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Computational chromatography simulations mostly employ reduced-order models that simplify the intricate
geometry of packed beds into one-dimensional representations. While computationally efficient, such models
require extensive calibration as they lump the effects of packing heterogeneity, wall effects, and nonlinear
flow and mass transport into dispersion coefficients and thin-film resistances at particle surfaces. To address
these challenges, a two-dimensional extension of the general rate model was implemented in the open-
source process simulator CADET. This study investigates the use of high-definition simulations as a source of
reference data for calibrating both 1D and 2D general rate models with and without particle size distribution.
Our results show that intra-column mass curves provide superior calibration data compared to conventional

breakthrough curves. Consequently, properly calibrated reduced-order models can efficiently approximate
polydisperse packings, even in thin columns with pronounced wall effects.

1. Introduction

A conventional packed-bed chromatography column constitutes a
cylindrical container filled with a tightly but randomly packed bed
of porous particles with functionally active inner surfaces. While the
particles themselves are of simple geometries, their agglomeration in
a packed bed results in a complex and tortuous interstitial space,
also referred to as bulk or interparticle domain. Non-uniform packing
density, particle morphology and size distribution, and packing defects
are additional factors that increase the geometrical heterogeneity of
the column. Additionally, the randomness of the packing is disrupted
at the column walls, where a physical constraint is imposed on the
particles and, consequently, the local porosity tends towards 1 after
exhibiting an oscillatory pattern of increasing amplitude. Fluid flow
in such a complex bulk region results in a highly non-linear velocity
field, with hotspots where velocity can reach up to 10 times the average
value, while simultaneously being slowed by friction at particle and
wall surfaces. The resulting solute transport in the bulk domain is
also non-uniform and highly tortuous. Further geometrical intricacies

exist within the porous particles themselves in the form of macro- and
micropores.

In modeling the chromatography process, it is convenient to assume
homogeneity within the column and reduce it into a one-dimensional
entity. Several conventional models of chromatography, such as the so-
called general rate model (GRM), neglect the geometrical intricacies
of the packed-bed and its effects on the flow field and solute concen-
tration, and ascribe an average porosity and constant scalar velocity
to the column. Although it is understood that the axial dispersion
coefficients of these models account for molecular diffusion, eddy
diffusion, and turbulence, Guiochon et al. [1], the effects of the above-
mentioned geometrical inhomogeneities are inadvertently lumped into
these coefficients. The resulting coefficients, while associated with a
diffusive term, are orders of magnitude larger than the molecular
diffusivity of the components in the solvent, even in columns with
laminar flow. There are several popular reduced-order models (ROMs),
in which effects of the thin boundary layer may be modeled using
a film-diffusion coefficient separately, or also lumped into the axial
dispersion coefficient. These models also neglect inhomogeneities in
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particle loading, which are driven by the highly nonlinear velocity
fields, causing large differentials in concentration values at different
areas of the particle surfaces during the loading stage. The gains
obtained with model simplicity, namely computational efficiency and
reduced resource requirements, are offset by the need to calibrate the
coefficients of these models using experimental data, usually break-
through curves or other chromatograms. Such calibration processes
only take into account the sensitivity of the estimated parameters to
the difference between model prediction and reference data, ultimately
reducing myriad inhomogeneities into their lumped dispersive effect
on the predicted chromatogram. Calibrated ROMs are used in process
design, optimization, and scale-up.

The dimensionality reduction in the column and particles, and the
subsequent scalarization of porosity and velocity result in an inability of
the model to capture variations in local porosity due to packing defects
or wall effects. In particular, ROMs are unable to properly model very
thin columns with relatively small column-to-particle radius ratios.
The local porosity in a column may fluctuate substantially in these
scenarios, with a value of 1 at column walls and tending towards an
averaged porosity towards the column center. The rate of damping of
the oscillations depends on the polydispersity of the packing, as smaller
particles may nestle in the void spaces between larger ones, leading to
a denser packing as compared to a purely monodisperse bed. This effect
is minimal in typically used columns with a column-to-particle radius
ratio :—; > 10, but can be significant in very thin microcolumns with
large particle sizes. The radial profile of the interstitial velocity mostly
follows that of local porosity, with the exception at particle and wall
surfaces, where friction creates boundary layers in the flow field.

2D extensions of conventional ROMs enable modeling column prop-
erties in both the axial and radial dimensions. The increased model
fidelity allows radial variations in local porosity and flowrates, making
this class of models suitable in capturing wall effects and other column
features which display radial variability. Numerical implementations of
these models effectively discretize the column into N, concentric zones,
across which mass transfer is modeled via radial dispersion terms.
While they are computationally more expensive, being mere dimen-
sional extensions of conventional models, 2D ROMs are still relatively
simple to set up and execute. However, these apparent benefits are
completely overshadowed by the increase in number of lumped param-
eters that require tuning. In the 2D GRM, for instance, both the axial
and radial dispersion coefficients may vary in each radial discretization
zone of the column, resulting in a set of 2N, dispersion parameters that
characterize the column. The necessary increase in spatial resolution in
reference data can experimentally be achieved using techniques such
as confocal laser scanning microscopy (CLSM) [2,3] which, however,
strongly restrict the types of columns and solutes that may be used.

High definition (HD) models of chromatography take into account
the complete 3D macroscopic geometry of the column and offer unique
insights into the flow and transport processes within the column. The
interparticle geometry is fully resolved, while the intraparticle geome-
try is assumed to be homogeneous, i.e., particle shapes are resolved, but
not particle pores. These mechanistic models are much more detailed
than the GRM since dispersion inherently appears as a consequence of
simulating the flow and transport in realistic and tortuous interstitial
geometries. The mass transfer resistance at particle surfaces are also
modeled inherently due to flow boundary layers that are caused by
friction between the fluid and particle surfaces. The cost of such 3D
models is the mathematical and computational complexity coupled
with immense computational resources required to develop and deploy
these models and their tooling. HD models require further develop-
ment and performance improvements before they can simulate even
relatively small lab-scale columns. However, due to the mechanistic
nature of these simulations, the spatially resolved results are perfectly
suited to be used as reference data for calibrating ROMs of varying
configurations, which can then be scaled up at substantially lower costs.
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In this work, we demonstrate the utility of HD simulations as
reference data for calibrating 1D and 2D ROMs. The ultimate goal of
the overarching project is to expand on this concept and resolve the
effects of various geometrical features and interstitial phenomena on
reduced-order model coefficients.

In the following sections of this paper, we first showcase the imple-
mentation details of the 2D GRM in CADET-Core (https://github.com/
cadet/CADET-Core), an open-source reduced-order process simulator.
We also describe further extensions to both the 1D and 2D GRM
that enable modeling particle size distributions (PSDs) in ROMs of
packed bed liquid chromatography. Next, simulation setup and ROM
calibration strategy based on reference data from HD simulations are
introduced with a numerical case study. Finally, calibration results are
shown and discussed, before conclusions are drawn and an outlook is
presented.

2. General rate model extensions

The classic GRM can be considered a blueprint from which other
chromatography models are derived [1]. For example, the lumped rate
model with pores (LRMP) or the lumped rate model without pores
(LRM) are reduced-order versions of the GRM in which pore diffusion
or the entire pore phase are neglected. The following formulation
of the GRM, as implemented in CADET-Core prior to the extensions
introduced in this work, is presented as the base case from which our
extensions are derived.

2.1. Classic general rate model (GRM)

We here introduce a version of the GRM that includes pore and
surface diffusion, Eq. (1). Binding can be described by various models,
such as the Langmuir model.

b b 2.b
d d7¢;

Fb = —ﬁb—aci - ﬁbu—ci + Dy i —— — By (1a)
i ot oz w972 A

- oc’ D <a26f’ + 2 6cf> B (1b)
i ot P\ or2  r oor .

F?z_ﬂsa_c;+ﬂ5D_<E+ga_c?>+ﬂ5j . (1c)
i ot SE\ or2 r or b

For later convenience, the model equations are written in implicit
form, FX = 0, and all concentrations are denoted by cf. The index
k € {b,p,s} indicates the phase, namely b for the bulk or interstitial
volume, p for the particle pores and s for the stationary phase. The
phase ratios g = ¢, p* = (1-¢,)¢, and p* = (1-¢,)(1—¢,),
where ¢, and ¢, are the column and particle porosities, are introduced
for harmonizing the units of Fl.”, FI," and F’. In Eq. (1), i indicates
the species or component, D,,; is the axial dispersion coefficient, D,,;
and Dg; are the pore and surface diffusion coefficients, and is u the
interstitial velocity. Moreover, T denotes total simulation time and
L column length, 7 € [0,T] and z € [0, L] are the time and axial
coordinates.

The flux j,; describes the transfer of solute molecules between the
interstitial volume and the particle pores by film diffusion, with a mass
transfer coefficient k., and particle radius r, < L, Eq. (2).

Jri= 22k (- =r)) @
Ep Ty

The flux j,; describes the transfer of solute molecules between the
pore phase and the stationary phase by adsorption and desorption. The
presented modeling framework can technically be combined with any
binding model that can be written as differential-algebraic equation,
for example the Langmuir model [4], Eq. (3), with adsorption and
desorption rates k,; and k,;, maximal binding capacity ¢, . N,
denotes the number of components.

Ne 8
. J
Jbi = ka,icipcrsnax,i <1 - Z s > - kd,icis (3)

: C .
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Danckwerts boundary conditions [5], Eq. (4), are used at the column
inlet and outlet.
b

—ucl(z=0)+ D, — 3z ~(z=0)= n!i (4)
oc?
—L(z=0L)=0 (4b)
0z

Further boundary conditions are required at the particle center and
surface, Eq. (5).

00{' oc}
Dy —tr=0)=0 and Dy =t(r=0)=0 (52)
3. 9 3

oc?
—DPJE(I‘:I‘[)):]'/J and Ha—"’(r:rp):() (Sb)

"p Z

The binding process can also be treated in rapid equilibrium. In
this case, only the equilibrium constants, keqi = k:’l , need to be
known instead of the adsorption and desorption constants. Moreover,
mathematically overdetermined systems need to be avoided by setting
up the transport equations only for conserved moieties. These are the
sum of particle pore and stationary phase concentrations, as referred
to the total column volume, ﬂpc’f’ + p*c. The binding model is used for
closing the remaining degrees of freedom. When the binding process
of all components is treated in rapid equilibrium, the GRM in Eq. (1)
with boundary conditions in Eq. (5) takes the form given in Eq. (6) with

boundary conditions in Eq. 7).

act b Zcb
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2.2. Two-dimensional general rate model (2D GRM)

In the 2D GRM, the concentrations also depend on the radial coor-
dinate of the column, p € [0, r,] where r, is the column radius [6]. In
addition, the particle volume fractions d;, the column porosity ¢, flow
velocity u, and the axial and radial dispersion coefficients D,y ;, D,; may
depend on the radial coordinate.

ach dc? 2cb 15
b _ _pb"i _pgb, "Ci | gb i b b ;
Fi =-p E_ﬂ uE"’ﬂ Dax.iﬁ"‘;%( ﬂlp_ (ﬂ )>_ﬂpjf,i (€)]
Danckwerts boundary conditions Eq. (4) are imposed on the axial
boundaries, where the inlet profile can also change in the radial direc-
tion. Additional boundary conditions at the column center and wall are:

Bcf’

6_p(,; =0)=0 (9a)
ch

0_;7(’) =r)=0 (9b)

2.3. Particle size distribution (PSD)

A PSD can be modeled by setting up several instances of the particle
model with individual radii and adjusting the boundary fluxes between
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the interstitial volume and these representative particles [7]." Consider
a discrete distribution of j = L,..,N, particle sizes, where d; is
the volume fraction of particles with radius r,;, ie., Z;V:”l d = L
Egs. (1b)-(1c), (2)-(3) and (5) are individually set up for each of
the representative particles with index j. All parameters, including
particle porosity, €ps and the film mass transfer coefficient, k 7.s €ven
the binding parameters can depend on j.

ach ach ¢t 1,
Fb—_pgb—i _gh, i L gbp i 1O 9 (gbed
i ﬂ ot ﬂ u oz ﬂ ax,i azz P dp plp (ﬁ )
N,
S (10)

j=1
3. Spatial discretization
3.1. Classic general rate model (GRM)

The GRM, Eq. (1), constitutes a system of non-linear partial
differential-algebraic equations (PDAE). These equations are first dis-
cretized in the spatial domain using finite volumes (FV), resulting in a
large system of non-linear ordinary differential equations (DAE). The
residuals, Fl,”, interstitial concentrations, cf’, and boundary fluxes, j,;,
are spatially averaged in p = 1,..., N, uniform cells with 4z = L I
Eq. (11), z, % =(p—1)Az and Z,, % = pAz denote the left and righf cell

boundaries, and the axial cell centers are given by z, = (p — %)Az.

z

Frp.n= F'(z,0)dz (11a)
Az .
i
1 Zprd
c'l.b(p, n=— [ "2 c;’(z, tdz (11b)
az J;
3
- z +,
Jrilp. ) = 2 ). *Jri(z.0dz (110)
"1

Representative beads at the centers z, of the axial cells are radially dis-
cretized. The residuals, F, mobile and stationary phase concentrations,
cf, with k € {p, s} and the binding fluxes, j,;, are spatially averaged in

g=1,..., N, spherical shells with 4r = ;V—”, Eq. (12).

Fi"(p, q.1) = —/ [’“(zp,r, HA(rydr with « € {p,s} (12a)
+

c(p.g.n) = —/ 1 cf(zyr,DA(dr  with « € {p, s} (12b)
0ty

Joi(p,a,0) = —/ 2 iz r DAAF (120

2
Note that the radial cells are numbered in ascending order from bead
surface to center. Here rq 1 =r,—(g—1)4r and Pl =1p— qAr denote

the outer and inner cell boundarles The radial ceﬁ centers are given
byr,=r,— (- 2)Ar, V, are the corresponding cell volumes, Eq. (13a),

and A(r) is the surface area of a sphere with radius r, Eq. (13b).

4 3 3
v,=2(P -7
=3 ( >

A(r) = 4nr”

(13a)

(13b)

The interstitial mass balances, Eq. (1a), are integrated over each cell
and divided by 4z, Eq. (14a), and the bead mass balances, Eq. (1b)—(1c),

1 Equivalence with Eq. (4) in [7] can be verified by neglecting convection
and dispersion in Eq. (8), inserting the outer particle boundary condition,
Eq. (5) and usmg the definitions of the column and particle porosities, €, =

yb Ve
———— and £, .
Votyr+vs VrtVs




J.S. Rao et al.

are multiplied by the area, A(r), integrated over each cell and divided
by the respective volumes V,, Eq. (14b).

bi, _ _ b, —
Fr——pb e g GEEE ) GE=E )
=- - p’u
! 0 Az
ach ach
b = Z"”“é)_"_(zzz”‘%) p7
+ﬂ Daxl Az _ﬂ Jf.i (143)
=P A(rq_l) P
P — i 2 i
FP=—pr +p°D,, V. 3 (z—zp,r—l‘q_%)
A1) g0
- p'D,, V2 > (z_zp,r_r 1)—ﬂj,” (14b)
q
) e A D o
=P Dy " o = a =)
Alr, 1)
— ﬁst,iTa_(z_zp’r_r 1)+ﬂ Jbi (140)
q

The boundary concentrations, ¢, are accurately reconstructed from

cell averages using a weighted essentially non-oscillatory (WENO)
scheme, as described by Lieres and Andersson [8]. The spatial deriva-

act ac?
tives of the boundary concentrations, %, % and r’ , are estimated
from adjacent cell averages. They are approximated by symmetric first

order differences, Eq. (15).

ach Sp+1,0- 01
—(z 1L, ~ P Rt (15a)
dz  pPt;3 Az
ach dpn-ép-1,1
i et Y 15b
0z (ZP*% ) Az ( )
ocf ¢f(pg—1,0—¢(p,q.1)

i ~ i i .
3 (zp,rqié,t) ~ P with « € {p,s} (15¢)
ocf ¢ (g, ) —c(p,g+1,1)
— (2, e N — ! with « € {p, s} (15d)
or % Ar

The column and particle boundary conditions naturally enter the
finite volume scheme. According to Eq. (4) the terms —u cb(z =z 1 )+

b

i and

Dax I (z = zl) in the first cell average are substituted by —uc;

the term O_Z’(Z = z, 1) in the last cell average is zero. According
EAN)

ac?
Z,,F = r 1), —=(z =z

oc?
to Eq. (5), the terms —(z =z, N p,

r = ri) and
2

P =y +1 ) are also zero.

ac’?
?(z =z
P

Accurate handling of the term %(z = z,,r = r1) in the outermost
cell average requires a little more effort. First, the boundary flux,
Eq. (2), is inserted in the original boundary condition, Eq. (5). Eq. (16)
is obtained by considering r, =r.

2

e,D,; ac

_p
K, ar(r—rl)—c c(r—rl) (16)

Then, the spatial derivative in Eq. (16) is approximated by a finite
difference.

¢,D,; o (r—rl)—cp(r—rl)

b_ .p
=c’ —c(r=r 17
kf.i Sy A=y a7

Now, Eq. (16) is solved for ¢/(r =r)).
2

e,D,; 0
1 b P D ’(r=r1) (18)
2 kf,i or 2

The result is inserted in Eq. (17).

D
c:’—e‘l’c il ’(r—rl)—c(r—r]) oc?
L =—(@0r=r) 19
ri—r or 3
2
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P
Eq. (19) is then solved for ZL(r = ).
2

oc? ch—cfr= r)
—Lr=r)=—"+—"— m (20)
or 2 4 2D

2 ! kri

Finally, the interstitial and pore phase concentrations, cf and cf , in the
cell centers z =z, and r = r, are approximated by their respective cell

?,
averages, ¢’ and ¢’
P TP -
ac; ¢(z=12,) = (z=2zpr=ry)
——(@z=z,r=r1)= 21
or 3 epDp ;i

r1 —r1+ =

fii

Eq. (21) is used for substltutlng —(z =2z, r= r1 ) in Eq. (14b) in the
outermost radial cell. Moreover, it is 1nserted in Eq (5) for computing
the boundary flux, j; ;.

13-

1
jf, kf,(c —c(r—rl))
&l

r1-n
2 42
kyri £,D,

with &, = (22)

i
The binding model is analogously set up for the averaged concen-
trations.

Neogs
-/T'_kalclcmdxl<l_z S] >_kd,ic_? (23)

j=1 cmax,j

3.2. Two-dimensional general rate model (2D GRM)

We discretize the 2D transport Eq. (8) using a suitable FV method.
To achieve this, we make the following simplifying assumption, which
reduces the complexity of the model: Parameters that depend on the
radial position are assumed to be piecewise constant. Specifically,
the column can be partitioned into N, € N radial zones in which
particle volume fractions and porosity, velocity and dispersion param-
eters remain constant in radial direction. In the following, we use
the radial zones as boundaries for the finite volume (FV) cells, while
allowing parameters to remain constant across neighboring FV cells.
Discontinuities of the piecewise constant parameters always coincide
with FV cell interfaces; however, not every interface corresponds to a
discontinuity. Refinement of the FV grid is achieved by subdividing the
existing FV cells.

In addition to discretizing the axial column coordinate into N,
uniform cells of size Az = E the radial column coordinate is divided
into N, cells, which can have non-uniform sizes:

O=pipp<p3p<-< PN,+1/2 = Te- (24

A cell with inner radius p,_;/, and outer radius p,,,,, has its center
at py, = (Pys12 + Pw-1y2)/2 for w = 1,..., N,. Its radial extension is
denoted by 4p,, = py41/2 = Prw-1/2- Each cylinder shell with length Az
has a volume V:

w+§ w=3

V=x (,;2 L= 1) Az =27p,Ap,Az. (25)
The discretization and domain coupling in 2D GRM is illustrated in
Fig. 1.
Integrating the interstitial concentrations cf and the bead fluxes j;
over cylinder shells and dividing by their respective volume, we obtain

the averaged moieties:

Fhp,w,1) = % / w3 / 2 Fl(z,p,0)dzpdp (26a)
Y ey g

S, = 22 / *2 / "3 bz pun)dz pdp (26b)
w _7

T 2 w+ 5 5 .

Jripw,t) = V—’f/ *3 / 3 Jri(z,p,0)dzpdp (26¢)
wde, 1 Iz
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2D General Rate Model Discretization

radial zone

angular homogeneity

0<z<L
S 7~ 7~ 7~ 7
QI 7N 17 17 17
: ()]

Volume element

0<r<r,

bulk phase

particle interface

solid phase

particle phase

— Transport equation

Domain decomposition graph --- Boundary condition

----- Binding equation

Fig. 1. Discretization and domain decomposition in 2D GRM.

Note that we have
_ 2
w1 = ¢f (2 punt) + O (427 + (49,.)°)

for sufficiently smooth functions ¢’. Concluding, these volume averages
are suitable approximations of the function value at the corresponding
cell centers.

Further derivation of the numerical discretization along with imple-
mentation details can be found in the supplement.

3.3. Particle size distributions (PSD)

Spatial discretization of the GRM with PSD is straightforward.

b b
= c(z=2z —c(z2=2z
60?’ b 1( p+%) 1( p,%)

Y = u

! ot Az

27

—L(z=1z 1)— ’(z-z 1) 27)
2 T

Az Z 741

For the 2D extension in eq. (S1), we 51mllarly obtain

N,

_ oe? (p,w 1) 5
w0 = =" (p) ———— = D 7 (pu) d; (puo) 1P 1)
“
b z .1
27 [P+l 60 Py
+—,/ T2 | —uch (z,p,0) + Dy == (2, p,1) pdp
Vw P11 0z
w 7 Zp—%
Pl
2 z 1 w5
+V—7f/ i [pr,ﬂb (z, p,t)] dz.
A Py

[~]]

(28)
Note that, in addition to the porosities, we also allow the particle size
distribution d; to depend on the radial position in the column bulk
volume.
4. CADET implementation and verification

4.1. 2D GRM implementation details

CADET-Core, the C++ numerical engine in the CADET project,
is published as open source software on GitHub under the GPL 3.0

license [9]. To integrate the semi-discrete DAE system derived in
Section 3 in time, we use the backwards-differentiation formula (BDF)
implemented in the IDAS module of SUNDIALS [10,11]. This BDF im-
plementation can solve DAE systems of differential index 1 and is well
suited for stiff problems, which commonly occur in chromatography
due to, e.g., non-linear binding and reaction mechanisms. Based on
years of experience with IDAS, we have found this method and its
implementation to be highly robust and stable. The time integrator uses
a Newton method to solve the linear system of the fully discretized
system and thus requires the system Jacobian

_OF
=5
where F : R" — R”" is the residual function of the semi-discrete system.
The Jacobian is very sparse and we employ a specific order to the state
vector (see Section S1 in the supplement) to achieve an arrowhead
Jacobian structure, see Eq. (§13). This favorable structure is exploited
by our custom linear solver module, which is based on a Schur LU
factorization into upper and lower block triangular matrices [8]. The
specific Jacobian blocks are shown in Section S2 in the supplement,
and the global Jacobian was verified through compressed algorithmic
differentiation (AD) as described by Piittmann et al. [12].
Furthermore, our 1D and 2D GRM implementations support param-
eter sensitivity estimation, leveraging the capabilities provided by IDAS
to compute sensitivities using the forward method, combined with AD,
as described by Piittmann et al. [13].

29

4.2. 2D GRM verification

Verification and validation are fundamental in modeling and simu-
lation. Verification is focused on the mathematical methods and their
implementation to confirm their correctness. Validation examines the
model itself, assessing whether it effectively addresses domain-specific,
real-world problems and represents the underlying physics with suf-
ficient accuracy. Since verification forms the foundation for reliable
validation, it is a prerequisite and is addressed first; the subsequent
Sections 5 and 6 are focused on validation.

To verify the implementation of the 2D GRM and FV the discretiza-
tion derived in Section 3.2, we conduct order-of-accuracy tests, which
are widely considered the most reliable and rigorous tests for numerical
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Table 1

Convergence table for the 2D GRM with four particle types and three radial zones

discretizing radial inhomogeneity. The number of FV cells in axial, radial and particle

direction are denoted by NZ, NI, N/, respectively. Model parameters are shown in

Table S6.
N NI NI Max. error Max. EOC L? error L? EOC  Bulk DoF
4 3 3 7941072 0.0 4.73-107! 0.0 12
8 6 6  1.66-1072 2.26 1.50 - 107! 1.66 48
16 12 12 4.15-107 2.00 4381072 1.78 192
32 24 24 101-107 2.04 1.11-1072 1.98 768
64 48 48  236-107* 2.10 2.66 - 1073 2.06 3072
simulation software. To this end, we compute an experimental order of Genetic Algorithm: U-NSGA-1II
convergence (EOC) for the kth refinement of the spatial grid l NCA[;ET Loop
IN
=S
EOC, = ln(errork) - ln(errork—l) (30) Parameters 2D General Rate Model ';?:: ;‘J’V‘::
k ln(hk_l) . ln(hk) - @ ) ) ) ) )
where error, € R is some error metric for the kth approximation, and
h;, € N is the number of FV cells in axial direction. We note that the ] | |
discretization must be refined at the same rate for all spatial directions, Porosity ~  PSD Velocit

see e.g. Table 1. To pass the test, the EOC must converge asymptotically
to the theoretical order of convergence, which is 2 for our FV scheme
(2th order method). We note our FV scheme only exhibits a theoretical
convergence order 2, if we define radial zones in which the parameters,
such as porosity, are constant w.r.t their spatial position. Thus, to verify
the second order convergence via EOC tests, we define three radial
zones which are discretized by the same number of radial FV cells,
which are equally refined.

To further strengthen the test, we assess the convergence towards an
analytical solution. To this end, we extended CADET-Semi-Analytic [14,
15] by a Hankel-Laplace domain solution of the two-dimensional gen-
eral rate model with linear binding, following the work of Qamar et al.
[6]. We note that the available analytical solutions are limited to linear
bindings and constant velocity and dispersion parameters.

To model radial inhomogeneity, we define three radial zones which
are fed with different concentrations. For the most extensive setting we
employ four particle types, with varying fraction of the solid volume
in each zone. Another setting solely considers the bulk transport,
i.e. molecules cannot enter the particles, to separately test the FV
discretization of the two-dimensional interstitial volume equation. We
further consider a setting involving a single particle type but with dif-
ferent modes: kinetic binding, rapid-equilibrium binding, and scenarios
with or without surface diffusion. The parameters for all six settings are
given in Table S6, the convergence results are given in Table 1 and in
the supplement, Tables S1-S5.

To assess the convergence of our discretized model, we consider the
discrete maximum norm of the L® and L? error of the approximations
over all radial zones at the column outlet; see for reference Table 1. The
evaluation code for software verification, including model setups and
convergence analysis, is publicly available in the CADET-Verification
test suite [16].

Second order convergence is clearly achieved for all settings and
the methods and implementation thus pass the order-of-accuracy test.
Furthermore, CADET-Core and CADET-Semi-Analytic mutually verified
each other. The code specifically configured for this verification study
is publicly available on GitHub as part of the CADET verification and
testing pipeline.

5. ROM calibration case study

Fig. 2 schematically illustrates the ROM calibration workflow based
on reference HD simulations developed in this work in the context
of a 2D GRM. This workflow comprises performing the reference HD
simulation, configuring the ROM simulation to be calibrated, and the
parameter estimation process. The optimization loop, central to the
parameter estimation process, iteratively updates ROM calibration pa-
rameters in the ROM simulation based on the residuals of objective

HD solute
mass curves

XNS: HD Model

Fig. 2. ROM calibration workflow.

functions, which operate on ROM outputs (predictions) and HD ref-
erence data pertaining to selected column characteristics (objectives).
The following subsections describe these elements in detail.

An open-source calibration tool, chromoo [17], that interfaces with
CADET-Core for ROM evaluations and uses pymoo [18] as the un-
derlying optimization framework was specifically developed for this
work.

5.1. HD simulation setup and reference data

The column setup and HD simulations from a previous study [19]
were used as reference for this work. Two hypothetical microcolumns
of equal lengths, widths, and total bed capacities, but differing packing
morphologies were analyzed: One featuring a monodisperse packing
of 13,845 particles, and the other a polydisperse packing of 9874
particles. The packings were numerically generated by the Tallarek
group at Philipps-University, Marburg using a modified Jodrey-Tory
algorithm [20,21]. To account for a slightly higher packing density
of the polydisperse packing, its bed length was adjusted to ensure
equal bed capacities and average column porosities relative to the
monodisperse packing and column. Both columns are L = 16 mm in
length, r, = 0.5 mm in radius, with an average column-to-particle radius
ratio of 10. A void length of ~0.4r, is present at the ends of the columns.
The columns are illustrated in Fig. 3 and their geometrical properties
are summarized in Table 2.

Due to current scalability limitations in the simulation toolchain, the
geometries are restricted to smaller column diameters and larger parti-
cle diameters relative to standard analytical chromatography systems.
While microbore columns with 1 mm internal diameter do exist, parti-
cle sizes in typical analytical columns are much smaller, in the range
of 1.7 pm to 10 pm [22]. Ongoing work is addressing these limitations
through software enhancements, the use of anisotropic meshes, and
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Table 2
Geometrical properties of random generated packed bed columns.

Particle size Number of  Average particle Column Bed porosity
distribution particles radius porosity

Monodisperse 13,845 49.985 0.425 0.411
Polydisperse 9874 53.144 0.425 0.401

the implementation of periodic geometries and boundary conditions to
emulate unconfined columns without wall effects.

The HD simulations were performed in two stages: (1) a stationary
velocity field was calculated for an incompressible fluid by solving the
Stokes equations within the interstitial domain, and (2) the transient
mass transport and adsorption equations were subsequently solved in
both the interparticle and intraparticle domains, utilizing the previ-
ously calculated velocity field. In the flow stage, a parabolic profile
was used for the inlet velocity to emulate a fully developed laminar
flow profile. The imposition of no-slip boundary conditions on both
the particle and wall surfaces effectively simulates interfacial friction,
thereby facilitating the development of boundary layers within the flow
field.

In the mass transfer stage, an advection-diffusion equation was
solved in the bulk domain, while coupled diffusion-adsorption equa-
tions were solved in the particle domain. A constant and steady feed
concentration of 7.14.1073 mol m~ was applied at the inlet. Initial
concentrations throughout the entire column were uniformly set to zero
in all phases. Mass flux continuity was maintained at the interface
of the two domains, that is, the particle surfaces. Adsorption and
desorption within the particles were described using the Langmuir
model, where the employed parameter values represent the binding
behavior of lysozyme on Sepharose particles [23]. Column loading was
simulated until full breakthrough, that is, when the outlet concentration
equals the inlet concentration.

The simulations were performed on the JURECA supercomputer
at Forschungszentrum Jiilich using XNS, a massively-parallel multi-
physics solver developed at CATS, RWTH Aachen University. Further
details regarding the setup and solution of HD simulations can be found
in our previous work [19].

5.2. ROM configuration

Setting up ROMs that closely correspond to the HD model described
in the previous section requires decisions regarding the representation
of several aspects of the column geometry, packing, mass transport, and
adsorption process. In this work, the packed bed and the void regions
at both ends of the column are compartmentalized as shown in Fig. 4,
with each compartment in the figure corresponding to a separate unit
operation model in CADET.

Void regions preceding and following the packed bed region in
the HD reference geometry are modeled using the lumped rate model
without pores (LRM) with a total porosity of one and no dispersion,
emulating a plug flow reactor (PFR) without any particles. In this
approach, minor dispersive effects due to the velocity boundary region
at the column wall are neglected. The constant total flowrate from the
HD flow simulations is applied, and the void regions are uniformly
discretized using N, = 10 axial elements.

The packed bed region itself is modeled using either the conven-
tional 1D GRM, or the newly implemented 2D GRM. The packed bed
region is uniformly discretized axially into N, = 100 elements, and, in
2D cases, radially into N, = 5 elements. Geometrical characteristics of
the column, including the length, cross section area, and bed porosity,
and the related flow velocity are configured based on the correspond-
ing features of the respective reference HD column. For models with
PSD, the particles constituting the polydisperse HD packed bed are

discretized into Ny, bins of equal size Ar = m&_min a5 follows.
bins
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Fig. 3. Geometry and mass transport results of HD monodisperse (left) and polydisperse
(right) column simulations at ¢ = 4550 s. Liquid phase (c?, ¢?) and solid phase (c*) results
both show pronounced wall effects.

By ={i €P : rypin + kAr < r; < rpin + (k+ 1)4r} 31

where B, is the kth bin with k € {1,..., Ny}, and P is the set of all
particles in the packed bed. Ny;,s = 10 for all ROMs with PSD in this
work. The resulting histogram is shown in Fig. 5(a).

Eq. (32) is applied to the HD geometry and interstitial flow sim-
ulation results to reduce, i.e. average, the column porosity and axial
flowrates for each radial zone in the 2D GRM. The resulting radial
profiles of porosity and velocity for N, = 5 are shown in comparison to
those obtained with N , =40 with cubic interpolation in Figs. 5(c) and
5(d). Such oscillations in radial profiles of porosity are also reported in
the literature [24].

1 Prosl 2r L
0, = Z/ : / / wdv nQ,  (32a)
0 0
ﬂw7%
1 Pusl (27 L .
Ecup = > > dv in Q, (32b)
Z-(p~ =o)Lt 1 Jo Jo

w+i w=3

ol
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Void Packed Bed Void
Inlet = Jumped rate model (==~ 1D/2D general rate model =P~ jumped rate model =~ Qutlet
without pores, e, = 1 with Langmuir binding without pores, e = 1

(a) Compartmentalized unit operation sequence in 1D and 2D GRM

Packed Bed
2D general rate model

with Langmuir binding

- Radial zone py, =~

Void Void
Inlet =P lumped rate model Radial zone p2..n,—1 lumped rate model =9~ QOutlet
without pores, e, = 1 without pores, e = 1

- Radial zone p; =1

(b) Flow connectivity between unit operations in 2D GRM

Fig. 4. Compartmentalization and flow connectivity in CADET.
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Fig. 5. Geometric inhomogeneities in HD simulated columns.
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Fig. 6. Calibration results for 1D GRM without PSD.

Table 3

Fixed parameters in 1D GRM without PSD.
Parameter Value
General rate model
Column length, L 1.560 - 102 m
Column radius, r, 5.01-10"*m

Particle radius, r, 499985105 m
Particle porosity, ¢, 0.75

Particle diffusion coefficient, D, 7.07 - 10" m2 5!
Particle surface diffusion, D, 0.0m?s™!

Langmuir adsorption

Adsorption coefficient, k, 1.144 m3 mol ' 5!

Desorption coefficient, k, 2.0-1073s7!
Maximum binding capacity, c; 4.88 molm=>
Binding type kinetic
Discretization

Column axial discretization, N, 100
Particle radial discretization. N, 10

The column radius r, is discretized into N, radial zones p,,, bounded

by lower and upper radii [p,_1,p, 1], where w € {I,...,N,}. L
2 2

represents the length of the packed-bed region of the column.

Surface diffusion is not considered in this work. Other model trans-
port parameters such as film diffusion, axial and radial dispersion
coefficients are estimated as specified in the following subsection.
Dynamic binding using the Langmuir model with the same parameters
as in the reference HD simulations was applied. Table 3 shows the pre-
specified parameters for a 1D GRM representation of the monodisperse
column used in this work.

5.3. Objectives and reference data

Chromatograms are the standard output metric associated with
chromatography columns due to their simple representation of the out-
let concentration of the column over time, leading to their direct utility
in fractionation. Experimentally obtained chromatograms, specifically
breakthrough curves, are useful in analyzing the performance of the
column and are widely used as data in calibrating ROMs, with several
studies on the effects of various intra-column phenomena on break-
through curves. However, these curves are just reduced, i.e. averaged,
solute concentrations at only the column outlet. These single curves are
not sufficiently unique descriptors of the internal state of the column.
This can be illustrated by the following example with two 1D GRM
ROM:s, the first (model D) without thin-film resistance, i.e., k ;= oo,
where D,, is the only calibration parameter, and the second (model
DF) with both D, and k, as finite calibration parameters. When using
the 1D breakthrough curve as the objective, both models result in
seemingly perfect fits to the reference data (Fig. 6(a)).

The reason for this behavior is that both the thin-film resistance
and the axial dispersion phenomena result in a band-broadening effect
on the chromatogram, and compensate for each other’s effect on the
breakthrough curve in the calibration process. Although the fit with re-
spect to reference data in both models is excellent, resulting in identical
column outputs, the internal states of the columns in the two models are
distinctly different due to fundamentally differing mechanisms being
calibrated to different degrees.

On the other hand, solute masses in each phase (M,, M,, and M;
Eq. (33)) are unique representations of the internal state of the column.
Fig. 6(b) shows that both models D and DF produce disparate fits when
calibrating them using the reduced solute bulk mass M, with model DF
resulting in a better fit.

M, = / cbdv (33a)
2

M, = e,c”dV (33b)
2

M= [ (I1-¢g)c*dV (33c)
2

In this work, we utilize M;, M, and M as objectives. Using all the
phase masses in combination allows the optimizer to account for the
mass balance within the ROM column, resulting in calibrated ROMs
that more closely approximate the reference column.

Reference data for the selected objectives are generated by reducing
HD simulation results to match the dimensionality and discretization
scheme applied to the ROM. In this work, as per convention, we further
spatially average the calibration reference data in the axial dimension.
Thus, in calibrating 2D GRM, our process results in N, objectives per
phase.

The reduced solute masses in each phase, M,,, ﬁp, and Ms, used as
reference data for the objectives in the ROM calibration are calculated
as follows in Eq. (34).

—w Pprl 2 L
M, :/ 2/ / chav vwe{l,...,N,} in®,
Pl 0 0
w=-5
(34a)
—w pw+l 2r L
M, =/ 2/ / g,cPdv Vwe {l,...,N,} inQ,
o1 0 0
w-1
(34b)
—w Ppil 2 L
M, =/ 2/ /(l—ep)c“dl/ Vwe {l,...,N,} in&,
P 0 0
M,’—f
(340)

where the column radius r, is discretized into N, radial zones p,,
bounded by lower and upper radii [/’Wl’pML] with w € {1,...,N,}.
2 2
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The range-normalized root mean square error (NRMSE, Eq. (35)) is
used as scoring function for each objective. This normalization effec-
tively assigned identical weights to each objective, thereby eliminating
any bias associated with differences in their original magnitude in the
reference data.

L (ﬁw

— 2
(M - M)

&Y= Vk € {b,p.s},Ywe {l,...,N,} (35)

max(ﬁ:) - min(ﬁf)
where N, is the number of discretization in time, « is the phase index,
and w is the index of the radial zone.

5.4. Parameters

Dy, D, and k | are considered as calibration parameters, while all
other parameters of the ROM are pre-determined. In 1D GRM, we have
D,y and k as scalar values to calibrate, whereas in 2D GRM we have
N, axial and radial dispersion coefficients in addition to & calibration
parameters, assuming only radial dependence of such parameters.

While specific lower and upper bounds were applied to the param-
eters during calibration (D, D, € [1 x 10™,1x 107}, and k; € [1 x
1078,1 x 103]), these constraints effectively represented no limitations
on the true solution space for the chosen case studies. As velocities and
porosities remain fairly constant in the first 3 radial zones as shown in
Figs. 5(c) and 5(d), we constrain corresponding dispersion coefficients
in these zones to the same value in order to avoid overfitting the data
and reduce the number of calibration parameters. To facilitate faster
convergence, the calibration parameters were first transformed into
logarithmic space (log10) and then normalized across their respective
ranges.

5.5. Algorithm

The calibrations in this work were performed using the genetic
algorithm UNSGA-III, due to its robustness in multi-objective, multi-
parameter problems. The initial population was generated using a Sobol
sequence, a specifically designed low-discrepancy sequence capable
of efficiently sampling and spanning the entire high-dimensional pa-
rameter space. Initialization with low-discrepancy sequences leads to
better exploration of the parameter space, leading to potentially faster
convergence rates [25].

5.6. Multi-criteria decision making

Multi-objective optimizations result in a set of optimal or near-
optimal solutions that span a multi-dimensional surface in the objective
space known as the Pareto front, which represents trade-offs between
individual solutions for specific objectives. This span can be visualized
for every objective in the calibration process, and is denoted in this
work as (M*). It provides information about the range of the Pareto
front in the objective space.

In order to find the best solution in the optimal set, we scalarize
the multiple residuals £ using the root mean square (RMS) function
as shown in Eq. (36), and pick the solution with the least scalarized
(meta-)residual &.

(36)

NIJ
DIPNGOE

K w=l

EAN
Il

1
Ne
where N; = Ny - N, is the number of total objectives, with N, and
N, representing the number of phases and radial zones respectively
considered in the calibration process.

The best fitting objectives M are selected such that they minimize
£ ie, M¥ = argminé. The corresponding best-fit parameters are
notated as DY, D;”, and k.

10
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While it is also possible to directly use the scalarized metric as
the only optimization objective, formulating the parameter estima-
tion as a multi-objective problem results in the optimizer taking into
account the individual sensitivities of every objective with respect
to every parameter. Furthermore, multi-objective optimization leads
to better exploration of the objective space, thus resulting in more
comprehensive information for decision making.

The optimization itself is terminated upon convergence of the meta-
residual and every parameter for the median and best individual so-
lutions in every generation is manually verified. While limits can be
placed upon the number of ROM evaluations or generations, allowing
the optimizer to proceed by visual inspection of the meta-residual
allows to refine the optimal solution set further until the parameters
fully converge and patterns emerge.

6. Results and discussions
6.1. Breakthrough curves vs. solute mass curves

Table 4 shows the results of calibrating 1D ROMs with and without
PSD against the corresponding case study geometries and HD results
using either breakthrough curves or bulk mass curves as reference
data. While all calibrations show similarity in the NRMSE ¢, indicating
convergence, the resulting parameters for calibrations derived from
breakthrough curves show strong deviations from expected values. The
chromatogram-based calibrations either underestimate D,, or overesti-
mate k,, a consequence of the system being unable to simultaneously
resolve the dispersive effects of the two parameters on the break-
through curve. In contrast, calibrations based on bulk mass curves
result in reasonable values of both D,, and k.

6.2. Effect of polydispersity

We analyze the effect of neglecting PSD and using only the average
particle size in modeling chromatography using the conventional 1D
GRM. Two ROMs are calibrated to the results of the HD polydisperse
column: (a) GRM without PSD, and (b) GRM with PSD. Both D,, and
k, are used as calibration parameters, with M, as reference data.

Modeling a polydisperse packing using only the average particle size
leads to, among other effects, neglecting the effects of the packed bed
surface area and volume on the column results. For instance, the size of
the flow boundary region at particle surfaces responsible for the thin-
film resistance is dependent on the surface area of the packed bed. This
boundary region also contributes to axial dispersion within the column.
As shown in Table 5, using the ROM without PSD for the polydisperse
packing resulted in 37% reduction in k, in order to compensate for the
10% increase in the packed-bed surface area, keeping the total mass
transfer across the bulk and particle domains constant while fitting
to reference data. Coefficient of axial dispersion was reduced by 5%.
The bed surface area was calculated using the 3D polydisperse packing
for the model with PSD, and recalculated for the model without PSD
assuming all particles had their size equal to the average size in the
packing.

Fig. 7 shows the fit plots for the two calibrations, with both models
being able to adjust their parameters to obtain a good fit. In effect,
the changes in the calibration parameters compensate for the effects of
polydispersity.

6.3. All phase masses as objectives

The bulk phase mass, M, is sufficient as an objective metric for
our case study as all the optimization parameters D,y, D,, and k, are
based on transport phenomena in the bulk domain. However, using
solute masses in the particle pore phase M, and stationary phase M,
as additional objectives provides a multi-faceted view of the transport
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Table 4
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Calibration results with breakthrough curves (C) and bulk solute mass (M,)
as reference data. Due to overlapping dispersive effects on C, the parameter
estimation process cannot reliably fit both D,, and k, concurrently.

Packing type Axial dispersion Film diffusion ~ Residual
HD ROM D, (m?s™1) kf (ms™!) I3
Breakthrough curves C as reference data
Monodisperse ~ Without PSD 7.72-1077 9.98 - 10% 4.01-1073
Polydisperse With PSD 4.11-107° 6.42-107° 5.37-1073
Bulk solute mass M, as reference data
Monodisperse ~ Without PSD 4.75-1077 8.09- 1076 5.41-1073
Polydisperse With PSD 3.30- 1077 7.18 - 10°° 5.87-1073
Table 5

Effect of neglecting PSD on D,, and k, in 1D GRM.

Packing type

Packed-bed

Axial dispersion Film diffusion

HD ROM surface area (m?2) D, (m?*s™) k; (ms™)
Polydisperse ~ Without PSD 4.09- 1074 3.11-1077 4.40-10°°
Polydisperse ~ With PSD 3.70- 1074 3.30- 1077 7.18 - 107°

Table 6

Comparison of k, values fitted using ROMs vs. empirical correlations.

Packing type ROM Simulation fit Wilson-Geankoplis Kataoka Penetration correlation
HD mono 1D mono 8.10- 107 1.25-1073 1.00- 1073 1.74 - 1073
2D mono 1.36- 1073
HD poly 1D poly 6.85-1076 1231075 9.75- 1076 1.69 - 1075
2D poly 5.49-107°
6.4. Radial inhomogeneity
x10~1!
‘ ‘ ‘ In this subsection, we exhibit results of calibration of a 2D GRM
= 3.0F ] representation of our reference column with axial dispersion (D),
% a5t ] radial dispersion (D)), and film diffusion (k ) coefficients based on
= HD results. The column is divided into N, = 5 equidistant, radially
£ 20 ] concentric zones where the local values of porosity, axial velocity,
; 156 ] and internal masses for each of these zones are calculated from the
% - HD geometry and simulation results. This discretization is the finest
= 10F — M, 1 possible while keeping radial zone widths not smaller than particle
a 0517 -o- Jiff with PSD | sizes. Reduced porosity and velocity profiles along with the PSD are
-%- M, without PSD shown in Fig. 5.
0.0, 2000 4000 6000 8000 10000 Table 6 shows the best calibrated values of film diffusion coef-
Time(s) ficients for the models with respect to three empirical correlations.

Fig. 7. Optimal fits obtained while calibrating 1D GRM with and without PSD against
bulk phase mass (M,) for HD polydisperse packing.

processes and enables visualizing the differences in the HD model and
the GRM.

Fig. 8 shows the span of the optimal solutions (M, ), the best fit with
the least scalarized error M, _, and the reference curve M, for objectives
M, Vi € {b, p, s} for the 1D GRM with and without PSD. The model with
PSD clearly performs better than the model without PSD, with narrower
spans for all objectives. The best fit M, is indistinguishable from the
reference curve M,, while M, , and M, show slight discrepancies with
respect to their corresponding reference curves. These discrepancies are
most likely the result of incompatibilities between the HD model and
ROM setup for the given case study. This will be discussed in more
detail in the upcoming subsection.

Fig. 9, showing all simulation evaluations plotted on each combi-
nation of objectives and parameters as plot axes, provides additional
context to the fit plot. As expected, M, is highly responsive to both
model parameters, while M, and M, are not completely congruent with
M,.

11

Calibrations of 2D GRM with and without PSD were performed against
the corresponding HD reference data. Fig. 10 shows the span of predic-
tions for the Pareto front (M), and the best prediction M v, against
the corresponding reference curves, M, where w € {l,....N,} and
x € {b, p, s} for all objectives.

The ROM with PSD performed significantly better than the one
without PSD in all objectives, displaying much narrower spans for every
objective. The latter is most likely due to the still-significant oscillation
in porosity and velocity profiles in the monodisperse packing at the
column center, which is antithetical to the assumption of homogeneity
within each radial element in ROMs. Polydisperse packings, on the
other hand, tend to attain homogeneity in the radial porosity profile
towards the column center at a faster rate due to the heterogeneously
sized particles being able to fill the interstitial spaces more effectively.
GRM with PSD can also account for different size distributions in
different radial zones.

Furthermore, the process of generating reduced reference data from
HD simulations based on the radial discretization scheme applied to
the ROM involves “splitting” particles that cross the boundaries of 2D
radial zones. While the HD simulation considers the particle whole and
implicitly models the effects of the packed-bed volume and surface area
on interstitial flow, the ROM assumes them to be separate particles in
separate radial zones with no transport or adsorption between them.
GRM with PSD performs better in this regard as the model can account

K°
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Fig. 9. All combinations of parameters vs. objectives for all ROM evaluations in the
1D GRM calibration without PSD. Pareto optimal solutions are marked in red.

for exact volume fractions and radii of such particles in each radial
zone.

While it can be argued that a finer radial discretization is necessary
to capture high degrees of radial variation in parameters, it would
also cause particle sizes to be larger than the size of the radial zone,
violating another aspect of the homogeneity assumptions in ROMs. This
would also exacerbate the disparity between the HD model and ROMs
with respect to the “splitting” of particles at radial zone boundaries.
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It is again observed that both models performed better with the bulk
(M,) and particle (M ») domain objectives in comparison to those in the
solid (M) domain. This can be attributed to the fact that the calibration
parameters D,, k are linked to phenomena occurring primarily in the
bulk domain or the interface between the bulk and particle domains
D,y acting entirely in the bulk domain, and k, acting on the interface
between the bulk and particle domains.

7. Conclusions

A novel implementation of the 2D General Rate Model (GRM) devel-
oped for the open-source process simulator CADET-Core was calibrated
using results from high-definition (HD) three-dimensional spatially-
resolved simulations of packed-bed chromatography. The increased di-
mensionality in 2D GRM supports higher model fidelity in comparison
to conventional 1D models. Specifically, radially variable parameters
enable capturing local variations in porosity, and flowrates, which,
in turn, allows modeling wall effects and packing defects in a more
mechanistic manner without lumping their effects into axial and radial
dispersion coefficients. 1D/2D GRM in CADET-Core can also model
columns with particle size distributions (PSD).

However, the benefits of increased fidelity are counterbalanced by
the limitations of the reduced-order model. The increased dimension-
ality also leads to a multiplicative increase in the number of tunable
dispersion coefficients, 2N, in 2D GRM (where N, is the discretization
in the radial dimension) against the singular axial dispersion coefficient
in 1D models. While 1D models could be simulated with a constant
scalar porosity and flowrate, 2D models require not only the radially
varying porosity data, but also the corresponding flowrates. Conse-
quently, calibration of such a model necessitates spatially-resolved
reference data and a multi-objective approach to parameter estimation.
The higher computational expense in comparison to conventional 1D
models also compounds the time required to calibrate the 2D GRM.

High-definition (HD) geometry and simulation results from a pre-
vious work were post-processed to generate such reference data and
pre-determined parameters for model calibration. HD geometry consists
of 3D column geometry with a fully resolved packed-bed and interstitial
geometry at a macroscopic level. Two hypothetical micro-columns with
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Fig. 10. Spans of the Pareto front for the 2D GRM calibrations in the monodisperse (top) and polydisperse (bottom) cases.

identical container dimensions and differing packed-beds were consid-
ered for this work; one column with 13,845 single-sized (monodisperse)
particles, and the other consisting of 9874 particles with a specified size
distribution (polydisperse). While the column size, number of particles,
and the column-to-particle radius ratio (:—‘ ~ 10) are not reflective of
commercially available microcolumns, thispsetup was sufficient in order
to demonstrate the modeling of wall effects and dispersive processes.

Compartmentalized 1D and 2D GRM representations of the ref-
erence column were calibrated under breakthrough conditions. Pre-
specified ROM parameters and reference data for the calibrations were
reduced from the reference HD geometry and simulations. It was shown
that solute masses for the bulk M,, particle pore M,, and solid M,
phases served as more suitable objectives compared to the convention-
ally used breakthrough curves. The use of solute mass curves in ROM
calibration resulted in disparate fit plots for models with infinite and
finite film diffusion coefficient k,, whereas both models resulted in
indistinguishable fits with breakthrough curves as objectives. Further-
more, it was observed that breakthrough curves were insufficient to
resolve dispersive effects associated with the axial dispersion coefficient
and film diffusion coefficient. Utilizing mass curves also allows the
calibration process to account for mass balance across different phases
within the column, resulting in more reliable estimations of the film
diffusion and dispersion coefficients.

It was observed that models with PSD performed better than their
conventional counterparts for the thin column geometries in our case
study. Polydisperse packings by nature of their heterogeneity in particle
sizes are able to achieve a more uniform local porosity away from
the column walls, whereas monodisperse packings still exhibit oscilla-
tions in local porosity due to the constant-sized particles. Furthermore,
models with PSD in CADET are able to capture varying particle size
distributions across radial zones, which results in a closer fit with the
reduced HD reference data for our case study.

Neglecting the polydispersity of the column in the studied case
resulted in a 37% reduction in the estimated film-diffusion coefficient
and only a 5% reduction in the axial dispersion coefficient in 1D GRM.
As the size and surface area of individual particles contribute strongly
to the total volume of boundary layer region developed in the column
bulk, the loss of this information when using monodisperse models on
columns with PSD leads to a miscalibration.

All in all, although thin columns with large particle sizes are not
ideally simulated with conventional ROMs due to their implicit assump-
tions of homogeneity, we show that models with PSD, both 1D and 2D,
are able to sufficiently and accurately capture the internal state of the
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reference column when calibrated with respect to internal solute masses
in every phase. Additional improvements to the ROM setup in this
work are, however, possible. The PSD discretization could be subject to
further refinement, the film diffusion coefficient could be varied based
on particle size, and a finite dispersion in the void regions could also
be considered.

Although this work focuses on thin columns with strong wall ef-
fects, we hypothesize that the impact of PSD is still substantial in
much wider columns. While it is infeasible to directly scale existing
confined-geometry HD simulations to a point where wall effects can
be completely neglected, an alternative approach to simulate wider
columns and unconfined packings using laterally periodic boundary
conditions is currently being developed. In future works, we aim to
investigate and isolate the effects of individual geometrical factors such
as wall effects, imperfect flow distribution at the inlet, PSD, and particle
morphology on dispersion coefficients and mass transfer coefficients in
ROMs.

Computational efficiency is particularly critical for the 2D GRM,
as employing multiple radial zones and/or a particle size distribu-
tion can quickly increase the computational burden. The implemen-
tation of high-order or arbitrary-order numerical methods (Discon-
tinuous Galerkin Spectral Element Methods) for 1D chromatography
models in CADET have provided tremendous gains in computational ef-
ficiency [26]. Future work will focus on extending the existing spectral
methods in CADET to include the 2D GRM, specifically to the governing
equations that involve radial geometry with radially dependent param-
eters. Since the performance increase is positively correlated with the
problem size, we anticipate an even greater performance improvement
than what was achieved for the 1D models.
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