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Quantum error correction (QEC) is considered a deciding component in enabling practical quan-
tum computing. Stabilizer codes, and in particular topological surface codes, are promising can-
didates for implementing QEC by redundantly encoding quantum information. While it is widely
believed that a strictly fault-tolerant protocol can only be implemented using single- and two-qubit
gates, several quantum computing platforms, based on trapped ions, neutral atoms and also su-
perconducting qubits support native multi-qubit operations, e.g. using multi-ion entangling gates,
Rydberg blockade or parallelized tunable couplers, respectively. In this work, we show that stabilizer
measurement circuits for unrotated surface codes can be fault-tolerant using single auxiliary qubits
and three-qubit gates. These gates enable lower-depth circuits leading to fewer fault locations and
potentially shorter QEC cycle times. Concretely, we find that in an optimistic parameter regime
where fidelities of three-qubit gates are the same as those of two-qubit gates, the logical error rate
can be up to one order of magnitude lower and the threshold can be significantly higher, increasing
from =~ 0.76% to ~ 1.05%. Our results, which are applicable to a wide range of platforms, thereby
motivate further investigation into multi-qubit gates as components for fault-tolerant QEC, as they
can lead to substantial advantages in terms of time and physical qubit resources required to reach

a target logical error rate.

Introduction. — Quantum error correction (QEC) is
a crucial ingredient in enabling fault-tolerant quantum
computation [T, 2]. A widely used method involves stabi-
lizer codes, where repeatedly measuring a generating set
of commuting stabilizer operators reveals information on
errors that occurred, forming the error-syndrome. While
a stabilizer code with distance d can in principle correct
for arbitrary weight-t = L%J errors, implementing the
stabilizer measurements with a noisy quantum circuit can
reduce the number of correctable errors. Quantum gates
or measurements, from which the error syndrome mea-
surement circuits are formed, can be faulty, leading to a
wrong diagnosis of the error. In addition, errors on auxil-
iary qubits can propagate to higher-weight errors on the
data qubits (also called hook errors), effectively reducing
the distance.

Circuits where the distance of the underlying code is
preserved, are deemed fault-tolerant (F'T). Traditionally,
as introduced e.g. in Ref. [3], an error correction subrou-
tine (or gadget) is called fault-tolerant if the weight of
the output error is bounded by the sum of the weight of
the incoming error and the number of faults occurring
during the protocol. This turns (almost) any stabilizer
readout with single, physical auxiliary qubits non-fault
tolerant. There are numerous approaches to tackle these
challenges, including Shor, Steane and Knill error cor-
rection [1L [, B]. These methods rely on (fault-tolerantly)
encoded auxiliary qubits to transversally read out the
syndrome information using only single- and two-qubit
gates. These approaches, as well as more recently de-
veloped flag-qubit based constructions [6H8] make use of
carefully crafted quantum circuits to prevent malicious
error propagation. There exist relaxed definitions of fault

tolerance that include errors of weight w > t that can
still be corrected [9]. Using these, it is known that any
stabilizer measurement circuit using two-qubit gates in
the unrotated surface code is fault-tolerant [I0]. The
more qubit-efficient rotated surface codes, however, re-
quire a specific ordering of two-qubit gates to retain fault-
tolerance [I1].

To date, error correction cycles on rotated surface
codes have been realized in trapped ions [12] and super-
conducting architectures [I3HI5]. Recently, it has been
shown that distance-5 and 7 codes can be operated below
the threshold, i.e. the logical error rate of the encoded
logical qubit decreases with increasing code distance [16].
Logical operations have been realized in error-detecting
surface codes in superconducting architectures [I7, 18],
with trapped ions [19] and error-corrected entangling
gates on neutral atom platforms [20].

These experimental QEC demonstrations use elemen-
tary gate sets consisting of single- and two-qubit gates.
Most architectures, however, also allow for native im-
plementation of multi-qubit gates, e.g. using Rydberg
blockade in neutral atoms [2T], 22], multi-qubit Mglmer-
Sgrensen gates in trapped ions [23] or optimized gate se-
quences for the control Hamiltonians of solid-state based
platforms [24] 25] - according to common belief these
would result in non-FT circuits. Recently, proposals have
been made to use multi-qubit gates for surface code er-
ror correction in semiconductor spin qubits [26], super-
conducting qubits [27H29] and neutral atoms [30], While
these references all use different noise models, they find
that higher thresholds can be achieved in certain param-
eter regimes, but at the expense of losing strict fault-
tolerance.
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In this manuscript, we report on and explore the un-
expected finding that stabilizer measurement circuits for
unrotated surface codes using three-qubit gates can be
fault-tolerant, even when considering three-qubit depo-
larizing noise channels on these gates. We focus on the
approach using single physical auxiliary qubits, repeat-
edly measuring stabilizers to gain confidence in measure-
ment outcomes and carefully designing readout circuits
to prevent malicious propagation of errors. We first re-
cover standard results for surface-code syndrome read-
out circuits and then show how circuits using three-qubit
CZZ gates are fault-tolerant, based on distinguishability
of all circuit faults up to order ¢ in the unrotated sur-
face code. We finally show comparative numerical stud-
ies that support the theoretical findings - the logical er-
ror rates of memory experiments scale o< p**! in the low
physical error rate regime. We also find that, with op-
timistic assumptions on the noise strength, the parallel
three-qubit CZZ-gate based scheme outperforms sequen-
tial application of two-qubit CZ gates in terms of logical
error rate. In particular, the threshold increases from
~ 0.76% to ~ 1.05%. These results can have practical
significant impact for surface-code based QEC with ions,
neutral atoms and solid-state platforms, lowering time
and space resource requirements.

Quantum error correction and surface codes. — In
stabilizer error correction, the +1 eigenstates of a set
of n — k commuting Pauli operators span the 2-
dimensional logical subspace of an n-(physical) qubit
Hilbert space [31]. These operators generate the stabi-
lizer group S = {(Si)’=}, [Si,S;] = 0Vi # j, 1 ¢ S}.
Non-trivial Pauli operators on the codespace are all Pauli
operators that commute with the stabilizers, but are
not stabilizers themselves, i.e. elements of the normal-
izer Np(S). The minimum weight of any such element is
the code distance d and measures the performance of the
code: As stated earlier, a QEC code with distance d can
correct for arbitrary weight-t with ¢ = | 452 | errors. The
parameters of a QEC codes are then the triple [[n, k, d]].

If a Pauli error E € P®" occurs on the qubits, the
outcomes of a projective measurement of a generating set
of the stabilizer using auxiliary qubits yields its syndrome
s(E) = ({S;, E))"=, which is decoded to correct for the
error. Here, we denote by (P, P’) whether Pauli operators
P and P’ commute (0) or anticommute (1).

One of the most prominent families of stabilizer codes
are topological surface codes [32]. For a distance-d sur-
face code, data qubits are placed on the edges of a d x d
square lattice. Stabilizer generators are defined on pla-
quettes fixing the Z-parity of qubits on adjacent edges
and on vertices fixing the X-parity of qubits on ema-
nating edges. The resulting surface code has parame-
ters [[d® + (d — 1)2,1,d]]. Additionally, one can cut the
(d — 1)? corner qubits to get the rotated surface code
with parameters [[d?, 1, d]] [33, 34], without reduction of
the code distance.

Fault-tolerance of error correction circuits. —
Loosely speaking, a circuit implementing an error
correction gadget using a QEC code with distance d is
fault-tolerant, if it takes at least d distinct elementary
(i.e. O(p)) faults to cause an undetected logical error.
Formally, we use the following definition of circuit fault
tolerance [3, [9]. We consider a circuit with (Clifford)
gate locations, initializations and measurements. Addi-
tionally, we define detectors as sums of measurements
that are deterministic in the absence of noise. Typically,
a matrix H € [FydetectorsXMmeasurements mang from bare
measurement outcomes to detector flips. Every location
Le L={0,...,Nocations — 1} of the circuit can be faulty,
which is simulated by an ideal gate followed by a Pauli
noise channel with error set E(¢). For n-qubit gates
and idling locations, we assume n-qubit depolarizing
channels
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with P! e {{I,X,Y,Z}"\ I°"}.

Single-qubit Z-basis initialization (measurement) is fol-
lowed (preceded) by a bit-flip channel,

E(p) = (1 —p)p +pXpX. (2)

We label each elementary fault with the location ¢
and the non-identity Pauli realization P of the corre-
sponding channel, s.t. the set of all elementary faults is
Fi = {Fép}feﬁ’PeE([). If the actual Pauli realization of
the fault is not important, we typically drop the Pauli
label. Each fault is efficiently propagated through the
circuit using Clifford simulation [35], resulting in a (deter-
ministic) error E(F), a vector of measurement outcomes
m(F') and flipped detectors D(F) = Hm(F'). An order-
w fault path F is a set of w faults at distinct locations,
F = {Fi}rercr,nj=w- The errors and flipped detectors
that result from all faults in a fault path can be calcu-
lated as E(F) = [[pep E(F) and D(F) = @ pcp D(F),
where @ denotes element-wise summation modulo 2.

If any fault path up to order ¢ in p leads only to cor-
rectable errors (and could hence be corrected by a sub-
sequent ideal round of stabilizer measurement), then we
say the circuit is distance preserving and fault tolerant.
This is captured by the notion of distinguishable fault
sets [9].

Definition 1. We call the collection of all possible fault
paths of order < w the fault set Fw) A fault set is dis-
tinguishable if for any pair of fault paths F;, F; € Flw),
either

1. s(E(F;)) # s(E(F))),
2. E(F;) ~s E(F;), or
3. D(F;) # D(F;).
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FIG. 1. Objects used to determine distinguishability of a fault
set. The box represents some (Clifford) circuit with measure-
ments. It is encoded in an error-correcting code with stabilizer
generators {Si}?:_lk. During the circuit, sets of determinis-
tic measurements specify the detectors {D}. For an error-
correction gadget, these are typically the parities of consec-
utive stabilizer measurements. The exemplarily shown fault
path F of weight w = 3 can be efficiently propagated using
Clifford simulation. This results in a vector of flipped de-
tectors D and a final error F. The ideal syndrome of E is
S(E) = (S, E))i=.

That is, any two fault paths either result in errors with
different syndromes (1.), in stabilizer-equivalent errors
(2.), or in different detector flips during the protocol (3.).

We visualize the quantities used in this approach in
Fig.[[ The key technical observation (Prop. 1 of Ref. [9])
is that iff F(*) is distinguishable, then the smallest fault
path leading to a direct, undetected logical error is in
F@w+1)  This implies that a circuit employing a code of
distance d with elementary fault set F; is fault-tolerant
iff the fault set F®*) is distinguishable. This is a similar
situation compared to fault tolerance in detector error
models, see e.g. Ref. [30].

Distinguishable Fault Sets of Surface Code Syndrome
Measurement Circuits. — We first recall stabilizer mea-
surement circuit constructions for rotated and unrotated
surface codes using single- and two-qubit gates. In Fig.[2]
a), we show a circuit to measure a Z-stabilizer of the
distance-3 rotated surface code. The order of CZs de-
termines whether the fault set F() is distinguishable
or not. If a fault on the auxiliary qubit (hook error)
propagates to an error parallel to the corresponding log-
ical operator, there exists another fault path with the
same syndrome and, crucially, with the same detector
outcomes. In Fig. b), we show that the errors resulting
from the pair of faults are also not stabilizer-equivalent,
such that they are indistinguishable. When propagating
to qubits orthogonal to the logical operator (Fig. c)),
no other fault path in F) has the same syndrome or

FIG. 2. Detail of stabilizer measurement circuits for the
distance-3 rotated surface code. a) A Z fault on the ancilla of
a Z-stabilizer measurement can propagate to two data qubits,
indicated by the blue highlighting. The propagated fault is
detected in the next round of X-stabilizer measurements. b)
and c) show the effect for two different orderings of the gates.
In the rotated surface codes, we draw the X-(Z-)logical oper-
ators as thick red (blue) lines and draw flipped detectors with
a light green dot. b) If the last two gates act on the north
(N) and west (W) qubit, the final Z error is parallel to the
Z-logical operator. There is another first order fault with the
same syndrome that is logically inequivalent implying a non-
distinguishable fault set F W, ¢) For an ordering towards the
north (N) and east (E) qubit, however, faults with the same
flipped detectors are stabilizer-equivalent. The fault set F™
is thus distinguishable.

non-stabilizer-equivalent error, ensuring distinguishabil-
ity.

For the unrotated surface code, it was noted in Ref. [32]
that hook errors are not as damaging as naively expected.
This can be explained by realizing that unrotated surface
codes can be constructed as hypergraph product codes
of two (classical) repetition codes [37]. Ref. [I0] showed
that for any hypergraph product code, any order of two-
qubit entangling gates gives a distance preserving sta-



bilizer measurement circuit. This is equivalent to F®)
being distinguishable. The fundamental reason for that
is that every stabilizer generator (of Pauli P) overlaps
with any minimum-weight logical operator (of Pauli P)
on at most a single qubit, as can be seen in Fig.b).
Because during the measurement of a Pauli P-type sta-
bilizer generator, only Pauli-P errors are propagated on
the data qubits and any propagated error has at most
1 overlap with a (minimum weight) logical operator, d
faults are required to make a direct logical error. By
linearity, t = % faults are distinguishable.

Now, we extend these arguments for circuits using
three-qubit CZZ gates, as shown in Fig. a) for a Z-
stabilizer measurement. To manage hook errors, two
data qubits on the support of the three-qubit gate have to
reflect the ordering in the two-qubit case, i.e. rotated sur-
face codes require propagation orthogonal to the logical
operators and unrotated surface codes are robust against
hook errors.

In addition to hook errors, there are now also elemen-
tary faults of arbitrary two-qubit Pauli operators on data
qubits involved in the CZZ gate. These potentially turn
F® indistinguishable. In rotated surface codes, there is
no way to retain distinguishability: If the direction of
the CZZ is chosen such that e.g. Pauli-Z hook errors
propagate orthogonally to the Z-logical operator, the el-
ementary X X fault on the data qubits of the CZZ gate
is parallel to the X-logical operator and vice versa.

In the unrotated surface code, we differentiate between
horizontal /vertical (West-East, WE or North-South, NS)
and diagonal (North-East, NE or North-West, NW)
qubits of a stabilizer that are supported on the CZZ
gate, see Fig. b) and c). The horizontal and vertical
qubits overlap with Z- and X-logical operators on two
positions. Therefore only % faults are needed to make
a direct undetected logical error. Equivalently, there ex-
ist two indistinguishable fault paths in order F*), also
shown in Fig.[3|b).

Choosing the diagonal data qubits and adding the cor-
responding faults to F(*), however, does not render it
indistinguishable. The reason for that is that all these
newly introduced faults have either a new syndrome (be-
cause they are the union of two distinguishable single-
qubit faults) or are stabilizer-equivalent. We show this
for an example in Fig. c¢). Again, the argument is that
such faults overlap with minimum-weight logical genera-
tors on only a single position. Contrary to rotated surface
codes, this also holds for X-faults on the support of Z-
stabilizers and vice versa. All minimum-weight logical
generators of the unrotated surface codes have support
only on the ’outer’ d x d square lattice. Whenever a
multi-qubit gate involves one data qubit of the outer and
one from the inner d —1 x d — 1 lattice, there are still d of
these faults required for an undetected logical error and
the fault set F(*) remains distinguishable.

We numerically verify the distinguishability of fault

FIG. 3. Detail of stabilizer measurement circuits for the dis-
tance 3 unrotated surface code, implemented with three-qubit
CZZ gates as described in the main text. a) For a uniform de-
polarizing noise model, there also exist elementary two-qubit
X-faults on the support of Z-stabilizer generators - contrary
to the two-qubit gate situation. These faults are captured
by a subsequent Z-stabilizer measurement. b) and c¢) show
the effect for two different orderings of the gates. In the un-
rotated surface codes, we draw the X-(Z-)logical operators
as thick red (blue) lines and draw flipped detectors with a
light green dot. b) If the last three-qubit gates act on the
horizontal (WE) and vertical (NS) qubits, the final X error
is parallel to the X-logical. There is another first-order fault
with the same syndrome, which is logically inequivalent im-
plying a non-distinguishable fault set F). c¢) For a diagonal
ordering towards the south-east (SE) and north-west (NW)
qubits, however, faults of the same order with the same flipped
detectors are stabilizer-equivalent. The fault set F M s dis-
tinguishable.

sets for circuits implemented with CZZs using Alg. (cf.
Supplemental Material), where we first simulate the ef-
fect of each elementary fault, and then construct all up-
to-order-t combinations of faults until we find indistin-
guishable fault paths. We summarize the results of our
exhaustive checks in Tab.[S1] of the Supplemental Ma-



terial. These numerical results complement the above
arguments and confirm that, while rotated surface codes
have their distance reduced to deg = %, the NE and
NW three-qubit gate stabilizer measurement circuits for
unrotated surface codes are fault-tolerant with the full
effective distance dog = d.

Memory Ezxperiments. — We now investigate the
error-correction performance of the three-qubit gate pro-
tocol. To that end, we perform full circuit level noise
memory experiments using stim [38]. We construct cir-
cuits for rotated and unrotated surface codes similar to
the circuits in the experimental Ref. [I3], i.e. we imple-
ment X- and Z-stabilizer readout circuits one after an-
other, with measurement of X-(Z-)ancillary qubits dur-
ing the Z-(X-)entangling gate cycle. In the CZ-protocol,
we order the gates orthogonal to the logical operators,
i.e. South-East—West-North (SEWN) for X- and South-
West-East—North (SWEN) for Z-type stabilizers. When
using the three-qubit CZZ-gate, we order both X- and Z-
stabilizers NW-SE, which we further discuss in the Sup-
plemental Material. We consider a noise model similar
to the SI1000 model of Ref. [39] (SI) shown in Tab.[[ For
simplicity, and without restriction of generality, we also
set idling noise to 0 (NI), to focus on the bare effect of
CZZ gates followed by three-qubit depolarizing channels.
We take the same noise strength for CZZ gates as for
the CZ gates which rests on the assumption that noise is
dominated by the gate duration and a parallelized CZZ
gate takes the same time as a single CZ gate. This can be
regarded as an optimistic, though not unrealistic param-
eter regime and the associated QEC performances repre-
sents loosely speaking an upper limit of the potential of-
fered by the three-qubit based approach. We discuss the
QEC performance for complementary parameter regimes
of higher three-qubit gate error rates in the Supplemental
Material. In Ref. [29], we show how a three-qubit CZZ
gate with equal gate times as a two-qubit CZ gate can be
realized with transmon-based qubits in superconducting
circuits. For further details on the implementation of the
circuits, the multi-qubit gates and error channels, refer
to the Supplemental Material, where we also elaborate
on the choice of decoder. In the following, we use py-
matching (pm) [40] for NI simulations and beliefmatching
(bm) [41] for SI.

The results for the NI model are shown in Fig.[d] for the
rotated (left) and unrotated (right) surface codes. The
logical error rates of rotated surface codes using CZZ
show a scaling p% for small physical error rates,
consistent with the expected effective circuit fault dis-
tance deg = %. These circuits are therefore not fault-
tolerant in the strict sense defined above. The thresh-
old value, however, is increased compared to the circuits
implementing the stabilizer measurement using conven-
tional CZ gates. This is consistent with the observations
of Refs. 27, B0] and is attributed to the smaller number
of fault locations. In particular, the threshold is about

TABLE I. Noise strengths of circuit operations used for the
simulations. We use a superconducting inspired noise model
(SI) and a noise model without idling noise (NT).

sate noise strength

SI NI

CZ,CZ7Z P P
H p/10  p/10

Initz 2p 2p

Mz 5p 5p

Idle, Idlenm it p/10 0

1.21—1.38 times larger. This is close to the ratio of num-
ber fault locations in CZ and CZZ circuits of 1.25. We
discuss this in more detail in the Supplemental Material.
The logical error rates for the unrotated surface codes are
comparable in magnitude and show the expected scaling
o p't1 through most of the simulated range of physical
errors. At low physical error rates p < 1073, we can see a
flattening of the logical error rate for the CZZ-based pro-
tocol. A closer investigation of faults that lead to logical
failures in that regime reveals that this is merely related
to a suboptimal decomposition of faults into matchable
faults for decoding - and not to fault-tolerant breaking
processes. We show an example of such a failed decom-
position in the Supplemental Material.

For the SI model, i.e. introducing idling noise with
strength p/10, the advantage of more compact circuits
becomes even more apparent, as shown in Fig.[f] Addi-
tionally, we optimize the beliefmatching decoder for dis-
tance 3 and 5, to handle the remaining non-corrected
faults. Therefore, our simulations confirm the fault-
tolerance of both the CZ- and CZZ-gate based implemen-
tation. Notably, with these optimistic noise parameters,
the threshold using CZZ gates is much higher compared
to the implementation with CZ gates and is increased
from p?) ~ 0.7640.02% to p{.”* ~ 1.05+0.02%. This
is a 38% increase that we again attribute to the smaller
number of fault locations. An overview of all obtained
thresholds is shown in Tab.[l

Qubit-resource comparison for FT QEC. — Typi-
cally, for practical implementations, the rotated surface
code is preferred over its unrotated counterpart because
of the smaller qubit count. The unrotated surface code
uses 71, = 4d? —4d + 1 physical qubits (data + auxiliary)
compared to the rotated surface code with 71, = 2d® — 1,
essentially halving the amount of physical qubits required
for large distances. This often results in better perfor-
mance of rotated surface codes for a fixed number of
physical qubits. In the following, we show that in a
realistic noise regime, the unrotated surface code with
CZZ gates can actually achieve a target logical error rate
with fewer physical qubits than the traditional rotated
surface code circuits using CZs. We plot the logical er-
ror rate achieved by surface codes against the number
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channels). For low p, we also observe a flattening of the scaling. This, however, is due to the suboptimal decomposition of
elementary faults for decoding with pymatching, as explained in the main text. Error bars are standard Monte Carlo errors
and can be smaller than the symbol used.
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FIG. 5. Logical error rates for implementations using CZ (circle, dashed) and CZZ gates (square, solid). We assume idling
noise strength of p/10. The color coding represents codes with increasing distance. a) Distance-3 and 5 codes correct for all
faults up to order ¢, resulting in a scaling of the logical error rate pr o p'*! as expected for a fault-tolerant protocol. Due
to fewer idling locations using three-qubit gates, the logical error rate is up to 50% lower for physical error rates in the range
of 1072 to 107%. b) The threshold is increased from pégz) ~ 0.76% to pggzz) ~ 1.05%. Decoded using beliefmatching with

d iterations of BP before matching. Error bars are standard Monte Carlo errors and can be smaller than the symbol used.

Thresholds are obtained using the finite-size scaling ansatz described in the Supplemental Material.

of physical qubits in Fig.[] and compare a CZ-rotated
with a CZZ-unrotated implementation for near-term ex-
perimentally relevant sub-threshold physical error rates
in the regime of 0.1 — 0.7%. Our key observation is that
there is a threshold physical error rate above which the
unrotated surface codes require less physical qubits to
achieve a target logical error rate. We find this error

rate at pgi) ~ 0.3%. To extrapolate to small logical error

rates, we fit

pon) = co (ﬂ)m 3)

C1

and find fit parameters shown in Tab.[S2] At p = 0.2%
and to reach a target logical error rate of 107, consid-
ered a value where quantum computers can solve use-
ful tasks like factoring of numbers [42], a rotated surface
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FIG. 6. Number of physical qubits required to reach a target
logical error rates for d rounds of stabilizer measurements
under circuit level noise (NI) of strengths p € (0.1% — 0.6%).
Comparing fault-tolerant rotated surface code circuits using
CZ gates (circle, dotted) and fault-tolerant unrotated surface
codes with CZZ gates (square, solid). Extrapolated by the
exponential fit function described in the main text. From
p > 0.3%, the unrotated surface codes consistently require
fewer physical qubits compared to rotated surface codes in
order to reach a target logical error rate.

TABLE II. Thresholds of rotated and unrotated surface codes.
We compare CZ or CZZ circuits for plots shown in the
main text, without idling noise and decoded using pymatch-
ing (pm), with idling noise and decoded with beliefmatching
(bm). The uncertainty is extracted from a finite size scaling
analysis, detailed in the Supplemental Material.

Ccz CZZ Czz CzZ
th : pgh : p1<:h )/pih :
rotated P™ 0.7+0.02% 0.85+0.01% 1.21
bm 0.75 4+ 0.02% 1.00 &+ 0.02% 1.33
unrotated P™ 0.71 4+ 0.02% 0.932 + 0.008% 1.31
bm 0.76 +0.02% 1.05 4+ 0.02% 1.38
code has to have distance d, = 17, resulting in a to-

tal of n, = 557 physical qubits, slightly lower than the
Ny = 625 qubits in unrotated surface codes, correspond-
ing to a distance d, = 13. At p = 0.3%, however, rotated
surface codes require a total of 7, = 1457 (d, = 27) physi-
cal qubits, about 34% more than unrotated surface codes
with 72, = 1089 (d,, = 17).

Conclusion. — We have investigated the application
of three-qubit gates for stabilizer measurement circuits in
rotated and unrotated surface codes. We have shown how
CZZ-gate based circuits in unrotated surface codes are
fault-tolerant, even for an adversarial uniform depolariz-
ing noise model on the support of the three-qubit gates.
We have observed that in an optimistic parameter regime
for the achievable fidelity of the multi-qubit gates, logi-
cal error rates are lower and thresholds of these circuits

are higher, due to a smaller number of fault locations.
In particular, we have shown that for near-term exper-
imentally relevant error rates, unrotated surface codes
with CZZ gates can be the less-qubit intensive version to
reach a target logical error rate.

Our results with uniform depolarizing noise also sug-
gest that a closer investigation of the noise channels of
multi-qubit gates can lead to further improvements. In
a parallel work, we construct a CZZ gate that effectively
realizes two parallel CZ gates in transmon-based super-
conducting circuits [29]. We show that an optimization
for minimizing fault-tolerance breaking faults can reduce
the logical error rates also for rotated surface codes.

These results put multi-qubit gates back on the map
as potentially highly valuable building blocks for QEC
which are compatible with FT circuit design principles.
In particular, investigating which other QLDPC codes
like lifted product or bivariate bicycle codes [43H45] al-
low for fault-tolerant parallelized stabilizer readout is an
interesting open question and might improve practical
feasibility of such larger classes of QEC codes.
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Supplemental Material

Memory experiments

In a Z-(X-) memory experiment for CSS stabilizer codes, we initialize into the +1 eigenstate of Z-(X-) logical
operators, keep it alive and measure it as follows:

1. initialize data qubits in product state |0)®™ (|4+)%"),
2. using auxiliary qubits, measure (X- and Z-) stabilizers nyounds times,
3. destructively measure all data qubits in the Z-(X-) basis, yielding measurement results {m; ?;01.

Details in the circuit implementation can lead to differences in the logical error rates of Z- and X-memory experiments.
We therefore always simulate both bases and report the overall logical error probability

pr=1-(1-p{ (1 -p) (1)

assuming independence of X- and Z- logical error rates.

Stabilizer measurement circuits

There are numerous ways to schedule and order the entangling gates required for the projective measurement of
the stabilizer generators. In unrotated surface codes, the order does not influence the fault-distance of the circuits
as described in the main text and shown below. In rotated surface codes, an implementation with two-qubit entan-
gling gates requires a scheduling such that the last two gates interact with data qubits that are orthogonal to the
logical operator corresponding to the Pauli type of the measured stabilizer [IT]. We therefore also expect an ordering
dependence of the logical error rate for a protocol using three-qubit CZZ gates.

We show the different schedules in Fig. a), and the respective logical X- and Z- error rates for a distance-3
surface code implemented with the CZZ gates using these schedule in Fig. b). We use a uniform depolarizing noise
model as described in the main text.

These results confirm the ordering-independence of the unrotated surface code circuits. For the rotated surface
codes and an ordering that is orthogonal (21) or parallel (22) to the respective logical, the logical error rates are also
symmetric in X and Z. We can, however, turn one of the memory experiments fault-tolerant by ordering both, Z- and
X- stabilizer measurements orthogonal to a fixed logical operators. For ordering 24, e.g., all gates are orthogonal to
the X-logical. This allows for a distance-preserving protection against X-logical errors, such that the Z-basis memory
experiments shows the expected FT scaling (here o p* for d = 7). This holds analogously for ordering 25 with Pauli
operators X and Z interchanged. In Fig. ¢), we show the combined logical error rate (Eqn.. There is still a
small difference in orderings. For the rotated surface codes, we attribute this to finite size effects as in some orderings
the boundary stabilizers are measured using CZ gates and two time steps, whereas in others, they are measured using
CZZ gates and one timestep. In the unrotated surface codes, a closer investigation reveals that certain faults that
trigger more than 2 detectors are decomposed by stim in such a way that the fault-distance is reduced. We show and
example of such a fault in Fig.[S3]

We therefore simulate the circuits using ordering 24, shown in Fig.[S2] for a single measurement of the stabilizers
of distance d = 3 rotated and unrotated surface codes. Note that we restrict the gate set to Z-basis initialization,
measurement and entangling gates, as well has single-qubit Hadamard gates for basis changes. This is inspired by
native gate sets in superconducting qubit architectures [13], [15].

Verification of fault tolerance

We verify fault tolerance in the sense of Ref. [9] numerically using Alg. The results of exhaustive checks are
summarized in Tab.[ST] and confirm the fault-tolerance of three-qubit gates circuits on unrotated surface codes. Ad-
ditionally, we checked the effective distance of the memory experiment circuits for unrotated surface codes up to
distance d =9 in stim using circuit.search_for_undetectable_logical_errors(...).
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FIG. S1. a) Orderings 21, 22,24 and 25 of three-qubit CZZ gates for Z- and X-stabilizer measurements. On the plaquettes, we
draw in dashed (dotted) lines the overlap of a Z- (X-) logical operator in the rotated surface code. b) Logical error rate of X-
and Z-basis memory experiments on distance d = 7 rotated surface codes. For orderings 21 and 22, these show a symmetric
behaviour. Orderings 24 and 25 perform differently for the two bases as described in the text. ¢) Combining the X- and Z-
logical error rates shows that the logical error rates are very similar across the orderings.

FIG. S2. One round of stabilizer measurements of distance-3 surface codes in the a) rotated and b) unrotated implementation.
X- and Z-stabilizers are drawn in light red and blue, respectively. We also indicate minimum-weight logical operators. CZZ
gates always have their control qubit on the ancillary qubit in the center of a plaquette. The implementation with CZZ gates
requires two timesteps of entangling gates per Pauli type, compared to 4 timesteps for an equivalent implementation with CZ
gates.



Algorithm 1: Distinguishability of fault sets of a quantum circuit

Input: Quantum Circuit C, Elementary Fault set F1, Parity Check Matrix H € F;**", Logical Matrix L € IF;“X"7
Detector Matrix D € F3P*"™ ¢
Output: Distinguishability of fault set F*

for F € F; do
E(F), m(F) = Propagate(F)
d(F)=Dm(F)
construct all up to order ¢ combinations of faults F)
initialize graph & = (U = {D = {}, F®, & = {},S = {}}, ¢={})

for F ¢ F® do
D + d(F) (cumulative detector flips)
& < E(F) (final Pauli error)
S + s = HEF (final syndrome)
L €<« {(d(F),F),(F,E(F)), (E(F),s)}
ford € D do
Divide all E neighbors of F neighbors of d in stabilizer equivalent subsets
if 3 more than one subset then
L if any neighboring syndrome s is connected to more than one subset. then
L return False

return True

TABLE S1. Largest distinguishable fault sets of different surface code configurations and CZZ readout directions/schedules.
Exhaustively verified using Alg.[1}

lattice d CZZ direction largest distinguishable fault set

NE O
3 NW {
rotated NS U
NE FO
5 NW FO
NS 7S
NE FO
3 NW FO
unrotated N5 {
NE F@
5 NW F@
NS FO

Detector error model

For CSS stabilizer codes, denote by S;’i the outcome of measurement of the Pauli p-type stabilizer 7 at round ¢.
We declare detectors in the ’standard’ way, i.e.

D, =S, @55 for t€{0,... Nrounds}; (S2)
(XS {07 N Z-stabilizers — 1} (SS)
with 57 =0 (S4)
and ST = @ My, (S5)

q€supp Sz,i
D;i = Si,ﬂ- &) S’El for te€{l,...,Nounds — 1}, (S6)
1€ {O, N X -stabilizers — 1}- (87)

In words, subsequent measurements of stabilizers should give the same result and are used as detectors. Additionally,
if we initialize and measure in the Z-basis, we compare the first Z- stabilizer measurement to the initialized value



(0) and the last Z- stabilizer measurement to the stabilizer eigenvalues reconstructed from the final single-qubit
measurements. For X-type memory experiments, swap the Z and X-labels.
Next, we annotate the relevant (Z- or X-) observables,

L= @ m, (S8)

(4)

z/x

q€supp L

Finally, we define a noise model as a list of possible elementary faults in order to be able to generate a detector
error model. This detector error model consists of

M detectors X Melementary faults .
with D

e a detector matriz D € IF, ij =1 <= elementary fault j triggers detector 1,

e a logical matriz [, € FyebservablesMelementary fanlts with [ — 1 <= elementary fault j flips observable i and

e a prior vector p € RMelementary faults ywhere p; is the probability of elementary fault i occurring.

The detector error model can be generated by placing each elementary fault in the circuit and evaluating its action
on detectors and logicals/observables.
Benchmarking the code then amounts to

1. Sample elementary faults f according to the probability distribution defined by p|
2. record the

(a) syndrome §= Df,
(b) observation I = L,

—

3. decode the syndrome to get a fault-guess f' = Dec(5, D, p) such that Df" = 3,

-

4. calculate the prediction I/ = L 1,
5. record a logical error iff / #£ .

Note that the choice of decoder depends not only on the code, but also on the noise model as we will see below.

Representing n-qubit depolarizing error in stim

There is no native way to include depolarizing channels acting on n > 2 qubits in stim. However,
CORRELATED_ERRORs can be any Pauli error acting on any number of qubits. Despite its name, a correlated error
can act as an independent error if it is not followed by an ELSE_CORRELATED_ERROR. Consider as an example a single-
qubit uniform depolarizing channel with, such that the total probability of an X-error is p. If simulated by three

independent channels applying X,Y and Z with probability pind, it has to hold that pina(1—pina)*+p2q(1—pind) = D,

because Y Z oc X. This solves to pinq = % — % (1- 4p)% and can be generalized to

1 1 47’7, 21—271,
Pind = 573 (1 - 4n_1p> ) (89)

where n is the number of qubits the depolarizing channels acts on [46]. In order to simulate a three-qubit depolarizing
channel of strength p, we therefore reproduce its probability distribution using independent errors with this rescaled
error probability. This results in errors of the form

CORRELATED_ERROR(p_ind) X1#X2*X3
CORRELATED_ERROR (p_ind) X1#X2xY3
CORRELATED ERROR (p_ind) X1%X2%Z3



Decomposing the detector error model for a matching-based decoder

A matching-based decoder only works with elementary faults flipping at most 2 detectors. Consider the set of
elementary faults F', and assume, some flip more than 2 detectors. Then, if there is a (potentially smaller) set of
(different) elementary faults F’ that can generate any fault in F, then any possible syndrome generated by a circuit
under noise model defined by F is in principle reachable by a circuit with noise model defined by F’. We can then use
the detector matrix D’ to decode. In particular, if we find a basis of elementary faults that only flip < 2 detectors, we
can build a matching graph based on D’. This, however, comes at a price of suboptimal decoding because correlations
might get lost.

The canonical example for this procedure is a depolarizing error model in the surface code. While elementary faults
are X,Y and Z with the same probability, only X- and Z- faults trigger two detectors and Y- faults trigger 4. To
be able to use a matching based decoder, one can therefore use the fact that XZ Y to generate the detector error
model for decoding using a simplified noise model only consisting of X- and Z-faults.

The benchmarking procedure using D and D’ is

1. generate two detector error models (D, L, p) for noise model F' and (D', L', ") for the simplified noise model F’,
2. sample elementary faults f according to the probability distribution defined by p,
3. record the

(a) syndrome §= D,

(b) observation [ = Lf,

4. decode the syndrome using the simplified detector error model to get a fault-guess f’ = Dec(, D', 7') such that
D'fl =3

5. calculate the prediction using the simplified logical matrix /'=r f7 ,
6. record a logical error if I #* L.

With three-qubit depolarizing errors, several elementary faults flip more then two detectors. We use stim’s built-in
detector error model generation that heuristically decomposes faults to turn the model matchable. While for surface
code circuits with two-qubit CZ gates this procedure is distance-preserving, some decompositions prevent pymatching
from correcting all up to order p faults. We show one example of such a decomposition in Fig.[S3] We find that
using beliefmatching [41], where the weight of edges of the full decoding graph are updated using d iterations of belief
propagation before decomposing, can correct for all elementary faults in the distance 3 and 5 codes.

Fit parameters

We model the logical error rate for a fixed physical error rate p extrapolate to small logical error rates, we fit

pr(n) = co(p)czﬁ (S10)

C1

and find fit parameters shown in Tab.[S2]

Number of fault locations

We estimate the increase in threshold by comparing the number of fault locations of the circuits. For all of our
memory experiment circuits, there are n faulty initializations, n faulty final measurements, 2dn faulty single-qubit
Hadamard gates for data qubit basis changes. A weight-w stabilizer measurement (without the basis changes) has
w + 4 fault locations using CZ gates. For CZZ-gates, this reduces to [w/2] + 4 fault locations. Distance-d rotated
surface codes have (d — 1)? weight-4 bulk and 2(d — 1) weight-2 boundary stabilizers. Distance-d unrotated surface
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FIG. S3. Exemplary failing decomposition of faults elementary faults in stabilizer measurement circuit of the a distance-
3 unrotated surface code. We draw the Pauli operator propagation with red, green and blue highlights for X, Y and Z,
respectively. A flipped measurement is indicated by a red circle, a flipped detector by a light green rectangle. The flipped
observable is marked with a dashed pink rectangle. a) An elementary Y Z fault flipping 4 detectors and no observable. b) The
decomposed detector error model fed to the matching decoder suggests two elementary faults (Y'Y and Y'), that flip the same
detectors. However, this correction also flips the observable, leading to a failure.

codes have 2(d — 1)(d — 2) weight-4 bulk and 4(d — 1) weight-3 boundary stabilizers. This yields the number of fault
locations summarized in Tab.[S3|and their (asymptotic) ratios

rotated, CZ
fa d—oo

ngotated, CZZ

unrotated, CZ
"4

(S11)

d—o0

(S12)

B OU Aot

unrotated, CZZ
g



TABLE S2. Fit parameters for pr(n), see main text.

P Surface Code c¢o c1 Co
0.001 rotated 0.08 0.009 0.33
’ unrotated 0.14 0.0066 0.38
0.002 rotated 0.11 0.0056 0.46
’ unrotated 0.2 0.0074 0.39
0.003 rotated 0.12 0.0056 0.51
’ unrotated 0.2 0.0087 0.35
0.004 rotated 0.12 0.0063 0.45
’ unrotated 0.2 0.0075 0.43
0.005 rotated 0.12 0.0063 0.51
’ unrotated 0.2 0.0077 0.45
0.006 rotated 0.12 0.0068 0.37

unrotated 0.19 0.0076 0.57

TABLE S3. Number of fault-locations (ng) of memory-experiments for rotated and unrotated surface codes of distance d.

surface code gate number of fault locations ng
CZ 10d® — 2d® — 4d
Rotated 77 8d® — 4d
CZ 20d® — 20d> 4 2d + 2
Unrotated 7z 16d° — 12d% — 2d + 2

Fidelity of CZZ gate

In the main text, we assume that the three-qubit gates have the same failure rate as two-qubit gates pczz = pcz = p-
In current state-of-the-art experiments, typical three-qubit gate fidelities are, however, worse than two-qubit fidelities.
Ref. [22] achieves fidelities of Fooz = 97.9(2)% compared to Foyz = 99.52(4)% for neutral atoms. In superconducting
qubits, an iToffoli gate with fidelity Ficex = 98.26(2)% has been demonstrated [25]. In the following, we investigate
how much larger the error rate of the CZZ gate can be compared to the CZ gate, to still provide an advantageous
QEC performance, by scaling pczz = Aczzp. In Fig. we show results by comparing different Aczz € [1.0,2.0] for
the unrotated surface codes with the circuit level noise model and an idling noise strength of p;qe = 0.1p. We find
that for Agzz < 1.5, the logical error rate using the multi-qubit gate is still lower than when using two-qubit gates,
across all error rates.
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FIG. S4. Influence of \gzz = ppCCZZZ on the logical error rate. Unrotated surface codes with circuit level noise and an idling

strength of piqie = 0.1p, decoded using pymatching. a) In black, we show logical error rate of an implementation with two-qubit
CZ gates. The colored range are logical error rates for implementations with three-qubit CZZ gates for Aczz € [1.0,2.0]. b) -
e) shows cuts along different physical error rates. In these, we show the intersection of the logical error rates of CZZ circuits
(square marker) with CZ circuits (dashed horizontal line). In general, a smaller distance and a larger physical error rate allow
for larger Aczz, i.e. worse-performing three-qubit gates. For Aczz < 1.5, the multi-qubit circuits consistently outperform the
two-qubit gate based circuits.



Finite size scaling analyses of thresholds

We perform finite-size scaling analysis using the pyfssa package [47, [48]. We make the ansatz for a scaling in the
form of pr(p) = f((p — pin)d"/?), where d is the distance and f(z) a linear dimensionless function. The pyfssa
package then determines the critical exponents and thresholds that give the best data collapse. We show the results

in Fig.[S5]
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FIG. S5. Threshold plots and data collapse optimized with pyfssa. a)-c) Rotated surface codes, no idling noise, pymatching.
d)-f) Rotated surface codes, idling noise, beliefmatching. g)-i) Unrotated surface codes, no idling noise, pymatching. j)-1)
Unrotated surface codes, idling noise, beliefmatching.
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