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Based on a coupled-channel approach, we investigate the structures of four P. states through
compositeness criteria. Toward a more precise description of the states, we have obtained refined fit
results of the LHCb data on the J/y p invariant mass distribution of the A,(z — J/wpK~ decay. Allowing
for the fact that each of the four P, states couples strongly to a nearby S-wave channel, three criteria on the
compositeness/elementariness are adopted in this study: the pole-counting rule, the spectral density
function, and the Gamow wave function. Compositeness information is extracted from the scattering
amplitudes and the pole parameters (pole positions and residues), without any preconceived assumptions
on the nature of the P, states and without any dependence on the model parametrization. Consistently
within the framework of all the three methods, it has been found that the P.(4312)1/2~ is mainly
composed by DX, P.(4380)3/2~ by DX, while the P,.(4440)1/2~ and P, (4457)3/2~ states both turn out
as composite states of D*Y,.. The upper limits of the values of their elementariness are estimated to be rather
small. This paper provides an additional confirmation of the molecular interpretation for the P, states in the

literature.
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I. INTRODUCTION

Since the discovery of the X(3872) state in 2003 [1], the
exotic hadron states have opened a new window for the
understanding of how hadrons are formed. They indicate
multiple mechanisms of the structures beyond the conven-
tional picture in which a hadron is a compact cluster of a
quark and an antiquark (mesons) or three quarks (baryons).
This has intrigued the community to find new interpreta-
tions. The so-called “Hadronic molecule” [2] is actually a
reasonable interpretation of many exotic states, describing
such states as bound states of hadrons formed by residual
interactions, given by hadron exchanges. Toward a deeper
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understanding of QCD, the examination of the “molecular
nature” for the exotic states is a meaningful step.
Specifically, as hidden-charm pentaquark candidates, the
P states are typically exotic and frequently discussed in the
literature. In 2015, a very broad P.(4380) state with a
narrow P.(4450) were observed for the first time by the
LHCb Collaboration in the J/yp invariant mass distribu-
tion of the decay process A, — J/wpK~ [3]. Updated
results from LHCb [4] showed that P.(4450) actually
corresponds to two states P.(4440) and P.(4457), with an
additional state P.(4312). The P.(4380) state has become
insignificant yet not excluded in the updated analyses.
There are also some indications for the existence of
P.(4337) [5]. Note that the masses, widths, and quantum
numbers of such P, states still demand confirmation from
theoretical studies as well as further experimental mea-
surements by LHCb [6]. Interestingly, many theoretical
studies [7-33] indicate or assume that the P, states are

S-wave near-threshold hadronic molecules of D(*)Z£*>.
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Though at least for some of the P, states, there could be
other possibilities such as kinematic cusps [34-36] or
compact pentaquark configurations [37-45].

The investigation of the structures of the P, states is
usually tied up with the determination of the spectroscopy
and the decay processes. As for the structures, discussions
in the literature are mainly twofold: first, P, states are
believed to be hadronic molecules due to the fact that they
can be dynamically generated from the interactions of the
components, and, second, the decay widths can be com-
patibly reproduced under the assumption that they are
hadronic molecules. However, to gain deeper insights into
their nature, it is better to carry out particular analyses on
the compositeness without prejudice. Especially, whether a
state can be dynamically generated, in principle, cannot
serve as a solid criterion on its structure. On the one hand,
“dynamical generation” depends much on the technical
details of the model involved in the study; on the other
hand, elementary states can also be dynamically generated.
A practical example is our recent study on the nature of the
N* states [46]: even if the N*(1440) resonance is dynami-
cally generated in the model, it still gains unignorable
elementariness; see Tables III and IV in Ref. [46], in which
in all three criteria, the elementariness of N*(1440) is larger
than 30%. The spectral density function of the model even
gives a value about 50%. Therefore, we recommend
systematic studies on the compositeness of the P, states.

The origin of such a kind of studies is Weinberg’s paper
on the deuteron [47], the spirit of which is the connection
between the probability of the state to be elementary
(elementariness) and the near-threshold behavior of the
amplitude. The latter can either be scattering length/
effective range, low-energy constants, or the pole position
and residue (coupling) of the state—anyhow related to the
experimental data and insensitive to the model arti-
facts [48]. Unlike the deuteron, exotic hadron states are
resonances on which Weinberg’s criterion cannot be
applied directly. There are mainly three modified criteria
for them. First is the pole-counting rule [49], which infers
the nature of a resonance by counting the number of the
nearby poles. As a qualitative criterion, the pole-counting
rule is valid only for the resonances coupling through §
wave to a nearby threshold, and similar to Weinberg’s
criterion, it does not depend on the details of certain
models. The pole-counting rule has been applied on
many hadron exotic states [34,45,50-56]. Second, the
spectral density function (SDF) method is the extension
of Weinberg’s elementariness as a distribution function on
the energy region near the resonance peak. It was
first proposed in Ref. [57] and then applied on various
hadrons [46,53,56,58—62]. Mathematically, the SDF can be
defined for any states, but to avoid model dependence, and
to maintain its physical connection to Weinberg’s criterion,
the states still need to be close to the threshold of a
dominate S-wave channel. The third criterion is based on

the definition of the resonances as Gamow states [63,64]
that are non-normalizable complex eigenstates of the
Hamiltonian. For the mathematical descriptions of
such states, see, e.g., Refs. [65-68]. The quantities that
naively correspond to Weinberg’s compositeness can be
calculated from the wave functions of the resonances [69],
being complex valued. Transformations or extra measures
should be employed to convert them to “probabilities.”
Applications of this kind of methods include but are not
limited to Refs. [15,24,46,69-78]. In fact, the applications
of the compositeness criteria above on the P, states are
rather sparse in the literature, though they are still men-
tioned; for example, in Refs. [34,45] the pole-counting rule
is employed, while in Refs. [15,24], the complex compos-
iteness X is adjusted and the dependence of the decay
widths is explored.

In this paper, we carry out the analyses of the P, states
based on our recent study in Ref. [79]: the LHCb data has
been analyzed by the Jiilich-Bonn model. This model is a
comprehensive dynamical coupled-channel approach [80]
for various meson-baryon scatterings. It originated in the
studies of the pion-nucleon induced reactions and then
extended to the hidden-charm reactions as well as the
photoproduction reactions. For the details of this model,
see Refs. [79-85] and the references therein. The channel
space contains J/wN, D®A,, and DWE| with the
energy ranging from 4.3 to 4.5 GeV and the total angular
momentum up to 7/2. That study results in four narrow
states with quantum numbers (J¥): P.(4312)1/27,
P.(4380)3/2~, P.(4440)1/2~, and P.(4457)3/2~. The
resonance poles and their couplings (residues) to different
channels are extracted in three fit solutions that all describe
the data well. The comparisons thereof provide estimates of
the systematical uncertainties. Note that a study of the
compositeness of the N* and A resonances in the Jiilich-
Bonn model (light meson-baryon sector) has already been
performed in Ref. [46]. Owing to the fact that all the four P,

states couple in the S wave to a nearby D<*)2£*> channel, in
this paper, we can adopt all the three criteria and can also
formulate the SDFs/Gamow wave functions without any
extra parameters taken from the model (like the cutoff
parameters). In other words, this study is independent of the
parametrization of the model—the model only provides the
pole parameters as the inputs for those three criteria.
Nevertheless, the residues of the poles may not be very
stable in Ref. [79] (for example, the complex coupling gpy,
in Table 3 of Ref. [79]), indicating remaining ambiguities.
Hence, we perform refined fits in this study to get slightly
better descriptions of the data and more precise pole
parameters. The uncertainties from the pole parameters
has indeed been decreased, as will be discussed in Sec. I11.

This paper is organized as follows. In Sec. II, we briefly
overview the theoretical foundations of the three compos-
iteness criteria and explain how they are related to the
outputs of this coupled-channel approach. In Sec. III, we
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show the results of our refined fits, give the outputs of all
the three criteria, and discuss relevant physics. Finally,
Sec. IV is the conclusion. Two technical details which some
readers may not be so interested in, namely, the subtraction
of the cusps in the SDFs and the phase convention of the
residues, are explained in Appendixes A and B,
respectively.

II. THEORETICAL FRAMEWORK

A. Pole-counting rule

The first criterion, the pole-counting rule [49], stems
from the effective range expansion (ERE),

M(p) = p cotd(p) = ==+ 29 + 0", (1)

where p is the momentum, § is the S-wave phase shift, a is
the scattering length, and r is the effective range. We start
with the ERE of a single-channel scattering amplitude,

|
M(p)—ip rp*/2—ip—1/a’

T(p) =

(2)

which contains two poles
rp*/2—ip—1/a=0:

py from the equation

1:|:\/1—2r/ai. 3)

r

P+ =

We take a common case as the example: @ > 0 and r < 0.
Note that the pole-counting rule also holds for other
situations because the number of poles is the sole crucial
factor. In this case, p_ is a bound state (Im p_ > 0), and p
is a virtual state (Im p, < 0) lying farther away from the
threshold (|p..| > |p_|). In the complex energy E plane,
E_ is on the physical Riemann sheet, while E is on the
unphysical sheet. Hereafter, p_ is called the “main pole,”
and p, is called the “shadow pole.” Considering
p+ + p_ = 2i/r, the poles are constrained by

2
lp+| +[p-| Zm- (4)

Namely, when the main pole is a bound state lying within
the region |p| < 1/|r|, its shadow must lie beyond that
region. For a typical quantum mechanical potential from
hadron exchanges, the effective range r is approximately
equal to the interaction range L, which is at the fm level.
Therefore, in the picture of typical potential scattering
(molecular picture), within the range of 100 or 200 MeVss
near the threshold, only the main pole can be found, while
the shadow pole is absent. On the contrary, if the interaction
is dominated by a Castillejo-Dalitz-Dyson (CDD) pole [86]
(a genuine state coupling weakly to the scattering channel),
then the effective range r is extremely large. Hence, Eq. (4)

loses its constraining power, and there can be two poles
near the threshold. In fact, a CDD pole introduces two poles
that are located almost equally close to the threshold [49],
ie., [py|=|p-|.

Therefore, practically, when one finds a single bound
state near the threshold on the physical sheet, one can
investigate its compositeness by looking for its virtual
shadow pole. If there is a nearby shadow pole, one claims
the bound state to be elementary; if there is none, it tends to
be composite. The same rule is applicable for quasibound
states (bound states with narrow widths) in coupled-
channel scatterings.

Considering the ERE in Eq. (1), the pole-counting rule is
valid only for S-wave scatterings in the near-threshold
energy region. In addition, the pole-counting rule is a
qualitative method which does not provide a definite value
for the “elementariness” or “compositeness.” However,
when it is valid, it is rather universal, regardless of the
details of the models.

B. Spectral density functions

The second (spectral density functions) and third
(Gamow wave functions) criteria have already been
explained in a detailed manner in Ref. [46] with a solvable
toy model. Here, we only repeat the central conceptions.

The SDF [57] is a direct extension of Weinberg’s
elementariness. For a bound state |B), Weinberg’s elemen-
tariness is defined as Z = 1 — [ da|(a|B)|?, with |a) being
the two-body continuum of the corresponding configura-
tions; for example, when studying the deuteron, « is the
two-body continuum of a proton and a neutron. If the state
1s a narrow resonance with mass M and width I', one
substitutes |B) for a set of physical scattering states |®(z))
with the energy z. Then, the elementariness Z disperses into
a finite distribution w(z), which concentrates in the region
z€[M — A, M + A], where the parameter A is comparable
with the width I": usually chosen between I'/2 and 2I". The
elementariness of such a resonance can be evaluated by
collecting the SDF: Z =~ [} w(z)dz. When only S-wave
channels close to the mass are considered, w(z) takes the
nonrelativistic Flatté form [59],

_ b Z/g?ij(Z -0j)
2z |Z - MO —+ ang%pn/z

where n and j are the channel indices, g; is the real coupling
constant for channel j, p; is the corresponding on-shell
momentum, ¢; represents the threshold of channel j, M, is
areal mass parameter, and O is the Heaviside step function.
Note that when the energy z is below the threshold of
channel n, p, is purely imaginary, and the ig2p,,/2 term in
the denominator is real valued.

The SDF has two important properties. First, it must be
positive definite, which is guaranteed when the couplings

W(Z) 2° (5)
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(g;’s) in Eq. (5) are real. Second, without other bound
states, the SDF must obey the sum rule (o, is the lowest
threshold):

/+oo dzw(z) = 1. (6)

This is also guaranteed by the expression Eq. (5). If a
channel n couples to the resonance with the orbital angular
momentum L # 0, then the corresponding term in Eq. (5) is
g2 p2L+1 rather than g2 p,. In this case, one needs an extra
regulator F, (containing extra cutoff parameters), i.e.,
Gptl — @2 p2tIF,; otherwise, the sum rule (6) is
violated.

In practice, to suppress the ambiguity arising from the
choice of the aforementioned A parameter, we take A =T
and simultaneously estimate the elementariness with the
help of the Breit-Wigner SDF:

1 r/2
BW() =7 (z—M)*+ (T/2)*
N M w(z)dz
7= [T BW (2)dz 7)

This formula is also adopted in Ref. [46]. Note that
sometimes a higher threshold lies within the integral
interval [M —T', M + T, leading to a cusp in w(z) that
is believed to be an extra contribution and needs to be
subtracted [59]. Though not affecting the results much here,
in this work, we also perform this subtraction, with more
detailed explanations given in Appendix A.

C. Gamow wave functions

The complex compositeness of a Gamow state is also a
direct extension of Weinberg’s elementariness. Different
from the philosophy of the aforementioned SDFs, the
bound state |B) in Weinberg’s criterion is substituted by
Gamow states [63,64] |R) and |R*) (here, % denotes
complex conjugation), which are complex eigenstates of
the Hamiltonian:

H|RY) = <M F g;) |R™), (R*[R)=1. (8)

Note that |R) and |R*) are not normalized. As required by
Schwartz’s reflection principle f(R*) = f*(R), for the
continuum |a), (R*|a) = (a|R*)* = (a|R), so the compos-
iteness and elementariness for a Gamow state can be
written as

pl@) = (aR). X= / dof’(@).  Z=1-X. (9)

where f(a) is called “Gamow wave function,” and the
contour C is [0, 0) plus a residue term at the resonance

pole when the resonance is not on the physical Riemann
sheet (see Ref. [46] for details). In fact, the wave function
can be obtained from the off-shell residues of the scattering
amplitude at the resonance pole [69],

A y(@)y(a)
(d|T|a) ~?7
pla) =r(a)G(z,, a), (10)

where z,, = M — il"'/2 is the pole position and G is the two-
body propagator. The quantities Z and X in this regime are
not real. To make comparisons with the second criterion,
one should perform mathematical transformations or rede-
finitions so that the new quantities are real numbers
between O and 1. For a “quasibound state,” which couples
in S-wave to a nearby channel, the imaginary parts of X and
Z should be automatically small, while the real parts are
close to Weinberg’s case.

D. Coupled-channel approach

In this study, the pole positions and residues for the
compositeness criteria are provided by the Jiilich-Bonn
model, based on the Lippmann-Schwinger-like equation

Tw(p". P 2) = Vu(p' p'.2)

+ZA p*dpV,(p". p.2)
X G(p.2)Tw(p. P 2), (11)

where p’ and p” are the center-of-mass momenta of the
initial and final state, respectively; z is the center-of-mass
energy, V is the interaction potential, 7 is the scattering
amplitude, and G is the propagator of the intermediate
channel. The greek letters u, v, and x are channel indices:
for J/wN, DWA,, and DXL states with total isospin
I=1/2 and with definite JLS quantum numbers.
The thresholds of the channels are shown in Fig. 1. The
model is constructed from time-ordered perturbation
theory [87], so the propagator takes the simple form

1
- wk‘(p) +i0*”

G(p.2) = (12)

- EK(p)

where E.(p), o.(p) denote the energy of the baryon and
meson in channel k, respectively, in relativistic form:

E(p) = \/p? + m>. Moreover, the potential V contains
only #- and u-channel exchange diagrams, no s-channel
resonance terms are included. In Ref. [79], the
A, — K~ J/wp decay process has been calculated, with
the amplitude T in Eq. (11) describing the J/y p final-state
interaction. The model parameters, i.e., the couplings of
A, K~ to the reaction channels, the coefficients of the
polynomial for the background, and the cutoff parameters
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J/YN DA.

z [MeV]

4036 4154

4295

4385 4462

FIG. 1. The relevant scattering channels and the thresholds. The
four pentagrams label the four P, poles from the fit A of
Ref. [79]: from left to right, they are P.(4312)1/27,
P.(4380)3/27, P.(4440)1/27, and P.(4457)3/2", respectively.

in the potentials, have been determined through the fits to
the LHCb data, resulting in three solutions that describe the
data well. The pole positions of the four P, states and their
couplings (residues) to the channels have also been
worked out.

The three criteria introduced in the last section are
closely related to the output of this approach.
Fortunately, unlike the study in Ref. [46], here the P,
states are located in a rather narrow energy region, from the
D*A, threshold (4295 MeV) to D*Z. (4462 MeV), and
each of them couples strongly to a nearby channel in the §
wave. Therefore, the pole-counting rule is applicable, and it
is reasonable to formulate the SDFs and the Gamow wave
functions in a nonrelativistic way without extra regulators
(cutoff parameters). We consider thus only the S-wave
channels in Table L.

Specifically, we evaluate the compositeness in the
following ways.

1. Pole-counting rule

We perform analytical continuations on the scattering
amplitude to the unphysical Riemann sheets corresponding
to the virtual shadow poles of the P,. states and then search
for the virtual poles. This is done by deforming the contour
in Eq. (11), as discussed in Ref. [88].

2. SDFs

Based on the general form in Eq. (5), we locally
construct the following expression for each P. state near
its pole,

_ L 2hgp® + 30O
27|z = Mo+ 32,46, + ihopo

w(z) 5. (13)

where x and v are the channels in S wave, as listed in
Table 1, and the momenta p, = \/2u,(z — o,) are non-
relativistic, with p, being the reduced mass; the step
functions ©(z — o,) are abbreviated as ©,. The couplings
g, are taken as the moduli of the normalized residues
defined in particle data group [89],

TABLE I. Summary of the nearby channels coupling to the P,
states in the S wave. The combinations of the orbital angular
momentum (L) and spin (S) are abbreviated as (a) S =1/2,
(b) S=3/2,|J—L|=1/2,and (c) S=3/2, |J—L| =3/2.

States JP Channels in S wave
P.(4312) 1/2~ DX, D*A.(a), D*Z (a)
P.(4380) 3/2° D*A.(c), D*Z(c), DZ:(c)
P (4440) 1/2- DX, D*A.(a), D*2.(a)
P.(4457) 3/2° D*A.(c), D*Z.(c), DZi(c)
27p
g =2 (14)

where r, is the residue of the 7 amplitude in Eq. (11) and
P = PEcw./z is a kinematic factor. As commonly
assumed, the normalized residues measure the coupling
strengths of a state to the scattering channels. Note that
both the g,’s in Eq. (13) and the normalized residues are
dimensionless. The term with h, is the “background
contribution,” which embraces all the implicit contributions
from the channels beyond Table I and in the meantime
guarantees that the starting point of the SDF is
the J/wN threshold and the pole position is correct.

Specifically, py = \/2uo(z — 0p) corresponds to the lowest
J/wN channel. The parameter A, is not determined
by the normalized residues of J/wN; together
with M, it reproduces the pole position in the fit
result.

In a few words, Eq. (13) is constructed only from the
residues and pole positions determined by the fits. As
mentioned in Ref. [46], such kind of construction may
sometimes fail, violating the positive definite condition,
1.e., hy < 0, which indicates uncertainties. Fortunately, in
this study, the positive definiteness condition always
holds.

3. Gamow wave functions

We directly use the off-shell residues (the y’s) of the T
amplitude from the fit results:

P P) s

This definition, however, implies the symmetry condition
T,.(p".p'.2)=T,(p'.p".z), which sometimes is not
directly satisfied due to an extra phase (—1). To maintain
the consistency, the phases of the initial and final channels
should be adjusted. For details, see Appendix B. Similar to
the formalism in Ref. [46], the complex compositeness of
channel « and the elementariness are
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[ 7z(p)
XK - /Cp dp [Zp — Oy — pz/(zﬂk)]z ’

Znx=1- ZXK’ (16)

where « denotes any channel in Table I. The contour C is
[0, +c0) when z, is on the physical sheet of channel k;
otherwise, C also contains a residue term. Here, we also
take the following measure [46,75] to convert the quantities
in Eq. (16) to “probabilities’:

ok
O X+ 1 Z ]
~ |Zmax|
Ly = = . (17)
T X 1 Z
4. Remarks

In this study, unlike Ref. [46], the s-channel genuine
states are absent. Superficially, one might expect that the
elementariness is trivially zero. However, this is not true.
Physically, we have already explained that “dynamical
generation” is not a sufficient condition to the composite
nature. Note again that the compositeness criteria adopted
here rely solely on pole parameters as inputs and are
independent of the model’s parametrization. Therefore, a
model without s-channel poles would still yield nonzero
elementariness. Technically, as for the pole-counting rule, it
is of course possible for such complicated coupled-channel
dynamics to generate a shadow pole near the quasibound
state, leading to the elementary picture. The SDFs here are
constructed from the pole parameters irrespective of
whether the model has s-channel states or not, and, indeed,
they are nonzero. For the Gamow states, we only consider
the S-wave channels and exclude the distant channels
J/wN and DA,; see Table I. Hence, the Z,,, in
Eq. (17) actually contains the compositeness from the
other channels. Granted that the actual elementariness were
zero, the Z,,, would still be nonzero. That is why, instead
of Z, we denote the result as Z,,,,, the “upper limit” of the
elementariness. In fact, the actual elementariness cannot be
zero either. Even in the wildest scenario with all the
channels and partial waves included, the third criterion
still allows nonzero elementariness when s-channel states
are absent. See the discussions in Ref. [69], as long as the
potential explicitly depends on the center-of-mass energy z
(the “missing channel contributions” exist), the elementa-
riness Z can be nonzero. In a few words, the Z,,,, here is the
sum of the compositeness values from the other channels
and the intrinsic elementariness Z from the missing channel
contributions.

III. RESULTS AND DISCUSSIONS
A. Refined fits

Pole parameters (pole positions and residues) are crucial
for the determination of the compositeness. In the previous
study [79], the model has been used to fit the LHCb
data [4], and three fit solutions have been found. Though
the three solutions describe the data almost equally well,
the residues are not so stable; for example, the residue of
P.(4312) in the DX, channel in fit B differs much to
those in fits A and C (see Table 3 of Ref. [79]), and the
situation is similar for the residues of P.(4380) in the DX}
channel.

To gain a more precise description of the states, we have
tried to perform refined fits to the data. Starting from the
parameter values of the three fits in Ref. [79], we have
manually added weights to the data points near the four P,
states so that the parameter values can get out of the
previous local minima of the 2. Then, we withdraw the
weights and continue the fits. In the end, we have obtained
three new solutions with slightly better fit qualities, as
depicted in Fig. 2. Here, we still name them as fits A, B, and
C according to which fit solution in Ref. [79] they take as
the starting values. It can be seen that compared to the
previous results the double-peak structure around
4450 MeV has been fitted better in fit B. Note that the
refits here are purely numerical: we have not changed any
theoretical formulation of the model, the details of which
can be found in Refs. [79,85]. Therefore, the set of fit
parameters and the data are also exactly the same as in
Ref. [79]: 175 data points and 76 free parameters.

The pole positions of the four P, states in the new
solutions do not deviate very much from the old results. As
shown in Table II, they have the same quantum numbers as
in Ref. [79], and they are all narrow. The masses of
P.(4380) in fits A and C have been shifted to around
4378 MeV in this study. It is worth mentioning that in the

1200
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©
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© s
2 600 ¢ \h
ko) - L4t g
2 e TR
ol A e
.g 400-{' ¥ — fitA
= -— fitB

200 fit C

4 Data

o
4220 4270 4320 4370 4420 4470 4520
mm,p [MeV]

FIG. 2. The three refined fit solutions in this study. The data are
from Ref. [4].
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TABLE II. The pole positions of the four P_ states in the
refined fit solutions of this study (in units of MeV).

States Fit A Fit B Fit C

P.(4312)1/27 4313.4-22i 43140-1.1i 4312.6-2.9i
P.(4440)1/2- 4435.7—-9.2i 44403 -4.7; 44383 -9.9i
P.(4380)3/2~ 4378.2—4.5i 4378.8-3.8;i 4378.1 —4.3i
P.(4457)3/2~ 4463.6 —12i 44654 —11i 4466.3 —9.0i

study by LHCb [4] the P.(4380) state is insignificant, yet
still cannot be excluded. There are theoretical studies in the
literature that also result in such a state; see, e.g.,
Refs. [23,29,31,36]. Our model actually favors a relatively
narrow P.(4380), since it behaves rather stably against
different fits. Note that in all the three solutions here
P.(4457) lies a bit above the D*Z,. threshold (4462 MeV).
This does not cause any physical problem since it is on the

correct Riemann sheet for a quasibound state of D*X,.. It

TABLEIIL. The residues of the P, states in each channel (in units of 10~ MeV~!/2). The notations of the subchannels (a), (b), and (c)
are the same as in Table 1. In each cell, the three values from the top to the bottom represent the residues in the refined fits A, B, and C,

respectively.
Channels P.(4312)1/2- P.(4440)1/2- P.(4380)3/2- P.(4457)3/2-
DA, —-1.1+0.082i -1.7 4+ 0.30i 0.19 — 0.0054i 0.89 +0.12i
—0.53 + 0.46i -0.86 + 0.80i 0.29 — 0.025i 1.0 4 0.020i
-12-0.14i -2.0 +0.095i 0.22 4 0.0017i 0.90 +0.24i
DX, 7.6 +0.97i —0.62 — 0.034i -0.017 - 0.012i 0.64 + 0.20i
7.140.57i —0.062 + 0.64i -0.014 — 0.0073i 0.60 + 0.21i
7.8 4+ 1.0i -0.78 — 0.033i (—9.0 — 8.8i) x 1073 0.62 +0.27i
D*A.(a) 0.39 - 0.10i 0.48 —0.27i -0.72 + 0.0088i 0.49 +0.23i
0.40 — 0.13i 0.25 - 0.22i -0.76 + 0.012i 0.52 +0.21i
0.37 — 0.10i 0.39 —0.24i —0.70 + 0.0054i 0.44 +0.26i
—0.66 — 0.012i 0.66 + 0.18i
D*A,(b) 0 0 -0.69 — 0.013i 0.65 +0.19i
-0.65 — 0.012i 0.53 4 0.19i
D*A.(c) 0.22 +0.016i —0.046 — 0.010i 1.1 —0.64i 0.23 +0.39i
0.20 — 0.0024i —0.084 — 0.055i 0.89 — 0.51i 0.022 + 0.28i
0.23 4 0.00087i —0.000046 — 0.013i 1.1 -0.62i 0.18 +0.39i
D*%.(a) 6.9+ 1.2i 13+ 1.6i 1.8 + 0.65i 0.044 +0.019i
7.3 4 0.68i 11 +0.67i 1.9 4 0.43i 0.050 + 0.023i
6.8 + 1.5 13+ 1.4i 1.9 + 0.59i 0.039 + 0.047i
49— 1.5i -0.070 — 0.20i
D*=,(b) 0 0 4.7 — 1.4 —0.046 — 0.19i
4.9 —1.5i -0.014 — 0.19i
D*Z.(c) 12— 1.8i —0.60 — 0.23i —-4.9-0.18i —-6.3 - 5.0i
9.6 — 1.4 -0.47 — 0.20i —4.4+0.10i -5.9-5.1i
12-2.1i -0.61 —0.24i —-4.5-0.15i -5.4-409i
0.098 + 0.023i —0.085 — 0.066i
D= (b) 0 0 0.092 + 0.031i —0.045 — 0.094i
0.092 + 0.023i —0.042 — 0.092i
DX (c) 0.052 — 0.41i —0.0068 — 0.091i 7.1 +2.1i 0.43 +2.8i
-0.0033 — 0.48i 0.059 — 0.043i 6.9+ 1.9i 0.46 + 2.8i
0.11 — 0.39i -0.0099 — 0.17i 7.2 +2.0i 0.26 4+ 2.7i
J/wN(a) 0.0066 + 0.020i 0.22 + 0.020i (3.6 +0.94i) x 1073 (=74 —48i)x 1073
0.022 4 0.0060: 0.22 4 0.014i (2.7 +0.63i) x 1073 (=72 -4.3i) x 1073
0.0061 4 0.025i 0.25 4 0.024i (3.5+0.90i) x 1073 (6.9 —5.4i) x 1073
(9.2 -3.8i) x 1073 0.021 + 0.012i
J/wN(b) 0 0 (=7.0—2.7i) x 1073 0.021 +0.011:
(—8.7 —3.6i) x 1073 0.019 + 0.013i
J/wN(c) (1.7 + 0.63i) x 1073 0.042 — 0.0029i —0.16 — 0.064i 0.29 +0.16i
(3.2 -0.074i) x 1073 0.041 — 0.00071i —0.12 - 0.047i 0.28 +0.15i
(1.8 + 1.1i) x 1073 0.048 — 0.0032i —0.15-0.061i 0.26 +0.17i
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could usually happen that a bound state is pushed to be a
little above the threshold when the lower channels open and
complicated coupled-channel dynamics take effect. This
phenomenon has already been seen in the fit C of Ref. [79].
In addition, there are some other distant poles in the model;
cf. Table 4 of Ref. [79]. Here, we skip the discussions on
them since (i) the current data are not sufficient to firmly
support their existence and (ii) they are not related to the
topic of this paper.

For the residues (couplings) r, in each channel x, the
definition is

~ —r’u rl/ ..

T,,D—Z_Zp+ : (18)
where T is the scattering amplitude in Eq. (11) (set to be on
shell). As already mentioned, the factorized definition of
the residues needs the symmetry condition 7, =T,,;
therefore, we have adjusted the phases, as discussed in
Appendix B. In Table III, we show those residues extracted
from the three refined fits. The previous instabilities of the
residues have been overcome. The following analyses of
the compositeness are all based on the three refined
solutions.

B. Pole-counting rule

First we specify in which Riemann sheet one searches for
the shadow poles for each P, state. Taking P.(4312) as an
example, the resonance pole is on the sheet which is
unphysical for channels J/wN, DA, and D*A, but
physical for the higher channels DX,., DX}, and D*X_;
see Fig. 1. According to the fit results in the previous
section, it is a quasibound state of DX since it lies below
and very close to the threshold, and the coupling (residue)
to the DX, channel is large. We expect in the single channel
problem P, (4312) is a physical bound state of DY, and the
shadow pole should be a virtual state on the unphysical
sheet of DX.. Hence, in the coupled-channel problem, the
corresponding shadow pole should be on the sheet that
J/wN, DA, D*A,, and DX, are all unphysical, while DX
and D*X, are still physical. Similar statements hold for the
other three states.

We search for the shadow poles in the complex energy
region defined as follows: the imaginary part —50 MeV <
Imz < 0 and the real part 6,_; < Rez < ¢, with ¢, being
the threshold of the main channel and o,_; the lower
neighbor channel. For instance, for P.(4312) (the first
pentagram on the very left in Fig. 1), 6, =0py and
6,-1 = 0p-p,- Besides, we search for the shadow poles
in the “elastic” amplitudes T,_,,.

We have not found any shadow poles in the region of
concern, for all four P, states in all three fit solutions.
For example, see Fig. 3, in fit solution A in Sec. Il A,
P.(4312) is located on the physical sheet of DX, at

(b) The unphysical sheet of DY..

FIG. 3. The modulus square of the amplitude T(DZ,. — DX.)
with complex energy z (in units of MeV). The |T|? is in arbitrary
units.

7, = 4313.4 — 2.2i MeV, manifesting itself as a sharp peak
in Fig. 3(a). However, Fig. 3(b) depicts the unphysical
sheet, which contains no structures.

As a side check, we present the ERE parameters [see
Eq. (1)], obtained from the refined fits (see Table IV). The
scattering lengths are all of the order of 1 fm, with positive
real parts, showing a typical feature of amplitudes with
bound states. The large imaginary part of the D*%.(c)
scattering length indicates significant coupled-channel
effects, whereas in the other channels, the imaginary parts
are rather small. Meanwhile, the effective ranges may
contain notable imaginary parts. At a qualitative level,
the molecular picture is confirmed since there are no
extremely large effective ranges featuring the mechanism
of CDD poles. Note that it is hard to make comparisons
between our results and the ERE in Ref. [24], since we have
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TABLE IV. The ERE parameters of the main channels for each
P. state (in units of fm); see Eq. (1). The notations of the
subchannels (a), (b), and (c) are the same as in Table I. In each
cell, the three values from the top to the bottom represent the
results in the refined fits A, B, and C, respectively.

States Channels a r
P.(4312)1/2~ Dz, 2.0 -0.39; -3.0+2.9i
2.2-0.29i -3.0+2.9i
1.9 —0.40i -3.0+2.9i
P.(4440)1/2~ D*%.(a) 1.2-0.14; 0.36 — 1.9i
1.3 —0.099; 0.44 —1.8i
1.3-0.17i 0.43 —1.9i
P.(4380)3/2~ DXi(c) 1.9-0.29i —-0.84 — 1.4i
2.0 —0.26i —-0.82 — 1.3i
1.9-0.27i —-0.83 — 1.4i
P.(4457)3/2~ D*%.(c) 1.2 -0.96i 0.78 — 1.6
1.2-1.10 0.77 — 1.60
1.1-1.2i 0.76 — 1.7i

a dynamical coupled-channel approach, providing com-
plex-valued a and r. Actually, in Ref. [24], the pole
positions are produced merely by one single channel,
resulting in real and negative scattering lengths.

C. Spectral density functions

Based on the pole positions and residues in Sec. III A,
the SDFs defined in Eqs. (13) and (14) can be constructed.

Lo~

102 |

10! |

SDF

10° |

4306 4308 4310 4312 4314 4316 4318
z [MeV]

10! |

SDF

10° |

\ \ \ \
4370 4375 4380 4385
z [MeV]

The elementariness Z is evaluated by Eq. (7). We plot the
SDFs together with the corresponding Breit-Wigner terms
in Fig. 4. According to Eq. (7), the closer the SDF is to the
Breit-Wigner term, the bigger the elementariness value
gets. Note that the y axis is plotted in logarithmic scale; i.e.,
in every solution, the constructed SDFs are smaller than the
Breit-Wigner terms by 1 or 2 orders of magnitude, strongly
suggesting the composite picture for all the P, states in this
model. The elementariness values evaluated from Eq. (7)
(Zspr), which are almost negligible, are listed in the first
row of Table V. Additionally, when calculating the Zqpg for
the P.(4380) and P.(4457) states, the thresholds of DX
and D*X, are inside the interval [M — ', M + I'], causing
extra cusps. We have subtracted the physical contributions
from such cusps as explained in Appendix A.

D. Compositeness of the gamow states

According to Egs. (15)-(17), we have obtained the
complex compositeness and elementariness values of the
Gamow states from the off-shell residues given by the three
refined fits. The results are also listed in Table V. Those
results show two obvious features. First, the elementariness
values of the four states, though larger than the Zgpg values,
are still small in all the fit solutions, indicating the
molecular picture. Second, the values coincide the “quasi-
bound states” picture: on the one hand, the real parts of the
compositeness values are all close to the case of a physical
bound state, i.e., a probability between 0 and 1 (only some

10! |

P(4440) 5~

SDF

--- fitB

100 |

10—1 -
A
4415

z [MeV]

10t |

SDF

\ \ \ \ \ \ ) \ \ :
4440 4445 4450 4455 4460 4465 4470 4475 4480 4485
z [MeV]

FIG. 4. The SDFs constructed for the four P, states in the three fit solutions. In each subfigure, the three lines on the top are the Breit-
Wigner (BW) SDFs, while the three on the bottom are the locally constructed (L.C.) SDFs for each pole. Note that the y axis features a

logarithmic scale.
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TABLE V. The elementariness values evaluated by the SDFs and the complex compositeness/elementariness values from the Gamow
wave functions, with the naive measures X and Zmax of Eq. (17) in the brackets. The notations of the subchannels (a), (b), and (c) are the
same as in Table I. In each cell, the three values from the top to the bottom represent the results in the refined fits A, B, and C,
respectively. Note that only the S-wave channels listed in Table I are considered.

Components P.(4312)1/2 P.(4440)1/2 P.(4380)3/2~ P.(4457)3/2
Zspr 1.1% 2.8% 2.9% 5.1%
0.6% 1.8% 2.7% 4.4%
1.4% 2.7% 2.8% 3.8%
Z max —0.06 + 0.15i (12.7%) 0.07 + 0.28i (22.4%) —0.05 + 0.16i (13.5%) —0.23 + 0.32i (22.1%)
0.00 + 0.14i (11.8%) 0.09 + 0.26i (22.2%) —0.03 +0.17i (13.9%) —0.23 4+ 0.30i (21.6%)
—0.02 + 0.17i (13.9%) —0.13 + 0.44i (27.0%) —0.05 4+ 0.15/ (13.0%) —0.22 + 0.23i (19.5%)
Xps 1.00 — 0.14i7 (82.2%) —0.00 + 0.017 (0.4%)
0.94 —0.12i (82.2%) 0.00 — 0.017 (0.5%) Non-S-wave Non-S-wave
0.97 = 0.17i (80.7%) —0.00 + 0.017 (0.5%)
Xpa(a) —0.00 + 0.017 (0.5%) 0.00 + 0.00i (0.3%)
0.00 + 0.01i (0.6%) 0.00 + 0.00i (0.1%) Non-S-wave Non-S-wave
—0.01 + 0.017 (0.9%) 0.00 + 0.00i (0.2%)
Xpea,(c) 0.02 + 0.02i (2.6%) —0.00 — 0.00i (0.1%)
Non-S-wave Non-S-wave 0.02 + 0.01i (1.7%) 0.00 — 0.00i (0.1%)
0.02 + 0.02i (2.5%) —0.00 — 0.00i (0.1%)
Xp-s.(a) 0.06 — 0.017 (4.6%) 0.93 — 0.28i (76.8%)
0.06 — 0.02i (5.4%) 0.91 — 0.25i (77.2%) Non-S-wave Non-S-wave
0.05 —=0.01i (4.5%) 1.13 = 0.45i (72.3%)
Xps,(c) 0.04 — 0.04i (4.1%) 1.16 — 0.12i (66.0%)
Non-S-wave Non-S-wave 0.03 — 0.03i (3.4%) 1.18 — 0.13i (68.5%)
0.03 = 0.03i (3.5%) 1.18 = 0.09i (71.3%)
Xps:(e) 0.99 — 0.15i (79.8%) 0.07 — 0.20i (11.8%)

Non-S-wave

Non-S-wave

0.98 — 0.15i (81.0%)
1.00 — 0.14i (80.9%)

0.05 - 0.16i (9.9%)
0.05 - 0.14i (9.0%)

of the ReX values slightly exceed 1), and on the other hand,
in the channel of the dominant components, the imaginary
part of X is much smaller than the real part.

We would like to note that, as discussed in Ref. [46], the
SDFs and the Gamow wave functions are fundamentally
two different languages. They are connected to each other
only by the physical limit; namely, both of them reproduce
Weinberg’s criterion when the resonance completely
becomes a physical bound state. Hence, we cannot expect
quantitatively a perfect match of them. Moreover, the naive
measure Eq. (17) is not unique—the compositeness of a
Gamow state, at its core, is complex valued. The advantage
of the Gamow wave function method is the clear exhibition
of the relative proportions among different configurations:
in Table V, it is obvious that the DX. configuration
dominates the P.(4312) state, D*%.(a) dominates
P.(4440), DX:(c) dominates P.(4380), and D*Z.(c)
dominates P.(4457). To this extent, the coupled-channel
effects are more significant for the P.(4457) state, since
besides the dominate D*X_(c) channel the X Dpx(c) Propor-
tion is relatively large. This also aligns with the large
imaginary part of the D*X,.(c) scattering length in Table IV.

We emphasize again that, like many other studies, the P,
states here are all dynamically generated, since the

interaction potential V only contains #- and u-channel
exchange diagrams. However, as already mentioned,
dynamical generation does not always mean small elemen-
tariness. Actually, in the previous study [46], the N*(1440)
state is dynamically generated without a corresponding s-
channel genuine state, but its elementariness is not negli-
gible. In this study, the conclusion that the P. states are
composite is drawn from careful analyses based on three
compositeness criteria that are independent of the model
parametrization, rather than simply the fact of dynamical
generation.

IV. CONCLUSION

In this paper, we investigate the nature of the P, states
based on a dynamical coupled-channel approach. Without
any preconceived assumptions as to whether they are
hadronic molecules or not, we employ three compositeness
criteria: the pole-counting rule, the spectral density func-
tions, and the Gamow wave functions. Those criteria do not
depend on the technical details of the model (e.g., whether
the poles are induced by s-channel genuine states or not),
but only on the pole structures and pole parameters—
masses, widths, and couplings (residues) to the scattering
channels, which can be extracted from the data by fits.
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Gathering the results from the criteria and considering the
uncertainties given by three fit solutions, there is strong
evidence that the four P, states are all composite:
P.(4312)1/27 is composed by DX, P.(4380)3/2~ is
composed by DX in the configuration |J —L|=3/2,
while P.(4440)1/2~ and P.(4457)3/2" are both recog-
nized as the composite states from D*Z, in the configu-
rations S = 1/2 and S = 3/2, |/ — L| = 3/2, respectively.
We have roughly estimated the upper limit of the elemen-
tariness of the P, states, resulting in rather small values. We
have also found that the coupled-channel effects are more
significant for the P,(4457), from its relatively larger DX}
(|J = L| = 3/2) proportion and imaginary part of the D*X,.
([J = L| = 3/2) scattering length. All in all, these results
provide an overall confirmation of the molecular interpre-
tation for the P, states in the literature.

An outlook of this paper is pointing at future experi-
ments, for example, the data of photoproductions as
proposed in Ref. [90]. Once the status of the data is
significantly improved, not only the P, spectra but also
their structures and properties can be understood more
deeply.
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APPENDIX A: SUBTRACTION OF THE CUSPS IN
THE SPECTRAL DENSITY FUNCTIONS

To be concrete, we take the P.(4457) state in fit A as an
example. According to its pole position in Table II, the
interval [M —I', M +I'| for the collection of the SDF in
Eq. (7) is [4440, 4487] MeV, which covers the D*X,
threshold at 4462 MeV. For this state, the SDF is

1.6 —
—— original

1ar ---- subtracted

1.2

1.0

SDF

0.8

0.6

P.(4457) 3~ (fitA)

0.4 NS

~~o

0.2

4440 4445 4450 4455 4460 4465 4470 4475 4480 4485
z [MeV]

FIG. 5. The subtraction of the D*%, threshold cusp in the SDF
of P.(4457) (fit A).

2h +,2 + 2
QL 01”03!111'1717 !Jﬂ?z -z S o3
¢ |Z—M0+Zb:1§§51’y+lhopo\ :
W(Z) = o > > 2 ’ (Al)
1 0Pot+91P1+9P2+93P3 7>06
3

27 |2-Mo+) *_ 12 p,+ihopol?

where the indices 1, 2, and 3 refer to the channels D*A,(c),
DX (c), and D*Z,(c), respectively. This original definition
of the SDF has a significant cusp structure due to the
sudden appearance of the term ¢3ps/(---); see the solid
curve in Fig. 5. The subtraction, as suggested for instance in
Ref. [59], is quite simple—even if when z > o3, we still
exclude the term with g3 ps in the nominator,

_ 1 2hopo + gip1 + Gp2
2n |Z - Mo + 23:1 %ggpy + ihOPO’Z ’

Wsub (Z) (A2)

then the curve does not contain the new contribution from
the third channel; see the dashed line in Fig. 5.

This subtraction is adopted for the P.(4380) and
P.(4457) resonances in all three refined fit solutions,
reducing slightly the estimated Zgpr. Nevertheless, even
if the SDFs are not subtracted, the Zgpr values remain very
small. In addition, the cusp still exists mathematically after
the subtraction, since the denominator of Eq. (A2) also
contains a term ~ig; p3/2. Actually, the subtraction here is
a physical operation to exclude the extra contribution from
the higher channel.

APPENDIX B: PHASES OF THE RESIDUES

Consider a two-channel amplitude at a pole z = z,,:

T _i_F.H

= Bl
W= (B1)

u,v=12.

A fundamental requirement for the matrix of the residues is
the “factorization condition™:
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Ry 1Ry = Ry Rys. (B2)
Then, it is natural to decompose the residues to the
“couplings™:

R;w =1l

(B3)

Usually, the condition R, = R,; holds, and the decom-
position is unique once the overall sign of square roots is

fixed, for example, the two definitions rg” = +/R,, and

rgB) = R,»/+/R;; lead to the same result. However, the time
reversal symmetry allows a phase between R;, and R,
c.g., R12 = —R21 and R11R22 = —R%2, then,

AB) _ Ry _ V-RuRyn _ +iy/Roy # A4
> VR VR ?
Since the unique decomposition (B3) is crucial for the
definition of the Gamow wave function, when Ry, = —R»;

happens, the phases of the initial and final states should be

adjusted, so that in the new matrix of residues R;, = R,;.
This has already been mentioned in Sec. 20-d of Ref. [92].
Here, we use the method

- ey 4 . ,
R = ) R({1]e~1 (2]|e~i¢-
(G JRCI 2l
ei(¢1—¢2)R12>

_ ( . Ry (B4)
el(¢2—¢1)R21 R,

where R, = <u|R|y). Setting ¢, =0 and ¢, = 7/2, we

have the new elements R, = —iR,, and R,, = +iR,,,

satisfying RIZ = RZI‘

Actually, in the current model, the time-reversal phase
occurs R,, = —Ry, if V is a channel containing D* while a
is not. For every such kind of element, we multiply the
phase +i. Note that this phase redefinition is related to
neither the dynamics nor to the experimental observables; it
only maintains the mathematical consistence when apply-
ing the Gamow wave function method.
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