/tg))2, which defines an elliptic curve. We also notice
that for a given ν2, a larger �1 requires a larger �2, see
Fig. 6(b). This is because for a given ν2 the target g is
fixed, see Eq. (30). However, due to the crosstalk effect
of the first drive, one needs to increase �2 to compensate
for the modulation factor J0(β(�1/ν1)). This is consistent
with the result in Fig. 4.

IV. CONCURRENCY IN THE CFSIM GATE

In this section, we will show how to achieve full-range
control of the iSWAP angle and conditional phase by using
BPD in one run. The simultaneous drive scheme, in princi-
ple, also applies to other drive combinations. In Appendix
E, we show simulations of simultaneous resonant iSWAP
and parametric CPHASE, where the two qubits are tuned
into resonance and a parametric drive is also present for the
11-02/20 transition. In the main text, we focus on the BPD
scheme. Combining the results above, we can now write
down the equations for the iSWAP angle θ and conditional
phase ϕ including the contribution from ZZ interaction and
the constraint condition for �2 for a given set of (tg , �1, ν2)
with ν1 = 	100,010:

(a)

(b)

FIG. 6. Optimal �2 vs ν2. (a) Numerically determined opti-
mal drive amplitude �2 by minimizing leakage and analytical
optimal �2. The discrepancy on the edges is because |ν2 −
	110,020| > (2π/tg). No valid solution of effective coupling
g110,020 can be found to satisfy the condition that one and only
one cycle of |110〉 → |020〉 → |110〉 is completed in the given
gate time tg . Therefore, only the ν2 and �2 in the middle area
are relevant. (b) Analytically calculated optimal �2 vs ν2 with
various �1.

sin(θ) = 1 − cos(2g1tg)
2

ϕ = π

(

1 − 	110,020 − ν2 + 2ξzz

2π
tg

)

g2 = ±
√

(

π

tg

)2

−
(

	110,020 − ν2

2

)2

, (32)

with

g1 = α1�1

(

J2

(

β1
�1

ν1

)

+ J0

(

β1
�1

ν1

))

J0

(

γ1
�2

ν2

)

g2 = α2�2J0

(

β2
�1

ν1

)(

J2

(

γ2
�2

ν2

)

+ J0

(

γ2
�2

ν2

)) ,

(33)
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ω1/2π ω2/2π ωc/2π

7.15 GHz 7.6 GHz 8.5 GHz
δ1/2π δ2/2π δc/2π

−200 MHz −200 MHz 0
g1c/2π g2c/2π g12/2π

120 MHz 120 MHz 0
φd

1 φd
2 tg

0 0 100 ns

where α1,2, β1,2, γ1,2 are constants given by the underlying
undriven Hamiltonian, see Eqs. (21) and (24). ξzz is the ZZ
interaction strength given by

ξzz = E110 + E000 − E100 − E010. (34)

In the numerical simulation, we use the following
parameters from Ref. [69]:

We first calculate the optimal drive amplitude �2
according to Eq. (31). We then use the analytically calcu-
lated �2 in the time-dependent Schrödinger equation and
numerically solve the equation. Within the valid area of

Eq. (31), the leakage is suppressed below 1%. Note that
in Eq. (34) we have assumed that the coupler |R〉 is in
the ground state. This is valid because the coupler is far
detuned from both qubits in GHz order. During the gate,
no drive is resonant with any coupler excitation. So the
coupler will not be occupied during the gate execution. In
Fig. 7, we plot the iSWAP angle θ and conditional phase
ϕ from numerical simulation and compare it to analytical
results from Eq. (32). θ is tunable from 0 to 90◦ and ϕ is
tunable from −180◦ to 180◦. Both can be faithfully pre-
dicted by the analytical formulas. To quantify the effect of
leakage, we calculate the gate fidelity using the formula
[70]:

F(U, U0) = Tr(MM †) + |Tr(M )|2
d(d + 1)

(35)

where M = PU0UP. U is the unitary operator of the gate
process. U0 is the ideal gate operator. P is the projec-
tion operator onto the computational subspace spanned by
{|000〉, |100〉, |010〉, |110〉}, and d is the dimension of U.

(a) (b)

(c) (d)

FIG. 7. Continuous fSim gate. Both θ and ϕ are continuously tunable. (a) Analytically calculated conditional phase vs �1 and ν2.
The phase covers the full 2π range from −π to π . The phase is dominantly determined by ν2. The vertical cut in the middle is because
the range is chosen to be [−π , π) in order to manifest the zero conditional phase trajectory. Along the vertical line ϕ = π(−π). (b)
Numerically calculated conditional phase vs �1 and ν2. It agrees with the analytical plot well. (c) Analytically calculated iSWAP angle
θ vs �1 and ν2. θ is tunable from 0 to 90◦. θ is mainly controlled by �1 with some modulation from ν2. A larger �1 is needed to
achieve maximum θ when ν2 is resonant with 	110,020. This is because when ν2 gets closer to 	110,020, the corresponding optimal
�2 becomes larger, which in turn makes (�2/ν2) larger. The effective coupling g010,100 is thus reduced, see Eq. (20) and Fig. 4. (d)
Numerically calculated iSWAP angle θ vs �1 and ν2, consistent with analytical plot.
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(a) (b)

(c) (d)

FIG. 8. (a) Fidelity of the fSim gate. The dark area is out of the fSim gate range. Within the fSim gate range, the fidelity is around
or above 99.9%. (b) Fidelity along the ν2 axis while �1 is fixed. Three line cuts are shown. The fidelity domain is between 99.9% to
99.99% , subject to qubit decoherence. (c) iSWAP angle θ vs �1 while ν2 is fixed. (d) Conditional phase ϕ vs ν2 while �1 is fixed. The
crosstalk effect on the conditional phase is small.

The fidelity from the numerical simulation is shown in
Fig. 8(a). In the fSim gate range, the fidelity is consistently
above 99.5%. In most of the area, it is above 99.9%. The
crosstalk effect can be clearly seen in the line cuts Fig. 8(c).
The gate fidelity is lower when �1 is larger. This is most
likely because of the beyond-RWA effect, which is left
for future study. This fidelity is at the same level as that
given by common two-qubit gate schemes such as iSWAP
or CZ. Nevertheless, our flexible concurrent fSim gates
can reduce circuit depth compared to the one-native-2Q-
gate approach. This can improve the overall fidelity of a
quantum circuit.

The gate fidelity can be further improved by including
pulse shaping. Here we choose to use flat-top Gaussian
to demonstrate the effect of pulse shaping. One crucial
step in our numerical simulation is to find the optimal
drive amplitude �2, see Eqs. (32) and (33). This was cal-
culated by using RWA when the drives are rectangular
pulses. In the case of pulse shaping, however, the RWA
result is inaccurate because of the slow-changing rise-and-
fall edges, especially when one wants to achieve high gate
fidelity. In order to overcome this problem, we choose
to make a two-level approximation and numerically opti-
mize the drive amplitude in the effective two-level system,
which is spanned by |110〉 and |020〉 in our case. One can

also include more relevant levels accordingly. During the
numerical optimization, only the pulse amplitude is var-
ied. Other parameters, such as pulse width and rise-and-fall
time, are fixed, which can also affect the gate fidelity. The
pulse envelope to be optimized is therefore expressed as

e(t) = �f (t) (36)

e(t) is the final pulse envelope and f (t) is the standard flat
top Gaussian envelope. � is the parameter to be optimized.
The flat top Gaussian f (t) is defined as

f (t) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

exp
(

− (t−τ1)2

2σ 2

)

, 0 < t < τ1

1, τ1 < t < τ1 + τ2

exp
(

− (t−τ1−τ2)2

2σ 2

)

, τ1 + τ2 < t < 2τ1 + τ2

.

(37)

We find the optimal drive amplitude by requiring min-
imal leakage to |020〉, or equivalently maximal |110〉
occupation. We find that the gate fidelity is improved by
approximately one order of magnitude. The iSWAP and
CPHASE patterns are roughly unchanged. To illustrate the
enhancement to fidelity, we show three specific fidelity
trajectories versus ν2 in Fig. 9.
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FIG. 9. Three specific line cuts along the ν2 axis of fSim gate
fidelities with flat-top Gaussian pulse-shaping. The fidelities are
improved by almost one order of magnitude. We use larger drive
amplitudes �1 than in Fig. 8(b) because it requires stronger drive
to achieve the same iSWAP angles after adding pulse-shaping.

Nevertheless, we do find more discontinuities and jumps
in the plots. This is because of the numerical optimization.
During the optimization, especially when the drive fre-
quency ν2 is approaching the boundaries of the valid area
of fSim gates, the resulting optimization factors may not
be continuous in contrast to the analytical formulas Eqs.
(32) and (33) used when there is no pulse shaping.

We notice that the CPHASE gate can also be driven by
multi-photon processes. According to Eq. (C10), any tran-
sition defined by 	110,η − n0ν0 − n1ν1 − zν2 = 0 can be
used to implement the conditional phase, where η denotes
an ancillary level.

V. ZZ-FREE iSWAP IN THE CFSIM

As an example of the concurrent fSim gate, we show
how to implement a 90◦ iSWAP gate with zero ZZ phase. We
first solve for (ν2, �1, �2) needed to achieve θ = 90◦, ϕ =
0. In fact, once θ , ϕ are given, one can analytically solve
for g1, g2, and ν2 using Eq. (32). We first notice that θ is
only dependent on g1. The conditional phase ϕ and g2 are
both only dependent on ν2. We can, therefore, first invert
the expressions of θ and ϕ. After having ν2 expressed as
a function of ϕ, we can substitute it into the expression of
g2 to get the equation between g2 and ϕ . The resulting
equations are

g1 = arccos(1 − 2 sin θ)

2tg

ν2 = 	110,020 − 2
(

π − ϕ

tg
− ξzz

)

(a) (b)

(c) (d)

FIG. 10. An example showing pure iSWAP gate (conditional
phase ϕ = 0). Here we choose full iSWAP θ = 90◦. Fidelity =
99.67%. (a) Real-time evolution of iSWAP angle θ . (b) Dynamics
of conditional phase. It is governed by both the ZZ interaction
and geometric phase. The overall phase is zero at the end of the
gate. (c) Evolution of P110. It corresponds to a closed trajectory
in the Bloch sphere. There is a bit of over-rotation, which causes
leakage. This is because we used rotating-wave approximation
in the analytical formula. This over-rotation can be corrected by
including higher-order oscillating terms. (d) Evolution of P020.
There is some residual population at the end of the evolution.

g2 = ±
√

(

π

tg

)2

−
(

π − ϕ

tg
− ξzz

)2

. (38)

Therefore, one only needs to numerically solve Eq. (33)
for (�1, �2). In Fig. 10, we show the real-time evolu-
tion of the system. The target angles, θ = 90◦, ϕ = 0 are
achieved at the end of the gate. We notice that there is a
bit of over-rotation in P110 and P020. This is because of the
beyond-RWA effect. It can be corrected by including fast
oscillating terms in Eq. (C8).

When the qubit is in idle mode, one can use the same
method to eliminate ZZ phase. Assuming a far-off-resonant
drive � sin(νt). The oscillation period is given by tg =
(2π/(

√

	2 + 4g2)), where 	 = 	110,020 − ν. The accu-
mulated phase is ϕ = π(1 − (	/(

√

	2 + 4g2))) − ξzztg .
Requiring ϕ = 0 we arrive at

g2 − ξzz	 = ξ 2
zz

4
. (39)

One can numerically solve Eq. (39) by combining g =
α� × (J2(β(�/ν)) + J0(β(�/ν))). Our method, in this
case, can be applied to cancel static ZZ crosstalk in
superconducting quantum processors.
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VI. DISCUSSION AND OUTLOOK

We have shown that our BPD scheme can efficiently and
independently control iSWAP operation and CPHASE opera-
tion with high fidelity. Because we focus on the unitary
dynamics behind BPD drive, we have left out the crucial
topic of optimal gate time considering trade-off between
unitary errors and decoherence.

Unitary errors such as leakage usually can be sup-
pressed by prolonging gate time, but the gate time upper
bound is set by T1 and T2 because at some point deco-
herence becomes the dominant error source. Faster gates
can reduce decoherence while they suffer from increased
unitary errors. In our analysis, we have mainly focused
on reducing leakage and neglected most of the non-RWA
effects. Our numerical simulation of Hamiltonian Eq. (14)
is exact. There is no extra approximation used other than
discretizing the time-dependent Hamiltonian into piece-
wise constant Hamiltonians with small time steps and
truncating the Hilbert space to 100 levels (five levels for
each transmon and four levels for the coupler). In this way,
we partially capture non-RWA and other nonlinear effects.
However, as our starting point is the RWA Hamiltonian
Eq. (14), most of the nonlinear effects are already approx-
imated away from the very beginning. To fully address
all strong drive effects, one needs to use the full circuit
Hamiltonian as in Eqs. (2) and (3). In fact, in another com-
prehensive study of strong drives on transmons, it is found
that strong driving can ionize transmons and the system
enters a regime of chaos [71]. Here we provide some pre-
liminary simulation and study of the non-RWA and other
nonlinear effects without using the full circuit Hamiltonian
model.

Instead of the RWA Hamiltonian Eq. (14), we include
counter-rotating terms to get a non-RWA Hamiltonian:

H = H0 + Hd,

H0 =
∑

α=1,2,c

ωα â†
α âα + δj

2
â†

α âα(â†
α âα − 1)

+
∑

j ,k={1,2}
gjc(â

†
j + âj )(â†

c + âc),

Hd =
∑

j =1,2

�j sin(νj t + φd
j )â†

j âj . (40)

We perform the same cfSim simulation as in Figs. 7
and 8. We find that in the middle area where the drives
are strong, gate fidelity drops to around 99%, see Fig. 11.
This is due to the extra non-RWA terms. We have used the
same amplitude formula in Eq. (31), which is analytically
derived from the RWA Hamiltonian. In the middle area,
where ν2 is close to 	110,020, the required drive amplitude
�2 is large. This gives a stronger non-RWA effect, result-
ing in the fidelity drop. Luckily, much of this non-RWA

(a)

(b)

FIG. 11. Fidelity of the parametric cfSim gates with non-RWA
terms included but no pulse shaping. (a) Fidelity as a function
of drive amplitude �1 and drive frequency ν2. Fidelity drop is
observed in the middle area where drive amplitudes of the sec-
ond drive �2 are large. This is because when non-RWA terms
are included, the optimal amplitude formula Eq. (31) becomes
less accurate. Under the calculated amplitude, leakage from state
|110〉 is not minimized. (b) Three specific line cuts along the ν2
axis.

error can be corrected via pulse shaping. We again use the
same pulse-shaping and optimization procedure as in Eq.
(36) and perform the same simulation as in Fig. 9. The
fidelity results are shown in Fig. 12. The fidelity loss is
recovered after introducing a smooth envelope and using
numerically optimized amplitudes. The non-RWA effects
also change the iSWAP angle pattern while the conditional
phases remain mostly unchanged. In general, the iSWAP
rate is reduced due to the non-RWA terms. Simulation
results are included in Appendix D.

Apart from non-RWA, another major nonlinear effect is
the higher harmonics from drives [54]. We have assumed
the drive Hamiltonian takes the simple form of Hd =
∑

j =1,2 �j sin(νj t + φd
j )â†

j âj . A harmonic drive in the full
circuit Hamiltonian Eq. (3) would generate higher-order
tones, especially when the drive is strong. In theory,
this nonlinearity can be reversed by pulse shaping, too.
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(a)

(b)

FIG. 12. Fidelity of the parametric cfSim gates with non-RWA
terms included and pulse shaping. (a) Fidelity as a function of
drive amplitude �1 and drive frequency ν2. Fidelity is recov-
ered after introducing pulse shaping and numerically optimized
amplitude � in Eq. (36). (b) Three specific line cuts along the ν2
axis.

Suppose there is a relation between the drive in the Fock
space [Eq. (14)] and the drive in the full-circuit Hamilto-
nian Eq. (3), one can reverse engineer the drive envelope
so that the drive in Eq. (14) is single tone. This, of course,
can be challenging to implement in experiments because
the relation between the two is unknown in general. As
an example, if the relation between two drives is given
by ω(t) = ω0

√
ϕ(t)/2 [53,54,72], one can substitute in

ω(t) = � sin(νt) to get ϕ(t) = 2 ((�/ω0))
2 sin2(νt). This

would then give the desired single-tone drive in Eq. (14).
Dealing with the strong drive effects is crucial for para-

metric drives. This is because, compared to gates without
using parametric modulations, parametric gates are usually
slower under the same hardware conditions. One solu-
tion is to find schemes to increase parametric gate speed
without entering the strong drive regime. For instance,
there has been a promising attempt at using extra levels to
speed up parametric transitions from Chalmers University
of Technology [73,74].

For future work, to get an accurate comparison with
experiments and fully assess gate fidelities, full circuit
Hamiltonians and open system simulations will be needed.
This would help to understand what is the optimal gate
time under trade-off between unitary errors and decoher-
ence. Another direction is to apply the same simultaneous-
driving principles to other gate setups. One of the easiest
adaptations is to apply a parametric drive on top of a pair
of resonant qubits so that iSWAP transition is activated by
the resonance condition and CPHASE operation is controlled
via the parametric drive. We provide some preliminary
simulations in Appendix E.

VII. SUMMARY

In summary, we presented a proposal of implementing
the continuous fSim gate in superconducting systems using
bichromatic parametric drives. We propose to drive the
iSWAP transition and CPHASE transition simultaneously. In
order to study the crosstalk effect between the two drives,
we derived accurate analytical formulas of the effective
coupling strength valid for a wide range: from weak cou-
pling to strong coupling and from weak drive to strong
drive. With the help of our analytical formulas, we can
calculate the optimal drive amplitude for minimizing leak-
age. The analytical calculation shows both iSWAP angle θ

and conditional phase ϕ can be tuned in full range, which
is verified by numerical simulation. The flexibility of con-
tinuous fSim gates makes it advantageous to many quan-
tum algorithms, such as for simulating fermionic systems.
The gate protocol is applicable to current superconducting
quantum computation platforms. We hope it can facilitate
the practical application of quantum computation in the
NISQ era.
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APPENDIX A: ROTATING FRAME OF THE TOY
MODEL

The time-dependent Hamiltonian H(t) is given by
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H0 =

⎛

⎜

⎜

⎜

⎜

⎝

�2 sin(ν2t) g 0 0 0
g 	 + �1 sin(ν1t) 0 0 0
0 0 	 + �1 sin(ν1t) + �2 sin(ν2t)

√
2g

√
2g

0 0
√

2g δ + 2�2 sin(ν2t) 0
0 0

√
2g 0 2	 + δ + 2�1 sin(ν1t)

⎞

⎟

⎟

⎟

⎟

⎠

(A1)

We collect all diagonal elements into Hdiag and transform the Hamiltonian by the unitary matrix U =
exp(−i

∫

Hdiag(t)dt) into the interaction picture—i.e., HI = U†HU − iU†(∂/∂t)U; equivalently using a rotating frame
that is resonant with all levels. The transformation matrix can be found as

U =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

ei �2
ν2

cos(ν2t) 0 0 0 0

0 ei[ �1
ν1

cos(ν1t)−	t] 0 0 0

0 0 ei[ �1
ν1

cos(ν1t)+ �2
ν2

cos(ν2t)−	t] 0 0

0 0 0 ei[ 2�2
ν2

cos(ν2t)−δt] 0

0 0 0 0 ei[ 2�1
ν1

cos(ν1t)−2	t−δt]

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(A2)

The transformed Hamiltonian HI can be easily calculated:

HI = g

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0 ei
[

�1
ν1

cos(ν1t)− �2
ν2

cos(ν2t)−	t
]

0 0 0
h.c. 0 0 0 0

0 0 0
√

2ei
[

�2
ν2

cos(ν2t)− �1
ν1

cos(ν1t)+	t−δt
] √

2ei
[

�1
ν1

cos(ν1t)− �2
ν2

cos(ν2t)−	t−δt
]

0 0 h.c. 0 0
0 0 h.c. 0 0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

(A3)

where we have used h.c. for Hermitian conjugate.

Simplifying Eq. (A3) using the Jacobi-Anger identity
[i.e., exp(iα cos θ) = ∑

n inJn(α) exp(inθ)], one gets the
result Eq. (6) in main text.

APPENDIX B: PERTURBATIVE TREATMENT OF
THE TOY MODEL

Without loss of generality, let us assume that the fre-
quency of Q1 is greater than that of Q2, i.e., ω1 >

ω2. For this setup, we can parametrically drive the
frequency of Q1 by supplying the required energy to
achieve the transition |01〉 ↔ |10〉, i.e., ν1 = 	0. The
second qubit Q2 is parametrically driven to come very
close to the resonance between |11〉 ↔ |02〉 transi-
tion, i.e., ν2 = 	0 + δ + ε with small |ε|, i.e., |ε| �
min{|	0 + δ|, |	0 − δ|}. By this assumption, only the
slow-varying terms proportional to exp(iεt) contribute
to the state evolution in the long run t � 1/(	0 ± δ).
The Hamiltonian (6) contains interaction within and out-
side the Hilbert space’s computational subset. Within
the computational subset there is exchange interaction
|10〉〈01| with the strength gJ1(�1/	0)J0(�2/(	0 + δ +

ε)). Outside of the computational subset, the energy
level |11〉 interacts with |02〉 and |20〉 by the fol-
lowing coupling strength

√
2gJ0(�1/	0)J1(�2/(	0 +

δ + ε))eiεt and
√

2gJ−2(�1/	0)J1(�2/(	0 + δ + ε))eiεt,
respectively.

One of the aspects of the perturbative validity of our
result is that the qubits are weakly driven, therefore we
consider that the drive amplitude is weak, i.e., �i < νi for
i = 1, 2. Within this limit, which makes the arguments of
the Bessel function, small, one can show that J−2J1 �
J1J0; therefore, the coupling strength of |11〉〈20| transi-
tion turns out to be negligible compared to the other two
interaction strengths and can be approximately ignored.
Therefore, in the interaction picture after rotating-wave
approximation, the BPD Hamiltonian can be simplified as

H = gJ1(x1)J0(x2)|10〉〈01|
+

√
2gJ0(x1)J1(x2)eiεt|11〉〈02| + h.c. (B1)
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APPENDIX C: ANALYTICAL COUPLING
STRENGTH BY EXACT DIAGONALIZATION

For more accuracy, one can numerically find the exact
transformation to diagonalize the undriven Hamiltonian.

Assuming we can find the exact transformation Uexa for
the undriven Hamiltonian H :

U =
∑

uQ′
1Q′

2R′,Q1Q2R|Q′
1Q′

2R′〉〈Q1Q2R|

The undriven Hamiltonian is diagonalized by this trans-
formation:

H̃ = U†HU =
∑

Q1Q2R

ω̃Q1Q2R|Q1Q2R〉〈Q1Q2R|

The drive Hamiltonian can be transformed to the diago-
nal frame by the same transformation U:

H̃d = U†HdU

=
∑

i

�i sin(νit + φd
i )U†a†

i aiU (C1)

U†a†
i aiU can be numerically evaluated as well:

U†a†
mamU

=
∑

|Q′
1Q′

2R′〉〈Q′
1Q′

2R′|U†a†
mamU|Q1Q2R〉〈Q1Q2R|

=
∑

〈Q′
1Q′

2R′|U†a†
mamU|Q1Q2R〉|Q′

1Q′
2R′〉〈Q1Q2R|.

(C2)

Using the notations introduced in Eq. (16), we can split
Eq. (C2) further into diagonal terms, which correspond
to correction to energies, and off-diagonal terms, which
couples different eigenstates of the undriven Hamiltonian:

U†a†
mamU =

∑

Q1Q2R

N m
Q1Q2R|Q1Q2R〉〈Q1Q2R| +

∑

Q′
1Q′

2R′ �=Q1Q2R

Cm
Q′

1Q′
2R′,Q1Q2R|Q′

1Q′
2R′〉〈Q1Q2R|. (C3)

Substituting Eq. (C3) into Eq. (C1) we get

H̃d = U†HdU

=
∑

�m sin(νmt + φd
m)(N m

Q1Q2R|Q1Q2R〉〈Q1Q2R| + Cm
Q′

1Q′
2R′,Q1Q2R|Q′

1Q′
2R′〉〈Q1Q2R|)

=
∑

�m sin(νmt + φd
m)N m

Q1Q2R|Q1Q2R〉〈Q1Q2R| +
∑

�m sin(νmt + φd
m)Cm

Q′
1Q′

2R′,Q1Q2R|Q′
1Q′

2R′〉〈Q1Q2R|. (C4)

The total Hamiltonian now reads as follows:

H̃ =
∑

Q1Q2R

(

ω̃Q1Q2R +
∑

m

�m sin(νmt + φd
m)N m

Q1Q2R

)

|Q1Q2R〉〈Q1Q2R|

+
∑

mQ1Q2R�=Q′
1Q′

2R′
�m sin(νmt + φd

m)Cm
Q′

1Q′
2R′,Q1Q2R|Q′

1Q′
2R′〉〈Q1Q2R| (C5)

The rotating frame is now defined by the transformation:

Ur = e−i
∫ ∑

Q1Q2R

(

ω̃Q1Q2R+∑m �m sin(νmt+φd
m)N m

Q1Q2R

)

|Q1Q2R〉〈Q1Q2R|dt

=
∑

Q1Q2R

e−i
∫

(

ω̃Q1Q2R+∑m �m sin(νmt+φd
m)N m

Q1Q2R

)

dt|Q1Q2R〉〈Q1Q2R|. (C6)

The final Hamiltonian in the rotating frame can be written as

H̃R =
∑

G(t)Q′
1Q′

2R′,Q1Q2R|Q′
1Q′

2R′〉〈Q1Q2R|, (C7)
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where

G(t)Q′
1Q′

2R′,Q1Q2R =
+∞
∑

nr,n1,n2=−∞

∑

m=r,1,2

A
Q′

1Q′
2R′,Q1Q2R

nrn1n2 (m)�mCm
Q′

1Q′
2R′,Q1Q2Rinr+n1+n2

× e
i((ω̃Q′

1Q′
2R′−ω̃Q1Q2R−nrνr−n1ν1−n2ν2)t−nrϕr−n1ϕ1−n2ϕ2)

(C8)

A
Q′

1Q′
2R′,Q1Q2R

nrn1n2 (r) = Jnr+1(−s
Q′

1Q′
2R′,Q1Q2R

r ) + Jnr−1(−s
Q′

1Q′
2R′,Q1Q2R

r )

2
Jn1(−s

Q′
1Q′

2R′,Q1Q2R
1 )Jn2(−s(ijk,npq)

2 )

A
Q′

1Q′
2R′,Q1Q2R

nrn1n2 (1) = Jnr(−s
Q′

1Q′
2R′,Q1Q2R

r )
Jn1+1(−s

Q′
1Q′

2R′,Q1Q2R
1 ) + Jn1−1(−s

Q′
1Q′

2R′,Q1Q2R
1 )

2
Jn2(−s

Q′
1Q′

2R′,Q1Q2R
2 )

A
Q′

1Q′
2R′,Q1Q2R

nrn1n2 (2) = Jnr(−s
Q′

1Q′
2R′,Q1Q2R

0 )Jn1(−s
Q′

1Q′
2R′,Q1Q2R

1 )
Jn2+1(−s

Q′
1Q′

2R′,Q1Q2R
2 ) + Jn2−1(−s

Q′
1Q′

2R′,Q1Q2R
2 )

2
(C9)

s
Q′

1Q′
2R′,Q1Q2R

m =
N m

Q′
1Q′

2R′ − N m
Q1Q2R

νm
�m.

Note that here the definition of coupling strength G(t) is different from usual definition of g by the factor
√

(nj + 1)nk.
The resonance condition is now given by

ω̃Q′
1Q′

2R′ − ω̃Q1Q2R − nrνr − n1ν1 − n2ν2 = 0. (C10)

APPENDIX D: NON-RWA EFFECTS ON iSWAP ANGLES AND CONDITIONAL PHASES

The iSWAP angles and conditional phases are not so much affected by non-RWA effects as fidelity. We show the
simulation results in Fig. 13.

(a) (b)

(c) (d)

FIG. 13. iSWAP and CPHASE
patterns with non-RWA terms
included. (a) iSWAP pattern with-
out pulse shaping. The iSWAP
pattern is shifted towards larger
�1. This is likely because the
effective coupling between |100〉
and |010〉 is reduced by the non-
RWA terms. (b) CPHASE pat-
tern without pulse shaping. The
CPHASE pattern remains mostly
unchanged. (c) iSWAP pattern
with pulse shaping. (d) CPHASE
pattern with pulse shaping. Sim-
ilar as the patterns without pulse
shaping.
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(a) (b) (c)

FIG. 14. Numerical simulation of dc-ac driven fSim gates. We assume two qutrits have same anharmonicity δ1/2π = δ2/2π =
−200 MHz. Gate time tg is chosen to be around 25 ns. The dc drive g0/2π is 10 MHz. (a)Population of |11〉. The two leakage
centers occur when ac drive frequency ω is matching with anharmonicity causing resonant oscillations among |11〉, |02〉 and |20〉. (b)
Conditional phase of |11〉. A π phase can be realized under resonant ac drive, corresponding to a CZ operation. The zero conditional
phase trajectories are marked with red dashed lines. (c) Population of |11〉. Similar as the BPD case, there is some crosstalk from the
ac drive to the iSWAP rate. This can be understood as baseband modulation.

APPENDIX E: FSIM GATES VIA DC MIXED WITH
AC DRIVE

The simultaneous transition scheme is very flexible.
Instead of using two parametric drives for two transitions,
one can activate one transition via a dc drive (two levels
tuned on resonance) and drive the other transition via a
parametric drive. Here we use the two-qutrit toy model to
demonstrate the idea.

We drive the iSWAP transition by tuning |01〉 and
|10〉 into resonance and drive the CPHASE transition via
a parametric drive. For simplicity, let us assume we
can directly control the coupling strength g(t) = g0 +
� sin(ωt). The time-dependent coupling strength between
two qutrits has a dc part g0 and a parametrically driven
part � sin(ωt). Similar to Eq. (4), we can then write
down the Hamiltonian in the Hilbert space spanned by
{|01〉, |10〉, |11〉, |02〉, |20〉}:

H(t) =

⎛

⎜

⎜

⎜

⎜

⎝

0 g(t) 0 0 0
g(t) 0 0 0 0

0 0 0
√

2g(t)
√

2g(t)
0 0

√
2g(t) δ2 0

0 0
√

2g(t) 0 δ1

⎞

⎟

⎟

⎟

⎟

⎠

.

(E1)

We numerically solve the time-dependent Schrödinger
equation under this Hamiltonian. Similar behaviors as
BPD dynamics can be observed. Given a fixed gate time,
there are “leakage centers” corresponding to population
of |11〉 being coherently driven out of the computational
space. Away from those centers, leakage is small. The con-
ditional phase is tunable by varying drive amplitude and
frequency. iSWAP rate is mainly controlled by the dc drive

g0. In the simulation, we have chosen gate time tg and dc
drive g0 so that iSWAP angle θ is around 90◦, see Fig. 14
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