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Residual networks have significantly better trainability and thus performance than feed-forward networks at
large depth. Introducing skip connections facilitates signal propagation to deeper layers. In addition, previous
works found that adding a scaling parameter for the residual branch further improves generalization performance.
While they empirically identified a particularly beneficial range of values for this scaling parameter, the
mechanism for the resulting performance improvement and its universality across network hyperparameters
remain an open question. For feed-forward networks, finite-size theories have led to important insights with
regard to signal propagation and hyperparameter tuning. We here derive a systematic finite-size field theory
for residual networks to study signal propagation and its dependence on the scaling for the residual branch.
We derive analytical expressions for the response function, a measure for the network’s sensitivity to inputs,
and show that for deep networks the empirically found values for the scaling parameter lie within the range
of maximal sensitivity. Furthermore, we obtain an analytical expression for the optimal scaling parameter that
depends only weakly on other network hyperparameters, such as the weight variance, thereby explaining its
universality across hyperparameters. Overall, this work provides a theoretical framework to study ResNets at

finite size.
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I. INTRODUCTION

While feed-forward neural networks (FFNets) have proven
successful at learning a multitude of tasks [1,2], they be-
come difficult to train at great depths [3]. As a result,
very deep FFNets yield worse performance than their shal-
low counterparts. This empirical result is counterintuitive:
Since feed-forward layers in principle can implement iden-
tity mappings, which can be added to a shallow network
to increase its depth while yielding the same performance,
such a performance degradation should not be present. This
finding implies that identity mappings are difficult to learn;
in consequence [3,4] introduced residual networks (ResNets)
that contain skip connections between adjacent layers which
implement identity mappings. Networks such as ResNet-50
[3] or ResNet-1001 [4] yield state-of-the-art performance on
common benchmark data sets such as CIFAR-10 [5].

A scaling of the residual branch, i.e., of the noniden-
tity mapping in each residual layer, was first introduced by
Szegedy et al. [6] who found that for networks with large
numbers of convolutional filters training becomes unstable
and leads to inactive neurons. While this effect could not be
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mitigated by additional batch normalization [7], downscaling
the residual branch by a value p between 0.1 and 0.3 proved
to be a reliable solution. Finding the optimal residual scaling
and a mechanistic explanation for its effectiveness remains an
open question.

One line of research studies how such an optimal residual
scaling depends on the network depth. In the limit of infinite
width, ResNets behave as a Gaussian process. The covariance
of this process is also termed “Neural Network Gaussian Pro-
cess (NNGP) kernel” and has been derived in [8]. While the
NNGP corresponds to training only the readout layer, training
all network layers in the limit of vanishing learning rates leads
to a different Gaussian process, the “Neural Tangent Kernel”
(NTK) [9]. In this kernel perspective, Huang et al. [8] argue
that the NTK in the double limit of infinite width and depth be-
comes degenerate for FFNets but not for ResNets, suggesting
a polynomial scaling of the residual branch with the inverse
depth for better kernel stability at great depth. Bachlechner
et al. [10] include the residual scaling as a trainable parameter
instead of it being a hyperparameter and find that networks
with the residual scaling being initialized at zero learn an
inverse depth scaling.

According to Tirer et al. [11], smaller residual scalings
lead to a smoother NTK and thereby to better interpola-
tion properties between data points. Studying the spectral
properties of the NTK, Barzilai et al. [12] find a bias of
convolutional ResNets towards learning functions with low
frequency or localized over few pixels. Further, they show that
the scaling proposed by Huang et al. [8] leads to a less expres-
sive dot-product kernel for convolutional ResNets, therefore
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arguing for a depth-independent constant residual scaling. By
performing a grid search, Zhang et al. [13] find a value near
0.1 to yield best generalization performance for deep ResNets.

References [14—17] argue for a residual scaling by the
square root of the inverse depth: Arpit et al. [14] use a mean
field analysis to argue that this scaling avoids exploding or
vanishing gradients in the forward and backward pass. While
Refs. [15,16] show that the resulting NTK is universal and can
express any function, Zhang et al. [17] find that this scaling
stabilizes forward and backward propagation of the signal in
terms of its norm. On the practical side, Bordelon et al. [18]
show that scaling the residual branch by the square root of
the inverse depth allows them to extend wP scaling [19], a
particular form of initialization that promotes trainability, to
residual architectures.

We here tackle the problem of optimal scaling from a signal
propagation perspective. We derive a field-theoretic descrip-
tion of residual networks to study their response function.
This function describes the networks’ sensitivity to varying
inputs. As the network needs to be able to distinguish be-
tween different data samples, the overall range of output
responses is a relevant indicator for both trainability and gen-
eralization. While a stronger signal generally ensures that two
data samples can be better distinguished, this effect may be
counteracted by saturation effects of the nonlinearity in the
residual branch of the network. The residual scaling parameter
determines how strongly differences across data samples are
amplified and propagated through the network.

Our main contributions are as follows:

(1) We derive a field-theoretic description of the Bayesian
network prior for residual networks that allows one to system-
atically account for finite-size properties of networks.

(2) We obtain the response function of residual networks
as a finite-size effect that describes the networks’ sensitivity
to varying inputs.

(3) We show that the response function of the network
output as a function of the residual scaling parameter has a
distinct maximum and that the corresponding optimal residual
scaling lies precisely within the value range empirically found
by Szegedy et al. [6].

(4) We derive the dependence of the optimal residual scal-
ing on network hyperparameters and find a strong dependence
on the network depth and weak dependence on all other hyper-
parameters, explaining the universality of a 1/,/depth scaling
for deep residual networks.

The field-theoretic framework for the Bayesian network
prior can be generalized beyond ResNets and generally used
to systematically take into account finite-size properties of
neural networks. Field-theoretic descriptions of feed-forward
and recurrent networks have been derived in [20-23]. Build-
ing on a field-theoretic formulation of the Bayesian network
prior, [24-30] study feature learning in finite-size networks
and Lindner et al. [31] study the effect of data variability.
Bordelon and Pehlevan [32] derive a dynamical field theory to
study gradient dynamics in feed-forward networks in different
scaling regimes. The presented theoretical framework thus has
applications beyond understanding residual scaling, the main
goal of the current work.

The main part is structured into two parts: In Sec. II we
first derive a field-theoretic formulation of residual networks.

In this field-theoretic framework, we recover the NNGP as a
saddle point at infinite width and obtain the response func-
tion of residual networks as a finite-width correction to this
saddle point. In Sec. III we then study the behavior of the
response function as a function of the residual scaling and find
a unique maximum of the response close to the empirically
found optimal values. Finally, we relate this scaling to optimal
signal propagation that is bounded by saturation effects of
the nonlinearity and study its dependence on hyperparameters
of the network. The code for theory and experiments can be
found in [33].

II. FIELD THEORY OF RESIDUAL NETWORKS
We here study the following residual architecture:
h(O) — Winx + bin
D =hD 4 pW Py + 6101 1=1,... L,
y — Wout¢(h(L)) + bou17 (1)

yielding a mapping from the input x € R% to the output
y € R% as x > f(x;6) =y with trainable network parame-
ters @ = (Wir, pi, WO, pO wout pouty Similar to state-of-
the-art models such as ResNet-50 [3], the model contains a
linear readin and a fully connected readout layer. Thereby the
input x € R%, the signal 1) € RV, and the output y € R%u
can have different dimensions. We refer to the residual branch

FhY) = plw Do) + b7 @)

together with the skip connection 4/~ in (1) as a network
layer with index [ [see Fig. 1(a)]. The total number of layers
is given by L. We assume the nonlinear activation function ¢
to be saturating and twice differentiable almost everywhere;
two common choices satisfying both conditions are the lo-
gistic function and the error function. In the following, we
use ¢ = erf. The residual branch is multiplied by a scaling
factor p, which is referred to as the residual scaling parameter
in the following. We study networks at initialization, which
is equivalent to determining the network prior in a setting
of Bayesian inference. To this end, we assume that the net-
work parameters are Gaussian distributed: For the input layer

W N0, 02, din), B XN (0, 02 ), for residual lay-

ers Wiﬁl) Sy N, a2/N), b S N(,0}), and for the

readout layer W " N(0, 02, ooo/N), B X N (0, 02 -
The tilde symbol is here and in the following employed as “is
distributed as.”

A. Network prior in field-theoretic framework

We derive analytic expressions of the network prior for
the residual network architecture defined in (1) in terms of
the network kernels. This derivation uses the field-theoretic
approach employed in Segadlo et al. [22] to study deep feed-
forward and recurrent networks and extends it to residual
networks. Given a set of inputs X = (xy)y=1....p, the network
prior defined by

p¥IX) = / a6 p(Y X, ) p(6) 3)
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(a) Network layer (b) Single-layer statistics (c) Multilayer statistics (d) Optimal response
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FIG. 1. Signal distribution in residual network. (a) Network layer with residual branch and skip connection. The residual branch returns
h + F(h), the layer passes on F(h) + h to the next layer. (b) Distribution of the signal ) after layer I (solid curves) relative to the dynamic
range V (shaded orange area) of the activation function ¢ = erf (dashed curve). The signal is Gaussian distributed A" ~ N'(0, K©) with
variance given by K, which depends on the residual scaling parameter p. For values larger than the optimal scaling p > p*, part of the signal
is lost in the saturation of the activation function ¢ (dark blue). For values smaller than the optimal scaling p < p*, the signal is restricted to
a small fraction of the dynamic range (light blue) in which the activation function is typically linear. For optimal scaling p = p*, the signal
optimally utilizes the whole dynamic range V of the activation function ¢ (blue). (c) The response function x ) describes how the variance
K®, corresponding to the diagonal element of the GP kernel, changes to linear order in the perturbation of the input kernel §K® around its
data mean (K©). The kernel K’ of the signal distribution can only increase across layers due to the skip connections; its rate of increase is
governed by the residual scaling parameter p. If the signal goes into saturation (p > p*) or remains close to zero (p < p*), then the overall
response of the network output to a change of the input kernel is limited. (d) The output response x°" as a function of the residual scaling
p exhibits a unique maximum that depends on the network depth L, yielding a scaling p*(L) that promotes optimal signal propagation in the
network.

describes the joint distribution of all outputs ¥ = (yy)a=1....P
averaged over all possible initializations of the network pa-

parameters

rameters 6; each output y, corresponds to one input x,.
Calculating the network prior jointly for all inputs x, is anal-
ogous to the replica calculation in physics [34,35]: for each
input x, one considers a copy of the network with the same
network parameters 6 shared across all of these replica. Here
we showcase the derivation of p(xq|yg) for a single input
X, dropping the sample index o for simplicity. The general
case of P inputs follows the same arguments and is given in
Appendix A.

The network prior is given by the probability of an output y
given an input x marginalized over the distribution of network

J

pOyx) = / a8 p(yix. ) p(6). 4

Given fixed network parameters 6, the probability p(y|x, 0) is
given by enforcing the network model with Dirac § distribu-
tions as

pOIx, ) = / dn® ... / dn®™ s(h® — whx — b™)

L
% Hg(h(l) —p=b _ pW(l)(/’)(h(l_l)) _ pb(l))
=1

X B(Y _ Wout¢(h(L)) _ bom). (5)

1. Marginalization over network parameters

We marginalize over the network parameters as

pOyx) = / dn©® ... / dh® (§(h© — Whx — b™)) yin_iny

X <8(y - Wout¢(L) — bom»{wuul_buul],

where (..

(5(}1(1) —_ pi=b _ pw(1)¢(1—1) _ Pb(l)»{w(’),b(“]

L
=1

1

(6)

.)w.p refers to the expectation value over the statistics of weights W and biases b and we use the shorthand

¢ = ¢p(hD). We rewrite the Dirac § distributions using its Fourier representation

N

*®d —
3(z) = 1_[ {/ %} ol k=1 Ok @

k=1

= /dz exp(z'2) ®)

with scalar prpduct 7'z= Zf’zl Zizi, wher.e we integratg along the imaginary gxis f .d =1L [x g—;ﬁ Here Z is r.eferred to as the
conjugate variable to z. Writing the Fourier transform in complex variables is equivalent and commonly used in related works
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[22,27,32]. This yields

pOy|x) = / dy / Dh / Dh {exp(h)T (W — Whx — b™))) in. iy

L
x [ Jtexp((B)T (h® — h4=D — pw D=0 — pb®)) o0 oy
=1

x (exp(F' (y — WlpE) — b)) pou pour, 9)

where [ Dh =[], [ dh" and [ Dh = [];_, [ d i for brevity.
Since the network parameters 6; are independently distributed, the integrals decouple and only integrals of the form
f doy p(6r) exp (z6:) appear, which can be solved exactly for 6; ~ N (0, o?) yielding exp (%azzz). As an example, we have

7 — 1 0'1% 7 — 2
<eXp ( - ZWiy) ,Ohl(l)¢§l 1)>> =exp (o Z [phgl)cj);l 1)] . (10)
o wo ij

Rewriting the resulting terms as Y, [h,¢{/ V1% = hTh[¢p¢~D]T¢p"~D, we obtain the action S of the network prior

POk = / a5 / Dh / Dh exp[S(y, . h. )], (an

where we distinguish between the contributions of the readin layer, the hidden layers of the network with residual connectivity,
and the readout layer

S, 9. h, hlx) = Sin(h'?, KO |x) + Spet(h, B) + Sou(y, F1h™). (12)
These contributions are given by
3 3 l1o2 . . 1 T
Sn(h®, KOLx) = ROT RO + = 22 ROTRO xTx + S0y [HOTR, (13)
L
. . 1 z 1 e
Sne(h ) =Y [ROTT[AY — h¢D]+ sz(jv—w N e e T e (14)
=1
<L) T 1 Uz%.out T T L2 T
Sout(y, JIH') =5y + 3N Y J[e™] ¢ + 3%, ou Y- (15)

In contrast to feed-forward networks [22], the conjugate variable 4) of layer I does not only couple to the signal /) of layer /,
but also to the signal 2"V of the previous layer /—1. This coupling across layers results from the skip connections in residual
networks. The interdependence between layers induced by the coupling prohibits the marginalization over the intermediate
signals 2") in a direct manner as in feed-forward networks.

2. Auxiliary variables

Quadratic terms_in /& and h can be solved as Gaussian integrals. However, in (13)-(15) terms proportional to
o [AD1TRO [¢=D]T =D appear, which are at least quartic in 4 and / for linear ¢(h) = h and of even higher order for nonlinear
¢. To treat these terms, we introduce auxiliary variables:
2

o~ .
c® .— _w.m, Ty + 0,72 i (16)
in '
2
o
CO = p? 21T ploy 1=, L, (17)
o2
CcLtD . UX;’U‘ [¢(L)]T¢(L) + GhZ, out- (18)

For wide networks N >> 1, we expect the average 1lv Zf\]: 1 [qbi(lfl)]2 to concentrate around its mean value. Based on this intuition,
we aim to rewrite the network prior p(y|x) in terms of these scalar variables. Note that, while the auxiliary variables are scalar
for a single input x, they become kernel matrices Co(tlf} for multiple inputs with sample indices «, 8 (see Appendix A for details).
We enforce the definitions of the auxiliary variables with Dirac § distributions as in (5), e.g.,
dCc®

8(—NC(” +,0203) [p(~D]T =D -I-N,020bz) 2/ o exp (—NC‘(’)C(’) —i—,ozoyi ¢ [¢-DIT (=D +szab2 Cv(l))
iR

dcv . A )
= fR T exp (-NCOCD +Np?a) CO 9T 4+ NpPo CO). (19)
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In the last line, we used that the scalar variables C and and its conjugate variables C only couple to sums of / and ¢ (k) over all
neuron indices, so that all components of #, f, and thus also ¢(h) are identically distributed. Thus, we can rewrite the expression
in scalar variables / and £, pulling out a factor N in all terms. For the input layer, we denote the ratio di, /N = vy and set v, = 1
for [ > 0; different network widths N; across layers / can be considered by setting v; = N;/N. Moving all integrals over scalar
variables % and / to the exponent, we can write the network prior in terms of the kernels as

1
pOIY) = / d&<exp (iTy + EC““W)> K (20)
(eXe

where the statistics of C, C are given by p(C, ) x exp [S(C, )] with

L+1
S(C.C):==NY v c?C? +NWC|C), 1)
=1

L
~ - - 1 - ~
W(C|C) = In ]‘[ f dn® / dh® exp (h”)[h(” — D14 Ec<“[h<“]2> exp (CV [p*os ¢~V + p?o7])
=1

5 . 1 N ol o2
« /dh“”/dh(‘” exp <h<o>h<o> n EC(O)[hm)]z 4 CO [%XTH o 02 i“D' 22)

Note that the conjugate variables C”) are not proper random variables, but will be integrated out later to obtain the statistics of
the auxiliary variables C.

B. Saddle point approximation yields NNGP

We obtain the NNGP kernel for residual networks in the limit of infinite network width N — oo as the saddle point of the
action S describing the network prior. Since the action S scales with the network width N, we can perform such a saddle point
approximation in the limit of infinite width N — oo to evaluate integrals of the form

/ DC / DC f(C, €) explS(C, N "= f(C., C,), (23)
where C, and C, are the saddle points of the action S.
We compute the saddle points using the conditions
S aS
— =0, —=0 (24)
aC oC
and get
o2 .
;T‘n"‘xTx + a,i in =0,
€ =1 p2%2 (9" D), + p%0? 1<I<L, (25)
Uli,out <¢(L)¢(L)>l’ + sz, out l =L + 1’
LirpO2y  — -
a0 _ ({17, =0 [=0,....L, 26)
* 33, =0 I=L+1,
where

L
- - 1 - ~ ~ _ 1 =
(- )p — /dh(o)/dh(o) exp (h(o)h(o) + EciO)[h(O)]Z) llj!/dh(l)/dh(l) - exp (h(l)[h(l) _pd 1)] + Ecil)[h(l)P)' (27)

For brevity, we also include the input kernel C{’ = C© here, which is fixed by the data as C© = 02 | /dinx"x + 02 ,,. The

expectation value over the auxiliary variables / and  in (26) vanishes due to the normalization the probability distribution,
which we explain in Appendix B in detail. In the following, we use the notation § = 2+ for brevity. The appearing expectation

values are computed self-consistently with respect to c.
By defining the residual f® := ") — B¢~V for 1 <1 < L and f© := h©, we rewrite the appearing average as

L
=1
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We observe that the residuals f© for 0 < ! < L are Gaussian distributed £ ~ A/(0, C{"’) with zero mean and covariance
c". Since the expectation values in (25) have 4 as an argument, we would like to rewrite (- - -) » With respect to h®. Since
A =3 f® and the residuals £’ are independent Gaussians, the signal 2’ is also Gaussian distributed with covariance

/ l (k)
KO =3 _ C".
Thus, we can rewrite (25) as

ch = ,0201,% (d’(l_l)d’(l_U)N(O,K(l*”) + ,0201,2, (29)
2
G;Li’“‘“x-rx +0; i 1=0,
K" =131 c® 1<I<L, (30)

2 L L 2
Oy, out <¢( )¢( )>N(0,K(L’) + O, out

I=L+1

We recover the known NNGP result for the kernels as K = K=V + ¢ [8,11,12].

C. Next-to-leading-order correction yields response function

The strength of the here employed field-theoretic formal-
ism is that finite-size corrections to the NNGP result in (30)
can be systematically calculated by expanding the action S
in (12) around its saddle point. In particular, for finite-size
networks, the residual kernels C”) do not exactly concentrate
to the saddle point value but fluctuate around it. To lowest
order, we describe these fluctuations as Gaussian. The Gaus-
sian fluctuations correspond to physical quantities such as the
response function: The response function of the network is
defined as the linear response of the covariance measured in
layer / to a perturbation of the covariance in layer m. To define
the perturbation, we introduce the perturbed auxiliary variable
(16) in the mth layer as C"(¢) := C™ + ¢ for small €, which
obey a perturbed probability measure (C, C) ~ p,.(¢). Then
the response function is given by

N ]
Aty = lim = (€Dl = (€ )lpyo) GD

Since the perturbation term € appears in the constraint (19) in
the form

~ ~ _1)2
--exp (NC™[-C™ 4 € + Np*a2 [ "] + No*o?]).
this definition is equivalent to the correlator
Al =N (CDC™), (32)

as one may regard € as a source term for N C". The re-
sponse function measures the network’s sensitivity to different
signals and thus is a measure of signal propagation. In turn,
signal propagation in networks is a key indicator of network
trainability and performance [36].

We obtain the Gaussian fluctuations of the kernels by com-
puting the Hessian S|, ¢, of the action S at the saddle

point
3 9
SO o = ( S acaCS> . (511 Si2
(Ci,C) — 92 52 = 821 822 .
aCacS W‘S (C,C.)

(33)

Due to the evaluation at the saddle point, all following expec-
tation values are with respect to the measure (- - - ), defined in

(

(28). In the following, we drop |, ¢, for notational brevity.
The diagonal blocks of the Hessian are given by

82
S_

)
Opd) gk pkyye _
scmacm® = g IR, =0, GY

32 _ _ _ e
sEbacmS = Now Lisoliso (6070070, ¢4~ Dgy
ot kJ#L+1,

x 40> k#l=L+1VI£k=L+1,
1 else,

(35)

where 1;.( denotes the indicator function. We write (- - - )¢ for
connected correlations defined as

0 k) (k (1) (k) (k 0, ( k) (k
(Z( ) )’ 70 )) ) (1) (k) ( ))p _ (Z( )l ))p (Z( ) ))p'

¢ _
» = (272722

(36)

The average over the auxiliary variables / in (34) vanishes due
to the normalization of the probability distribution, which we
explain in Appendix B in detail. For the off-diagonal terms,
we have

92 "
WS = —Nvd; + N l4o9 03)([¢ (k=1)p2
pr k<L
1 k=L+1

(37)

+¢”~(k71)¢(k71)>/\/(0,l(“"”) Lgst X {

where we used Price’s theorem for a one-dimensional variable
[37]

(D> (M) n~n(0.4) = (35D (W) nn0.) (38)

to compute the derivative of the expectation value by the
covariance (see Appendix D for details). The condition k > [
enforced by the indicator function 1;.; results from a term
dco K*=1 appearing in the derivative, because the network
kernel K%~ only depends on the residual kernels C%”) with
I <k.
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Wg obtain the Gaussian fluctuations of the variables C%) Gy = —82’11, 41
and C) by taking the negative inverse of the Hessian, also Gy = 0 @2)
called the propagator G in field theory 2=

— _(SOYT Gn G ‘ 39
g (&) Gn 9m 39)
By using the block structure and the fact that S;; = 0, we have
Since the off-diagonal block matrix Sy; is a lower triangular
G = G152 G, (40) matrix, its inverse can be computed using forward propagation
|
-1
G =N 80 4 im0 p202 ([ V12 + ¢ DDy o k) Z Gy
k=0
-1
+ 81041 0p{[6" VP + ¢ TV o kany Y G (43)

yielding the response function A% = N(COC™) = NG as
a O(N~") correction to the NNGP result. Due to the residual
architecture, any response can only propagate forward in the
network, which is reflected in the term 1;-; in (37). The kernel
K" in layer [ depends explicitly not only on the kernel of the
previous layer as for FFNets but on all preceding layers. This
property directly results from the skip connections in residual
networks. Thereby, the response function in layer / contains
information from all preceding layers, such that information
can propagate to deeper network layers.

We are ultimately interested in the response with respect to
the network input, hence we define

n" = Al (44)
For the response of the residual kernels C") in all intermediate
layers 0 < I < L + 1, we then have
-1
n(l) — p203)<[¢/,(k—1)]2 + ¢//,(k_l)d)(k_]))N(O,K“*”) Z 7](k)_
k=0
(45)
In particular, it is n® = N/dj,. Due to their additive nature,
the response function x ) of the kernels K) is given by

X @ = (KD O (46)
1
= 7% (47)
k=0
Finally, the output response x °" is given by
Xout — (K(LJrl) é(O)) (48)

L
= Uf),om([¢(L)]/[¢(L)]/ + [¢(L)]//[¢(L)])N(O,K(L)) Z n(k)'
k=0

(49)

In addition, one can also compute the fluctuation corrections
from the Hessian via (40). For details, see Appendix C.

In Fig. 2 we compare the behavior of the residual ker-
nels C!” and the response function n) between FFNets and
ResNets. While the residual kernels C{” in FFNets decay to
zero as a function of depth, they approach a value larger than
zero in ResNets due to the accumulation of variance across

k=0

(

layers. Similarly, while the response function in FFNets de-
cays exponentially to zero, it decays much slower in ResNets
and approaches zero only asymptotically (see Fig. 8 in Ap-
pendix F 1). The latter observation matches previous results
by [38] based on the convergence rate of the kernels; however,
we here derive the response function that explicitly measures
the dependence on the input kernel.

D. Relation to linear response theory

In the previous section, we derived the response function of
the network as the first-order approximation in O(N ') from
a systematic field-theoretic calculation. The field-theoretic

S, a
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—
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FIG. 2. Residual kernels C{’ (a) and the respective response
function n® (b) in ResNets (blue) compared to FFNets (green).
In (a) error bars indicate standard error of the mean obtained
from simulation over 10° network initializations, solid curves show
theory values from (29). In (b) dots represent simulations over
10? input samples and 10° network initializations, solid curves
show theory values from (45). Errors are of order 10~ and there-
fore not shown. ResNets exhibit a slower decay over layers [

compared to FFNets. Other parameters: o ,, = o2 =02 = 1.2,
2 _ 2.2 2 22 — g =
Ow,in =%y = Uw,oul - 12’ Uh, in=0% = Ub, out — 027 dln — Yout — 100’

N =500, p =1, ¢ =erf.
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approach has the advantage of providing a framework in
which we can systematically compute such correction terms
to different orders; to provide more intuition on the response
function we here discuss its relation to linear response theory.

Consider a change of the input kernel given by
K© = (K®) + §K®. For small perturbations §K?, we can
ask how kernels in subsequent layers are affected by this
perturbation. To linear order in K©, we expand the residual
kernel as

SK© + 0(5%). (50)

(K©)

O — oc®
C* = C* |(K(0)> + 8K(0)

The first-order Taylor term accounts for the effect of the
perturbation and corresponds to the response function of the
residual kernels Cil) as

)
o - %€ 51
1 o) (51)
8K (K(())>
0 gKU-D
_ 222 =1y 4 (—1)
= PO ah (@9 ) no.0-1) YO o (52)
-1
(- (=1 4 (1~ k
= pzauz)([qbl ( 1)]2 + ¢N ( 1)¢( ”)N(O,K(l’“) Z 7)( )y
k=0
(53)

where we used Price’s theorem [37] as in (38) from the second

to the third line, and in the last line that
-1 -1

=> 7% (54
(KO k=0

oC®)
(KO =0 KO

aK (=D
9K©

The expectation value of the derivatives ([¢"/~D]> +
¢"I=DgU=D)y \-o gu-»y measures how the perturbation of the
kernel K~ affects the residual kernel C" in the subsequent
layer /. It gets multiplied by the accumulated perturbations
of all previous layers, as one expects intuitively due to the
skip connections in residual networks. The expression for the
linear response of the kernels K follows directly from its
definition

! 1
2
= @ 2 Clwoy = D 0. (55)
) par £

While expressions for the response function can be computed
using linear response theory, the field-theoretic formalism in
Sec. II C formally shows that the response function is the lead-
ing order O(N ") finite-size correction to the NNGP result.

III. SIGNAL PROPAGATION AND OPTIMAL SCALING
IN RESIDUAL NETWORKS

Next we apply the field-theoretic framework derived above
to study signal propagation in ResNets. The sensitivity of
signal propagation to different inputs can be measured by
the response function [36]. Good signal propagation is linked
to improved trainability and thus higher generalization per-
formance of trained networks [36,38]. We first focus on the
behavior of the diagonal elements K!) of the network kernels
on the same sample x, to obtain an intuition for the signal

20

Kernel k¥
s

Layer!

0.4
0.2

0.0
0 5 10 15 20

Layer!

Response function y

FIG. 3. Dependence of (a) kernels K and (b) the respective
response function x> on the residual scaling parameter p. The
residual scaling takes values p € [1.0, 0.3, 0.1] (from dark to light).
The residual scaling parameter p governs the rate of increase
in both quantities. Other parameters: o, ;, =0, =0, =12,

Opin =04 = 0p o = 0.2, diy = dou = 100, N = 500, ¢ = erf.

propagation in residual networks and then discuss how their
behavior extends to off-diagonal elements K o(f) of the network
kernels for different samples x, # xg. We drop the sample
index where only a single sample is considered and write
explicitly where multiple samples are considered.

A. Optimal scaling of the residual branch

We start by studying the effect of the residual scaling
parameter p on the kernels K and response function x ") of
layer [ as these quantities describe the distribution of the sig-
nal KD Since p? scales the residual kernels C! in (29), which
are being summed to obtain K, the residual scaling governs
the rate of increase of K" across layers [see Fig. 3(a)]. The
response function x!) exhibits the same scaling and thus
behavior [see Fig. 3(b)].

The dependence of the residual kernels ¢ on the resid-
ual scaling p transfers to the response function; due to the
output layer being a nonlinear feed-forward layer the output
response shown in Figs. 4(a) and 4(b) exhibits a complex
nonlinear behavior with a unique maximum p*. The shape of
the response function and thus the optimal value p* depend
on the network depth L, shifting to smaller values p* with
larger depth. However, we observe an antagonistic effect: the
depth dependence becomes weaker for deeper networks. The
optimal value p* lies between [0.1, 0.3], as found empirically
in previous works [6,13].

Due to the recursive nature of the nonlinear Egs. (45)—(48)
for the response function, we cannot determine the optimal
value p* analytically. However, for the variance K¢ we can
make an intuitive argument regarding the signal propagation
in the network: For deeper networks, the kernels K D in (30)
grow continuously, so that the signal A") leaves the dynamic
range )V of the activation function ¢ [see Fig. 1(b)]. In con-
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FIG. 4. Optimal scaling of the residual branch. Output response x°* for (a) diagonal and (b) off-diagonal elements of the network kernel
Ko(fﬂ) Different curves correspond to different network depths L € [10, 50, 100, 200] (light to dark). All curves exhibit a unique maximum;
the residual scaling values p* with largest response concentrate with increasing depth. (c) Optimal residual scaling p* = argmax(x°") for
diagonal (blue) and off-diagonal (green) elements of the network kernel K 0([2 In both cases, these scale with 1/+/L (gray). Other parameters:

input kernel K© = (8:8;

sequence, part of the signal AL is lost in the readout layer,
reducing the output response x°“ to changing inputs. The
magnitude of the network kernels K depends on p?, so that
a smaller residual scaling leads to a less rapid growth of the
kernels KV and the signal 4" stays in the dynamic range V.
For very small scalings p, the residual branch is suppressed
and the network reduces to a single hidden-layer perceptron
[see Fig. 1(c)].

Based on this intuition, we obtain an approximate expres-
sion for the optimal scaling p*: We assume that the signal
h" stays in the dynamic range ) of the activation function so
that p(hV) ~ ¢'(0) k¥, where ¢’ (0) accounts for the slope of
the activation function at its origin. The residual kernel then
simplifies to

-1

CY = po, ¢'(0)* Y _C¥ + p’oy, (56)
k=0
and hence we get
C) ="+ prog (0P Y. (57)

Solving this recursion, we obtain
, -1
(58)

Using the sum of the first L 4 1 terms of the geometric series
and C© = K@ per definition yields

L
KB =3%"c® (59)
k=0
= [1 + p%02 ¢'(0)*]" K
2
m{[l +p’o, ¢/(0)2]L -1} (60)

Assuming the 1o range of the distribution to stay within the
dynamic range V for a point-symmetric activation function

¢, we set V/2 =+ K@ and obtain for the optimal scaling

8;82), 02 = 1.25,07 = 0.05, diy = dow = 100, N = 500, ¢ = erf.

parameter

1
S B T V1 G IR A

T 0w ')\ 0207 KO + 0} oD
The assumption V/2 = ~/K®) is only an estimate; multiple o
ranges could be required for optimal signal propagation. Al-
ternatively, we derive this condition from a maximum-entropy
argument for the signal distribution (see Appendix E). A
similar-maximum entropy argument has been used by Bukva
et al. [39] to study trainability of feed-forward networks. Note
that due to the assumptions made in deriving this expression, it
cannot fully capture the behavior of the signal when it reaches
the nonlinear part of the activation function. However, this
is solely a limitation of this particular ansatz to obtain an
analytically tractable expression for p*; the response function
itself depends in a nonlinear manner on the hyperparameters
of the network and on the nonlinear activation function of the
network.

B. Depth scaling dominates optimal scaling

At large depth L, the expression for optimal scaling in (61)
is dominated by the appearing Lth root and can be written as

1 1 2 5/ (0)2 v 2+ 2
pw\ﬁ log (20O G) o) o)
L 01% ¢’ (0)? O’uz) ¢’ (0)2 KO + o,

neglecting terms of order O(L~!). Thus, we obtain the pro-
portionality of the optimal scaling value with o< 1/+/L in
Fig. 4(c); this scaling has been reported based on different ap-
proaches in earlier works [15—17]. In contrast to those works,
we here also obtain the dependence on other hyperparameters
of the network. While the scaling with 1/ /L dominates, there
is a weak dependence on other hyperparameters due to the ap-
pearing logarithm as shown in Fig. 5. This weak dependence
on network hyperparameters but strong dependence on net-
work depth offers an explanation for the widespread success
of the 1/+/L scaling across different architectures [18].
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FIG. 5. Optimal scalings depend strongly on network depth but
weakly on other hyperparameters. We illustrate the weak dependence
on the weight variance o2 and bias variance o} relative to the
network depth L for CIFAR-10 for both (a) variances and (b) covari-
ances; samples are either dogs or airplanes. We measure the scaling
with maximal output response averaged over all diagonal or all
off-diagonal elements of the covariance, p;, = + Y., argmax(xo%)
OF Pl = FA—D Lowpps MEMaX(xgh). Other parameters: data set size
P =20, input scale K© =0.05, 62 =1.25, 067 =0.05, di, = doe = 100,
N =500, ¢ = erf.

C. Behavior across full dataset

While the above considerations apply to the diagonal el-
ements Ko(fa) of the network kernels, i.e., for the statistics of
a single sample x,, we require efficient signal propagation
for all samples of a data set of size P. The joint statistics of
multiple data samples cannot be analyzed with the simplified
intuition of saturation arguments and variances. The non-
approximated field-theoretic result, however, still yields the
behavior of the full covariances. The off-diagonal elements
do not get a contribution from the term involving the second
derivative in (45), which is negative for ¢ = erf and other
saturating activation functions. In consequence, the response
function for off-diagonal elements is larger and admits a larger
residual scaling p*.

To investigate the dependence of the optimal scaling
with maximal output response p*(Kyp) = argmax(xo‘[’gt) on
differences in data samples, we generate samples of unit
length and encode sample differences by angles that have
an equal spacing in the range of [0, 27 ] by steps of 27 /P.
In Fig. 6(a) we observe a noticeable angular dependence
of the optimal scaling. For common data sets such as
MNIST and CIFAR-10 [see Figs. 6(b)-6(c)], we find that
optimal scalings p*(Kypg) for off-diagonal elements of the
kernels behave rather homogeneously, even though sam-
ples stem from two different classes. Thus, the average
scalings p* = m Do oy argmax()(o‘l)g‘) for off-diagonal
elements of each data set provide a good indicator for suitable
values.

Further, we find the same 1/ VL scaling of variances for the
covariances in Fig. 4(c). Apart from this strong dependence on

network depth, there is again only a weak dependence of the
optimal scaling on other hyperparameters [see Fig. 5(b)].

In summary, the response function, which naturally arises
in a field-theoretic formulation of residual networks, predicts
the dependence of optimal scaling p* on all network hyper-
parameters and data statistics and thus provides a theoretical
explanation for the empirically well-tested 1/+/L scaling.

D. Behavior in trained networks

We obtain the response function as a next-to-leading-order
term to the NNGP from the network prior. Thus, its form
strictly only holds for networks at initialization. Schoenholz
et al. [36] show for feed-forward networks that signal prop-
agation at initialization is a useful indicator of network
performance at training time. We therefore study in this sec-
tion whether the properties of the response function in residual
networks are robust at training time.

For the chosen scaling of weights w o 1/+/N, the prior
distribution of weights is known to change only very mildly
due to training, a result often termed “lazy learning” [40].
One therefore expects that predictions of the theory maintain
their validity, at least approximately. To check this, we train
networks on a binary classification between digits O and 3 of
MNIST using Langevin gradient descent [21,41,42] until con-
vergence. The stationary weight distribution can alternatively
be regarded as drawn from the Bayesian posterior.

As shown in the top panels of Fig. 7, we find that for
o = 1 the response is indeed robust with regard to network
changes during training. Comparing the empirically mea-
sured network kernels at initialization [Fig. 7(c), left] and
after training [Fig. 7(c), right], we observe that these change
only mildly despite the network having learned to solve the
task [Fig. 7(b)], explaining the robustness of the response.
Choosing optimal residual scaling p ~ 1/+/L (Fig. 7 bottom),
however, leads to a noticeable adaptation of the kernels to
the data after training [Fig. 7(c)]. As a result, the response
across layers increases [Fig. 7(a)] and, while network learning
is slower across training epochs, the network generalizes well
during the entire training process [Fig. 7(b)]. Thus, utilizing a
residual scaling p = 1/+/L that promotes better signal prop-
agation across layers results in stronger network adaptation
and generalization properties of the network. These results
are in line with the response functions driving gradient-based
learning [36], which is also predicted by the theory of feature
learning in feed-forward networks [27,29].

We hypothesize that, while the response function increases
towards the optimal residual scaling p = 1/+/L, its funda-
mental dependence on network hyperparameters such as the
depth L does not change significantly, explaining the suc-
cess of this scaling choice in trained networks. Studying
this hypothesis analytically requires determining the Bayesian
posterior of the network, which we leave for future work.

IV. DISCUSSION

Understanding signal propagation in neural networks is
essential for a theory of trainability and generalization. Re-
garding these points, residual networks have shown to be
superior to feed-forward network [3,4]; scaling the residual
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branches in ResNets further amplifies this effect [6]. We here
derive a field-theoretic formulation of residual networks that
allows us to determine finite-size corrections in a systematic
way. The response function of residual networks, a measure
for the network’s sensitivity to variability in the input and thus
network trainability, naturally appears as the leading-order
correction to the NNGP. We show that, in contrast to feed-
forward networks, the response function decays to zero only
asymptotically, consequently allowing information to propa-
gate to very deep layers, in line with Yang and Schoenholz
[38]. Further, we show that signal propagation in ResNets
is optimal when the signal distribution utilizes the whole
dynamic range of the activation function. Beyond this range,
information is lost due to saturation effects. Notably, we are
able to explain the universality of empirically found optimal
values due to a weak dependence on all network hyperpa-
rameters but the network depth. Thereby, this work sheds
light on the interplay between signal propagation, saturation
effects and signal scales in residual networks. Finally, we
show for trained networks that optimal residual scaling does
not only improve signal propagation but also generalization
capabilities.

A. Limitations

Since we study the network prior of residual networks,
the obtained analytical results strictly only apply to networks
at initialization. We provide empirical results for trained
networks, however, indicating that the hyperparameter de-
pendence of the response function may be robust at training
time. Studying the properties of the response after training
analytically requires determining the full Bayesian posterior,
which we leave for future work.

The presented field-theoretic formalism allows the system-
atic computation of finite-size corrections from an expansion
of the exact action. We here truncated this expansion at first
order, which yields the response function. In general, higher
orders may appear and are computationally more costly to

obtain. By definition, these, however, do not alter the response
function, which was studied in this work.

B. Related works

Understanding the effect of skip connections in residual
networks has been studied using different quantities: Building
on the empirical observation that connections skipping a cer-
tain number of fully connected layers lead to smaller training
errors, Li ef al. [43] show that the condition number of the
Hessian of the loss function does not grow with network depth
but is depth-invariant. Further, ResNets achieve improved
data separability compared to FFNets as they preserve angles
between samples and thus exhibit less degradation of the ra-
tio between within-class distance and between-class distance
[44].

While we here explicitly focus on finite-size networks
and the implications of the finite size, other works exam-
ine the scaling behavior in the infinite-size limit. Yang and
Schoenholz [38] explicitly study signal propagation in resid-
ual networks in the infinite-width limit by determining the
decay rate of sample correlations to their fixed point values.
They find a subexponential or even polynomial decay, indi-
cating that, in contrast to feed-forward networks [36,45,46],
residual networks are always close to the edge of chaos, lead-
ing to better trainability also at great depth. We recover their
result and go beyond it by investigating the effect of scaling
the residual branch on signal propagation. The closeness to
the edge of chaos they describe can be linked to the long
depth scale and increased amplitude of the response function
we demonstrate here.

Neural ordinary differential equations (neural ODEs) [47]
consider the limit of infinite depth for residual networks,
yielding a set of differential equations describing the net-
work dynamics. Cohen et al. [48] find three different scaling
regimes of neural ODEs depending on the choice of archi-
tecture and activation function. Barboni ef al. provide global
convergence guarantees for gradient descent and optimal
transport training [49,50]. Chen et al. [51] derive generaliza-
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02 =125 02 =0,dy =784, dyy = 1, N = 500, L = 10, ¢ = erf.

tion bounds beyond the NTK regime. Li and Nica [52] find
a connection between the infinite-depth and -width limits for
residual networks with a scaling by square root of the inverse
depth on the residual branches and feed-forward networks
with activation functions scaled by the same factor, building
on the 1/./depth scaling for which we here derive the the-
oretical basis. Marion et al. [53] find a strong relationship
between residual scaling and the regularity of the weights for
obtaining nontrivial dynamics in residual networks, impacting
performance for initialized and trained networks.

The residual scaling parameter affects the behavior
of gradients in ResNets: Smaller scaling values reduce
the whitening of gradients with increasing depth [54].
Zaeemzadeh et al. [55] show that skip connections lead to
norm preservation of the gradients during backpropagation by
shifting the singular values closer to one; norm preservation in
turn improves trainability and generalization. Regarding the
problem of vanishing or exploding gradients, Ling and Qiu
[56] require the singular values of the input-output Jacobian
to be of order one, suggesting a scaling of the weight variance
by the square root of the inverse depth. While their result
holds only in the double limit of infinite width and depth, our
theoretical predictions apply to finite-size networks.

Another line of research studies the scaling of the skip
connection instead of the residual branch: According to Zhang
et al. [57], scaling the skip connection improves semantic fea-
ture learning; suggesting an inverse scaling with depth while
observing that the particular decay scheme is less relevant than
the total decay over all layers. Doshi er al. [58] investigate

critical points in residual networks, observing only a weak
dependence on other hyperparameters such as weight and
bias variance at initialization similar as the weak dependence
explained by the here developed theory; they empirically com-
pute partial Jacobians while we study the response function
that naturally appears in the presented field-theoretic frame-
work. Scaling the skip connections can straightforwardly be
included into this framework; we leave this for future work.

C. Outlook

The field-theoretic formulation in Sec. II allows the sys-
tematic computation of finite-size corrections to the NNGP
result. Fischer et al. [29] compute the Bayesian posterior
network kernel that results from fluctuation corrections to
the NNGP kernels in feed-forward networks. In the future,
we plan to investigate the effect of skip connections on the
network posterior in this framework. Further, Lindner et al.
[31] employ a related framework for studying the effect of
data variability on the network posterior, which is also an
interesting avenue of future research for residual networks.
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APPENDIX A: NETWORK PRIOR FOR MULTIPLE INPUTS

We here calculate an analytical expression for the network prior p(Y|X), derived in Sec. II for a single input, for multiple
inputs X = (xq )o=1,...p and network outputs ¥ = (yg)a=1

pY1X) = /de [ pOalxa, ) p(6). (A1)

For fixed network parameters 6, the probability p(Y |X, 6) is given by enforcing the network model with Dirac § distributions as

L
p(Y|X,0)= ]‘[ / dn® ... / dnP s (h” — wihx, — b") ]_[s(hg“ =m0 — pwDe(~D) — pb®)
o =1

X 8(va — W () — b™). (A2)

In contrast to the case of a single input x,, in the main text, we here need to multiply across all P inputs X = (x4 )g=1....p-

1. Marginalization over network parameters

We write the marginalization over network parameters

~

p1x)=T] / dh® ... f dh (8 (hY = Wy = b)) e oy [ [ = BED = oW OB (RED) = 0b)) i oy
o

=1

(L)
X <(S ()’a - WOUt¢(ha ) - bom)){wom,bmu}v (As)
where (... )w,p refers to the Gaussian average over weights W and biases b according to the priors on the network parameters:
For the input layer Win S N(O O’Uz} o/ din), BN ES; “N(O, ab .,), for residual layers W(l) N(O al/N), b(l) e N(0, 07), and

tlld

for the readout layer W"ut N (0, 0 out/N), b N(O, Ub out)- We use the Fourier representation of the Dirac § distribution

8(z) = / dz exp(z'z) (A4)

with Z the conjugate variable to z and 7'z = Zf’: | Zizi» where we integrate along the imaginary axis [dz =[], [z ‘21;‘1 for
notational convenience, and rewrite

p(Y|X) = {/ Dya / Dh /Dh } <CXp (Zh(0)< (0) Zwmxla blzn))>
{Wi“, bin}

» H<exp (Zﬁﬁ,’; (h?f; KD o g
=1 o,i

!
j WO, p)}

<exp (Zy,a(y,a ZW"‘“ - b>>> : (AS5)
{Wou!’ bou!}

where [ Dh, =[[r—, [ dh® and [ Dh, =[], [ di?. We introduced the shorthand ¢;f(;1> = q)(hﬁ.{;l)) for brevity. Since
the network parameters 6; are independently distributed, we can compute the averages for each parameter separately
f dOy p(6r) exp (z6r), which yields the moment-generating function of the distribution p(6;). For Gaussian distributed

065301-13



FISCHER, DAHMEN, AND HELIAS PHYSICAL REVIEW E 112, 065301 (2025)

parameters 6; ~ N (0, o'2), this gives

/ d6; p(6) exp(zby) = [ dOy —— «/_U exp( 9,3) exp(z6k) (A6)
do, exp ——(9 —02)* ) exp lazzz (A7)

o ¢_ o 202" 2
= exp (%azzz). (A8)

For the individual terms in (AS5), we then get

< exp (— Z Wl‘jn Z h(o)x] a>> = exp
Win

i,j a

1 3)1 7 ’ l w i
Eadf R [Z hg’ong’a} B E DD e B |-

o,f i,j
(A9)

2
<exp < Z b Z h(0)>> = exp %a,i . Z |:Z fzfoof:| = exp —ab . Z Z A hfoﬂ) , (A10)

pin

wo a,poij

(Al1)

<exp( Zb(” Zh(”)> = exp
b

2
. lo?2 “() (= 1,02
<eXp <—Zmﬁl)pzh§2¢§ﬂx”>> = exp (EF [th,fgd);fa“} = exp Q'OZWZZ}Z(%U RO,
ij a J
(_"bZ[ Zh(”} = | 50707 2L ) (A12)

2
e 3 Twett] | -on (3% D ettty

o

<exp ( X:WOut Z la¢jLa))> = exp

Wout a.f i

(A13)
<exp <— > b Zm>> = exp ab Z [Z %, } = exp ab Z > Fiadis |- (Al4)
i o pout i

To ease notation, we use an implicit summation convention in the following for lower indices that appear twice as
o i B = h) B Further, we write [ Dh =[], [ Dhq. Rewriting the sums over neuron indices as Y, [2¢{~D? =

i o o

TR [¢"~P1T¢p"—D), we overall get for the prior

1 w,out ~| ~
prix) = [ 5 [ i [ Dhexp (5T + L N P Y S0t T+ S OO — A0

2 N o,f =1
Lo 1
~ 20w rj0 h(” @-n7T 4 a-1) 2 2 h”) h(”
><exp§2 N[ ] [¢ ]¢> +2pa§
xcexp [ [HO]THO + 1% [ROTTR x, Ty + 1.2 S EOTTRY (A1)
o o 2 din (4 B 2 b,in ~ o B
= /Dy/pﬁ/m exp(S(Y,Y, H, H|X)). (A16)
The action S consists of three contributions,
S, Y, H HIX) = Sn(H”, HY\X) + Soet(H, H) + Sou(Y, Y [H), (A17)
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one term from the readin layer containing the dependence on the inputs X as

. - 100 in s 1 01T
S AV IX) = (K] Y + 2= (BT R 5 Tes + S0y D [AV] S (A18)
in @B

one term from the intermediate layers containing the skip connections

L 2
- AT _ 1 ,07 (1T~ T - 1 AT~
Swt 1y = [T — )+ 025 ROTR [0 10 + 008 S IOTHRE. (a0
=1 o.fp
and one term for the readout layer containing the network outputs Y as
@ 190 out AR
out(Y Y|H ) = yayot + = >N Yo ¥ [¢ ] ¢ + Gb out yayﬁ (AZO)

2. Auxiliary variables

In the above integrals, we can only solve Gaussian terms exactly, which is limited to interaction terms between A and / up to
quadratic terms. In the action S in (A17) we have terms oc [A01Th") [¢p~D]T¢~D appearing, which are quartic in & and / for
linear activations ¢(h) = h and of higher order for nonlinear activations ¢. To decouple these interaction terms into lower-order
ones, we introduce auxiliary variables

0.2
2 (XX D)op + 02, 1=0,

C;l,; — [¢(z—1)]T¢(l—1) + :02‘7172 1<I<L, (A21)
[¢(L)] ¢(L) + sz, out l=L+1.

To account for the original higher-order interactions between 7 and ¢~!, we enforce the definition of the auxiliary variables by
Dirac § distributions and obtain for the network prior

- ~ o 1 T O‘uz) T
pY1X) :/Dy/Dh/Dh H/DCa,g exp <ylya + EC;%H)ylyﬁ) 8<C;Lﬁ+l) — Tom [qb(iL)] ¢2L) - a,iout)
a,p

L
1 5 5 2
X exp <Z [ h(l) h<l) _ hg—l)] + chy;;[hg)]Th,(sl)}> 5<C(§l,; _ ,02% [¢éz_1)]T¢éz—1) _ ,0201,2>

=1

~ 1 - - o2 .
x exp ([h&‘”]Th&”) + 5Ces [hém]Th%O)) ; (CS,? - 2 ax — o ) (A22)
in '
with [ DC,pp = L+l o DC(ZI;. We rewrite the Dirac § distributions using their Fourier representation
ac)
Yy _ ~Tap ) ~0)
5(Cup) = /,R smi P (Cap Cup): (A23)

introducing conjugate variables C, g}; to the auxiliary variables Cg), as

~(0)
B(dmC;%) — ajqinxlx,g — dinab% in) = / dZC;:f exp (d C;%)C;%) O in Céoﬂ) xgxﬂ — dmab . C(O)) (A24)
ac
S(NCY) — P02 [¢U D] g™ — Np?op) = / 2;:3 exp (NGO — p?02 €0 (901190~ — Np*aP CO).  (A25)
l]ié(ul)
S(NCE™ — o2 [6P] ¢ — Nof o) = /,-R Z“fi exp (NCEDCLID — g2 | CLD [p]T g0 — No? | CEHD),

(A26)

Reordering the above terms, we obtain

p(Y1X) = fDi/Dﬁ/Dh/DC/DC exp (ilya ZC(LH) 75 )

L
1 T s
o (Z T = 0 + 5 [hs>rhs>})

=1
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X exXp <[}~l¢(xo)]ThéO) + C(O) h(o) i 0)>

L+1

L L
e RN RV A U AR A D I
1=0 =1 I=1 a.B

(L+D[ o (L (L) 2 (L+1)
X €Xp w out Caﬁ [¢( )] ¢ +N0b, out Zcotﬂ
o.fp

X exp Cl (XX Dap + dinoy 1y > CH |, (A27)

Ouw,in ap
a.p

where we write [ DC =[], ,3{f DCyp} and fDC [ B8 HL+1 fR 2,,” and v; = 1 + 8o (din/N — 1). The variables C(l) and

C @ 5 only couple to sums of h(l) and ¢>(Z) over all neuron indices i, so all components of h(l) and h(l) are identically d1str1buted
We can thus rewrite the network prior in terms of scalar variables, pulling out a factor N i in place of all previous scalar products

so that
1
p(Y|X)= /Dy/Dh/Dh/DC/DC exp <yaya + C(L+l)~l )

X exp (NZ |:h(” h(” h(l 1)] + h(l)Cgﬂ)hg)])

=1

~ 1 ~ ~
(0)7,(0) ©0)7(0)
X exp NE hy” by, +N§ E hy 'Cyghyg
o o

L+1
X exp _NZU C(I)C(l)+Np 02 Z¢(l I)C(l) (l ])+Np U2ZZC(1)
—0 =1 o,p
2 ~A(L+1) 4 (L 2 (L+1
X €Xp Naw,out d)éL)CaﬂJr )d)ﬂ ) +Nab, out ZCaﬂJr !
ap
xexp | op 1y CO XX Vg + dinof 1y Y CY | (A28)

.p

We again write i) and 72 for their scalar variables.
We aim to write the network prior p(Y'|X) in terms of the order parameters C gﬂ) and its conjugate variables C gg To this end,
we move the integrals over A) and A into the exponent, yielding

L+1
) ) 1 i
pYIX) = /Dy/DC/DC exp (yaya + 5Cus 558 —NZv, c cfj/;)

L
- . | R
X exp Nlnl_[/Dh(’)/Dh(” exp (hfj)[hfj) —h{ V] + Ehg>c;§;h;;>>

L
X exp pza Z¢(1 1)C(l) (l l)‘f‘PzszZZCm
=1

I=1 a.p

L L+1 L L+1
X €Xp | Oy, out¢( )C( )¢( Tt O'h out ZC( :

- ~ 1. ~
x / Dh© / Dh© exp (hg’)hg?) + Ehg’)c;‘gh}?))
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X exp 0,2 (0) (XXT)aﬁ + de;, o ZC(O)

w, in aﬂ
a.p

1
/ Dy <exp (yaya + 2le§’,;*%)> . (A29)
c.C

The expectation value appearing in the last line is with respect to the auxiliary variable C g}; and its conjugate variable ng, which
are distributed according to the auxiliary action p(C, C) o exp[S(C, O)] given by

L+1
S(C.C):=—=NY v CHCy+NW(CIC), (A30)
=0
with

W(CIC) = lnH f Dh" / Dh" exp (h(”[h(’) RI=V] + h(”nghg)>

L

X exp ,020,5 ¢(l I)C(l) (1 1)+pzazzzcu)
=1 =1 a,p

2 L) A(LA+1) 4 (L) (L+1)
X €xp T, out ¢O(t )Cuzﬂ ¢ + Uh out ZC
a.fp

. _ 1. . 3
x / Dh® / Dh©® exp Nhg°>hg°>+N§h;°>c;%?h;°) Co XX Vap + dwoy 1, > _CH |- (A3D)

w in “af
B

Note that the conjugate variables C") are not proper random variables, but will be integrated out later to obtain the statistics of
the auxiliary variables C.

APPENDIX B: SADDLE POINT APPROXIMATION

Since the action S scales with the network width NV, we can perform a saddle point approximation for infinite width N — oo.
We compute the saddle points C,, C, using the conditions

S S

— =0, — =0, (B1)
) )
ac) aC
and obtain
M(XXT)O,ﬂ + 07 1=0,
Cpe = 1 P22 (@0 V 08 ™") + 0707 1<ILL, (B2)
w out <¢(L) ¢<L)) + Ub, out l == L + 1’
I AOAGI
C‘(Z) _ E(h((l)hﬁ )p =0 0 < ! < L, (B3)
af,x T 1/~ ~
E(yayﬂ>p:0 I=L+1,
with § = R¢+D for notational brevity in the following and
L
Cop=T1 [ 2RO [Dr0 - exp (fzg)[hfj) O] SO *hg>)
~ - 1.
x / Dh” / Dh” exp <h;°>h;°>+ §h<°>cgg*h;°>) (B4)

We show that the second moment of the auxiliary variables / in (B3) vanishes: We obtain the moments from the moment-
generating function defined as

Z1j, 71 = / Dh / Dh exp[S(h, h) + jTh+ jh) (B5)
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by taking derivatives with respect to the source term j

S 2]

(ha, - - ha,,) lj.7=0- (B6)

oy Van
where S(h, h) is given by (A17). Due to the normalization of the probability distribution, it holds that
Z[0,j1=1 Vj. (B7)

Thus, all derivatives in (B6) vanish and consequently also all moments involving only auxiliary variables /.

While the input kernel C© = C{* in (B2) is fixed by the data C\y, = 02, /din (XXT)ap + 07 ;. all other residual kernels

C are computed self-consistently with respect to the expectation value involving C{". We can rewrite this average by defining
the residual ) := h® —h'=D for 1 <1 < Land f© := h©®, yielding

L
- - 1. -
(- )p — 1_[ / Df(l) / DD ... exp (ht(xl)fo(zl) + Ehg)cég,*hg)) (BS)
=0

We identify the appearing terms with the moment-generating function of a Gaussian with zero mean and covariance matrix ng o

.....

matrix C(il; .- Since the expectation values in (B2) depend on "), we would like to rewrite (- - - ), with respect to 2\"). Since the
signal 1)’ decomposes into a sum of the residuals as 1) = Zi: , f©, and the residuals £ are independent across /, and means
and covariances for independent Gaussians sum up, the signal 2> ~ A/(0, K"’) is also Gaussian distributed with zero mean
and covariance K¢ = Zi:o C®. Using the recursion relation K© = K=Y 4 ¢~V we recover the NNGP result [8,11,12] for
residual networks

ng* = /0205 (¢(§’*"¢,§H))N(O’K(,,”) + ,Ozcrbz, forl <1 <L, (B9)
2 .
B (XX T)ap + 02 4, =0,
Kyg = K" + 50 1<I<L, (B10)

2 L) 2
Ow, out <¢‘§‘L) ¢/(3 >N(O,K(L)) + Ob, out I=L+1.

APPENDIX C: NEXT-TO-LEADING-ORDER CORRECTIONS

We compute the next-to-leading-order corrections to the saddle point in the previous section. While the auxiliary variables
C» concentrate to the saddle point C" for infinite width N — oo, they fluctuate around this value for large but finite network
width N. To lowest order, these fluctuations are Gaussian and can be obtained by computing the Hessian of the action S at the
saddle point

p(Y|X) ~ / DSC / DSC exp (%(50 §C)'S? (sc, aé)) = f DSC f DSC exp (-%(50 sO)'g71 (scC, 56‘)), (C1)

where we write 8C = C — C*, §C = C — C* and the negative inverse of the Hessian corresponds to their covariance

G = (8! = (<5C 3C) <3C<SC>>

5 - (C2)
(8C8C)  (5C 8C)

with G being the propagator. We evaluate all terms at the saddle point; thus there is no linear term in (C1) and all expectation
values that appear in the following are with respect to the Gaussian measure (... ), in (BS).
The diagonal entries of the Hessian compute to

92 |
JR— DO ghygtNe _
msmm = Z(ha hy’, hhy )p =0, (C3)
a 1%
a—25| n = L(N[S + (1= 8402102 (0% Do)+ const(€))
85‘(286‘0‘5) (C..C) = BC‘(lﬁ) k,L+1 kL+1)P"10,\P,, s »
o Y o

= 810N [07 10 XX g + din] [Be.41 + (1 = S0 o (gl P ™")

Pt kAL,
+Noy Loliso (00 V00, o0 VeV ) 12 kA l=L4ivigk=L+1, (C4
1 else,
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where 1,.( denotes the indicator function. We write (- - - )¢ for connected correlations (cumulants) defined as
(zazp, 2y28)y = (2a2pZy2s)p — (ZaZp)p (2y28)p- (C5)

The average over the auxiliary variables % in (C3), where we again use the notation § = 2%+ for brevity, vanishes due to the
normalization of the probability distribution as explained in detail in the previous section.
The off-diagonal terms compute to

92 , 0 _ 2 k<L
R = — (k—1) 4 (k—1) P S
aC(lgaC‘(]})S“C*,C*) - NV[(Sk] +N lk>0 Gw ac(l/; (¢y ¢5 )p X {1 k=1L + 1
o Y o
9 _ 0 _ 2 k<L
= 2 (k=1) 4 (k=1) (k—1) P
= —Nvidu + N Lio %BK(—JI?U(% s >N(0,K‘k*”) BC(ZI; LI {1 k ; L+1
2
DT =17 —DVIT k=1 p° k<L
= WbtV S Lo o208V 10T 4008V 08 e 1 (T £S5 74

(Co)
where we used Price’s theorem [37,59]

0K, (DM, )P (hs)) N 0.K) = (On, Oy @y, )P (h5)) N (0.K) (C7)

from the second to the third line (see Appendix D for details). The condition k > I enforced by the indicator function 1;..; results
from the appearing factor ) K*~1 in the derivative, because the network kernel K~ only depends on the residual kernels
C with [ < k.

To calculate the negative inverse of the Hessian, we write

92 92
o _ (@S S\ _ (Su So

SY = P g 7 g =Sy Sn)/ (C8)

ac aC aCc?

Using the block structure and the fact that S;; = 0, we get

G = G1282 G, (C9)
G =-8, (C10)
Gy =0. (C11)

1. Response function

The general forward response function is given by

Im, L(Y6) . 1 A Im), J(ys
Ali; (@p),(yd) — N<C((a),3) C((;,ns))> — Ng;gm) (ap).(y )’ (C12)

which measures the response of the residual kernel C, ((2‘3) in layer / to a perturbation in layer m mitigated by the conjugate variable

C((;/" 5)). We calculate it as the negative inverse of the off-diagonal block matrix S;;. Due to the forward dependence of the kernels
K®, Sy, is a lower triangular matrix and we get its inverse from forward propagation

gglzm),(aﬂ),(ya) — Nﬁlvflazm + 1120 8(ap).(ys) 05<[¢£Kk71)]/[¢ék—1)]
-1 b
k=177 4 (k=1) k), @B),(v)  Jo° k<L
+ 50(,3 [¢oc ] [d’ﬁ ]>N(O,K”’1)) ;glz Y X {1 k=L+1" (C13)

Note that despite the double index («8), (y§), the response is always a function of covariance entries (« ) due to the appearing
d(ap),(ys) but depends on all other elements (y§) via the appearing expectation value.
We are ultimately interested in the response function with respect to the network input as a measure for network trainability.

Since Aﬁlzm)’(o‘ﬁ "9 is with respect to the residual kernels C”), we define the residual response for all intermediate network layers
1<I<Las
1 1,0), (), (y3
n((xf); — Aiz ). (@B).(vd) (C14)
and obtain
-1
o _ 2 2[4 (=D 0-DY 1-1)7"1 4 (=) (k)
Mg = Sapros) 0ou ([0 T[0T + 8us[68 "] [~ Doy D Mg (C15)
k=0
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with initial condition na s = N/din. Due to their additive structure the response function of the kernels K @ is given by

1

o= ot €1
k=0
Finally, the output response XO‘“ is then given by
a7 L k
X35 = on ou([08] 19571 + 0us[08] 057 Do 0 Z M- (C17)

2. Kernel fluctuations

Using (C9), we get for the diagonal term

(lm) Z g(lk) Sg;") g("m)‘ (CIS)
k.n

This quantity describes the Gaussian fluctuations of the residual kernels C”’ in networks of finite width N around the NNGP
value:

cO=c® +sc®  with sC? ~N(0,6!]). (C19)

The fluctuations for the network kernels KV can be once again computed based on their additive nature as

I} I 1

KO =3 c® =3 c® 43 5, (C20)

k=0 k=0 k=0

yielding

K~ N (0,3 G4

k=0

Kernel fluctuations can be used to compute finite-width corrections to quantities such as the posterior kernels, generalization
error, etc [29,31,60].

APPENDIX D: PRICE’S THEOREM
Consider an expectation value of f : RY — R over centered jointly Gaussian distributed x; with covariance C

(F))e~n0.0)- (D)

We assume that f(x) grows slower than e for large x;. Rewriting the Gaussian A/(0, C) in terms of its Fourier transform
N(,C) = {]‘[ ]m % } exp (—x"% + 1x7C¥) one obtains

e
(f)x~n0.0) = { / dx; /_ . }f (x) exp <—x X+ ExTCx> (D2)

which yields the property
T Do = { / dx; / " } £ 5 T exp (—foch%xTCfc). (D3)

One notices that one may replace both occurrences of X; — —d/dx; under the integral: integrating by parts twice and using the
assumption that f grows slower than 5 for large x; so that boundary terms vanish, one obtains

0 (f(x)) / dx; /loo dXJ = i_]c()C) exp [x"x + XTCx —l( (2)> (D4)
ac x~N(©0,C) = i P =5 Vi lnvocy

oo 271 dax 0x;

where f w1 the Hessian of f. This expression is known as Price’s theorem [37,59]. Note that sometimes the theorem is only
stated for derivatives by Ci; only.
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APPENDIX E: MAXIMUM ENTROPY CONDITION FOR OPTIMAL SCALING

We here derive an alternative condition for optimal signal variance, building on Bukva et al. [39] who proposed this method
to study trainability in feed-forward networks. Their conjecture is that networks with signal distributions that are approximately
uniform, or put differently maximally entropic, are more expressive.

For wide networks, the signal distribution of internal layers is approximately Gaussian

: : h? El
27[0'2 eXp _F ) ( )

considering only a scalar component 4 here as all components /; are independently and identically distributed.
We here focus on the readout layer. The distribution of the postactivation y = ¢ () is then

p(h;0?) =

2N 1 _L -1
p(y;o )_Wqﬁ/(qb*l(x)) eXP( 752% (zy)>. (E2)

For ¢ = erf, the postactivation is approximately bounded by y € [—1, 1]. Thus, we compute the Kullback-Leibler divergence
between the distribution of the postactivation and a uniform distribution on that interval

1

Dgr(punilpg) = / dy puni(y) [In puni(v) — In pg (y)] (E3)
-1
[l (1) L Lm0+ 5 2o 16~ o)
—/_I ysIn\ 5 )+ 35529 O+ In(V2redle ()]

I B 2 _
—In <§> +5 /_1 dy>—¢~'0)" +1n (@oﬁ exp[—¢ '(y)zl)

B 1 1 ! 1 1w
i <§> +In(v8o) + zf,ldy <ﬁ - 1)45 )
Cn (*/;) +In(o) + %(i - 1) / dh ¢~ B ¢/ (h)

202

o0 2
f dh h* —— exp(—h?)

1 1/ 1
=In(v2)+ =In(c?) + = — — 1
n(x/_)+2n(a)+2<202 ) N 7
In(v2) + 11n( H+ Ly (E4)
= —_ (o} —_— —_—
2 2\ 202
Maximizing the Kullback-Leibler divergence amounts to
d 1 11
0= FDKL(pun”qu) = ; - Z;, (E5)

yielding as the condition for the signal variance before the readout layer o> = 1/4. This condition is equivalent to the one in the
Sec. III under the assumption that the dynamic range of the error function is given by V = 1.

APPENDIX F: ADDITIONAL PLOTS

1. Decay of response function

Matching the observations by Yang and Schoenholz [38], the response function in ResNets decays subexponentially as shown
in Fig. 8.

2. Input kernels for different tasks

In Sec. Il we study the signal propagation and scaling behavior in residual networks for different tasks. In Fig. 9

we show the normalized overlap kernels mXTX with P data samples for the studied tasks. For MNIST, we

consider binary classification between 0 and 3 with equal number of samples from both classes Py = P; = %P. For CIFAR-
10, we investigate binary classification between airplanes and dogs with equal number of samples from both classes
Pairplane = Pdog = %P.
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FIG. 8. Log-plot (a) and log-log-plot (b) of the response function ") for a residual network of depth L = 20. Dots represent simulations
over 107 input samples and 10 network initializations, solid curves show theory values. (a) The decay of the response function is subexponen-

tial. (b) In later layers, the decay follows a power law. Other parameters: o2

100, N = 500, p = 1, ¢ = erf.
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FIG. 9. Normalized overlap kernels of different tasks for P = 20 samples. Details on the tasks can be found in the text.
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