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Abstract
We present a study of sliding friction for rigid triangular steel sliders on soft rubber substrates under both lubricated and dry 
conditions. For rubber surfaces lubricated with a thin film of silicone oil, the measured sliding friction at room temperature 
agrees well with theoretical predictions obtained from a viscoelastic model originally developed for rolling friction. On the 
lubricated surface, the sliding friction is primarily due to bulk viscoelastic energy dissipation in the rubber. The model, which 
includes strain-dependent softening of the rubber modulus, accurately predicts the experimental friction curves. At lower 
temperatures ( T = −20◦C and −40◦C ), the measured friction exceeds the theoretical prediction. We attribute this increase 
to penetration of the lubricant film by surface asperities, leading to a larger adhesive contribution. For dry surfaces, the 
adhesive contribution becomes dominant. By subtracting the viscoelastic component inferred from the lubricated case, we 
estimate the interfacial frictional shear stress. This shear stress increases approximately linearly with the logarithm of the 
sliding speed, consistent with stress-augmented thermal activation mechanisms.

keywords  Sliding friction · Viscoelasticity · Strain softening

1  Introduction

Rubber sliding friction plays a critical role in many applica-
tions, including tires, rubber seals, and damping systems. 
In such systems, frictional behavior is a result of the com-
bined effects of viscoelastic energy dissipation and adhesion, 
which is influenced by a complex interplay between contact 
and environmental conditions such as surface roughness, 
lubrication, and temperature.

In this study, we investigate the sliding friction of rigid 
triangular steel sliders on soft rubber substrates under both 
dry and lubricated conditions. This problem has been studied 
previously by Greenwood and Tabor [1] (see also [2]), who 
demonstrated the importance of viscoelastic contributions 

to friction and discussed the role of lubricant film rupture 
and rubber damage for sharp contacts. However, a detailed 
quantitative comparison between experimental results and 
theoretical predictions for viscoelastic friction, including 
nonlinear strain effects, has been lacking.

Here, we present new experimental results and compare 
them with a theoretical model originally developed for 
rolling friction [3], which can be extended to sliding fric-
tion when the adhesive contribution is negligible. This is 
typically the case for lubricated interfaces where real con-
tact areas are reduced, and fluid films suppress molecular 
interactions.

Our results show that, under lubricated conditions at 
room temperature, the viscoelastic friction model provides 
excellent agreement with experimental data when strain 
softening of the rubber is properly taken into account. This 
softening, which reflects the reduction in effective modulus 
at large strain amplitudes, significantly enhances the pre-
dicted friction and must be considered in quantitative mod-
eling. At lower temperatures ( T = −20◦C and −40◦C ), the 
measured friction exceeds the theoretical predictions. We 
attribute this to partial penetration of the lubricant film by 
surface asperities, leading to increased solid-solid contact 
and greater energy dissipation due to adhesive contributions.
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For dry surfaces, adhesion contributes significantly to 
the total friction force. By subtracting the viscoelastic com-
ponent obtained under lubricated conditions, we estimate 
the adhesive shear stress in the real contact area. This shear 
stress increases approximately linearly with the logarithm 
of the sliding speed, consistent with thermally activated 
stick–slip mechanisms proposed in earlier studies.

Overall, our study demonstrates the importance of includ-
ing both viscoelastic strain softening and contact mechan-
ics in modeling sliding friction on rubber, and shows how 
experimental observations across different temperatures and 
surface conditions can be consistently interpreted within this 
framework.

2 � Viscoelastic Modulus

In this study, we use the same carbon-filled styrene-butadi-
ene rubber (SBR) compound as in the wear study in Ref. [4]. 
The viscoelastic modulus has been obtained using Dynamic 
Mechanic Analyzer (DMA) measurements in elongation 

mode for a strain amplitude of 4 × 10−4 (or 0.04% strain) 
[5]. At this small strain, we probe the linear response proper-
ties of the rubber. Fig. 1 shows (a) the real part ReE and the 
imaginary part ImE , and (b) the ratio ImE∕ReE = tan� of 
the viscoelastic modulus as a function of frequency.

We define the glass transition temperature Tg as 
the temperature T at which tan�(T) , for the frequency 
�0 = 0.01 s−1 , reaches its maximum. We found that using 
this definition yields a Tg that is nearly the same as that 
obtained using standard methods such as viscosity or calo-
rimetry. For the SBR compound used in this study, this 
gives a glass transition temperature of Tg ≈ −50◦C.

Rubber sliding (or rolling) friction typically involves 
relatively large strains and depends on the nonlinear vis-
coelastic properties of the rubber [6–8]. In this paper, we 
studied the large-strain dependence of the effective mod-
ulus. The measurements were performed at a frequency 
of f = 1 Hz and a temperature of T = 20◦C in elongation 
mode. Fig. 2 shows the ratio �R(�) = ReE(�)∕ReE(0) (lower 
curve) and �I(�) = ImE(�)∕ImE(0) (upper curve) for the 
effective modulus at strain � and at zero strain (actually 
≈ 10−4 ), as a function of � . For the strain values studied 
here �R(�) decreases monotonically with increasing strain 
but for large � is increases, and for very large � , where the 
chain molecules are fully stretched, �R(�) increases very 
fast with �.

For the sliding wedge the strain below the wedge is 
complex with shear, elongation and compression deforma-
tions occurring in different spatial regions (see Appendix 
A). However, strain softening resulting from the break-
down of the filler network occurs in all types of deforma-
tion, as discussed in detail in Appendix B, where we also 
describe how the viscoelastic modulus was constructed.

Fig. 1   a The real ReE and imaginary ImE part of the linear response 
viscoelastic modulus, and b the tan delta ImE∕ReE as a function of 
the frequency for the carbon filled SBR compound for T = 20◦C . The 
glass transition temperature of the rubber is Tg = −50◦C

Fig. 2   The viscoelastic modulus at the strain � divided by the mod-
ulus for the strain � = 10−4 obtained for the frequency 1 Hz and the 
temperature T = 20◦C
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3 � Theory of Viscoelastic Contribution 
to Rubber Sliding Friction

We consider lubricated friction at low sliding speed and 
assume that the frictional shear stress in the area of real con-
tact is negligible. The experimental results will be compared 
to the theory developed in Ref. [3] for rolling friction, which 
is also valid for lubricated sliding friction at low speed if the 
frictional shear stress is negligible.

The theory presented in Ref. [3] predicts the rolling friction 
for rigid spheres and cylinders on flat surfaces of viscoelastic 
solids. It was found to agree very well with the exact result of 
Hunter for rolling cylinders, for the simple rheological model 
used by Hunter [9]. Here, we apply the same theory to triangu-
lar steel profiles sliding on a lubricated rubber plate.

In this study, we use the triangular steel profiles shown in 
Fig. 3. A profile of length Ly is pressed against a flat rub-
ber sheet (thickness d) with the normal force per unit length 
fN = FN∕Ly , and slides at speed v. We first consider the sym-
metric wedge and later the asymmetric one. If the width 2a 
(in the sliding direction) of the footprint of the triangle and 
the rubber sheet satisfy 2a ≪ d , we can treat the rubber slab 
as infinitely thick. In this case, the sliding friction force [3] is 
given by

where q = |q| and where Eeff is the effective viscoelas-
tic modulus defined as ReEeff(�, �) = �R(�)ReE

∗(�) and 
ImEeff(�, �) = �I(�)ImE∗(�) , with E∗(�) = E(�)∕(1 − �2) . 
Here, � is the typical strain in the contact region (see below). 
The integration variable q represents the wavenumber and 
� = q ⋅ v . In (1), p(q) is the Fourier transform of the contact 
pressure p(x).

We consider a symmetric triangular indenter with a half-
opening angle � (see Fig. 4) pressed against an elastic half-
space with a force per unit length fN = FN∕Ly . The pressure 
distribution [10] is given by

To determine the prefactor p0 , we note that

(1)Ff =
2(2�)2

v ∫ d2q
�

q
Im

[
1

Eeff(�, �)

]
|p(q)|2,

(2)p(x) = p0cosh
−1
(
a

x

)

Since cosh−1 is even and defined on [1,∞) , we can write the 
integral as

thus,

The half-width of the contact is

where E∗ = E∕(1 − �2) . When used in (1), E∗ is replaced 
with |Eeff(�, �)| , with � = q ⋅ v , so the contact width w = 2a 
depends on the sliding speed v. Fig. 5 shows the pressure 
p(x) as a function of x for the symmetric indenter squeezed 
against the rubber with a normal force per unit length 
FN∕Ly = 3000 N∕m . We use the effective elastic modulus 
corresponding to a contact time of the order of ∼ 1000 s . The 
pressure distribution exhibits a (weak) singularity p ∼ log |x| 
as x → 0.

The average pressure is given by

or p̄ = fN∕2a . The penetration � is given by (see Fig. 4):

The Fourier transform of the pressure is

where

fN = ∫
a

−a

dx p0cosh
−1
(
a

x

)
= ap0 ∫

1

−1

d� cosh−1
(
1

�

)

fN = 2ap0 ∫
1

0

d� cosh−1
(
1

�

)
= �ap0

p0 =
fN

�a

(3)a =
fN

E∗cot�
,

p̄ =
1

2a ∫
a

−a

dx p(x) =
𝜋

2
p0

� =
a

tan�

p(q) =
1

(2�)2 ∫ d2x p(x)e−iq⋅x = �(qy)p(qx),

Fig. 3   The two triangular steel sliders used in the rubber friction 
experiments

Fig. 4   The penetration is given 
by � = a∕tan� . The length 
of the triangular indenter 
in the y-direction is Ly . The 
typical strain is approximately 
�∕a = cot�
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Define

we obtain

Using

we get from (1):

p(qx) =
1
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)
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(4)p(qx) =
fN

�
g(qxa)

[�(qy)]
2 = �(qy) ⋅

1

2� ∫ dy e−iqyy =
Ly

2�
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fNLy
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8�

fN ∫
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0

dqx Im

[
1

Eeff(qxv, �)

]
|p0(qx)|2

Substituting (4) gives:

The triangular steel profiles have a finite tip radius of cur-
vature rtip = 0.1 mm . We account for this by using a high-
wavenumber cutoff in the integral (5), limiting 0 < qx < q1 
with q1 = 2�∕rtip.

The strain in the region where the viscoelastic deforma-
tions occur varies spatially, but is typically of the order

As the sliding speed increases (or the temperature decreases), 
the effective modulus Eeff(qv, �) increases and the half-width 
a decreases, while the strain � remains unchanged. In our 
case, � ≈ 0.23 . In the analysis below, we present theoretical 
results that include strain softening. These were obtained 
using the effective modulus Eeff(�, �) for the strain � given 
by (6). This approach is, of course, approximate, since it is 
based on linear viscoelastic theory with a correction for non-
linearity introduced via an effective modulus that depends 
on the average strain in the contact region, while the actual 
strain varies in space. Still, comparison with experimental 
data (see below) shows that this approach provides a good 
estimation of the influence of strain softening on sliding 
friction.

For the strain � ≈ 0.23 , based on Fig.  2, we obtain 
�R ≈ 0.2 and �I ≈ 0.4 . Since sliding friction depends on 
Im[1∕Eeff] , the nonlinear (strain softening) correction will 
be significant, enhancing the sliding friction by roughly a 
factor of 5 (see below), which is similar to what was found 
in earlier rolling friction studies.

4 � Experimental Results and Comparison 
to Theory

We used the same linear friction tester as in previous stud-
ies on sliding and rolling friction [11]. Two different trian-
gular steel profiles (see Fig. 3) were attached to the force 
cell. The steel surfaces exhibit self-affine fractal rough-
ness with a Hurst exponent H ≈ 0.77 , a roll-off wavenum-
ber qr ≈ 2 × 104 m−1 , and a root-mean-square roughness 
hrms = 1.5 μm . A SBR plate of thickness 15 mm was fixed 
to the machine table, which was driven by a servo motor 
through a gearbox to produce translational motion. The rela-
tive velocity between the steel triangle and the rubber sub-
strate was controlled, while the force cell recorded both the 
normal force and the friction force. The normal load per unit 
length was FN∕Ly = 3000 N∕m , and the sliding speed was 
varied from 1 μm∕s to 1 cm∕s . Both triangular steel sliders 

(5)� =
8fN

� ∫
∞

0

dqx Im

[
1

Eeff(qxv, �)

]
|g(qxa)|2

(6)� =
1

2

(
�uz

�x
+

�ux

�z

)
≈

1

2

�uz

�x
≈

�

2a
≈

1

2tan�
.

Fig. 5   The pressure p(x) as a function of x for the symmetric indenter 
pressed against the rubber with a normal force per unit length 
fN = 3000 N∕m . The effective elastic modulus, including a strain 
softening factor of 0.2, is taken as Eeff(1∕t0, �) = 25 × 0.2 = 5 MPa , 
corresponding to a contact time of approximately t0 ≈ 1000 s . The 
indenter tip is assumed to be perfectly sharp, rtip = 0 . The width of 
the contact region is w = 2a0 ≈ 2.5 mm
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were 7 cm long in the y-direction, orthogonal to the sliding 
direction. The tip angles were 65◦ and 130◦ , and the tips have 
a radius of curvature rtip = 0.1 mm.

In Fig. 6, we show two pressure footprints of the contact 
between the symmetric triangle slider and the rubber sub-
strate obtained using a pressure-sensitive film. The metal 
triangle was loaded against the rubber surface with the film 
in between. The two footprints correspond to contact times 
of 6 s and 600 s , with widths (indicated by the blue bars) of 
2 and 2.5 mm , respectively.

Fig. 7 shows the measured sliding friction for the sym-
metric triangle on dry (blue squares) and lubricated (green 
squares) rubber. The lubricated surface was prepared by 
spreading a teaspoon of silicone oil (DuPont Liveo 360 
medical fluid, viscosity 0.97 Pa ⋅ s ) over the rubber surface 
area ( 14 cm × 14 cm ). Due to the low sliding speed and high 
contact pressure, the silicone oil acts as a boundary lubri-
cant (without hydrodynamic effects) and likely eliminates or 
reduces any opening-crack contribution to the sliding fric-
tion (see below).

In Fig. 8, we compare the measured friction for the lubri-
cated surface with the theoretical prediction at room tem-
perature. The green squares are the experimental data from 
Fig. 7, and the red line is the theoretical prediction of the vis-
coelastic contribution to friction for the symmetric triangle. 
The theory involves no fitting parameters, and the agreement 
between theory and experiment is remarkably good. This 

result shows that, for the lubricated surface at T = 20◦C , the 
measured friction is almost entirely due to the viscoelastic 
deformation of the substrate. This implies that the difference 
between dry and lubricated friction in Fig. 7 must result 
from the adhesive contribution in the area of real contact.

The red curve in Fig. 8 corresponds to the actual tip radius 
of 0.1 mm . The pink and blue curves represent theoretical 
results for rtip = 0.2 and 0.05 mm , respectively. As expected, 
a sharper tip leads to slightly higher sliding friction, but the 
effect is small due to the weak (logarithmic) singularity of 
the contact pressure near the tip at x = 0 as rtip → 0.

Fig. 9 shows the dependence of the friction coefficient on 
the normal load for a symmetric slider sliding on a lubricated 
rubber substrate. The sliding velocity was v = 3 mm∕s . The 

Fig. 6   The metal triangle loaded against the rubber surface with a 
pressure-sensitive film in between. The two footprints correspond to 
contact times of 6 s and 600 s , respectively. The two short blue bars 
indicate widths of 2 and 2.5 mm

Fig. 7   Sliding friction for the symmetric triangle on dry (blue 
squares) and lubricated (green squares) rubber

Fig. 8   Sliding friction for the symmetric triangle on the lubricated 
rubber surface (green squares from Fig. 7). The red line is the theo-
retically predicted viscoelastic contribution to the friction, assuming 
the measured tip radius r = 0.1 mm . The pink and blue lines show the 
predicted values for tip radii of 0.2 and 0.05 mm , respectively
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measured data (squares) and the red line represent the exper-
imental and theoretical results, respectively, at T = 20◦C . 
The blue dashed line corresponds to the calculated result 
at T = −40◦C . Theoretical predictions of the viscoelastic 
contributions were obtained using the measured tip radius 
of r = 0.1 mm . It can be seen that the friction coefficient in 
the theoretical prediction increases slightly with increasing 
load, whereas the experimental results exhibit the opposite 
trend and show a slight decrease in the friction coefficient 
with increasing load.

Fig. 10 shows the measured sliding friction for the sym-
metric slider on the lubricated rubber substrate at different 
temperatures: T = 20◦C (green data points, from Fig. 8), 
−20◦C (pink), −40◦C (blue), and a repeat measurement 
at 20◦C (dark green). The red line represents the theoreti-
cally predicted viscoelastic contribution to the friction for 
the symmetric slider, based on the measured tip radius 
r = 0.1 mm . The measured data at −20◦C and −40◦C are 
shifted horizontally using the viscoelastic bulk shift factor, 
so that they correspond to the equivalent friction values at 
20◦C but at higher sliding speeds. However, these measured 
friction values lie significantly above the theoretical predic-
tion (red curve).

We attribute the enhanced friction at −20◦C and −40◦C 
to the high contact pressure resulting from the increased 
elastic modulus of rubber at low temperatures, which may 
lead to penetration of the lubricant film by surface asperi-
ties. To support this interpretation, Fig. 11 shows the cal-
culated width of the contact region as a function of sliding 
speed for T = 20◦C , −20◦C , and −40◦C . The contact width 

is much smaller at the two lower temperatures, which cor-
responds to a higher contact pressure.

Nevertheless, the sliding friction at −20◦C and −40◦C 
remains lower than expected for dry surfaces, indicating 
that the lubricant film continues to reduce friction even 
under these colder conditions.

Assuming, as supported by the theory, that the slid-
ing friction on the lubricated surface at room temperature 
is dominated by viscoelastic effects, we can estimate the 
shear stress acting in the area of real contact under dry 
conditions using

Here, �(v) is the total friction coefficient, and �visc is the 
viscoelastic contribution, as given by the green and blue 
curves in Fig. 7. The normal force is FN ≈ 210 N , and the 
real contact area is A = wLy , where w(v) is the width of the 
contact and Ly = 7 cm is the slider length. Note that �f(v) 
increases nearly linearly with the logarithm of the sliding 
speed, as expected for thermally activated processes in the 
low-velocity regime (See Fig.12).

If the interface is assumed to be very clean, meaning free 
from contamination films, the shear stress �f may originate 
from molecular stick–slip processes, as first suggested by 
Schallamach [12] and later studied in more detail by Pers-
son and Volokitin [13]. However, Klüppel [14] and Carbone 
et al. [15] (see also [16–19]) have proposed that the adhesive 
contribution to sliding and rolling friction arises from the 
propagation of opening and closing cracks at the edges of the 
contact regions during sliding. This mechanism may be an 

�f(v) = [�(v) − �visc(v)]
FN

w(v)Ly

Fig. 9   Dependence of the friction coefficient on the normal load for a 
symmetric slider sliding on a lubricated rubber substrate. The meas-
ured data (squares) and the red line represent the experimental and 
theoretical results at T = 20◦C . The blue dashed line corresponds to 
the calculated result at T = −40◦C . Theoretical predictions of the vis-
coelastic contributions were obtained using the measured tip radius of 
r = 0.1 mm

Fig. 10   Sliding friction for the symmetric triangle on lubricated rub-
ber at T = 20 (green), −20 (pink), and −40◦C (blue), along with a 
repeated measurement at 20◦C (dark green). The measured data for 
−20◦C and −40◦C are shifted horizontally using the viscoelastic bulk 
shift factor. The red line is the theoretically predicted viscoelastic 
contribution assuming a tip radius of r = 0.1 mm
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important additional contribution for very soft rubber com-
pounds with smooth surfaces sliding on relatively smooth 
substrates. For relatively stiff rubber compounds, such as 
those used in rubber seals or tires, and for most real surfaces 
used in practical applications, experimental evidence shows 
that the crack-opening mechanism contributes negligibly to 
sliding or rolling friction in most cases [1, 20]. This is pri-
marily due to surface roughness, which suppresses or greatly 
reduces adhesion [21].

Fig. 11 shows the calculated width of the contact region 
as a function of the sliding speed. Note that at room tem-
perature (green curve), the predicted widths are very similar 

to the contact width of 2–2.5 mm obtained using pressure-
sensitive film (see Fig. 6). In fact, the results in Fig. 11 can 
be used to accurately estimate the contact width after 6 s and 
600 s of stationary contact as follows.

During a time interval t, the slider moves a distance 
d = vt , so the contact width d = 2 mm observed after t = 6 s 
corresponds to a sliding speed of v ≈ d∕t ≈ 3 × 10−4 m∕s . 
Similarly, a contact width of d = 2.5 mm for t = 600 s corre-
sponds to a sliding speed of v = 4.2 × 10−6 m∕s . These two 
speeds are indicated by vertical dotted lines in Fig. 11, the 
corresponding contact widths are approximately w ≈ 1.8 mm 
and 2.4 mm , respectively, in nearly perfect agreement with 
the measured footprint widths shown in Fig. 6.

It is important to note that this good agreement with the 
theory is obtained only when strain softening is included. 
Since the contact width w = 2a is proportional to 1∕E∗ [see 
Eq. (3)], using the low-strain modulus would result in a pre-
dicted width approximately five times smaller than observed.

We have also performed sliding friction experiments for 
the asymmetric slider, but only under lubricated conditions. 
In this case, the friction differs significantly depending on 
the sliding direction. Fig. 13 shows that when sliding in the 
direction of the slope (forward), the friction is only slightly 
higher than that measured for the symmetric slider. When 
sliding in the direction of the vertical side of the steel sliders 
(backward), the friction is very high, approximately equal to 
1, even on the lubricated surface. In this configuration, the 
edge of the steel profile likely penetrates the lubricant film, 
resulting in the high observed friction coefficient.

Fig. 14 shows the dependence of the friction coefficient 
on the normal load for the asymmetric slider sliding in the 
forward and backward directions on the lubricated rubber 
substrate. Notably, in the forward sliding direction, the 
friction coefficient increases slightly with increasing nor-
mal load. This trend contrasts with that observed for the 

Fig. 11   The calculated contact width as a function of sliding speed, 
for temperatures T = 20◦C , −20◦C , and −40◦C

Fig. 12   The frictional shear stress in the area of real contact, obtained 
by subtracting the viscoelastic contribution �visc(v) from the total fric-
tion coefficient �(v) (green and blue curves in Fig. 7), and multiplying 
the difference by the normal force FN ≈ 210 N . The result is divided 
by the contact area A = w(v)Ly , where w(v) is the contact width and 
Ly = 7 cm : �(v) = [�(v) − �visc(v)]FN∕w(v)Ly Fig. 13   Sliding friction for two triangular sliders on a lubricated rub-

ber substrate
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symmetric slider, where the friction coefficient decreases 
slightly as the load increases, as shown in Fig. 9.

Fig. 15 presents the sliding friction for the asymmetric 
slider on the lubricated rubber at T = 20◦C (green), −20◦C 
(pink), and −40◦C (blue), along with a repeat measurement 
at 20◦C (dark green). The data for −20◦C and −40◦C have 
been shifted horizontally using the bulk viscoelastic shift 
factor. At these lower temperatures, the measured friction 
in the forward sliding direction is comparable in magnitude 
to that of the symmetric slider.

For the asymmetric slider, we do not have numerical 
results for the viscoelastic contribution to friction. However, 
it is likely that, as in the case of the symmetric slider, the 

theoretical viscoelastic contribution is much smaller than 
the measured values. This discrepancy may result from pen-
etration of the lubricant film at low temperatures, where the 
rubber is significantly stiffer than at room temperature and, 
as a result, the contact pressure is much higher.

5 � Discussion

Greenwood and Tabor [1] found that the rolling friction 
coefficient for a steel sphere on a rubber surface was nearly 
the same as the sliding friction for the same sphere on the 
same rubber surface lubricated with a wet soap film. This 
indicates that, at least under the conditions of their study, the 
viscoelastic contribution dominates the friction.

They also studied the friction of cones on the same lubri-
cated rubber surface and argued that, for large tip angles, 
the sliding friction is primarily viscoelastic. However, as the 
cone opening angle decreased, they observed a significant 
increase in friction, which they attributed to penetration of 
the lubricant film and tearing of the rubber. Specifically, 
cones with half-angles of 80◦ , 60◦ , and 50◦ produced practi-
cally no damage to the rubber and exhibited relatively low 
friction coefficients in the range of 0.1 to 0.2. In contrast, a 
45◦ cone caused light wear, while a 30◦ cone produced sub-
stantial wear along the center of the contact region.

In our experiments, we observed no visible wear, even 
for the asymmetric slider moving on the unlubricated rubber 
surface in the direction of the vertical wall, where the fric-
tion coefficient was similarly high (on the order of 1) as that 
reported in Ref. [1] for the 30◦ cone. This difference may be 
due to the distinct wear properties of the rubber compounds 
used, although no information about the rubber type was 
provided in Ref. [1].

In a recent study, Ciavarella et al. [22] used the bound-
ary element method to investigate the sliding friction of 
non-cylindrical punches with power-law profiles |x|n on a 
model “rubber” characterized by a single relaxation time. 
They observed good agreement with the prediction of Eq. 
(1) for n = 2 (case for Hunter [9]), but some deviations were 
found for larger values of n. However, they showed that if 
the solution for the cylindrical case ( n = 2 ) was normalized 
using the modulus and mean pressure at zero sliding speed, 
a “universal” curve was obtained, which was valid for all 
studied exponents in the range n = 2 to 8.

Rubber filled with reinforcing particles exhibits strong 
strain softening. It is crucial in studies of rolling and slid-
ing friction to account for the rapid decrease in effective 
modulus with increasing strain. This has been emphasized 
previously in the context of rolling friction [11], but it is 
equally important for sliding friction. In the present study, 
the strain in the contact region is approximately 0.23, which 
is similar to the strain encountered in asperity contacts when 

Fig. 14   Dependence of the friction coefficient on the normal load for 
an asymmetric slider sliding in the forward and backward directions 
on a lubricated rubber substrate

Fig. 15   Sliding friction for the asymmetric slider on the lubricated 
rubber at T = 20◦C (green), −20◦C (pink), and −40◦C (blue), along 
with a repeat measurement at 20◦C (dark green). The measured data 
for −20◦C and −40◦C have been shifted horizontally using the bulk 
viscoelastic shift factor



Tribology Letters (2025) 73:134	 Page 9 of 12  134

a tire is in contact with a road surface. Fig. 16 compares the 
calculated friction using the linear response modulus E(�) 
with the result obtained using the effective modulus defined 
by ReEeff = �R(�)ReE(�) and ImEeff = �I(�)ImE(�) . The 
calculated result that includes strain softening yields fric-
tion that is approximately five times higher than the result 
without softening. A similarly strong effect of strain soften-
ing is observed in rolling friction and in sliding friction on 
rough surfaces such as road surfaces.

Appendix A: Deformation Field

Greenwood and Tabor [1] studied the strain when a cylinder 
is rolled over a block of rubber, and the distortion of grids 
painted on a lateral face of the rubber was photographed. 
The deformations of the rubber are shown in Fig. 17a. In 
the undisturbed part of the rubber is a square element A. As 

the ball rolls towards A, the element is first distorted to the 
(stretched and rotated) shape B, the greater part of the shear 
being parallel to the surface. When the element reaches the 
bottom of the ball, it is under compression. Between B and 
C there is a 45◦ rotation in the direction of shear. For the 
triangular wedge (Fig. 17b), we expect similar changes in 
the strain field, but the region of compressed rubber at the 
bottom of the wedge is reduced. The stress field below a 
blunted wedge was studied in Ref. [23], where they also 
studied frictional sliding, but assuming an elastic solid (no 
viscoelasticity).

Appendix B: Rubber Nonlinearity

All rubber compounds have nonlinear viscoelastic prop-
erties. We have assumed that the real and imaginary parts 
of the effective modulus can be written as ReE(�, T)�R(�) 
and ImE(�, T)�I(�) , where �R(�) and �I(�) depend on the 
strain amplitude � , and in principle also on frequency and 
temperature, but here we use �(�) obtained at the frequency 
1 Hz at the temperature T = 20◦C . We note that the modu-
lus obtained this way takes into account the nonlinearity 
using the secant method, which we believe is the best way 
to include nonlinearity in a linear response theory.

The viscoelastic master curve E(�, T) = E(aT�, T0) and 
strain sweeps were performed in oscillatory tension mode 
using a Q800 DMA instrument produced by TA Instruments. 
We applied the oscillatory strain �(t) = �0 + �1cos(�t) , 
where the pre-strain �0 was chosen to be �0 = 1.25�1 so that 
the rubber strip remained straight during the whole oscilla-
tion cycle. For the master curve, we used a very small strain 
amplitude, �0 = 0.0004 , and in this case, we are in the linear 
response region, where the modulus E(�, T) is independent 
of the strain amplitude (and the pre-strain).

We note that the frequency-temperature shifting used to 
construct the master curve is strictly valid only when E(�, T) 
is measured in the linear response region [5]. For the master 
curve, we measured E(�, T) in frequency segments (between 
0.1 and 100 Hz ) and for temperatures between −80◦C and 
180◦C . The frequency segments were shifted using the 
(unrestricted) procedure described in Ref. [5]. In Fig. 18, we 
show the shift factor aT and also the WLF prediction using 
the canonical coefficients in the WLF expression. The WLF 
agrees with the result of the unrestricted shifting procedure 
only in a limited temperature interval.

The strain sweep used to construct �R(�) and �I(�) depends 
on the pre-strain. A better method would be to perform the 
strain sweeps in shear mode, but our DMA instrument can-
not apply a large enough shear stress for such measurements 
for filled rubber compounds. Since the pre-strain contributes 
to the break-up of the filler network, and since the pre-strain 
increases in proportion to the dynamic strain amplitude, we 

Fig. 16   Calculated sliding friction coefficient with strain softening 
(red line) and using the low-strain, linear response modulus (green 
curve), for the symmetric triangle assuming the measured tip radius 
r = 0.1 mm

Fig. 17   The deformation of a rubber volume element as a a cylinder 
rolls on the rubber surface and b as a triangular wedge slides on a 
lubricated rubber surface. The result in a is adapted from Ref.[1]
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expect faster strain softening with increasing strain ampli-
tude for the strain sweep in tension compared to shear mode. 
However, we have shown in another study that using meas-
urements in elongation and shear modes gives very similar 
results [24].

We have measured �R and �I using (oscillatory) elongation, 
but the strain field in the rubber below the wedge is more com-
plex, with elongation, compression, and shear components (see 
Appendix A). Rubber with filler has a strongly nonlinear modu-
lus for small strain (due, at least in part, to the breakdown of 
the filler network), but experimental studies have shown that 
this nonlinearity does not depend on the mode of deformation, 
at least in the static limit. Thus Gregory [25, 26] found that for 
a natural rubber compound with carbon black filler, the elastic 
energy stored in the deformed rubber can be accurately consid-
ered as a function of the strain invariant

where �1 = Lx∕L0 is the extension ratio in the x-direction and 
similarly for �2 and �3 . Fig. 19 shows the effective modulus 
in elongation and compression, H = �∕(� − �2) ( H = E∕3 
in the linear response region), and in shear, G = �∕� , as 
a function of (I1 − 3)1∕2 . Clearly, the effective modulus 
is nearly independent of the mode of deformation up to 
(I1 − 3)1∕2 ≈ 1 . Physically, if the strain softening is due to the 
breakdown of the filler network as the rubber deforms, this 
should occur regardless of whether the sample is extended, 
compressed, or shear deformed. Hence, one expects strain 
softening to occur for small strain in all modes of deforma-
tion, as seen in Fig. 19. Assuming incompressible rubber so 
that �1�2�3 = 1 , we have for elongation or compression in 
the x-direction, �1 = L∕L0 and �2 = �3 , so that

(B1)I1 = �2
1
+ �2

2
+ �2

3
,

Thus, (I1 − 3)1∕2 = 1 corresponds to L∕L0 ≈ 0.54 (compres-
sion) or L∕L0 ≈ 1.68 (elongation), so even larger strain than 
expected in our study.

The discussion above is for filled rubber. But even 
unfilled rubber exhibits an effective modulus that depends 
nonlinearly on the strain in elongation and compression. 
Here, we are interested in the physical stress � , which is 
given by the force divided by the actual (strain-dependent) 

(B2)I1 = �2
1
+

2

�1
.

Fig. 18   The horizontal shift factor aT as a function of temperature. 
The reference temperature is T0 = 20◦C and aT0 = 1

Fig. 19   Variation of H and G with strain invariant I1 , for natural 
rubber filled with 60 p.p.h.r. and 40 p.p.h.r. of HAF (N330) black. 
Adapted from [25, 26]

Fig. 20   Red curve: The dependency of the (physical) stress � on the 
strain � = �1 − 1 [see (B3)]. Blue curve: The linear relation �∕E = � . 
The small-strain Young’s modulus is denoted by E 
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cross section. For the simple model where the elastic 
energy is proportional to I1 , one has [27]

where � = 1 + � . We have plotted the relation between �∕E 
and � in Fig. 20, and for the strain of interest in our appli-
cations, � ≈ 0.23 , we are, to a good approximation, in the 
linear region where the effective modulus is the same in 
extension as in compression and equal to E. For filled rubber 
compounds in the strain range 0 − 0.25 , most of the nonlin-
earity arises from the breakdown of the filler network, and 
not from the intrinsic nonlinearity arising from the depend-
ency of the elastic energy on the strain invariants.
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