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We present an ab initio study of the charge and matter radii of oxygen isotopes from 'O to 2°0 using
nuclear lattice effective field theory (NLEFT) with high-fidelity N3LO chiral interactions. To efficiently
address the Monte Carlo sign problem encountered in nuclear radius calculations, we introduce the partial
pinhole algorithm, significantly reducing statistical uncertainties and extending the reach to more neutron-

rich and proton-rich isotopes. Our computed charge radii for '°0, 170, and '%0 closely match experimental
data, and we predict a charge radius of 2.810(32) fm for 2°O. The calculated matter radii show excellent
agreement with values extracted from low-energy proton and electron elastic scattering data, but are
inconsistent with those derived from interaction cross sections and charge-changing cross section
measurements. These discrepancies highlight model-dependent ambiguities in the experimental extraction
methods of matter radii and underscore the value of precise theoretical benchmarks from NLEFT

calculations.
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Introduction—The nuclear radius, which characterizes
the size of the nucleus, is one of the most fundamental
properties of atomic nuclei. With the advancement of
experimental techniques, there has been a rapid increase
in available data on nuclear charge and matter radii for both
stable and unstable isotopes [1-4]. On the one hand, these
data have significantly enhanced our understanding of
nuclear structure, revealing novel phenomena such as
nuclear halos [5,6], neutron skins [7,8], and nuclear shape
phase transitions [9,10]. On the other hand, they pose
considerable challenges to nuclear theory, particularly to
ab initio approaches.

Despite the remarkable progress in nuclear theory,
achieving accurate descriptions of nuclear charge radii
remains a significant challenge [11-17]. A notable example
is the oxygen isotope chain. Most ab initio calculations
underestimate the charge radius of '°0 by roughly 7-15%

“Contact author: zxren@nankai.edu.cn
Contact author: selhatisari@gmail.com
*Contact author: meissner@hiskp.uni-bonn.de

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

0031-9007/25/135(15)/152502(6)

152502-1

[11,18]. Furthermore, while '°0 and 'O exhibit similar
charge radii, a pronounced increase in the charge radius is
observed experimentally for '%0 in comparison to '°0 and
70 [1]. To our knowledge, this intriguing feature is not
captured by any existing theoretical approach. Although the
chiral interaction NNLO,, successfully reproduces the
charge radius of '%0 by including it among the fitted
observables [18], it still fails to give the substantial increase
seen in %0 [13,16].

Nuclear lattice effective field theory (NLEFT) [19,20]
offers a different perspective on this problem. Recently, the
wave function matching method [21] was proposed to
mitigate the notorious Monte Carlo sign problem in the
imaginary-time evolution of quantum many-body simula-
tions, which introduces strong cancellations between
positive and negative amplitudes. In combination with
high-fidelity N*LO chiral interactions, the binding energies
of both light and medium-mass nuclei up to A = 58 are
well reproduced. While charge radii are generally well
described, including the pronounced increase in %0 com-
pared to %170, they are often accompanied by significantly
larger statistical uncertainties. This is largely due to the
commonly used pinhole algorithm, which inserts an
A-body density operator during the imaginary-time evolu-
tion [22]. This insertion leads to unpaired nucleons, which
results in additional strong sign oscillations, particularly
for nuclei with larger mass numbers and/or pronounced
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proton-neutron asymmetry, thereby complicating the inves-
tigation of subtle isotopic trends in nuclear radii.

In this Letter, we propose an extension of the pinhole
algorithm, referred to as the partial pinhole algorithm, that
reduces the rank of the many-body density operator in order
to mitigate the sign problem in nuclear radius calculations
within the framework of NLEFT. This reduced operator is
implemented via the recently developed rank-operator
method [23]. We combine the partial pinhole algorithm
with the wave function matching method using high-
fidelity NLO chiral interactions. As a first application,
we investigate both charge and matter radii of a number of
oxygen isotopes.

Formalism—The full details of our lattice calculations
are shown in Supplemental Material [24]. To illustrate the
idea of the partial pinhole algorithm and how it is combined
with NLEFT in calculating nuclear radii, we adopt a
simplified Hamiltonian with an attractive two-body contact
short range interaction (C < 0),

H:K+%C§n::p2(n):, (1)

where K is the kinetic energy term with nucleon mass
m = 938.9 MeV, the colons indicate normal ordering, and
pn) =3 5 Por(n) =3 5 a;‘f(n)atrr(n)' Here, p,.(n) is
the one-body density operator at lattice site n for spin o
and isospin 7.

The ground state wave functions of H can be obtained by
applying imaginary time projectors to a trial wave function
W, |¥) = lim,_,,e~7/?|'¥,). In Monte Carlo simulations,
7is divided into L, slices with temporal spacing a, such that
7 = L,a,. For each time slice, the two-body interaction is
defined as nucleons propagated in a fluctuating background
auxiliary field using a Hubbard-Stratonovich transforma-
tion,

_aC L\ _ L s Z
exp< 2p)— o ds exp 2+ a,Csp |,

2)

where s is the auxiliary field at a lattice site. Therefore, the
wave function |¥) can be written as an auxiliary field path-
integral expression,

v = / Dsy - Dsy oM(spyn) -~ M(sy)|¥o). (3)

where the initial wave function |¥,) is an A-nucleon Slater
determinant, such as alpha clusters states or shell-model
wave functions, and the normal-ordered transfer matrix M
is defined as

M(s,) = texp |-k + /=Y sy o). (4

Therefore, |¥) is expressed as a linear combination of
A-nucleon Slater determinants, each of which is associated
with a specific configuration of auxiliary fields 5.

With the wave function |¥) in Eq. (3), the root-mean-
square (RMS) point-proton radius of a nucleus with proton
number Z, neutron number N, and mass number A can be
evaluated by

) =2 S bnmn =i ()

n,o,t=p

where 7., = >, 5. Ps:(1)/A is the center-of-mass oper-
ator. The expression can be rewritten in terms of a set of
two-body correlation functions G4 as

N N-Z 1

a7y

(73) L G (6)

with

G(l/i = Z <:p0'|1'| (nl)p(rz‘rz(nZ):>(n1 _n2)2' (7)
"2:02:72=ﬂ

Similarly, the matter radius is given by

1

<r%1> = Zz<pm’(n)(n _i'c,m.)2>
1 1 1
:WGPP +PGP,, +mGnn (8)

Thus, nuclear radii can be expressed in terms of just three
two-body correlation functions. It is important to note that
since the matter radius corresponds to the second radial
moment of the intrinsic nuclear density distribution (or
equivalently, the squared nuclear wave function), its
numerical value is sensitive to both the theoretical frame-
work used and the specific methods adopted when
extracting it from experimental observables.

Similar to the previous studies on computing the RMS
charge radii [18,21,25], we use the standard relation [26]

N 3
= () + Ry + S R4 (9)
P

where R} = 0.7056 fm* [27,28], R; = —0.105 fm* [29],
and m, = 938.27 MeV. Relativistic spin-orbit corrections
and two-nucleon current contributions are not included in
this work.

A direct calculation of the correlation functions G,y is
computationally expensive, especially when the corrections
from high-fidelity chiral interactions are included
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perturbatively. To evaluate them more efficiently, we
introduce the partial pinhole algorithm. We define a
normal-ordered M-body density operator,

pM(E) = :p(i]‘r](nl)'“p(rMTM(nM):’ (10)

using the notation ¢ = (cy, ..., cy). Here, ¢; = (n;,0;,7;)
specifies the quantum numbers of the ith density operator,
with n; denoting the lattice coordinate, and o; and z;
representing spin and isospin. The summation over ¢
satisfies

A

ZpM(Z):N(N—l)m(N—M—f—l)
=AA-1)---(A-M+1), (11)

where N is the particle-number operator. The equality of
the second line stems from the fact that we are working in
A-nucleon subspace. Therefore, this summation is propor-
tional to the identity operator.

The correlation functions G,; can then be evaluated as

AA-1)
Gap = 77—
MM -1)
Z? [<\P|pM<Z)|\P> Zi<j 5ria57jﬂ(ni - nj)ﬂ
X >
SRCIPMEGITY
The details about computing (r; —n j)2 are presented in
Supplemental Material [24]. Unlike the standard pinhole
algorithm [22], the value of M is much smaller than the
total number of nucleons A. As a result, p,, is no longer a
projection operator, and acting with p,, on a single
A-nucleon Slater determinant yields a linear combination
of multiple A-nucleon Slater determinants.
Since p,,(n) is a rank-one operator, that is, :p2.(n): =0,
the rank-one operator method [23] allows us to express
pu(c) as

(12)

R 1
pM(C) = g_M : exp[gpalrl (nl) 4t gpaM‘rM (nM>]: (13)

with € — oco. It consists of a string of one-body operators
which can be applied directly to each single-particle wave
function in the Slater determinant.

The summations over ¢ in Eq. (12) and the path integral
over s in Eq. (3) are evaluated via Monte Carlo importance
sampling. We generate an ensemble of ¢, § configurations
according to the relative probability weight,

P(c,5) = |<‘P0|M(SL,) e 'M(SL,/Z-H)/)M(E)
X M(sp,2) - M(s1)[Po)l- (14)

The strings of transfer matrices are generated by updating
the auxiliary fields s using the shuttle algorithm [30]. At the

middle time slice, the auxiliary field updates are paused,
and the pinhole configuration ¢ is updated by performing
standard Metropolis accept/reject steps. Specifically, to
update ¢, we randomly select an index i in p,, and either
move it to a neighboring site,

c; ={n;, 0,1} = c¢; = {nj,0;,7;}, (15)

or reassign its spin and isospin,
ci ={ni0;.7:} > c; = {n; 01, 7}}. (16)
The new configuration ¢’ is accepted if
P(¢,5)/P(¢,5) > r, (17)

where the random number r is uniformly distributed
between 0 and 1.

In this work, we combine the partial pinhole algorithm
with the wave function matching method. The original
chiral Hamiltonian is unitarily transformed into a new high-
fidelity Hamiltonian H, whose wave function matches that
of a computationally simple Hamiltonian, Hg, at a given
radius. This ensures rapid convergence of the perturbative
expansion in H — H. The details can be found in Ref. [21].
The formalism for applying the partial pinhole algorithm in
perturbative calculations is provided in [24].

Results and discussion—In the following calculations,
we adopt the N3LO chiral interactions from Ref. [21]. We
also use a minimal sets of three-body force terms, where, in
addition to nuclear binding energies, the charge radius of
“He is used to determine the low-energy constants (LECs)
[31]. Although the number of involved free LECs is
reduced from eight to six, the overall description of nuclear
binding energies is similar to Ref. [21], as detailed in [24].
Our simulations are performed with a spatial lattice spacing
of a =1.32 fm, corresponding to a momentum cutoff
A =n/a~471 MeV. Additionally, we use a temporal
lattice spacing of a, = 0.001 MeV~! and a cubic box of
length L = 13.2 fm. Since the radii of the oxygen isotopes
under investigation are all below 3 fm, this box size is
clearly sufficient to suppress finite-volume effects.

In the partial pinhole algorithm, although one could in
principle take M = 2 for p,, in Eq. (10) as the correlation
functions G4 in Eq. (7) are two-body observables, such a
choice suffers from low computational efficiency. To
improve sampling efficiency, we aim for each configuration
¢ to contribute simultaneously to all three types of
correlations: G, ,,, G,,, and G,,,,. This requirement implies
that the isospin indices in p,, must include at least two
protons and two neutrons. We therefore adopt M = 4 and
fix half of the indices to be protons and the other half to be
neutrons in our calculations. We have further verified that
the final results are largely insensitive to the specific choice
of M, having tested M = 4, 6, 8, and 10 [24].
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FIG. 1. Left: charge radii of oxygen isotopes calculated using

the partial pinhole algorithm with the N?LO interaction as
functions of the projection time 7. The black squares, red circles,
blue upward triangles, and green downward triangles represent
the results for 60, 70, 80, and 2°0, respectively. The solid lines
denote fits using a double-exponential function, with the shaded
bands indicating the 1o uncertainties. Right: diamonds indicate
the charge radii deduced from electron scattering data for '°0
(black), 'O (red), and '80 (blue). Horizontal lines represent the
extrapolated values at 7 — oo from the left panel, with shaded
bands showing the 1o uncertainties.

In [24], we benchmark the charge radii of '°0 and '"O
using both the standard pinhole and the partial pinhole
algorithms with the simple Hamiltonian Hg. Although we
find that both methods yield consistent charge radii, the
partial pinhole algorithm maintains a significantly larger
average phase factor and substantially reduces statistical
uncertainties, particularly in the case of '7O. This improve-
ment becomes even more substantial for heavier nuclei
such as “°Ca, and is further amplified when applying the
full N3LO chiral interactions.

Figure 1 shows the charge radii of '%0, "0, 80, and 2’0
calculated using the partial pinhole algorithm together with
the chiral interactions at N3LO, where a specified set of
three-body forces is adopted [24]. Due to the substantial
suppression of the sign oscillations, we are now able to
reach significantly larger imaginary times as compared to
earlier works. For 10, 70, and %0, the calculated radii
exhibit a clear exponential decay behavior. A double-
exponential fit is used to account for residual excited-state
contamination and extrapolate the results to 7 — co; see
Supplemental Material [24] for details. The uncertainties of
the extrapolation are quantified using the covariance matrix
obtained from the nonlinear fit. The extrapolated charge
radii at 7 — oo are 2.695(8), 2.702(7), and 2.772(6) fm,
respectively. Compared to the corresponding results pre-
sented in Ref. [21], the 1o uncertainties are significantly
reduced. This substantial improvement in precision enables
a detailed investigation of the subtle isotopic trend in the
charge radii of oxygen isotopes. This level of precision also
makes it feasible to probe smaller effects such as relativistic
spin-orbit corrections and two-nucleon currents in the

TABLE I. The charge and matter radii (units are fm) calculated
by the partial pinhole algorithm using the N’LO interaction,
where the theoretical uncertainties are estimated using ten sets of
three-nucleon forces. The available experiment data (Exp.) are
also given for comparison. Exp. (e, ¢) [1]: charge radii deduced
from electron scattering data. Exp. (e, ¢), (p, p) [13]: matter radii
deduced from electron scattering and proton scattering data. Exp.
o [2]: matter radii deduced from interaction cross sections. Exp.
0. [16]: matter radii deduced from charge changing cross
sections.

160 170 180 200
ren [INLEFT] 2.704(17) 2.709(15) 2.768(17) 2.810(32)
Exp. (e, e) 2.699(5) 2.693(8) 2.776(2)
r,, [INLEFT] 2.576(17) 2.651(14) 2.744(19) 2.863(33)
Exp. (e.e), (p.p) 2.60(8)  2.67(10) 2.77(10) 2.90(10)
Exp. o, 2.5422)  2.59(5)  2.61(8)  2.69(3)
Exp. o, 2.57(2) 2.64(8) 2.71(3)

future. For 2°0, however, the stronger sign problem arising
from its larger proton-neutron asymmetry prevents the
simulation from reaching very large projection times,
and the extrapolation is terminated at 7 = 0.4 MeV~!.
As a result, the extrapolated charge radius exhibits a larger
uncertainty.

The extrapolated charge radii are summarized in Table I,
where results using nine additional sets of three-nucleon
forces are included to estimate theoretical uncertainties
[31]. Note that the central values and the corresponding
errors are shifted compared to the extrapolated ones in
Fig. 1. The results show that %0 and 7O have very similar
charge radii, while '8O exhibits a noticeable increase,
consistent with experimental data [1]. We note that,
although '°0 is commonly described as a spherical doubly
magic nucleus within shell-model-based approaches,
NLEFT simulations predict a distinct tetrahedral arrange-
ment of alpha clusters [32]. Similar alpha-cluster structures
in 3Be [33], '2C [34], and *°Ne [35] have also been predicted
by NLEFT in their ground states. Supporting this picture,
previous NLEFT studies [34] demonstrated that the ground
state of '°C robustly converges to an equilateral triangular
arrangement of alpha clusters independent of the choice of
the initial state. By analogy, assuming that 'O similarly
forms a stable tetrahedral cluster configuration as indicated
by NLEFT calculations, this intrinsic clustering could
explain the success of NLEFT in reproducing oxygen
isotope charge radii.

We also compute the matter radii of oxygen isotopes
using the partial pinhole algorithm. The results for °0, 170,
130, and 20 are shown in Fig. 2. Similar to the charge radii
shown in Fig. 1, we perform a double-exponential fit to
extrapolate the data to 7 — oo; see [24] for details. In
contrast to the charge radii, the matter radii increase
monotonically with mass number. The extrapolated matter
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FIG. 2. Left: matter radii of oxygen isotopes calculated using
the partial pinhole algorithm with the N’LO interaction as
functions of the projection time z. The black squares, red circles,
blue upward triangles, and green downward triangles represent
the results for 160, 70, 80, and 2°0, respectively. The solid lines
denote fits using a double-exponential function, with the shaded
bands indicating the 1o uncertainties. Right: diamonds indicate
the matter radii deduced from electron scattering and proton
scattering data for '°0 (black), O (red), 30 (blue), and 2°0
(green). Horizontal lines represent the extrapolated values at 7 —
oo from the left panel, with shaded bands showing the lo
uncertainties.

radii are listed in Table I, along with values obtained using
nine additional sets of three-nucleon forces [31].

In Table I, we also compare our results with experimental
matter radii extracted from electron and proton scattering
[(e,e) and (p, p)] [13], interaction cross sections (c;) [2],
and charge-exchange cross sections (o) [16]. Unlike charge
radii, the extraction of matter radii often involves some
degree of model dependence, leading to discrepancies among
different experimental methods. For example, matter radii
derived from low-energy proton elastic scattering tend to be
systematically larger than those extracted from ¢; and o,
measurements. The most notable case is 2°0, where
differences up to 0.2 fm are observed among the three
different measurements. As discussed in Ref. [13], the (e, ¢)
and (p, p) data provide a more reliable descriptions, since the
correlations in the target are usually not included in the other
methods. From Table I, we can find our calculated matter
radii agree well with the values extracted from (e, ¢) and
(p, p) data, and thus support the statement given in Ref. [13].

Summary and perspectives—We have performed an
ab initio calculation of the charge and matter radii of
oxygen isotopes from %0 to 2’0 using nuclear lattice
effective field theory (NLEFT) with the high-fidelity N*LO
chiral interactions. To mitigate the Monte Carlo sign
problem in nuclear radius calculations, we introduce the
partial pinhole algorithm, which reduces the rank of the
many-body density operator in the standard pinhole
approach and significantly lowers the statistical uncertain-
ties. This method enables access to much larger projection
times and extends the applicability to more neutron-rich
and proton-rich nuclei. Our results accurately reproduce the

experimental charge radii of '°0, 1’0, and 80, demonstrat-
ing the capability of NLEFT in describing nuclear structure
properties. The charge radius of 2°0 is predicted to be 2.810
(32) fm. The calculated matter radii show excellent agree-
ment with values extracted from low-energy electron and
proton scattering, while deviating from those inferred from
interaction and charge-exchange cross sections. These
results underscore the need for further experimental clari-
fication, particularly for neutron-rich isotopes, with
improved precision and reduced model dependence.

As a general and versatile method, the partial pinhole
algorithm holds broad potential future applications. It can
be integrated with other Monte Carlo techniques, such as
the perturbative quantum Monte-Carlo method [36], and
has already been successfully applied to the calculation of
additional observables, including electromagnetic transi-
tions [33]. Its ability to suppress sign oscillations while
maintaining high accuracy suggests wide applicability not
only across nuclear systems, but also to broader classes of
quantum many-body problems.
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