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A central ingredient in fault-tolerant quantum algorithms is the initialization of a logical state for a
given quantum error-correcting code from a set of noisy qubits. A scheme that has demonstrated promising
results for small code instances that are realizable on currently available hardware composes a non-fault-
tolerant state preparation circuit with a verification circuit that checks for spreading errors. Known circuit
constructions of this scheme are mostly obtained manually, and no algorithmic techniques for constructing
depth- or gate-optimal circuits exist. As a consequence, the current state-of-the-art exploits this scheme
only for specific code instances and mostly for the special case of distance d = 3 codes only. In this
work, we propose an automated approach for synthesizing fault-tolerant state preparation circuits for arbi-
trary CSS codes. We utilize methods based on satisfiability solving (SAT) to construct fault-tolerant state
preparation circuits consisting of depth- and gate-optimal preparation and verification circuits. We also
provide heuristics that can synthesize fault-tolerant state preparation circuits for code instances where
no optimal solution can be obtained in an adequate time. Moreover, we give a general construction
for nondeterministic state preparation circuits for codes beyond distance 3. Numerical evaluations using
d =3,d =5, and d = 7 codes confirm that the generated circuits exhibit the desired scaling of the logical
error rates. The resulting methods are publicly available as part of the Munich Quantum Toolkit (MQT)
at https://github.com/cda-tum/mqt-qecc. Such methods are an important step in providing fault-tolerant

circuit constructions that can aid in near-term demonstrations of fault-tolerant quantum computing.
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I. INTRODUCTION

Quantum bits and quantum operations suffer from
unavoidable decoherence and noise. Therefore, quantum
error-correction mechanisms need to be used to ensure
that a quantum algorithm can be executed in a fault-
tolerant manner to control the accumulation of errors.
Error-correcting codes leverage redundancy by encoding
quantum information in logical qubits formed by entan-
gled states of noisy, physical qubits. Consequently, it is
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important that universal operations can be carried out on
the encoded information fault-tolerantly and that errors
during the execution can be detected and corrected. A cru-
cial step in any fault-tolerant circuit is the preparation of
an encoded logical state.

To ensure that the logical state is initialized cor-
rectly—without containing too many errors—the prepara-
tion itself needs to be fault-tolerant. Intuitively, a require-
ment for fault-tolerant circuits is that errors on single
qubits cannot uncontrollably “spread” to multiple qubits,
for instance, through CNOT gates. For Calderbank-Shor-
Steane (CSS) codes [1-3], one way of initializing an
encoded state fault-tolerantly is to prepare all physical
qubits in |0) or |+) and perform one round of error cor-
rection—projecting the product state onto the logical code
space [4]. For large code instances, this overhead might be
manageable, especially for QLDPC codes and single-shot
codes [5-9].

This general procedure introduces significant over-
head in circuit size, especially for small code instances
that are relevant for near-to-midterm devices since all
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stabilizer generators must be measured multiple times in
an error-correction round. Consequently, the near-term
experimental realization of this scheme is difficult. An
alternative that tries to reduce the number of measure-
ments is a nondeterministic protocol, based on postselec-
tion [10—13]. Therein, the initialization is performed in two
steps:

(1) Prepare the logical state using a non-fault-tolerant
state preparation circuit.

(2) Conduct specific measurements on the prepared
states using a so-called verification circuit that
detects if an error spreads through the circuit. If
at least one of these measurements measures a —1
eigenvalue, the state is discarded, and the protocol
is restarted.

While this and related techniques were successfully
demonstrated in recent experiments [11,12,14—19], there
are clear drawbacks of current approaches: First, most
of these techniques rely on manual construction, which
is tedious and becomes infeasible when scaling to larger
codes, where both the number of errors and the num-
ber of possible verification measurements increase quickly.
Moreover, as for the general scheme outlined above,
there is, in general, no guarantee that these manually
constructed circuits are gate or depth optimal. Finally,
these constructions have mostly been explored for spe-
cific code instances for small distance 3 (or 2) codes
[10,12,14,20] that constitute a special case. Even for cases
beyond distance 3, constructions of nondeterministic cir-
cuits were derived manually for specific states [13] or
codes [21,22]. In general, constructing a verification cir-
cuit that ensures fault tolerance of the overall scheme is
highly nontrivial and depends on the code (and the log-
ical state to prepare). Thus, the manual construction in
existing works is not generally applicable. Moreover, even
though postselection schemes do not scale well to large
distances due to the exponentially decreasing acceptance
rate, optimal circuit constructions might still be viable for
moderately sized codes on near-term hardware. Further-
more, the improvements to circuit size for small codes
are amplified when concatenating codes, as the same state
preparation circuit can be used for higher levels of con-
catenation where a single CNOT translates to a transversal
CNOT between all data qubits of two code states. In par-
ticular, with the continuously improving error rates on
current devices, experimental demonstrations of higher-
distance codes might be possible with a verification-
based scheme. To this end, the construction needs to be
generalized beyond distance 3, and algorithmic methods
that can be applied to a broad range of codes must be
developed.

In this work, we address these issues and propose
automated methods for the synthesis of fault-tolerant

state preparation circuits for arbitrary CSS codes. Our
main contributions are as follows:

(a) We separate the synthesis problems for a state
preparation and verification circuit and tackle them
individually. We frame both problems as binary
optimization problems and discuss their computa-
tional complexity to provide a motivation for the
techniques we use.

(b) Based on that, we utilize satisfiability-solving (SAT)
techniques, which, through the use of highly opti-
mized solving algorithms, have been shown to
be successful in dealing with small instances
of optimization problems—both in the classical
domain [23-29] and for quantum computing [30—
34]. Thereby, we obtain exact solutions and, con-
sequently, gate- or depth-optimal state preparation
circuits and verification circuits that are gate optimal
with respect to a given state preparation circuit.

(c) To address the scalability issues of SAT techniques,
we also propose heuristic solutions for synthesiz-
ing state preparation and verification circuits. While
these do not guarantee optimal solutions, this will
allow us to obtain solutions for larger problem
instances.

(d) To use the proposed methods for synthesizing logi-
cal basis states for CSS codes with distances greater
than 3, we propose a generalized nondeterministic
fault-tolerant state preparation scheme that guaran-
tees fault tolerance by composing multiple verifica-
tion circuits. The resulting scheme is summarized in
Fig. 1.

In short, our contributions can be viewed as providing
(optimal) circuits for every sub-circuit depicted in Fig.
1. To investigate the error suppression of the circuits
obtained with the proposed methods, we synthesize non-
deterministic fault-tolerant state preparation circuits for
various distance-3 CSS codes and provide numerical sim-
ulations of the logical error rate under a circuit-level
noise model using Stim [35]. Comparison with the state-
of-the-art reinforcement learning-based synthesis method
from Ref. [20] shows that our methods are competi-
tive—producing equally good or better circuits than the
reinforcement learning agent. Moreover, numerical eval-
uations show that the proposed scheme does indeed give
circuits that exhibit the desired logical error-rate scaling for
codes beyond distance 3. Finally, all proposed methods are
made publicly available in the form of open-source soft-
ware as part of the Munich Quantum Toolkit (MQT [36])
at https://github.com/cda-tum/mqt-qecc.

This paper is structured as follows. In Sec. II, we
review notation, give fundamental notions from quan-
tum coding, and define the notion of a fault-tolerant state
preparation protocol. Section III describes the problem
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FIG. 1. Full nondeterministic fault-tolerant state preparation protocol for CSS codes. A sequence of stabilizer measurements fol-

lows a non-fault-tolerant state preparation circuit to check if any errors propagated through the circuit. The state is accepted if no
measurement in the verification blocks indicates an error. (a) Errors in the non-fault-tolerant state preparation circuits propagate to
higher-weight errors through CNOTs between data qubits. (b) If an error of at most weight i occurred in the state preparation circuit
and propagated to a higher-weight error, measurements in the ith layer of the verification circuit detect this error. (¢) Propagated errors
are still detected by later layers of verification, even if further errors occur during a stabilizer measurement. (d) Z errors on the ancilla
during the verification of X errors propagate to the data qubits. (e) If a Z error propagated through the non-FT state preparation circuit
or the Z measurements of the previous verifications, it is later detected by flag fault-tolerant measurements. (f) Propagated X errors on
the X measurement ancillas are detected by flag qubit measurements.

of synthesizing nondeterministic fault-tolerant state prepa-
ration circuits and positions our work in the context of
existing approaches. In Sec. IV, we describe our optimal
and heuristic synthesis methods for non-fault-tolerant state
preparation for CSS codes. How to verify such circuits
and make them fault-tolerant is then described in Sec. V,
where we also discuss the computational complexity of
this problem. Based on these building blocks, we then
detail our generalized scheme for nondeterministic fault-
tolerant state preparation in Sec. VI. Section VII shows
the resulting circuit for our synthesis method for vari-
ous CSS codes and numerically verifies that our proposed
scheme prepares logical basis states of CSS codes in a
fault-tolerant manner. Finally, Sec. VIII concludes this

paper.

II. BACKGROUND

In this section, we review formal notation and discuss
fundamental concepts that are needed throughout the work.
Throughout we use [i] = {1,2,...,i} € Z. We make use
of the iverson bracket, which maps Boolean expressions to

1 if Pistrue

integers [P]] = 0 otherwise,

A. Quantum codes

An [[n, k, d]|-stabilizer code [37] is defined by a stabi-
lizer group S, which is an Abelian subgroup of the n-qubit
Pauli group P,. We require —/ ¢ S such that the code is
nontrivial. The set of codewords, i.e., the k-dimensional
codespace, is defined as the simultaneous +1 eigenspace
of all elements in S. The generators of the stabilizer group

S =(g1,g,...gn) are called checks. They are used to
infer whether a state is a codeword by measuring all m
checks (using additional ancillas). The m measurement
outcomes can be modeled as vector s € '] called the
syndrome. If all syndrome bits are 0 (indicating a +1 mea-
surement of the eigenvalue), the state is a codeword. Oth-
erwise, the syndrome indicates which checks have failed
and thus gives information about the approximate location
of'the error that occurred. The problem of finding a suitable
recovery operation given the syndrome is called decoding
and is a purely classical task.

A stabilizer code on n physical qubits with m checks
encodes k = n — m logical qubits. The distance d of the
code is the minimum weight of an operator transforming
one codeword into another.

A particularly important class of stabilizer codes are
Calderbank-Shor-Steane (CSS) codes [1,2], whose stabi-
lizer generators g; are either all X, or all Z. The corre-
sponding sets are denoted Sy and Sy, respectively. Note
that X errors only anticommute with Z stabilizers and Z
errors only anticommute with X stabilizers. Therefore, X -
and Z-type errors can be decoded independently.

Example 1. The distance-3 color code, also called
Steane code, is the smallest instance of a family of
two-dimensional (2D) planar color codes [38]. It can be
visualized as depicted in Fig. 2, where qubits are asso-
ciated with vertices and stabilizer generators with faces.
Hence, it is a [[7,1,3]] CSS code defined by the sta-
bilizer generators Sy = {X1 X2 X5X¢, X1 X3X5X7, X4 X5 X6 X7}
and SZ = {21222526,21232527,Z4Z5Z(,Z7}. Logical oper-
ators are associated with the sides of the triangle. For
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FIG. 2. Steane code. The qubits are placed on vertices and
X - and Z-stabilizer checks are associated with faces, acting on
adjacent vertices.

example X; = X3X4X7 and Z,Z,Z; would be minimal-
weight logical X and Z operators (indicated by the red and
green lines in Fig. 2). Due to the symmetry of the X and
Z stabilizers, X; = X1 X,X; and Z; = Z3Z477 are also valid
logical operators.

The stabilizer generators in Sy,S; can be mapped to
binary vectors that indicate the support of the respec-
tive Pauli operators, e.g., XXII € Sy, XXII — (1,1,0,0) €
. Hence, a CSS code can equivalently be defined as
two binary matrices called parity-check matrices, Hy €
F3 ™" Hy € F5#*" whose rows are the binary vectors cor-
responding to the stabilizer generators. Since the X - and
Z-type generators have to commute, the matrices have to

fulfill the orthogonality condition Hy H} = 0.

Example 2. The parity-check matrices of the Steane
code are identical:

Hy =H;= |1 1 1 I )

B. Noise model and fault tolerance

We use a standard, depolarizing circuit-level noise
model parameterized by the noise strength p, as discussed
in more detail in Sec. VII.

The weight of an error E is defined as wt(E) = ming/¢g.g
|supp(E’)|, i.e., as the minimal support of a stabilizer
reduced error with respect to the stabilizer group S of the
code. We say that an error propagates through a two-qubit
gate if an error on one qubit before the gate leads to a two-
qubit error after the two-qubit gate. We call an error in a
circuit C a propagated error if it propagates through any
gate in C.

There are slightly different meanings to the term
fault tolerance in the literature [39—41]. Intuitively, the
definition we follow means that the uncontrolled spread-
ing and accumulation of errors is avoided. More formally,
we adhere to the following definition for a fault-tolerant
state preparation protocol.

Definition 1 (Fault-tolerant state preparation [42,43]).
A state preparation circuit is strictly fault-tolerant if for all
t < |d/2], any error of probability order ¢ propagates to an
error of weight at most ¢.

I1II. PROBLEM DEFINITION AND MOTIVATION

In this section, we illustrate the problem of fault-tolerant
state preparation with verification circuits and motivate the
need for generalized automated approaches.

A. Considered problem

Before starting any fault-tolerant quantum computation,
the logical qubits have to be initialized in some logical
state—usually a Pauli eigenstate of the quantum error-
correcting code used to encode the quantum information.
These states are easily described for an [[#, 1, d]] CSS code.
The logical |0); state of the code is defined by the stabi-
lizers of the code and the logical Z; operator. Similarly,
the logical |+) state is defined by the stabilizers of the
code and the logical X operator. The Pauli eigenstates of a
general [[n, k, d]] CSS code are defined analogously for cor-
responding pairs of logical operators X/, Z: , i € [k]. For the
remainder of this work, we will focus on the preparation of
the logical |O)i®k state, but the methods transfer directly to
preparing the |+)®* state by swapping the roles of X and
Z stabilizers and operators and reversing the direction of
every CNOT in the state preparation circuits.

A simple protocol for preparing Pauli eigenstates is to
initialize all physical qubits in |0) and to project the prod-
uct state onto the code space by measuring the stabilizers
of the code. The logical Z; operators are already stabi-
lizers of the initial |0)®" and will still be a stabilizer of
the projected state since the operators Z; commute with
the stabilizers of the code. To ensure fault tolerance in
the presence of noisy syndrome measurements, the sta-
bilizer measurements have to be repeated a number of
times that is typically proportional to the code distance
[38,44]. For Shor-type QEC, the number of required rep-
etitions is in O(d?) [45] for instance. Additional CNOT
overhead is incurred for some measurement schemes when
using a flag-fault-tolerance scheme to measure the stabi-
lizers [41]. For the Steane code, this procedure requires
6 x (4 +2) x 3 =108 CNOTs in the worst case, i.e., the 6
weight-4 stabilizer generators of the Steane code have to be
measured 3 times—the distance of the Steane code—and
each measurement requires another two CNOTs for the
flags. For experimental realizations in near-term quantum
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FIG. 3. Fault-tolerant Pauli-eigenstate preparation for stabi-

lizer codes. A state is prepared with a non-fault-tolerant encoding
circuit, and the state is postselected on a set of stabilizer measure-
ments called the verification circuit. If one of these measurements
flags, the state is discarded, and the process is restarted.

computers, the error rate of these CNOTs will completely
overshadow any error suppression theoretically guaranteed
by the Steane code.

For this reason, recent experimental demonstrations of
fault tolerance have used a so-called nondeterministic
scheme based on postselection to produce high-fidelity
logical states [11,12,14—19]. This approach aims to prepare
the logical state in a non-fault-tolerant manner and mea-
sure a set of stabilizers (including logical operators) that
detect any uncorrectable error caused by a correctable error
propagating through the state preparation circuit. If one
of these measurements is triggered, the state is discarded,
and the whole process is restarted. The measurement cir-
cuit is referred to as the verification circuit. The protocol
is sketched in Fig. 3. The verification circuit depends on
the specific state preparation circuit, as the errors that the
verification measurements should detect are determined by
the CNOT gate pattern in the state preparation circuit.

Example 3. For the |0); state of the Steane code, the
optimal nondeterministic preparation scheme uses eight
CNOTs for the preparation circuit and a single weight-three
measurement of a logical Z; operator [10] (cf. Fig. 4) in
the verification circuit. The only problematic stabilizer-
inequivalent errors that can occur in the circuit are XsX7
and X,Xgs. These anticommutes with the measured Z; =
Z,Z¢Z7 operator are thus detected in this verification mea-
surement.

Ideally, the verification circuit only indicates an error if
a propagated error occurs. Unfortunately, this is impos-
sible in general. For example, any single-qubit error on
the measurement ancilla will trigger the verification mea-
surements. The acceptance rate r4 of a nondeterministic
preparation scheme is the probability that a state will be
accepted, i.e., that no measurement in the verification cir-
cuit is triggered. This probability decreases exponentially

a1 :10) P S,
Q@ |+)
gz |+)
qa : |+)
g5 : 0) D &
geé - |0> D D
q7 : |0) S <
|0) “D—D—D 4 )t

FIG. 4. Nondeterministic state preparation for the |0); of the
Steane code from Ref. [10].

with the number of measurements even when ignoring
errors in the state preparation circuit itself: py < (1 — p)™
where m is the number of measurements.

This work aims to formulate a general algorithm that
synthesizes a (near-)optimal circuit for each of these sub-
circuits for any [[n, k, d]] CSS code.

B. Related work

Recent work has tackled state preparation and verifica-
tion circuit synthesis using reinforcement learning (RL)
[20]. The biggest difference between our method and the
RL approach is that we only focus on CSS codes, while the
RL framework works for arbitrary stabilizer codes. Fur-
thermore, we ignore qubit connectivity constraints in this
work while this aspect is accounted for in Ref. [20]. Lastly,
the RL framework also provides a method for tackling the
state preparation and verification circuit synthesis prob-
lem simultaneously, whereas we treat them separately. The
downside of the RL-based approach is that it does not give
any optimality guarantees. Since the code is a parameter in
the training of the RL agent, the runtimes for synthesizing
a single circuit are high, even for small codes.

Since CSS code state preparation circuits consist only
of CNOT gates [46], the state preparation circuit synthe-
sis problem is closely related to the synthesis of linear
reversible circuits. This is a well-researched problem with
known algorithms reaching the theoretical lower bound on
circuit size and depth [47—49]. These algorithms provide
systematic ways that are asymprotically optimal. These
asymptotic analyses hide a significant constant overhead
that we cannot ignore for the smaller system sizes we
are mainly interested in. That is why our state prepa-
ration circuit synthesis approach is more closely related
to greedy CNOT circuit synthesis methods as proposed in
Ref. [50]. The most important difference between the con-
sidered problems and linear circuit synthesis is that we
have more degrees of freedom. Although both problems
can be framed in terms of matrix elimination over [,
the matrices in our setting are not necessarily invertible.
Therefore, many different circuits prepare the same state
despite implementing different linear maps.
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Another closely related problem is that of general Clif-
ford and stabilizer state preparation circuit synthesis. For
these, there are also optimal [34,51,52] and asymptotically
optimal [49,53—55] methods. Our SAT-based optimal state
preparation circuit synthesis method is closely related to
Refs. [34] and [52]. The optimal synthesis in Ref. [34]
is focused only on the depth-optimal synthesis of Clifford
circuits and does not provide an encoding to obtain (two-
qubit) gate-optimal circuits. More importantly, as with the
synthesis of linear circuits, there are more degrees of free-
dom that previous work does not take advantage of when
focusing only on state preparation. The previous work on
optimal stabilizer state preparation of Ref. [52] does not
make use of this freedom either and does not guarantee the
synthesis of a globally optimal circuit. Optimality is only
guaranteed with respect to a specific stabilizer generator
set. In the extreme case, Ref. [52] synthesizes a linear-sized
circuit for the |0)®” state if a particularly unfortunate rep-
resentation of its stabilizers is given as an input. For more
complex states, it is not clear which generating set for the
state’s stabilizer group yields the best circuit. We address
this specifically in Sec. I'V.

IV. SYNTHESIS OF STATE PREPARATION
CIRCUITS

In this section, we present a method for creating log-
ical basis states for any CSS code given the stabilizer
generators of the code. We focus on creating the |O)f’k
state, but the method works exactly the same for the |+)?k
state by swapping the roles of the X and Z stabilizer and
changing directions of CNOTs. For the rest of this section,
we consider an [[n, k,d]] CSS code with m X stabilizer
generators.

A. Problem description and complexity

Since the orthogonal complement of the X -check matrix
Hy € F7" is uniquely defined and coincides with the
space spanned by the rows of H; and logical operators
Zi,i € [k], |O)i®k is uniquely fixed by the X stabilizers of
the code alone. An important property of logical X - or Z-
basis state preparation circuits of CSS codes is that they
consist only of physical qubits initialized in the X or Z
basis followed by a sequence of CNOTs. In fact, there is a
one-to-one correspondence between such circuits and CSS
codes [46]. If we have m qubits initialized in |[4+) and n — m
qubits in |0) then the product state of these qubits has m X
stabilizers and n — m Z stabilizers. Applying a CNOT to this
state maps X stabilizers to X stabilizers and Z stabiliz-
ers to Z stabilizers. Therefore, any CNOT circuit applied
to this initial product state does not change the number
of X or Z stabilizers. Combined with the uniqueness of
the orthogonal complement, this tells us that if the state
obtained by applying a CNOT circuit to the initial product
state is stabilized by the X stabilizers of the code and no

other X stabilizers, it must necessarily also be stabilized
by the Z stabilizers and the logical Z operators of the code
and is, therefore, the IO)IQ?/‘ of the code. These properties
simplify the considered problems significantly because, for
state preparation, we only have to consider X stabilizers.

Any intermediate state during preparation is also a logi-
cal basis state of some CSS code with respective X checks
HY, where Hy denote the X' checks of the partial state after
the first a CNOTs. If the a + 1st CNOT has control ¢; and tar-
get g; then H)‘}H is obtained by adding column of H§ i onto
column j of Hy. This comes from the fact that a Pauli X
copies through the control of a CNOT. A CSS state prepara-
tion circuit C on n qubits, therefore, implements an invert-
ible matrix M. over [F, converting H )(} to the final Hy.

Recall that the rows of Hy represent stabilizer genera-
tors for the X stabilizers of the given code. The choice of
stabilizer generators is not unique in general. In particular,
we can replace any two generators X;, X; by equivalent
generators X;, X; x &;. We say that two check matrices
Hy and Hy are equivalent if Hy = R x Hy for some
invertible 5" matrix R.

The task of CSS state preparation circuit synthesis, then,
is to find a CNOT circuit C such that HyMz = R x [10] or,
equivalently Hy = R[10]M; ! Here, we assumed with-
out loss of generality that the qubits initialized in |4) are
the first m qubits in the qubit ordering. The second for-
mulation of the synthesis problem suggests that instead of
constructing the circuit by successively adding CNOTs until
we obtain Hy, we can start from Hy and apply CNOTs until
we obtain the reduced check matrix [ 4 0 ], where A4 is some
rank rk (Hy) x rk (Hx) matrix. The state preparation cir-
cuit is then obtained by initializing the first m qubits in the
|+) state and applying the CNOTs used in the reduction in
reverse order.

Complexity wise, generating optimal CNOT circuits is
closely related to the minimum circuit size problem,
which is unlikely to be proven to be in P or to be NP-
complete [56]. Therefore, it is unlikely to find a polynomial
algorithm for state preparation circuit synthesis since it
is simply a variant of that problem. In the following, we
describe how to convert an instance of the state prepa-
ration circuit synthesis problem to a SAT formula and
obtain gate- and depth-optimal preparation circuits. Since
this reduction to SAT is not expected to scale due to
the intractability of the SAT problem, we also provide a
polynomial-time heuristic algorithm for this problem.

B. Optimal approach

We would like to find an optimal preparation circuit
whenever possible. Fewer CNOTs naturally lead to lower
error rates in any circuit, and shallower circuits lead to
faster execution time, which in turn leads to a decrease in
idling errors. Therefore, we want to synthesize gate- and
depth-optimal circuits.
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FIG. 5.

Symbolic encoding for optimal state preparation circuit synthesis. The circuit is synthesized using at most #y,x layers of
CNOTs. All possible column additions on the symbolic check matrices are related via variables ¢

!

;;» which encode all possible CNOTs in

layer ¢. Starting from the target check matrix Hy these constraints encode all possible valid circuits that prepare the logical [0)$* state.

Since the synthesis problem is formulated over [y,
SAT solvers [57] are a natural choice for this task. SAT
solvers have previously been employed to synthesize gen-
eral stabilizer circuits [34] and state preparation circuits in
particular [52]. However, these approaches provide a solu-
tion only for a few qubits. We can improve upon these
SAT encodings by taking advantage of the fact that we are
dealing with CSS codes.

The idea behind the encoding is sketched in Fig. 5.
Essentially, the task is to symbolically encode Gaussian
elimination over IF,. To this end, we first introduce matrix
variables {fo | i€ [m],j €[n],t€ [tmax + 1]}, where fiax
is the given maximum number of elimination steps. The
maximum number of elimination steps allows us to con-
trol how many CNOTs are applied at each step. Depending
on the specific optimization task, we can use fy,, to limit
the total number of CNOTs or the depth of the circuit.

Initially, we assert

Vi€ [m]j € [n]x!; = Hx[i,j],

where Hy[i,j] denotes the matrix entry in row i and
column j of Hy.

For the reduced matrix, we assert the pseudo-Boolean
constraint

Z[[\/ xl{’]max+l]]

j=1 i=1

=rk (H)()

In other words, the matrix must be reduced to a matrix
H ;}“*"XH with exactly rk Hy columns with nonzero entries.
This is equivalent to asserting that there exists an invertible
matrix R and a permutation matrix P such that RH™ =
P[ 1, 0]. This constraint guarantees that the choice of stabi-
lizer generators has no impact on the synthesized circuit’s
size.

Symbolic matrices in consecutive steps are obtained via
column operations. Either a column is added onto another,

or a column does not change. Therefore, we introduce two
Boolean formulas

add(i,j,t) = Vk € [m]. x,t:;.l = x,t{’[ @ xltﬂ,

id(i, f) = Vk € [m]. x(t' = xi.,.

i

No matter which of the two metrics we optimize for,
obtaining the optimal state preparation circuit is achieved
by solving the encoded formula for different values of #y,x
until two values t{, f, are found such that

(a) the formula is unsatisfiable for #,,,,x = #; and
(b) the formula is satisfiable for #,x = f;.

The optimal solution is then the one obtained from the
variable assignment to the satisfiable instance.

In the following, we will give the details of the encoding
for synthesizing depth- and gate-optimal circuits.

1. Encoding for depth-optimal circuits

For synthesizing depth-optimal circuits, we interpret
fmax as the maximal circuit depth. We then need only
to encode all possible layers of CNOTs at each reduction
step. If the solver finds a satisfying assignment, we can
extract the circuit directly from the variable assignment.
If the solver shows no such assignment exists, we can
incrementally vary #n.c until a satisfying assignment is
found.

We introduce CNOT variables {ch |ie[n],j €[n],te
[tmax + 1]}, which encode all possible CNOTs (or column
additions) from control qubit (column) i to target qubit
(column) j. These variables encode how the symbolic
matrices at steps # and ¢ + 1 are related:

Vt € [tmax]. Vi € [n]Y] € [n]\ {i}.
; @)

¢, = add(i,;, ).
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Additionally, any qubit can be involved in at most one
CNOT at one timestep:

V€ [tmax]- Vi € [n]. [ Y M, 1+ D [, 1] < 1.
j=1 j=l1

Lastly, if a qubit is not the target of any CNOT, the
corresponding column does not change:

n
Vi€ [tma] Vi [n]. [ = N\, | = idGo.
j=1

2. Encoding for gate-optimal circuits

For the synthesis of gate-optimal circuits, instead of
encoding entire layers of CNOTs, symbolic matrices in con-
secutive elimination steps are related by only a single
column addition, ensuring that at every time step, only one
CNOT can be performed. The maximum number of time
steps, then, corresponds to the maximum number of CNOTSs
allowed in the circuit construction. This can be achieved by
augmenting the depth-optimal encoding with further con-
straints prohibiting more than one CNOT occurring at every
step as done in Ref. [52]. Alternatively, these additional
constraints can be avoided by encoding all possible con-
trol and target combinations for each CNOT instead of every
possible CNOT. Using binary encoding for the control and
target qubit indices, we require only 2|log, n| instead of
n(n — 1) variables per timestep.

Thus, we introduce bit-vector variables {ctrl’ | 1 <t <
tmax} and {tar’ | 1 < ¢ < tax} of size [log, n]. Since bit-
vector logic is not supported by SAT solvers, the following
formulation requires using a solver for satisfiability mod-
ulo theories (SMTs) that supports bit-vector logic. We
can then encode CNOT constraints relating the control and
target variables:

¢y & (ctil' =intar’ =j).
We can symbolically encode the column addition con-
straints using Eq. (2).

Encoding the fact that a column does not change if the
corresponding qubit is not the target of a CNOT is simpler
in this setting:

Vt € [tmax]. Vi € [n].tar’ £ i = id(i, 1).

Of course, a qubit cannot be both the target and control of
a CNOT:

Vt € [tmax]-ctrl’ # tar’.

Since the bit vectors might take on values outside the
allowed qubit range, we impose the following constraint:

Vit € [tmax].(1 < ctrl’ <n) A (1 < tar’ < n).

With these constraints encoded, we can try to obtain a
solution using publicly available SMT solvers like Z3 [58].

C. Heuristic approach

CNOT and stabilizer circuit synthesis have been well
researched in the past, and various asymptotically optimal
algorithms exist [47,48,55]. For small circuits, the constant
overhead in these constructions leads to unacceptably large
circuits.

In Refs. [50,59], the authors propose a greedy path-
finding-based method for synthesizing linear circuits. For
an input I, matrix A they define the cost functions

ham(H) =Y _ H[i,j]
ij

hprod () = ) log(Y " HIirj ),
i J

where addition is taken over R rather than IF,.

The first cost function simply counts the number of
nonzero entries in the matrix. The idea behind the sec-
ond cost function is that it weights columns that are almost
completely zeroed higher.

We can use these cost functions to synthesize state
preparation circuits by starting with the target check matrix
Hy and greedily choosing the CNOT that minimizes the
cost of the matrix resulting from applying the CNOT, i.e.,
the corresponding column addition. This is repeated until
the cost can no longer be minimized, either because the
reduced check matrix corresponds to a product state of |0)
and |+) states or because the search is stuck in a local min-
imum. In Ref. [50], an iteration limit is set before stopping
the calculation to avoid getting stuck in a local minimum
indefinitely. In our case, we can use the fact that the stabi-
lizers form a group by changing the basis of the row space
to escape local minima when the synthesis algorithm is
stuck. To this end, we can also greedily pick the row addi-
tions that remove the most ones [60]. If even this approach
fails, we can always fall back to doing Gaussian elimina-
tion on the rows of the matrix. We make further use of
this degree of freedom by preprocessing the matrix. The
synthesized circuit will probably be quite deep if a matrix
column has substantially more nonzero entries than other
columns. This can be prevented by applying row opera-
tions that decrease the maximum column weight without
decreasing the row weights.

References [50,59] also propose to use the combined
cost of H and H~! to guide the search. Since the matrices,
in our case, are not invertible, this is not possible. Note that
reducing the check matrix using such heuristics is a simi-
lar idea to the approach proposed in Ref. [42] where the
“overlap” of stabilizers is used to reduce the CNOT count in
state preparation circuits.
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This greedy search strategy seems more promising for
the smaller codes we focus on. Using the described cost
functions for a heuristic search will optimize for gates, but
we also want to optimize for depth as much as possible. A
simple heuristic for this is to construct the circuit layer by
layer, always greedily choosing CNOTs that minimize the
cost function until all qubits are involved in a gate or until
no possible CNOT would decrease cost anymore.

V. SYNTHESIS OF VERIFICATION CIRCUITS

State preparation circuits like the ones we synthesize
above are generally not fault-tolerant. The key idea to
ensure fault tolerance is to append a verification circuit
to the preparation circuit that indicates whether an error
has propagated in the circuit and postselecting on the
verification measurement outcomes. More specifically, a
verification circuit is the circuit implementation of a spe-
cific set of stabilizer or logical operator measurements
of the state such that any propagated error anticommutes
with one of the verification measurements. An error anti-
commutes with a stabilizer measurement if their support
overlaps on an odd number of qubits. Thus, the propa-
gated errors of the state preparation circuit impose a parity
constraint on the measurements used in the verification
circuit.

In the following, we will describe the problem of syn-
thesizing verification circuits in detail. In particular, we
describe the challenges that arise when generalizing ver-
ification circuit synthesis to codes with distances larger
than 3. We show how the verification circuit synthe-
sis problem can be broken down into synthesizing a
sequence of verification circuits that verify a specific set
of errors—significantly reducing the complexity of the
problem.

To synthesize each sub-circuit, we show how to encode
the synthesis problem into a SAT formula. Iterative queries
to a SAT solver can then again be used to find the gate- or
ancilla-optimal subverification circuit. As with the optimal
synthesis of state preparation circuits, there will be limits
to scaling such an optimal synthesis method. We, therefore,
also propose a scalable, greedy synthesis scheme.

A. Problem description and complexity

A simple way to synthesize a verification circuit is
to measure all stabilizer generators, which might include
many superfluous measurements. Note again that since we
prepare logical basis states, the respective logical operators
are also stabilizers of the state.

Define the i-fault set £;(C) of a circuit C as the set of
propagated errors £ with wt(£) > i that are caused by the
propagation of an error of probability order i. Computing
this set itself takes O(#CNOTs') time and is therefore fixed-
parameter tractable in the number of CNOTs. Since we will

mainly look at small codes with a small number of CNOTSs,
computing this set is straightforward.

Let us continue to focus on the logical |O)?k state. Since
we are looking at CSS codes, X and Z errors can be
checked separately. Let us focus on verifying X errors for
now, i.e., the verification circuit construction described in
the following will only be strictly fault-tolerant against
X -type errors. How this construction can be extended to
be strictly fault-tolerant for general errors will be shown
in Sec. VI. To check for X errors, any element of Sz
(including logical operators) can be measured in gen-
eral. Searching for a minimally sized set of measurements
seems infeasible considering the size of this group. This is
stated by the following theorem.

Theorem 1. Consider the following decision problem:
Given an X fault set £, Z-stabilizer generators Z,,. .., Z,
and an integer k, is there a set of group elements
Zyers - - - » Zyery Such that 2521 Wt(Zyer;) < k and for all
E € & there is a Zyer; such that E X Zyer; = —Zyer; X E?
This problem is NP-complete.

Proof. The problem is clearly in NP, since given a cer-
tificate for an instance it is straightforward to verify that
it is a valid solution. Furthermore, this is just a more gen-
eral version of the Coset leader problem, which asks for
a minimum-weight representative of the coset of some
linear code. Computing such minimal-weight representa-
tives is NP-complete [61] and is essentially a decoding
problem. |

Consider an [[n, k,d] code, which protects against up
to t = [(d — 1)/2] errors and a state preparation circuit
C for the |O)f’k of this code. Generating a verification cir-
cuit for all X errors Uiidl_l)/ 2] &:(C) does not ensure fault
tolerance in and of itself because errors can also occur in
the verification circuit itself. We distinguish the following

cases.

(1) terrors occur in the non-fault-tolerant state prepara-
tion circuit and propagate to an uncorrectable error
Ec € &, at the output.

(2) i <t errors occur in the non-fault-tolerant state
preparation circuit and propagate to a correctable
error Ec € &, E¢ ¢ & at the output.

(3) i <t errors occur in the non-fault-tolerant state
preparation circuit and propagate to an wuncor-
rectable error E¢ € &; N &, at the output.

The first case will always be detected by the verification
circuit, assuming that at most ¢ errors occur in the entire
state preparation circuit. In the second case, if another
error Ey of weight wt(Eye;) =t — i occurs in the verifi-
cation circuit, then it could be that E; x Eye; ¢ &;. If this
error is not in the fault set &, then this error is equiva-
lent to some nonpropagated error. If it is in the fault set,
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FIG. 6. A correctable error is (correctly) not detected by the
verification circuit, but an error after the stabilizer measurement
turns the error into an uncorrectable one. If this happens after
the last measurement, which would detect this error, it goes by
undetected.

however, it should be detected by some measurement in
the verification circuit. But it could be that E., happens
after every measurement that would detect this combined
error. Then, the state will not be discarded, and the fault-
tolerance condition of Definition 1 is violated (see also
Fig. 6).

In the third case, the verification circuit would detect the
error, but if no more than ¢ — i measurements detect this
error, then all these measurements could be flipped with
at most ¢ — i independent errors. We say that the error is
masked. The verification circuit would then indicate no
error, and Definition 1 is violated again (see Fig. 7).

For distance 3 codes for which fault-tolerant verification
circuit-based state preparation schemes exist, this is not
much of an issue since in cases 2 and 3, the state prepa-
ration circuit would be error free, i.e., i = 0. Any weight
w X error in the verification circuit can lead to, at most,
a weight w X error on the data qubits since the CNOTs
of the measurement circuit only propagate X errors onto

Jle-t Jle-1
wt = |—— wt = [——
] ]

" 1 " |
X (A
. v,
AN TIRATH
0) —b—oNE] 4}
FIG. 7. An uncorrectable error would be detected by the veri-

fication circuit, but an error on the measurement ancilla flips the
X parity, causing the measurement to falsely indicate no error
(masked). If this happens after the last measurement that would
detect this error, it goes by undetected.

ancilla qubits, so case 2 is unproblematic. Even an error on
a measurement ancilla will only trigger one of the verifi-
cation measurements, leading to the state being discarded.
For distance-3 codes, the verification circuit can, therefore,
be treated as error free without penalty.

Greater care must be put into synthesizing the verifica-
tion circuit for larger distances. The case distinction above
already suggests the solution. The verification circuit needs
to detect not only uncorrectable propagated errors but cor-
rectable ones, too, as these might lead to a logical error
together with additional errors in the rest of the circuit. Let
ver; be a verification circuit for £. We achieve fault toler-
ance against one type of error (X or Z) with the verification
circuit

Ver = ver; o ver;_q o - - - o Very, 3)

where o denotes circuit composition.

As before, if any measurement in this circuit indicates an
error, the state is discarded, and the process is started anew.
This ensures fault tolerance by the following reasoning.

Intuitively, if a layer in the verification circuit fails to
detect a propagated error due to errors in the verification
circuit itself, the resulting error will either be detected
by a later verification or the error is equivalent to an
unpropagated error.

More precisely, let E be a propagated error with wt(E) >
i caused by i < t errors in the state preparation circuit. By
construction, £ will be detected by ver;. Observe that a
single-qubit X error on a qubit in the |+) state at the begin-
ning of the circuit will propagate to a stabilizer operator of
the code and act trivially on the prepared state. As a result,
if E € &(C) then

wt(E)
Ee ()&,

J=i

meaning that if £ is the result of i propagated errors in the
state preparation circuit, it could also have been the result
ofi+1,...,wt(E) errors (the additions errors would have
been trivial). This means that £ will also be detected by
each ver;i1, ..., Velyyg).

The only way E can pass verification undetected, then,
is that further errors in the verification circuit mask it. Any
such error is either a single-qubit error on the data qubits
or a single-qubit error on an ancilla qubit. A two-qubit X
error on a CNOT is equivalent to a single-qubit X error on
the control before the CNOT, so we do not have to give
special consideration to this case.

From the perspective of ver;, |, it is immaterial whether
an error on the data qubits occurs in some previous veri-
fication layer or at the end of the state preparation circuit.
This is because it does not matter if the combined error
is detected by previous verification layers or not, as it
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will definitely be detected by ver;.;. Generally for an
error E’ resulting from u independent single-qubit errors
on data qubits such that wt(E x E’) > i + u it is the case
that £ - E' € &;,,(C) and thus E x E’ will be detected by
Veriyy.

Similarly, an error on an ancilla qubit is indistinguish-
able from a trivial error on the data qubits when con-
sidering the verification circuit ver;;. Again, if an error
E’ resulting from v independent errors on ancilla qubits
occurs and wt(E) > i + v, then E € &, (C) and thus E x
E’ will be detected by ver;, .

Combining the two cases, for an error £’ resulting from
u independent single-qubit errors occur on data qubits and
v single-qubit errors on ancilla qubits in the verification
circuit such thati +u+v <tandwt(E x E') >i+u-+v
then E x E' € £1,4,(C) and thus E - E' will be detected
by ver;,,.,. Therefore, the circuit ver is fault-tolerant.

The layered construction of the verification circuit sim-
plifies the problem of verification circuit synthesis sig-
nificantly. Instead of synthesizing the verification circuit
wholesale, every layer can be constructed individually.
Every &; gives rise to a new instance of the verification-
circuit synthesis problem. For every & we have to find a
set of stabilizer measurements such that every error in &
anticommutes with at least one of these measurements.

This layered approach significantly simplifies reason-
ing about verification circuit constructions by breaking
the synthesis down into the synthesis of smaller subprob-
lems. This, however, potentially comes at the price of the
“global” optimality of the full circuit. Since the different
fault sets of the preparation and verification circuits are
not necessarily independent, synthesizing the verification
circuits separately might lead to certain errors redundantly
being verified multiple times. Hence, in this work, we only
consider optimal constructions for each sub-circuit.

Next, we will show optimal and heuristic algorithms to
tackle these individual synthesis problems.

B. Optimal approach

We can frame the optimal verification-circuit synthesis
problem again as a SAT problem with the following inputs:

(a) C: a state preparation circuit over n, qubits.

(b) Hy € FJ"": matrix representation of m X stabilizer
generators of C.

(c) Hy € FY"™™*": matrix representation of n —m Z
stabilizer generators of C.

(d) nanc: maximum number of ancillas (measurements)
used in the verification circuit.

(e) ncNoT: maximum number of CNOTs used in the
verification circuit.

Let £(C) denote the set of uncorrectable errors arising from
propagating up to |d/2] independent X errors and let E;

denote the I} representation of the ith error in £(C). The
Z generators Z = {Z,...,Z,_,} form a basis of the Z sta-
bilizers, so we can express any verification circuit as a set
of ;™™ vectors indicating the contributing generators. We
introduce the Boolean variables

{Vi | i€ [nanc]ss € [I’l - m]}

An assignment to these variables denotes the ith measure-
ment as a linear combination of the n — m Z-stabilizer
generators.

The jth entry of the ith measurement can be symboli-
cally computed via

n—m
measj’: = (@ vl A HZ[&]]) .
s=1

Assuming that Hy is sparse, it is inefficient to convert
the Z stabilizers to Boolean constants and then perform
these nested XOR operations. Since a0 =a,a Al =a
and a A 0 = 0, we can simplify the computation by evalu-
ating constants in Boolean functions before encoding the
SMT formula. Such simplifications have been shown to
lead to dramatic speedups in SMT solving [33].

Next, we need to ensure that every error is detected.
Recall that an error is detected if it overlaps with a mea-
surement on an odd number of qubits. Instead of comput-
ing the overlap on all qubits, we can again simplify this
constraint by only considering qubits where an error has
support. Every error Ej gives rise to a function

detected®) =

i
@ measj

J €supp(Ex)

Every error needs to be detected by at least one measure-
ment, SO we impose

[E(O)] Nanc
/\ \/detected(k”) .

k=1 i=1

We can furthermore restrict the overall number of CNOTs
used in the verification circuit with the pseudo-Boolean
constraint:

nanc  "q

> L) [measi]] | < neor-

i=1 j=1

Since this encoding takes the maximal number of ancillae
and the maximal number of CNOTs as parameters, we can
iterate on both parameters to find either ancilla- or gate-
optimal verification circuits.
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C. Heuristic approach

A part of the difficulty of computing verification circuits
is the size of the stabilizer group from which measurements
need to be chosen. Instead of searching through the entire
group, we can try to find a suitably large set of candidate
measurements and try to find a good subset as a verification
circuit. Indeed, if more than one measurement is required
to verify a given fault set, the main difficulty is identifying
a small set of verification measurements. The requirement
of finding a small set of measurements such that every error
is detected by at least one measurement is similar to the SET
COVER [62] problem, which is defined as follows:

SET COVER

Input: A set U, a collection of subsets P C P(U)
and an integer u
Problem: Is there a set Cov C P with |Cov| < u and

UAECOVA =U

The difference in our setting is that the number of poten-
tial stabilizers (covering sets) might be very large. We
therefore consider this modified version of SET COVER:

SET COVER WITH SYMMETRIC DIFFERENCE

Input: A set U, a collection of subsets P C P(U)
and an integers « and v.

Problem: Define Py =P and P, =P, U{4/AB|
A,B € Py_1}, where A denotes the symmet-
ric difference of sets. Find Cov C P, such
that | J,.cov4 = Uand |Cov| < u.

By identifying S € Z with the set E(S,&) = {F € £ |
S x F = —F x 8}, for two stabilizers S,5, € Z we have
E(S) x 82,E) = E(S1,E) NE(S,,€E), ie., any error in €
that anticommutes with both S; and S, will not anticom-
mute with their product and therefore will not be detected
by the respective measurement. With this translation, we
can phrase an instance of verification circuit synthesis
as an instance of the above-defined modified SET COVER
problem.

The straight-forward greedy algorithm for SET COVER
approximates the optimum quite well [63], so we can use a
similar strategy for synthesizing a verification circuit. The
idea is to start with the stabilizer generators and iteratively
expand the set of candidate measurements by building
products of stabilizers in the candidate set. In each itera-
tion, we can try to find a small set of stabilizers such that
all problematic errors are detected. If increasing the can-
didate set does not lead to a verification circuit with fewer
stabilizer measurements, we stop. Alternatively, if the size
of the candidate set reaches some predefined limit, we can
take the best solution found until this point and terminate.

This greedy algorithm is formalized in Algorithm 1.
This algorithm assumes a function set_cover (U, P)
that computes a solution to the SET COVER problem for the

ALGORITHM 1. Heuristic verification circuit

Data: Set of errors £, Z-stabilizer generators Z,
maximal candidate set size Cmax
Result: Set of stabilizer measurements Z,., that
detect £

P+ {E(5¢&)|SeZ}
Cov + set_cover(P,&);
while |P| < ¢max do

Covpew  set_cover(P, E(S));

if |Covpew| = Cov then

| break;

P+~ PU{AAB| A, BEeP};

Cov + Covpew;
Zyer < Stabilizers corresponding to Cov;
return Ze;;

© N o ks W

=
(=]

sets U and P C P, which can be done in polynomial time
using the greedy algorithm.

Let us make two remarks about the implementation of
Algorithm 1:

(a) When solving SET COVER in lines 2 and 4 there
might be multiple choices for every greedy choice
of set. In this case, we preferably pick the set that
corresponds to lower-weight stabilizers.

(b) Extracting the stabilizers from the set cover in line
9 can be done efficiently by maintaining a map from
sets to stabilizer products.

In general, the candidate set can become large very quickly
as, in the worst case, it doubles in size during every
iteration of the while loop. For this reason, Algorithm 1
takes the parameter ¢,y to limit the growth of this set.

By design, Algorithm 1 only aims at minimizing the
number of measurements in the verification circuit and
not the weight of those measurements. This approach is
appropriate when minimizing the overall number of mea-
surements but might result in a few high-weight stabilizer
measurements. This problem can be somewhat mitigated
by completely removing high-weight measurements from
the set of measurement candidates. However, a few high-
weight measurements could actually be less costly in terms
of the number of CNOTs than many low-weight measure-
ments. The preferred choice might, for example, depend on
the noise characteristics of the respective hardware under
consideration.

After an appropriate set of stabilizers has been found
using Algorithm 1, we can try to minimize the weight
of these stabilizers. If there are stabilizers Z..q = {S €
(Z) | £(S,E) = 0}, i.e., stabilizers that commute with all
errors, then they form a group (Z.q). Given a verifica-
tion stabilizer Sye; and any Syeq € (Zreq) We can replace
Sver bY Syer X Sreq 1n the verification circuit without chang-
ing which errors are detected. Another way to phrase this

020330-12



AUTOMATED SYNTHESIS OF FAULT-TOLERANT...

PRX QUANTUM 6, 020330 (2025)

is to say that replacing Sy, by any element in the coset
Sver X (Zred) yields a valid verification circuit. Give the
measurements output by Algorithm 1 we can therefore
try to find the minimal representatives in their respec-
tive cosets, i.e., the so-called coset leader. As noted
above, computing the minimal-weight representatives of
these cosets is NP-hard [61]. Apart from constructing the
standard array (i.e., listing all coset elements), there are
methods using techniques from computer algebra [64,65],
which still require exponential memory in the worst case
[66]. As a postprocessing step, we can apply a heuristic
search for the coset leaders of our verification stabilizers.
One can also relegate this step to an SMT solver. For small
codes, this can be expected to be efficient even if the global
optimal verification circuit cannot be computed with the
optimal method in an adequate amount of time.

VI. FULLY FAULT-TOLERANT
NONDETERMINISTIC STATE PREPARATION

Until now, we have only considered verification cir-
cuits for one type of error, i.e., X errors in preparing the
|O)f’k. But even though Z errors cannot cause a logical error
on |O)§’k, propagating Z errors through the state prepara-
tion circuit still violates the fault-tolerant requirement of
Definition 1. A straightforward fix to this is generating ver-
ification circuits very and verz according to Sec. V that
check for X and Z errors, respectively, and combine them
to the verification circuit ver = very o verz. This does not
work however, because X (Z) errors on one of the ancillae
in very (verz) can propagate to a higher weight error on the
data qubits. This is commonly referred to as a hook error
[44].

Unfortunately, there is no way to fix this predicament
by introducing further stabilizer measurements since the
new measurements can themselves be faulty. Instead, the
hook errors have to be checked for specifically. Flag fault-
tolerant stabilizer measurements have been introduced to
solve this exact problem [41,67]. The idea is to add further
“flag” ancillae that interact with the stabilizer measure-
ment ancilla via a pair of CNOTs that—in the absence of
errors—act as identity. However, if any error occurs on
the measurement ancilla, it propagates to at least one of

10) - OO D AT
|+) e

FIG. 8.
lizer [41].

Flag fault-tolerant measurement of a weight-4 stabi-

the flags and is detected. See Fig. 8 for an example of a
weight-4 flag fault-tolerant measurement.

Flag fault tolerance was conceived as a way to give
decoders additional information to account for hook errors,
which can lead to complicated decision trees for decoders
depending on the exact pattern of flags that measure an
error. We require no such finesse and opt to include the
flag measurements as further measurements upon which
we postselect. If any flag is measured in —1, this indicates
that an error was propagated from an ancilla to the data,
and we discard the state.

Not all stabilizers necessarily have to be measured flag
fault-tolerantly. If we measure very first, we can account
for any hook errors introduced by this circuit by adapt-
ing the measurements for verz. Only verz, then, has to
be measured using flags. Depending on the code and state
preparation circuit, reversing the order of verification cir-
cuits might be better in terms of CNOTs. Still, only the sec-
ond verification circuit has to be flag fault-tolerant. With
this flag-fault-tolerant measurement scheme for the second
error type, we arrive at the proposed scheme sketched in
Fig. 1.

Depending on the weight of the measurements in the
first verification circuit, the number of additional hook
errors might be pretty significant. These additional errors
might necessitate complex measurements in the subse-
quent verification circuit. In that case, it might be better
to also flag the first layer.

At this point, we have to revisit the issue of optimal
circuits for the verification-circuit synthesis. The introduc-
tion of flag-fault-tolerant measurements complicates the
gate optimality of the verification measurements even for
the individual fault sets. First, no generally optimal flag
scheme is known [41,67]. Secondly, there is also a trade-
off between the size weight of the measured stabilizers and
the size of the corresponding flag circuit. It might, there-
fore, be better to measure more low-weight stabilizers with
low flag overhead instead of high-weight stabilizers with
high flag overhead. Note that depending on the minimum-
weight stabilizer generators of the given code, the use of
flag qubits can not always be avoided.

We leave the problem of solving this global optimiza-
tion problem for future work. In this work, we focus on
providing locally optimal state preparation and verification
circuits without considering flag overhead.

VII. NUMERICAL EVALUATIONS

The implementation of the methods presented in this
work is publicly available as part of the Munich Quantum
Toolkit [36,68]. To evaluate the efficacy of the proposed
methods, we have synthesized state preparation circuits for
various CSS codes.
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A. Circuit construction

In this section, we focus on the investigation of circuit
metrics.

1. Circuits for distance-3 and 5 codes

We generate nondeterministic fault-tolerant state prepa-
ration circuits for various d =3 and d =5 CSS codes
using both the SMT and heuristic methods proposed in
Secs. IV and V. This allows us to investigate the scalabil-
ity of the exact approach as well as how close the heuristic
approach is to the optimum. In addition to that, we also
compare the results to solutions generated in Ref. [20] (as
reviewed in Sec. III B, a synthesizer based on reinforce-
ment learning). Note that on our machine the RL agent
does not manage to find state preparation circuits within
24 h for codes with 12 or more physical qubits. In this
case, we used the best circuit from the examples provided
at https://github.com/remmyzen/rlftqc.

Tables I and II provide a summary of the circuits
obtained for both gate and depth optimization [74],
respectively. The tables list the CNOT count and depth
of the non-fault-tolerant state preparation and verification
circuits obtained from the proposed optimal and heuris-
tic methods as well as the RL agent. More precisely, the
first two columns denote the code instance and the pre-
pared logical state, while the remaining columns denote
the metrics of the obtained state preparation and verifica-
tion circuits. “SAT” denotes the exact results, “heuristic”
the heuristic results, and RL the solution obtained by the
RL agent of Ref. [20].

For this comparison, we only focussed on verification
circuits for the primary type of error (X errors for the

TABLE I.

preparation of |O)f’k and Z errors for the preparation of

|+>i®k). Note that the number of measurements is equal
to the number of additional ancilla qubits needed if qubits
are not reused. Because hook errors are not considered for
this comparison—and therefore, no additional flag qubits
are needed—a single ancilla could be reused to perform all
measurements.

These results show that for small codes, all methods
produce similar results. For the cases where all methods
produce the same circuit, however, the optimal method
also yields an automatic proof that the obtained circuit is,
in fact, gate or depth optimal. For larger codes (n > 17),
both the optimal synthesis method and the RL method fail
to yield a result within a 24-hour timeout. For the opti-
mal synthesis methods specifically, the state preparation
times out. The verification-circuit synthesis scales much
more favorably. Moreover, the proposed approach clearly
outperforms the RL synthesizer.

Interestingly, for the check matrices we investigated,
optimizing for depth never comes at the cost of additional
CNOT gates. This does not mean, however, that this can-
not happen in general as one can construct check matri-
ces where our implementation needs more CNOTs for the
depth-optimal circuit.

For codes with more qubits (n > 17), the heuristic state
preparation circuit starts to outperform the RL synthesis
regarding CNOT count and circuit depth. For larger codes,
the SMT and RL synthesis fail (indicated by “——"" in the
table) to produce any state preparation circuit within 24
hours. The heuristic synthesis, however, generates all cir-
cuits in under one second. Even in cases where the SMT
solver cannot find an optimal state preparation circuit,

Circuit metrics for fault-tolerant state preparation circuits obtained using our optimal (SAT) and heuristic approach when

optimizing for CNOT count, and comparison with the recently proposed RL method [20].

Code State State preparation circuit Verification circuit
No. CNOTs Depth No. CNOTs No. Measurements
SAT Heuristic RL SAT Heuristic RL SAT Heuristic RL SAT Heuristic RL
[15,1,3] Reed-Muller (tetrahedral) [0); 22 22 22 4 4 7 3 3 3 1 1 1
code [69] [+), 23 23 24 5 5 6 7 7 7 1 1 1
[9, 1,3] Shor code [70] 0), 8 8 8 5 6 5 3 3 3 1 1 1
[+), 6 6 6 2 2 2 0 0 0 0 0 0
[9, 1,3] Rotated surface code [71]  [0);, 8 8 8 5 6 3 3 4 3 1 1 1
[15,7,3] Hamming code [72] 0y — 22 - - 12 -  6* 7 - 2 2 —
[17,1,5] 2D color code [73] 0), — 23 25 - 11 7 29* 32 - 6% 5 -
[19,1,5] 2D color code [73] 0y, — 27 - - 8 33* 38 —  6* 6 —
[25,1,5] Rotated surface code [71] |0);, — 28 - = 13 —  34% 34 — 5% 5 —

Csrd

Entries marked with

denote circuits where the optimal verification circuit was generated for the heuristic state preparation circuit.

Entries with a “—" denote instances where the respective method failed to provide a circuit within the timeframe of 24 h.
Entries in bold denote instances where the obtained circuits using our methods yields improved metrics.
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TABLE IL

Circuit metrics for fault-tolerant state preparation circuits obtained using our optimal (SAT) and heuristic approach when

optimizing for circuit depth, and comparison with the recently proposed RL method [20].

Code State State preparation circuit Verification circuit
No. CNOTs Depth No. CNOTs No. Measurements
SAT Heuristic RL SAT Heuristic RL SAT Heuristic RL SAT Heuristic RL
[15,1,3] Reed-Muller (tetrahedral) [0), 22 22 22 4 4 7 3 7 3 1 2 1
code [69] [+), 23 23 24 5 5 6 7 7 7 1 1 1
[[9, 1, 3] Shor code [70] 0y, 8 9 8 3 3 5 3 5 3 1 2 1
[+), 6 6 6 2 2 2 0 0 0 0 0 0
[9, 1,3] Rotated surface code [71]  [0); 8 8 8 3 3 3 3 4 3 1 1 1
[15,7,3] Hamming code [72] |O)Z 23 22 4 4 - 8* 10 - 2% 2 —
[17,1,5] 2D color code [73] 0), — 23 25 - 5 7 28% 31 - 6* 5 —
[19,1, 5] 2D color code [73] 0y, — 27 - = 5 33%* 43 - 5% 6 —
[25,1,5] Rotated surface code [71] |0); — 28 — 5 —  35% 38 — 4% 5 —

Entries marked with “*” denote circuits where the optimal verification circuit was generated for the heuristic state preparation circuit.

[T L]

Entries with a

denote instances where the respective method failed to provide a circuit within the timeframe of 24 h.

Entries in bold denote instances where the obtained circuits using our methods yields improved metrics.

it is still possible to find the optimal verification circuit
(for the state preparation circuit generated by the heuristic
synthesis). From these tables, we can conclude that synthe-
sizing state preparation circuits using our greedy heuristic
approach in combination with the optimal verification-
circuit synthesis can produce competitive nondeterministic
fault-tolerant state preparation circuits even for moderately
sized codes.

Next, we use our methods to generate fully fault-tolerant
circuits as described in Sec. VI. Again, we give the opti-
mal synthesis method a 24-hour timeout. We use the
heuristic method if the solver does not find a solution
within this timeframe. All verification circuits were con-
structed gate-optimally for the d = 3 and d = 5 circuits.
Some of the non-fault-tolerant state preparation circuits

were generated by the heuristic, either because the opti-
mal synthesis method times out or because the heuristic
circuit yielded a verification circuit that leads to an over-
all improved CNOT count. Table III shows circuit metrics
for gate-optimized circuits found using this approach. This
table shows explicitly how many additional ancillas are
required to perform the verification circuit, the number
of CNOTs needed for the entire circuit, and the circuit
depth.

Table III furthermore lists the number of CNOTs required
for the general scheme where the state is prepared through
initialization of the data qubits in the all |0) (|+)) state
and subsequent projective measurements of the stabiliz-
ers. Note that this state preparation procedure only requires
measuring one type of stabilizer since, for CSS codes,

TABLE III.  Circuit metrics for the best circuits found using the proposed methods for the generalized nondeterministic fault-tolerant
state preparation scheme.
Code State This work Projective initialization

No. Ancillas  No. Ancillas  No.CNOTs Depth No. CNOTs No. CNOTs

w/o reuse with reuse worst case  best case

[15,1,3] Reed-Muller (tetrahedral) [0); 1 1 25 8 96 64
code (see Fig. 16) [69] [+) 5 2 42 14 120 80
9,1, 3] Rotated surface code [71] [0}, 1 1 11 6 36 24
[12,2,4] “Carbon” code (see Fig. 17) [18]  |0)7 3 2 30 16 120 90
[15,7,3] Hamming code (see Fig. 18) [72]  |0); 2 1 28 11 96 64
[17,1,5] 2D color code (see Fig. 19) [73] 10); 13 4 71 22 180 108
[19,1,5] 2D color code (see Fig. 20) [73] [0), 14 4 120 25 210 126
[25,1,5] Rotated surface code [71] 10); 25 4 127 31 200 120
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the initial product state is already stabilized by all X or
Z stabilizers of the code. Since measuring the stabilizers
nondeterministically projects the state into the 4+1 or —1
eigenspace, multiple rounds of measurements are required
to determine the correct sign of the stabilizers. For the
codes considered here this requires d measurement rounds
and in the best case |d/2] + 1. Table III lists the CNOT
count for both cases. The numbers for the projective initial-
ization do not consider hook errors and flag qubits, which
would add further CNOT gates to these circuits. Except
for the distance-5 surface code, the proposed procedure
requires fewer CNOTs than even the best-case scenario for
the projective initialization (and even fewer for all cases
if hook errors and flag qubits are taken into account) and
significantly fewer CNOTs than the worst case. The ben-
efit of projective initialization is, however, that the state
is obtained deterministically, which may be favorable for
larger code instances in general.

The circuits used for Table III are partially listed in Sec.
B. All circuits listed in Table III are also publicly available
[36,75]. An example of a fault-tolerant state preparation of
|0), for a distance 5 code is depicted in Fig. 19. There, the
verification circuit accounts for a large part of the entire
circuit compared to the non-fault-tolerant state preparation
sub-circuit.

2. Scaling to higher-distance codes

Although the optimal verification circuit synthesis
approach was sufficient to synthesize circuits for the d = 3
and d = 5 codes considered in the previous section, nat-
urally, there are limits to how far this method can be
pushed. When scaling to higher-distance codes, the sta-
bilizer groups, the number of qubits, and the size of the
required state preparation circuits grow. In turn, the size
of the fault sets that need verification grows rapidly. This
directly impacts the SAT encoding since the size of the
encoding grows as O(|S| - |£]), where S is a generating
set of the stabilizer group and £ is the set of errors to
be verified. Given the layered construction of the verifi-
cation circuit as illustrated in Fig. 1, and that the sizes

of the fault sets increase for later layers, the optimal syn-
thesis algorithm can still generate the early layers of the
verification circuit.

Consider the state preparation circuit for the zero state
of'the [[31, 1, 7] color code. A state preparation circuit with
46 cNOTs and depth 5 generated by the greedy algorithm
is given in Fig. 21. To verify this state preparation circuit,
we must construct three layers of X verification and three
layers for the Z verification.

For one and two independent errors in the state prepara-
tion circuit, we obtain fault sets of sizes

1EX =16 & =443
|EE| = 14 |EF| = 315,

which are still small enough to attempt optimal synthesis
for.

Table IV compares the verification circuits obtained for
each fault set by the optimal synthesis, heuristic synthesis,
and a naive verification circuit constructed by measur-
ing all stabilizers of the code. Given the relatively high
number of measurements in the X verification, we have
opted to flag the measurements in both layers instead of
adding potential hook errors to the fault sets for the Z
verification. The table shows the stabilizer weights of the
stabilizers measured in the verification circuit, the number
of flag qubits needed to make these measurements flag-
fault-tolerant, and the total number of CNOTs required to
implement this circuit. In total, using the optimal verifica-
tion circuit for the first two layers and the circuit obtained
by the heuristic method for the third layer in the respective
sub-circuits yields a verification circuit with 375 CNOTs,
119 ancilla qubits and depth 43. In comparison, the naive
verification circuit has 720 CNOTs, 243 ancilla qubits, and
a depth of 41. The lower depth comes from the fact that
the measured stabilizers in the naive verification circuit
generally have a lower weight than those in the synthesized
measurements.

From Table IV we can see that quite a large overhead
is incurred by flagging the stabilizer measurements. The
weight-24 measurement the heuristic synthesis finds for
&Y is particularly bad in this regard. This suggests that

TABLE IV. Verification circuits for the |0); preparation circuit for the [31, 1, 7] color code in Fig. 21.

Fault set Optimal Heuristic Naive
Weights  No. Flags No. CNOTs Weights No. Flags No. CNOTs Weights No. Flags No. CNOTs

EX [7,4,7] 9 36 [12,8] 10 40 4x11,8x3 20 112
5{ [8,7,7,7] 16 61 [11,8,7,7] 18 69 4x11,8%x3 20 112
Sf — — — [4,8,4,4,7,8,7] 19 80 4x11,8%x3 20 112
SIZ [12,8] 10 40 [12,12] 12 48 4x11,8%x3 20 112
EZZ [8,8,8,8] 16 64 [12,8,4,8,24] 26 108 4x11,8%x3 20 112
532 — — — [8,4,8,8,12,8] 23 94 4x11,8%x3 20 112
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for higher-distance codes with potential high-weight mea-
surements, including a penalty for the stabilizer weight
might yield better results. Even a relatively small increase
in stabilizer weight could lead to a rise in the number
of required flags and, thus, the overall number of CNOTs.
For the [[31, 1, 7] color code, this effect is even more pro-
nounced since the weight-4 measurements require only
a single flag qubit and two CNOTs to flag. For exam-
ple, combining 3 weight-4 measurements into one weight
12 measurements would require six flags instead of three
and, therefore, 12 CNOTs instead of 6. As we focus on
smaller codes that could be realized on near-term devices,
we leave this avenue of investigation open for future
work.

B. Logical error rate simulation

To show that the synthesized circuits indeed yield the
expected logical error rates, we have simulated them
using the open-source stabilizer simulator Stim [35]
under a standard circuit-level depolarizing noise model
as considered in previous works [15,41]. Noisy gates
are modeled as ideal gates followed by a depolarizing
noise channel parameterized by an error probability p.
Since the considered circuits are composed only of two-
qubit gates, we define the two-qubit depolarizing chan-
nel:

p
=(1— +—§ EpE
&) ={0-p)p 15 2 ok,

where £ ={P1QP, | P1,P, e {LX,Y,ZP}\{I®I}. In
addition, there is a probability of 2p/3 that a qubit will
erroneously be initialized in the —1 eigenstate of the
respective basis and measurements have a 2p/3 proba-
bility of being flipped. If a qubit is idle during one layer
of CNOTs, it is also subject to single-qubit depolarizing
“idling” noise. What constitutes a layer of CNOTs depends
on the computational model. We consider the two extreme
cases: either all parallel CNOTs are executed in one layer,
or only one CNOT can be performed in each layer. By
default, we set pige = p /100, but since idle noise can have
a significant impact on the performance of the state prepa-
ration circuits, we also consider other settings as described
below.

Simulation runs for which any of the verification mea-
surements indicate an error are discarded. For the remain-
ing states, we calculate the logical error rate by measuring
all data qubits in the Z basis, performing one round of ideal
syndrome extraction and correction using a lookup-table
decoder. A logical error is registered when the corrected
classical bitstring anticommutes with any of the Z opera-
tors of the code. For each physical error rate p, we sample
until we have collected 500 logical errors. For our simula-
tions, this ensures that the uncertainties for the logical error
rates are below 2% for all runs.

The results of the simulations with parallel gates and
Pide = p/100 are shown in Fig. 9. For all codes, we find
that the observed error suppression is in agreement with
the expected error rate relative to the distance d of the
code [76]. All simulated distance d = 3 codes exhibit
a pr ~ O(p?) scaling of the logical error rate, the dis-
tance d = 5 codes exhibit a p; ~ O(p?) scaling and the
[31,1,7] color code exhibits a p; ~ O(p*) scaling. This
shows that the circuits produced with our methods indeed
generalize the postselection scheme previously known for
distance d = 3 codes [10,12,14,20] to higher distances
d > 3. Moreover, though the acceptance rates for larger
codes are drastically worse for high physical error rates,
this difference becomes less pronounced for the d =5
codes, where all verification circuits accept the prepared
state in > 80% of the cases at physical error rates of
1073,

To illustrate the performance of distance d = 5 state
preparation more clearly, we compare the optimized state
preparation circuits with a “naive” (canonical) verifica-
tion circuits, where all stabilizers are measured twice.
In addition, to visualize the impact of gate parallelism,
we simulate the circuits with parallel gates and sequen-
tial gates. The respective results for the [17,1,5] color
code can be seen in Figs. 10 and 11. Similar plots for
the [[19, 1, 5] color code and the [[25, 1, 5] rotated surface
code are shown in Sec. A.

These results show that the difference between logi-
cal error rates of the optimized versus the naive scheme
decreases with higher idling noise. This is reasonable
since, depthwise, there is not much difference between the
two circuits. In fact, the naive scheme has fewer idling
qubits if CNOTs are executed in parallel and, therefore, if
the idling noise is in the same order as the two-qubit gate
noise, this behavior is expected. The story is a bit differ-
ent when looking at acceptance rates. With p > 1073 the
difference between the acceptance rates of the naive and
optimized schemes is quite stark. For example, atp = 4 x
1073 and piqie = p /100, the optimized circuit has an accep-
tance rate of about 70%, whereas the naive verification
circuit gives an acceptance rate of less than 20%.

When gates are executed sequentially, both circuits are
subject to about the same amount of idling noise. In this
case, the optimized circuit outperforms the naive circuit
by orders of magnitude even for comparatively low idling
noise.

These results show that optimized state preparation
schemes are particularly suited for quantum computing
platforms with a lower degree of parallelism. For archi-
tectures like neutral atoms [17,77] where two-qubit gates
can be performed globally, the difference is less stark,
assuming idling errors are manageable. For these systems,
alternative schemes with a high degree of parallelism,
like in the preparation of the Golay code [42], could be
exploited.
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VIII. CONCLUSION

In this work, we have introduced automated methods to
synthesize (near-)optimal nondeterministic fault-tolerant
state preparation circuits for logical computational basis
states of any CSS code. We have shown the effi-
cacy of the proposed methods by synthesizing fault-
tolerant state preparation circuits for various small CSS
codes—relevant for near-term devices—and demonstrated
that these circuits have the desired fault-tolerance prop-
erties through numerical simulations. Even though we
have framed the verification-circuit synthesis problem
in the context of state preparation of certain logical
basis states, our verification-circuit synthesis approach is
more general. It can be used to verify other circuits as
well.

In this work, we have focused on constraints on spe-
cific stabilizer measurements, but generally, in fault-
tolerant circuit design, we are more concerned with con-
straints between different measurements. Looking for-
ward, an interesting next step would be to apply methods
used in this work to the design of fault-tolerant cir-
cuits from the perspective of detector-error models as in
Ref. [43].

As discussed in Sec. VI, our methods do not guarantee
a globally optimal circuit but rather give locally optimal
sub-circuits for the state and verification-circuit synthesis
problems. The natural next step would be to try to unify
this into one synthesis problem. Given that the fault set of
the non-fault-tolerant state preparation circuit has a huge
impact on the verification circuit, we suspect there is a
large room for improvement, especially when scaling to
even higher distances. Alternatively, one could use these
circuits in a concatenated scheme. Whether this can be
extended to concatenation in a trivial matter or whether
further measurements are needed to verify error propa-
gation through the transversal CNOTs is left for future
work.

In our work, we have assumed all-to-all connectiv-
ity between all data and ancilla qubits. Many quantum
computing platforms do not provide such lenient locality
constraints; however, further steps must be taken to ensure
that nondeterministic fault-tolerant state preparation cir-
cuits can be embedded into such architectures without
sacrificing fault tolerance.

All in all, this work is an important step towards provid-
ing automated design tools for fault-tolerant quantum com-
puting research. The optimized circuits generated by our
methods might play a role in further near-term experimen-
tal demonstrations of fault-tolerant quantum computing.

IX. USED SOFTWARE

The proposed methods have been implemented using the
Python packages Stim [35], NumPy [78], Z3 [58], Qiskit

[79], LDPC [80], and Multiprocess [81,82]. For the simu-
lations we have furthermore used GNU parallel [83]. The
plots have been generated with Matplotlib [84].
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APPENDIX A: FURTHER PLOTS FORd =5
CODES

This section provides further simulation results for the
[19,1,5] color code and the [[25,1,5] surface code.
Simulations were conducted for idling noise of strengths
P, p/10, and p/100 for two different scenarios: parallel and
sequential gate execution.

Figure 12 shows simulation results for the [19,1,5]]
color code with parallel gate execution, and Fig. 13 shows
results for sequential gate execution for the [19,1,5]]
code. Similarly, Fig. 14 shows simulation results for the
[25,1,5] color code with parallel gate execution, and
Fig. 15 shows results for sequential gate execution for the
[[25,1,5] code.
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APPENDIX B: CIRCUITS

This section lists state preparation circuits for various CSS codes synthesized with the proposed methods. The circuit
metrics are shown in Table II1.
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ment were set incorrectly during the production cycle and have been
fixed. Reference [75] has been corrected to include the link to the
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