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. QUANTUM ANNEALING

1.1 Motivation

» Optimization problem: Cost function of N variables needs to be optimized

» Physically inspired techniques for solving - Map problem to a Hamiltonian

Simulated Annealing Quantum Annealing
Thermal fluctuations Quantum fluctuations
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. QUANTUM ANNEALING

1.2 Annealing Hamiltonians

0.8 t

0.6

e Standard Hamiltonian: ol A
0.2+
H(s)—A(s)thax+B(s) th 7 — 2]110 a;’
<i,j> %0 0.2 04 0.6 0.8

e General Hamiltonian: )

H = ) fa<s)2haa“ + faa(S)Z]l $ = YT

p: i° T, = Total annealing time
a=x,y,z a=Xx,y,z

e Basic ingredients

»Hp = — Yo hiof — X< j=Jij0; 0i": encodes the optimization
problem

» Rest controls the choice for the initial Hamiltonian H; and the
annealing path
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Il. TIME-DEPENDENT SCHRODINGER EQUATION

« The time evolution of a quantum system is governed by the time-dependent Schrodinger equation

(TDSE) . e
— Time-dependent Hamiltonian

0
ih— [P(©) = HOR(O)

State of the quantum system at time t

D

W(e)) = 2 Cfr complex coefficients
=0 b Dbasis states

« Solution: [Y(t +t)) =U(t +t',t)|yY(t))
 Time stepping

> Ult+t,t) =U(tmtm1)U(tm—1,tm—2).... U(ty, to)

wheret; =t +jr,7=t'/mand:0 > m
» Approximating H to be piecewise constant, i.e., to stay relatively constant over the interval
[tji-1,t))

U(tj,tj—q) ~ e~ THE-147/2) IJ JULICH
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lll. EXACT DIAGONALIZATION

llJ(t +17) = e—iTH(tj_1+T/2)l/)(t)

« Exact diagonalization
H=UDUT
« Computer resources for exact diagonalization
= Number of operations: 0(L?)
= Memory: 0(L?) [ = N

« Implementing time evolution: e "™ = yute~"Hyyt = ye~*Pyt
 Number of operations for time evolution:
Pt + 1) = e ™HY((t) = Ue P UTY(t)
= U e Py’ (t)
=(U

0(L%)

0(L*) @) JiLIcH
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IV.SUZUKI-TROTTER PRODUCT FORMULA ALGORITHM

4.1 Motivation

l/)(t +17) = e—iTH(tj_1+T/2)¢(t)
« Decompose Hinto H(t;—; + g) = Y=t Hr(tj—1 + %)

« Second-order Suzuki-Trotter product formula approximation to
—iTH(tj-1+7/2) o [T (¢ z
it rte/2) 5 T (4, + )

N _irHK(tj_1+%) itHy (tj_q+5)  itHy(tj_1+3) itH(tj_1+%)

Uz(tj_l +§) = e 2 e @ 2 e 2 . € 2

T
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IV.SUZUKI-TROTTER PRODUCT FORMULA ALGORITHM

4.2 Example
 For
N N
HO==-) > hi®af= ) > Ji®) ofof
i1=1 a=x,y,z L,j=1a=xy,z

* One possible decomposition
H(t) = Hy(t) + Hy(t) + H,(t)

where Hy(t) = — XL, () of — X1 JE ()0l o fora = x,y,z

N N
e~ iTHa(t) — ‘ ‘e—rhf’(t)ai“ ‘ ‘ e_T]iaj(t)UiaU]q
i=1 i,j=1

Single-qubit gate

so that
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V. 2-SATISFIABILITY (SAT) PROBLEMS

« Consist of cost function of N Boolean variables, x;

F=(Li1vLi2)A(LyyVLys)A...A(Lpyy1V Lyo),
L1 = 1 ’ ! " | Find assignment to x; that makes F true
where Lgx = Xija k] OF Xi[a,k] With Xjjq k) = 0,1

« Reformulation as Ising Hamiltonian:
Hosar = Yi=1 hosar(€a,1Si[a1] €a2Si[a,2]) Where €, = 1 for x; , €, = —1 for X;
« Example: for clause (x1Vvx,), hogar = 515 — (51 +s,) + 1
* Chosen problems (6 < N < 20):
» Set of 100 or 1000 problems
- Dimension of the Hilbert space 2" (corresponding to ~1 000 000 complex coefficients for N=20)
« M = N+1
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V. STANDARD QUANTUM ANNEALING1(i-7,,.7,
Scaling of TTS99 %4 In(1 — Payec(Ta))
Simulation, T, = 1000 TTS99 = 794 (Prarger = 0.99)
10° | ‘ 1.061N' |
DI = 0.00047 e —
D3 o 0.00052¢! 192N - ...
10" }D5  + 0.00055¢!2%5N o
D7 + 0.00139¢ 202N —.—. o
6 D9+ 0.00005e" 48N - — - Pne
10 R  Brute-force search scales
30 as o —0-693 N
|_
104 L
0y
R W
10 11 12 13 14 15 16 17 18
N
D5 : 1.205
T, (theory) 1.058
Reason :  Sufficiently long T, ‘ .
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Vil. MODIFIED QUANTUM ANNEALING

7.1 Addition of Trigger Hamiltonian: Description

H(s) = A(s)H; + B(s)Hp + C(s)Hy 0.8 1
0.6
_ X X X s
Hy = QZ{i,j}]i,jUi 0j 04 | QEsg
C(s)
where,
g = strength of the trigger (0.5,1.0,2.0) 2
O ] ] ] ]
0 0.2 0.4 0.6 0.8
« |1 Ferromagnetic trigger Hamiltonian °
Jij =11 Antiferromagnetic trigger Hamiltonian
@) JULICH
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VII.

7.2 Scaling of TTS99

Ferromagnetic, T, = 1000

MODIFIED QUANTUM ANNEALING

Antiferromagnetic, T, = 1000

7 [
DI = 39¢g028N | 10 Di = Scallng
D3« 0404ON ... ,/' D3 o Improvement
s ogEiy | 0] B8
BS . 8220543N o D9 . Compared to
3 10° :
210 3  Brute-force
|_
= . ot search
) & g & b :
0°r . . Standard QA
, Hamiltonian
10° — 10 — —
10 11 12 13 14 15 16 17 18 10 11 12 13 14 15 16 17 18
N N
D5 0.478 0.617 Standard QA: 1.205
T4 (theory) 0.424 0.530 '
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Vill. CONCLUSION

« Quantum annealing is a heuristic for solving optimization problems
« To numerically simulate - solve the time-dependent Schrodinger equation
* Numerical implementation

» [f the system size allows for it, exact diagonalization is the most
straightforward method

» |f not, Suzuki-Trotter product formula algorithm is a good choice
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