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Disclaimer: Very much work-in-progress
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Rayleigh-Benard convection (RBC)

T. — kAT =—0VT Boundary conditions
by —vAl+Vp— TE = —uVi =i(z=0)=id(z=1)=0
Vi=0 " T(z=0)=1,T(z=1)=0
_ [0’1)2 x (0,1) = periodic in x and y

agl3AT
RV

Dynamics mainly determined by Rayleigh number Ra = , turbulence develops from Ra > 1709

We pick Ra > 107 — complicated convection patterns — difficult to speed up with PinT
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Dynamics in 2D

= Start with stable linear temperature
gradient

= Perturb with random noise on the
order of 1073

s Perturbations grow

Flow settles into quasi-stationary
rolling pattern

.
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Dynamics in 3D

Same thing, just looks more chaotic!

9 JULICH

Member of the Helmholtz Association July 8, 2025 Slide 4 Forschungszentrum



Spatial discretization and solver

= Use global spectral method with Fourier x Fourier X ultraspherical discretization
— ultraspherical discretization from [Olver and Townsend, 2013] is fancy Chebychev discretization

= Treat convection (F(&)) explicitly and only linear terms implicitly:

/I 0 0 0 O u —vA 0 0 0 Oy u u

0/ 0 0O % 0 —vA 0 0 0Oy v v

0 0/ 0O w| + 0 0 -vA -] 0, w|=F w

0 00 /I O T 0 0 0 —kA 0 T T

0 0 0 0O P/, Oy 0y 0, 0 0 p p
M L

= M is not invertible — differential algebraic equation (DAE)
= No worries: M + AtL is invertible — no DAE-specific method needed
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Space-parallelism

Parallelize Fourier spectral methods

= Need distributed FFT — very common, no problem

= Differentiation matrices are diagonal — easily distributed

Parallelize ultraspherical spectral methods

= Need distributed DCT — express via FFTs, no problem

= Differentiation matrices are not diagonal — can't easily distribute inversion
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Space-parallelism

Parallelize Fourier spectral methods

= Need distributed FFT — very common, no problem

= Differentiation matrices are diagonal — easily distributed

Parallelize ultraspherical spectral methods

= Need distributed DCT — express via FFTs, no problem
= Differentiation matrices are not diagonal — can't easily distribute inversion

Parallelize RBC

= Matrices are built from 1D matrices using Kronecker product

= Use pencil decomposition, aligned in z for matrix application
= FFTs require expensive all-to-all communication
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Time discretization: Spectral deferred correction (SDC)
[Dutt et al., 2000, Weiser, 2015]

= Start with initial value problem

At
u(At) = / F(u)dt + u(0)
0
= Choose M collocation nodes 7, and discretize the integral with spectral quadrature rule @
(I — AtQf)(4) = do,

where T = (u(m1),. .. u(Tm))
= Solve iteratively with preconditioner Qa

(I — AtQaF)(T*) =ty + At(Q — Qa)f (")
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Time discretization: Spectral deferred correction (SDC)
[Dutt et al., 2000, Weiser, 2015]

= Start with initial value problem

At
u(At) = / F(u)dt + u(0)
0
= Choose M collocation nodes 7, and discretize the integral with spectral quadrature rule @
(I — AtQf)(4) = do,

where T = (u(m1),. .. u(Tm))
= Solve iteratively with preconditioner Qa

(I — AtQaF)(T*) =ty + At(Q — Qa)f (")

See Thibaut's talk tomorrow morning for loads more detaill
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Time parallelisation: Diagonal SDC

[van der Houwen and Sommeijer, 1991, Speck, 2018, Caklovi¢ et al., 2024]

Q@ lower triangular

= Solve SDC iteration with forward
substitution

= Can write as kM stage DIRK method

@ diagonal

= Removes coupling within SDC iteration

= Perform implicit solves and f evaluations

in parallel

= Looks like k stage (S)DIRK method on

each task
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Butcher tableau for third order SDC

T1 | qu

T2 | G21 G

T3 | @31 G2 a3
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Time parallelisation: Diagonal SDC

[van der Houwen and Sommeijer, 1991, Speck, 2018, Caklovi¢ et al., 2024]

Q@ lower triangular

= Solve SDC iteration with forward
substitution

= Can write as kM stage DIRK method

@ diagonal

= Removes coupling within SDC iteration

= Perform implicit solves and f evaluations

in parallel

= Looks like k stage (S)DIRK method on

each task
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Butcher tableau for third order diagonal SDC on three

tasks
1| ¢
i) g0
T3 as
71| a1 a2 ai ¢
T2 | a1 ax»  axs G2
T3 | a1 a3 a3 g3
T1 ailn an a3 41
™ a1 axn  axs g2
T3 a1 a;  ass a3
0 0 0 0 0 0 0 0 1
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Measure PinT speedup

Establish that SDC is faster than time-serial reference method
Demonstrate that space-time-parallel scaling is better than space-only scaling
Implement in “production” code

Implement RBC in pySDC Implement SDC in Dedalus

= pySDC: Prototyping library for SDC and = Framework for spatial discretization with
PFASST pseudo-spectral methods

= Demonstrate good performance of SDC for = Demonstrate SDC implementation in existing
RBC code

= Supports GPUs = |s somewhat optimized

= See [Speck, 2019] = See [Burns et al., 2020]
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Comparison against DIRK-type method for 2D RBC

= Need stiffly accurate IMEX method to Rayleigh-Benard
deal with algebraic constraint 107% 4
= Best high-order method we could find: 1074 4
Four-stage, third order method 5 o ]
ARK3 [Ascher et al., 1997, Section 2.8] Ea
2 1054 {’
Comparison results £ 0\
A B
| \
= Third order diagonal SDC on 2 tasks is -4 |
faster than ARK3 S
= Increase order of SDC to 5 simply by 102
5 o wall clock time / s
addlng ene CO”ocatlon nOde ARK3 =+« fifth order diagonal SDC ==+ third order diagonal SDC

= Fifth-order diagonal SDC on 3 tasks is
much faster
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3D scaling with pySDC on JURECA / JUWELS booster

= Sparse linear solves not accelerated on
GPU

10! 4

—— GPU 1024 x 256

any a2 = FFTs faster on GPU
Z == CPU 1024 x 256
g =*= CPU 2048 x 512
K - —8 CPU 4096 x 1024
100 4 R
S~ sere ideal
10-!
T T T T
100 10t 102 103

Nprocs

.
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3D scaling with pySDC on JURECA / JUWELS booster

= Sparse linear solves not accelerated on
— GPU
—— GPU 1024 x 256

GPU PinT 1024 x 256
— GPU 2048 x 512 = FFTs faster on GPU

GPU PinT 2048 x 512

10t o

4 == CPU 1024 x 256
\5 == CPU PinT 1024 x 256
] pnewo Rl (sc diagonal SDC to extend scaling

—e-  CPU 4096 x 1024

—e- CPU PinT 4096 x 1024 . .

- ideal » Uses 4 tasks in time
-1 = Circumvents space-decomposition limit
1o o Wl o = Improves strong scaling
= Enables scaling up to 4096 CPUs
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3D scaling with pySDC on JURECA / JUWELS booster

N = 1283 N = 2563

—e— GPU 256%

—— GPU 1283
<0+ GPU PinT 256%

tstep /S

© GPU PinT 1283 -
—4+ CPU PinT 128° o =~ CPU 256%
=& CPU 1283 i —+ CPU PinT 256%
100 4 + ideal + ideal
10°

2 x 102

T
3x 10! 4x 10! 6 x 10! 10%

T T
10t 102
Nuodes

= PinT can again be used to extend scaling limits
= Don’t yet know why PinT is slower for few tasks
= GPU implementation suffers from huge memory footprint
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3D parallel scaling with Dedalus on JUWELS cluster

N = 1283

100<

tComp/step
[
2

10—2<

—6— sdc
—&— sdc (pint)

102 103
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tComp/step

N = 2563

100<

10—1<

—6— sdc
—6— sdc (pint)
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Next stop: Jupiter

Implementation . ;

= Reduce memory footprint

= Improve GPU performance

Measurements

= Measure performance for N = 5123

= Measure performance on JUPITER
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Conclusions

= Diagonal preconditioners from Gaya and Thibaut ([Caklovi¢ et al., 2024]) are excellent

Diagonal SDC can extend parallel scaling limits
= No coarsening involved

= Works even for complicated benchmark with heavy convection

TIMEXN

\

SCAN ME
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