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We present a systematic ab initio study of the low-lying states in beryllium isotopes from 7Be to 12Be
using nuclear lattice effective field theory with the N3LO interaction. Our calculations achieve good
agreement with experimental data for energies, radii, and electromagnetic properties. We introduce a novel,
model-independent method to quantify nuclear shapes, uncovering a distinct pattern in the interplay
between positive and negative parity states across the isotopic chain. By combining Monte Carlo sampling
of the many-body density operator with a novel nucleon-grouping algorithm, the prominent two-center
cluster structures, the emergence of one-neutron halo, complex nuclear molecular dynamics such as π
orbital and σ orbital, emerge naturally.
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Introduction—Beryllium isotopes are pivotal in nuclear
structure studies due to their diverse phenomena, including
clustering, halo structures, and the breakdown of conven-
tional shell closures. For instance, 7Be plays a significant
role in big bang nucleosynthesis and nuclear astrophysics
by influencing the primordial abundances of light elements
[1,2]. The unbound 8Be, which decays into two alpha
particles with a long lifetime, exemplifies nuclear insta-
bility and clustering effects. Moving along the isotopic
chain, 9Be and 10Be are renowned for their pronounced
molecular-like structures [3]. The neutron-rich 11Be is
particularly notable for its ground-state parity inversion
and halo structure, challenging traditional shell-model
predictions and providing insights into weakly bound
systems [4,5]. Similarly, 12Be exhibits the disappearance
of the N ¼ 8 shell closure, highlighting the role of intruder
configurations and shape coexistence [6–9]. These rich and
varied phenomena underscore the need for comprehensive
theoretical frameworks capable of capturing the complex

interplay of clustering, shell evolution, and continuum
effects in beryllium isotopes.
A variety of theoretical approaches have been employed

to study these isotopes, with significant emphasis on
cluster structures, such as antisymmetrized molecular
dynamics (AMD) [10,11], fermionic molecular dynamics
(FMD) [12], molecular-orbital models [13,14], the
Tohsaki-Horiuchi-Schuck-Röpke (THSR) wave function
approach [15–17], and other cluster models [18–22].
These methods have effectively captured cluster structures,
molecular configurations, and the influence of valence
neutrons in beryllium isotopes. See also the recent reviews
[23–25]. In parallel, density functional theory has been
employed to predict the formation of alpha clusters bonded
by excess neutrons, highlighting the significant role of
clustering in these systems [26–28]. Ab initio methods
such as the Gamow shell model [29], Green’s function
Monte Carlo [30–32], the resonating group method [33],
Monte Carlo shell model (MCSM) [34,35], and no-core
shell model (NCSM) [4,36–39] have been instrumental in
providing a microscopic understanding of nuclear structure,
clustering, and reaction dynamics in beryllium isotopes.
Comprehensive reviews have highlighted the importance

of clustering phenomena in light nuclei and their impact
on nuclear structure, reaction dynamics, and astrophysics
[40–44]. These works emphasize the coexistence of cluster
and shell-model features in neutron-rich isotopes and
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discuss the challenges in fully understanding the under-
lying mechanisms. While these theoretical methods have
significantly advanced our understanding, a systematic
ab initio study encompassing energies, radii, electromag-
netic properties, and geometric structures across the beryl-
lium isotopes is still lacking. Moreover, the identification
of cluster structure and molecular orbitals from the full
A-body wave function remains a question.
Recent advancements in nuclear lattice effective field

theory (NLEFT) offer promising avenues for such com-
prehensive investigations. The introduction of wave
function matching techniques within NLEFT, combined
with state-of-the-art next-to-next-to-next-to-leading order
(N3LO) chiral interactions, has led to remarkable agree-
ment with experimental data across a range of nuclei [45].
Moreover, NLEFT has successfully described the structure
of the Hoyle state in 12C [46,47], α-α scattering processes
[48], geometric configurations of the 12C spectrum [49],
nuclear thermodynamics [50], clustering in hot dilute
matter [51], structure factors for hot neutron matter [52],
hyperneutron matter [53], and hypernuclei [54]. In this
work, we present a systematic ab initio study of the p-shell
beryllium isotopes using NLEFT with the N3LO interac-
tion, including energies, radii, electromagnetic properties,
and the geometric structures.
Formalism—We use the wave function matching method

[45] to mitigate the Monte Carlo sign problem associated
with high-fidelity N3LO chiral interactions. This method
unitarily transforms the original Hamiltonian,H, into a new
high-fidelity Hamiltonian, H0, such that its wave functions
match those of a computationally simple Hamiltonian, HS,
up to a given radius. This transformation ensures that the
expansion in powers of the difference H0 −HS converges
rapidly. For more details see Ref. [45]. For comparison, we
also employ a simple SU(4)-symmetric interaction for the
study of 12C [49].
In the NLEFT framework [55,56], observables are

calculated as

hOi ¼ lim
τ→∞

hΨ0jMLt=2OMLt=2jΨ0i
hΨ0jMLt jΨ0i

; ð1Þ

where Ψ0 is the initial wave function, M is the normal-
ordered transfer matrix operator ∶e−HSat∶ with temporal
lattice spacing at, and Lt is the total number of temporal
lattice steps.
To study the nuclear geometrical properties, we

employ the pinhole algorithm [57] and its perturbative
extension [58]. The method samples the positions of
A-nucleons, denoted as ni, on the lattice (spin and isospin
indices have been omited) according to the following
amplitude

Z ¼ hΨ0jMLt=2ρðn1;n2;…;nAÞMLt=2jΨ0i; ð2Þ

where ρðn1;n2;…;nAÞ is the normal-ordered product of
single-nucleon density operators ρðniÞ ¼ a†ðniÞaðniÞ. Let
Npin represent the total number of sampled pinhole con-
figurations. These configurations can be written as

n
NðkÞ ¼

�
nðkÞ
1 ;nðkÞ

2 ;…;nðkÞ
A

�o
Npin

k¼1
; ð3Þ

whereNpin typically reaches several millions for the current
study of beryllium isotopes. Each configuration then can be
transformed into the A-nucleon center-of-mass (c.m.)
coordinate, ri, [57]:

n
RðkÞ ¼

�
rðkÞ1 ; rðkÞ2 ;…; rðkÞA

�o
Npin

k¼1
: ð4Þ

To account for the finite nucleon size (0.84 fm) [59], a
random Gaussian smearing is applied.
The quadrupole moment for a given configuration can

then be calculated as (the denominator required for nor-
malization has been omitted)

hQi ¼ e
XNpin

k¼1

ð−1Þsk
XZ
i¼1

½rðkÞi �2
�
3cos2θðkÞi − 1

�
; ð5Þ

with sk ¼ 0 or 1 for the sign due to importance sampling to
the absolute amplitude of jZj [56,57], and the summation is
over protons. The reduced transition probability is

hBðEλ; I1 → I2Þi ¼ e2
X
μM2

�����
XNpin

k¼1

ð−1Þsk
XZ
i¼1

rλi Yλμðr̂iÞ
�����
2

: ð6Þ

The deformation parameters [60] for a given pinhole
configuration (k) are

aðkÞ20 ¼ 4π

3AR2
0

ffiffiffiffiffiffiffiffi
5

16π

r XA
i¼1

�
3½zðkÞi �2 − ½rðkÞi �2

�
; ð7aÞ

aðkÞ22 ¼ 4π

3AR2
0

ffiffiffiffiffiffiffiffi
15

32π

r XA
i¼1

�
½xðkÞi �2 − ½yðkÞi �2 þ ixðkÞi yðkÞi

�
; ð7bÞ

with R0 ¼ 1.2 fm A1=3. The Hill-Wheeler coordinates [61]
β, γ can be calculated with

aðkÞ20 ¼ βðkÞ cos γðkÞ; aðkÞ22 ¼ 1ffiffiffi
2

p βðkÞ sin γðkÞ: ð8Þ

By a suitable rotation, the expectation value of hxyi
vanishes. The statistical average over Npin configurations
will give us a deformation distribution for a given state of
nucleus. To distinguish it from single determinant defor-
mation, we label it as βpin and γpin.
Note that the expressions in Eqs. (4)–(7) have no explicit

left hLj and right jRi states information, they are encoded in
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Eq. (2). For transition obsevables (6) a multichannel calcu-
lation with different bra and ket states will be performed.
Results and discussion—The N3LO interaction described

in Ref. [45] and SU(4)-symmetric interaction in Ref. [49]
are defined on lattices with spatial spacings a ¼ 1.32 and
1.64 fm, respectively, which correspond to momentum
cutoffs Λ ¼ π=a ≃ 471 and 377 MeV. Additionally, the
temporal lattice spacings for these interactions are defined
as at ¼ 0.20 and at ¼ 0.55 fm, respectively, for these
interactions. We perform our lattice calculation in a
periodic cubic box with length L ¼ 13.2 fm for the N3LO
interaction and 14.8 fm for the SU(4)-symmetric interac-
tion. See Ref. [62] for the details on the configurations of
the initial wave functions.
Figure 1 displays the low-lying energy spectra of 7Be to

12Be calculated using NLEFT with the N3LO interaction,
compared to experimental data [63–68]. The trends of the
theoretical predictions agree with the experimental results,
affirming the effectiveness of the N3LO interaction in
reproducing both ground and excited states of beryllium
isotopes. Numerical challenges such as Euclidean time
extrapolation and finite volume effects become more
pronounced for excited states [62], making it more difficult
to maintain the same level of accuracy as for ground states.
Addressing these challenges will require further optimiza-
tion of computational algorithms and fine-tuning of three-
body forces. Despite these challenges, the successful
application of NLEFT to beryllium isotopes underscores
its potential for accurately capturing the complex dynamics
of light nuclei.
It is noteworthy that the simple SU(4)-symmetric

interaction [49] also provides an accurate description of
most of the states, especailly 11Be. The ground state of 11Be
has long posed a challenge to nuclear structure theory due
to its inverted parity ordering, where the 1=2þ state lies
below the 1=2− state, contrary to shell-model predictions
[4,39,43]. Using only the SU(4)-symmetric interaction,
we successfully reproduce this ordering with high preci-
sion: Eð1

2
þÞ ¼ −64.6ð1Þ and Eð1

2
−Þ ¼ −64.1ð1Þ MeV,

compared to the experimental values of −65.5 and
−65.2 MeV, respectively. This result underscores the
importance of many-body correlations in achieving accu-
rate nuclear structure descriptions.
By exploring various configurations, we identify states

in beryllium isotopes that have not yet been observed
experimentally, as listed in Table I. The existence of
positive-parity states in 7Be has been a subject of long-
standing debate [69,70]. Using shell-model wave functions
with one proton excited to the sd shell, our calculations
yield lower energies compared to the NCSM results [38].
For 10Be, a three-channel 0þ calculation with irrep Aþ

1

projection [71,72] reveals that the ground state is a mixture
of 1p3=2 and 1p1=2 channels, the second 0þ state is
predominant by sd shell, and the third state also comprises
a mixture of 1p3=2 and 1p1=2. While the 0þ2 state with sd-
shell or σ-orbital characteristics is well established [25,42],
the nature of the third Aþ

1 state remains unclear. Although it
could correspond to a 4þ state, its calculated energy
(−56 ∼ −58 MeV) is significantly lower than the exper-
imental 4þ1 at −53.2 and the −49 MeV obtained from
similar Jz ¼ 4 calculations.
Figure 2 displays the charge radii and point matter radii

of beryllium isotopes with available experimental data
[12,73–75]. Our theoretical results, compared to calcula-
tions from AMD [10], FMD [12], and THSR [15–17],
agree with experimental values within approximately 6%
and follow the same trend. Notably, the halo structure of
11Be is accurately reproduced using the N3LO interaction.
We present the calculated quadrupole moments and

transition rates for 7Be to 12Be in Table II. These transition
calculations are challenging due to slow convergence in
Euclidean time and complex multichannel dynamics [76].
To address this, Euclidean time extrapolation has been
employed, see [62]. Our results generally agree with the
experimental data, with deviations observed in some cases.
Given that electromagnetic observables are highly sensitive
to nuclear geometric structures, achieving precise repro-
duction is inherently ambitious. Many theoretical studies
(see Table II and [77–88]) have examined these electro-
magnetic properties, and we compare their findings in [62].
Additionally, we are developing a newmethod that combines

FIG. 1. Low-lying spectrum from 7Be to 12Be calculated by
NLEFT using N3LO interaction [45] and SU(4) interaction [49],
compared to the data [63–68]. The error bars correspond to 1
standard deviation errors include stochastic errors and uncertain-
ties in the Euclidean time extrapolation. The two α threshhold is
denoted by the horizontal dashed line.

TABLE I. Energies of states in 7Be and 10Be calculated by
NLEFT that have not been identified by experiments. For 7Be
some results from NCSM calculations [38] are listed for
comparison.

NLEFT, N3LO NLEFT, SU (4) NCSM

7Be, ð3
2
þÞ −30.5ð8Þ −29.9ð3Þ −24.7

7Be, ð1
2
þÞ −28.8ð1Þ −31.9ð2Þ −27.8

7Be, ð5
2
þÞ −26.5ð7Þ −26.5ð1Þ

10Be, Aþ
1 ð3Þ −56.1ð7Þ −58.4ð9Þ
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second-order perturbative Monte Carlo [89] with a trimmed
sampling algorithm [90] to study transitions involving
second 0þ and 2þ states using the N3LO interaction.
Recent experimental advancements, such as the collec-

tive-flow-assisted nuclear shape-imaging technique intro-
duced by STAR [96], have provided unprecedented insights
into the shapes of atomic nuclei, highlighting the need

for complementary theoretical approaches. In Fig. 3, we
present the probability distributions of the deformation
parameters βpin and γpin for the beryllium isotopes. This
model-independent analysis offers a statistical representa-
tion of the relative positions of all nucleons, distinguishing
it from traditional energy surface plots based on single Slater
determinants. Our results demonstrate that the occupation

TABLE II. The quadrupole moment and transition rates of Be
isotopes calculated by NLEFT using the N3LO interaction [45]
and SU(4) interaction [49], in comparison with experiment. Units
for Q and mðE0Þ are e fm2, for BðE1Þ are e2 fm2, and for BðE2Þ
are e2 fm4.

SU(4) N3LO Exp.

7Be E2; 3
2
− → 1

2
− 16.0(2) 15.2(5) 26(6)(3) [91]

9Be Qð3
2
−Þ 7.3(1) 7.4(1.0) 5.29(4) [92]

E1; 1
2
þ → 3

2
− 0.131(3) 0.060(15) 0.136(2) [93]

E1; 5
2
þ → 3

2
− 0.045(14) 0.049(5) 0.010(8) [67]

E2; 5
2
− → 3

2
− 35.7(1.8) 27.8(1.9) 27.1(2.0) [67]

E2; 7
2
− → 3

2
− 11.6(2.5) 5.3(8) 9.5(4.1) [67]

10Be E1; 3−1 → 2þ1 0.026(2) 0.004(3) 0.009(1) [67]
E2; 2þ1 → 0þ1 10.6(4) 8.5(9) 9.2(3) [31]

11Be E1; 1
2
− → 1

2
þ 0.023(3) 0.038(3) 0.102(2) [94]

12Be E1; 0þ1 → 1−1 0.049(2) 0.056(26) 0.051(13) [95]
E2; 2þ1 → 0þ1 7.8(1.1) 9.0(3.1) 14.2(1.0)(2.0) [6]

β1   γ1            β2   γ2           β3   γ3 βN   γN

… …

N > 106 sampling

Pinhole Sampling        proper rotation

FIG. 3. Probability distribution of the deformation parameter βpin and γpin in Eq. (8) through sampling of pinhole configuration by
NLEFT using N3LO interaction, with red color representing a higher probability and blue color lower. The third component of total spin
is fixed at Jz ¼ J.

FIG. 2. Radii from 7Be to 12Be calculated by NLEFT using
N3LO interaction [45] and SU(4) interaction [49], compared to the
data [12,73–75] and other theoretical calculations [10,12,15–17].
For Refs. [10,15,17] proton size, neutron size, and relativistic
correction are added. (Upper panel) charge radii; (lower panel)
point matter radii.
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of different valence neutron orbitals—specifically π or σ
orbitals significantly alters the nuclear shape. In particular,
valence neutrons occupying σ orbitals lead to more prolate
deformations, whereas the occupation of π orbitals results in
more spherical shapes. These findings are consistent with the
nuclear molecular framework [25,30,34,97].
Finally, we present intrinsic density plots of selected states

in beryllium isotopes in Fig. 4. To obtain these intrinsic
densities, we adopt the strategy fromRef. [49], which groups
the closest two protons and two neutrons and randomly
aligns the clusters along the �z-axis. This method ensures a
balanced representation of nuclear shapes, avoiding the
overemphasis of any single axis that occurs when aligning
configurations based on the principal axis [32,62].
Panels 4(a)–4(d) display the total density for 8Be, 10Be,

and 11Be (1=2− and 1=2þ states). 8Be clearly shows a strong
two-alpha cluster structure as expected. Adding valence
neutrons in 10Be and 11Be slightly diminishes the cluster
formation while enhancing the neck region between clusters.
Comparing the 1=2− and 1=2þ states of 11Be, we observe
significantly different shapes: the π-orbital occupation
results in a more rounded nucleus, whereas the σ orbital

induces a pronounced prolate deformation, consistent with
nuclear molecular dynamics in other studies [25,30,34,97].
Panels 4(e)–4(h) illustrate the valence neutron densities,

scaled by a constant factor of 5 or by r2. In panel (e), the
π-orbital in 11Be naturally emerges from the N3LO inter-
action, displaying a distinct distribution. For the 1=2þ state
in panel (f), one neutron occupies the σ orbital, reducing the
π-orbital density. Applying an r2 scaling in panels (g)
and (h) reveals the large spatial extension of the last neutron
in the 1=2þ state, characteristic of a halo nucleus. This
extended distribution aligns with other models [11,25],
showing enhanced density around r ∼ 0 and along the �z
axis, alongside shell-model sd characteristics indicative of
a halo structure.
The concept of nuclear molecular orbitals has been

extensively discussed in cluster models [25], but it remains
less straightforward in the context of ab initio calculations.
The primary challenge lies in identifying the clusters and
valence particles within the full many-body correlated wave
function Ψðr1; r2;…; rAÞ. The current work offers new
insights into this task. By performing Monte Carlo sam-
pling of the many-body density operator, the pinhole
algorithms provide configurations of the A particle coor-
dinates in space. Furthermore, by grouping the closest 2
protons and 2 neutrons together, the remaining particles are
automatically categorized as valence particles.
In the Supplemental Material [62], we describe in detail

the grouping algorithm used, and we also explicitly con-
struct a simple model for the π and σ molecular orbitals that
is able to reproduce the ab initio nucleonic densities seen
for the 3=2− and 1=2þ states of 9Be as well as the ground
states of 10Be, 11Be, and 12Be [62]. This effectively reveals
the nuclear molecular orbitals directly from the full wave
function Ψðr1; r2;…; rAÞ, offering an ab initio description
of these orbitals.
Summary and discussion—We have systematically stud-

ied the p-shell beryllium isotopes using nuclear lattice
effective field theory (NLEFT) with both the N3LO inter-
action [45] and a simple SU(4)-symmetric interaction [49].
Our calculations for the low-lying spectra, radii, and
electromagnetic observables show good agreement with
experimental data. We have investigated the halo structure
of 11Be, the geometric differences between negative- and
positive-parity states, and intrinsic density distributions. By
identifying clusters and valence neutrons from the pinhole
algorithm, nuclear molecular orbitals, e.g., π and σ orbitals,
emerge naturally. These findings demonstrate the efficiency
of NLEFT in capturing the intricate dynamics of light nuclei,
highlighting the potential of unified ab initio approaches in
elucidating complex nuclear behaviors such as the nature
and details of the molecular orbitals in nuclei with clustering.
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