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Bayesian inference and kernel methods are well established in machine learning. The neural network Gaussian
process in particular provides a concept to investigate neural networks in the limit of infinitely wide hidden layers
by using kernel and inference methods. Here, we build upon this limit and provide a field theoretic formalism
that covers the generalization properties of infinitely wide networks. We systematically compute generalization
properties of linear, nonlinear, and deep nonlinear networks for kernel matrices with heterogeneous entries. In
contrast to currently employed spectral methods, we derive the generalization properties from the statistical
properties of the input, elucidating the interplay of input dimensionality, size of the training dataset, and
variability of the data. We show that data variability leads to a non-Gaussian action reminiscent of a ¢* + ¢*
theory. Using our formalism on a synthetic task and on MNIST, we obtain a homogeneous kernel matrix
approximation for the learning curve as well as corrections due to data variability that allow the estimation
of the generalization properties and exact results for the bounds of the learning curves in the case of infinitely

many training data points.

DOLI: 10.1103/r1s3-1r3g

I. INTRODUCTION

Machine learning and in particular deep learning continues
to influence all areas of science. Employed as a scientific
method, explainability, a defining feature of any scientific
method, however, is still largely missing. This is also im-
portant to provide guarantees and to guide educated design
choices to reach a desired level of accuracy. The reason is
that the underlying principles by which artificial neural net-
works (ANNs) reach their unprecedented performance are
largely unknown. There is, up to date, no complete theoretical
framework that fully describes the behavior of artificial neural
networks so that it would explain the mechanisms by which
neural networks operate. Such a framework would also be
useful to support architecture search and network training.

Investigating the theoretical foundations of artificial neural
networks on the basis of statistical physics dates back to
the 1980s. Early approaches to investigate neural information
processing were mainly rooted in the spin-glass literature and
included the computation of the memory capacity of the per-
ceptron, collective network dynamics [1], and investigations
of the energy landscape of attractor network [2—4].

As in the thermodynamic limit in solid state physics, some
modern approaches deal with ANNs with an infinite number
of hidden neurons to simplify calculations. This leads to a
relation between ANNs and Bayesian inference on Gaussian
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processes [5,6], known as the neural network Gaussian pro-
cess (NNGP) limit: The prior distribution of network outputs
across realizations of network parameters here becomes a
Gaussian process that is uniquely described by its covariance
function, also known as its kernel. This approach has been
used to obtain insights into the relation of network architecture
and trainability [7-11]. Other works have investigated training
by gradient descent as a means to shape the corresponding ker-
nel [12]. A series of recent studies also captures networks at
finite width, including adaptation of the kernel due to feature
learning effects [13—19]. Even though training networks with
gradient descent is the most abundant setup, different schemes
such as Bayesian deep learning [20] provide an alternative
perspective on training neural networks. Rather than finding
the single-best parameter realization to solve a given task,
the Bayesian approach aims to find the optimal parameter
distribution.

In this work, we adopt the Bayesian approach and in-
vestigate the effect of variability in the training data on the
generalization properties of wide neural networks. We do so in
the limit of infinitely wide linear and nonlinear networks. To
obtain analytical insights, we apply tools from statistical field
theory to derive approximate expressions for the predictive
distribution in the NNGP limit (see Fig. 1). The remainder
of this work is structured in the following way: In Sec. II,
we describe the setup of supervised learning in shallow and
deep networks in the framework of Bayesian inference and
we introduce a synthetic dataset that allows us to control the
degree of pattern separability, dimensionality, and variability
of the resulting overlap matrix. In Sec. III, we develop the field
theoretical approach to learning curves and its application to
the synthetic dataset as well as to MNIST [21]: Sec. IIT A
presents the general formalism and shows that data variability
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FIG. 1. Field theory of generalization in Bayesian inference. (a) A binary classification task, such as distinguishing pairs of digits in
MNIST, can be described with the help of an overlap matrix K* that represents similarity across the ¢ = ¢; + ¢, images of the training set of
two classes, 1 and 2 with D, and D, samples, respectively. Entries of the overlap matrix are heterogeneous. Different drawings of ¢ example
patterns each lead to different realizations of the overlap matrix; the matrix is stochastic. We here describe the matrix elements by a correlated
multivariate Gaussian. (b) The data are fed through a feedforward neural network to produce an output y. In the case of infinitely wide
hidden layers and under Gaussian priors on the network weights, the output of the network is a Gaussian process with the kernel K”, which
depends on the network architecture and the input kernel K*. (c) To obtain statistical properties of the posterior distribution, we compute its
disorder-averaged moment-generating function Z(J, Z,) diagrammatically. (d) The leading-order contribution from the homogeneous kernel

(y*)o is corrected by (y
on a test point (y

*}1 due to the variability of the overlaps; both follow as derivatives of Z(J, [,). (¢) Comparing the mean network output
*), the zeroth-order theory (y.)o (blue dashed), the first-order approximation in the data variability (y.)o+1 (blue-red dashed),

and empirical results (black crosses) as a function of the amount of training data (learning curve) shows how variability in the dataset limits

the network performance and validates the theory.

in general leads to a non-Gaussian process. Here, we also
derive perturbative expressions to characterize the posterior
distribution of the network output. We first illustrate these
ideas on the simplest but nontrivial example of linear Bayesian
regression and then generalize them first to linear and then
to nonlinear deep networks. In Sec. I C, we show results for
the synthetic dataset to obtain interpretable expressions that
allow us to identify how data variability affects generalization;
we then generalize the theory to be applicable to real-world
datasets and illustrate its application with the MNIST dataset.
In Sec. IV, we summarize our findings, discuss them in the
light of the literature, and provide an outlook.

II. SETUP

In this background section, we outline the relation between
neural networks, Gaussian processes, and Bayesian inference.
We further present an artificial binary classification task that
allows us to control the degree of pattern separation and vari-
ability and test the predictive power of the theoretical results
for the network generalization properties.

A. Neural networks, Gaussian processes, and Bayesian inference

The advent of parametric methods such as neural networks
is preceded by nonparametric approaches such as Gaussian
processes. There are, however, clear connections between the

two concepts that allow us to borrow from the theory of
Gaussian processes and Bayesian inference to describe the
seemingly different neural networks. We will here give a
short recap on neural networks, Bayesian inference, Gaussian
processes, and their mutual relations.

1. Background: neural networks

In general, a feedforward neural network maps inputs x, €
RMin to outputs y, € R via the transformations

D = WOD(RID),  with 1 = Vi,
Ya = UpEHD (), )

where ¢ (x) are activation functions, V € R¥»Nam are the
read-in weights, Ngi, is the dimension of the input, WO ¢
RM>*Ni are the hidden weights, N, denotes the number of
hidden neurons, and U € R¥™: are the readout weights.
Here, [ is the layer index 1 </ < L and L the number of
layers of the network; we here assume layer-independent ac-
tivation functions ¢V = ¢. The collection of all weights are
the model parameters © = {V, W), ... W® U}. The goal
of training a neural network in a supervised manner is to find
a set of parameters © that reproduces the input-output relation
(Xtr.a» Yir.a )1<a<p for a set of D pairs of inputs and outputs as
accurately as possible, while also maintaining the ability to
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generalize. Hence, one partitions the data into a training set
Dy, |Dy| = D, and a test set Dy, |Diest| = Diest- The train-
ing data are given in the form of the matrices x,, € RMm >N
and y, € RNV The quality of how well a neural network
is able to model the relation between inputs and outputs is
quantified by a task-dependent loss function L£(®, xy, ys).
Starting with a random initialization of the parameters ®, one
tries to find an optimal set of parameters © that minimizes
the loss 25:1 L(O, X o, Yir.o) ON the training set Dy.. The
parameters © are usually obtained through methods such as
stochastic gradient descent. The generalization properties of
the network are quantified after the training by computing the
loss £(©, xy, yo) on the test set (Xtest.ors Yeest.) € Drest, Which
are data samples that have not been used during the training
process. Neural networks hence provide, by definition, a para-
metric modeling approach, as the goal is to a find an optimal
set of parameters ©.

2. Background: Bayesian inference and Gaussian processes

The parametric viewpoint in Sec. IIA1 that yields a
point estimate ® for the optimal set of parameters can
be complemented by considering a Bayesian perspective
[20,22,23]: For each network input x,, the network equa-
tions (1) yield a single output y(xy|®). One typically
considers a stochastic output y(x,|®) + &, where &, are Gaus-
sian independently and identically distributed (i.i.d.) with
variance arzeg [24]. This regularization allows us to define
the probability distribution p(y|xy, ®) = (8[ye — Y(Xir.a|®) —
£&1)e, = N(as Y(x|0), 0%,). An alternative interpretation
of &, is a Gaussian noise on the labels. Given a particular
set of the network parameters ®, this implies a joint dis-
tribution p(Y|Xtra Q)= ]_[3:1<8[ya - y(xtr,ot|®) - goz]){éa} =
]_[5=1 PVolXa, ®) of network outputs {y,}i<a<p, €ach cor-
responding to one network input {Xy }i<a<p. One aims to
use the training data Dy, to compute the posterior distribution
for the weights V, W .. W@ U by conditioning on the
network outputs to agree to the desired training values. Con-
cretely, we here assume as a prior for the model parameters
that the parameter elements V;;, Wi(]-l), and U;; arei.i.d. accord-
ing to centered Gaussian distributions V;; ~ N0, UUZ /Ndim),
W ~ N(0.02/Ny), and Uyj ~ N'(0, 02 /Ny).

The posterior distribution of the parameters p(®|Xy, Yir)
then follows from Bayes’s theorem as

tr I @ @
POl yy) = L D1P(O) @)
P(Yir|Xer)

with the likelihood p(yq|Xq, ®), the weight prior p(®),
and the model evidence p(yy|Xy) = fd@ P(Yu | X, ®)p(O),
which provides the proper normalization. The posterior
parameter distribution p(®|X, y) also determines the distri-
bution of the network output y, corresponding to a test point
X, by marginalizing over the parameters ®:

DPOslXs, Xers Yor) = / dO p(y|x«, O)p(O|Xy, ¥ir), 3)

PO, Y|, Xir)

4
P(Yer|Xer) @

One can understand this intuitively: The distribution in Eq. (2)
provides a set of viable parameters ® based on the training
data. An initial guess for the correct choice of parameters
via the prior p(®) is refined, based on whether the choice
of parameters accurately models the relation of the training
data, which is encapsulated in the likelihood p(yy|Xe, ®).
This viewpoint of Bayesian parameter selection is also equiv-
alent to what is known as Bayesian deep learning [20].
The distribution p(yy, Yir|Xs, Xi) describes the joint network
outputs for all training points and the test point. In the case
of wide networks, where N, — oo [5,6], the distribution of
network outputs p(yy, Y |X«, Xir) approaches a Gaussian pro-
cessy ~ N(0, K?), where the covariance (y,yg) = K(fﬂ is also
denoted as the kernel. This is beneficial, as the inference for
the network output y, for a test point x, then also follows a
Gaussian distribution with mean and covariance given by [25]

(i) = KL, (K*) 5 Ve p- (5)
(0 = 0u)P) =K, — KL (K") 5 K3, (6)

where summation over repeated indices is implied. There
has been extensive research in relating the outputs of wide
neural networks to Gaussian processes [5,26,27], including
recent work on corrections due to finite-width effects N, > 1
[13-18,28,29].

B. Our contribution

A fundamental assumption of supervised learning is the
existence of a joint distribution p(x, yi) from which the set
of training data as well as the set of test data are drawn. In
this work, we follow the Bayesian approach and investigate
the effect of variability in the training data on the general-
ization properties of wide neural networks. We do so in the
kernel limit of infinitely wide linear and nonlinear networks.
Variability here has two meanings: First, for each drawing of
D pairs of training samples (X o, Yir,o)i<a<p ONE Obtains a
D x D kernel matrix K” with heterogeneous entries, so in a
single instance of Bayesian inference, the entries of the kernel
matrix vary from one entry to the next. Second, each such
drawing of D training data points and one test data point
(x4, y«) leads to a different kernel {Ksﬁ}l@,ﬁgl)ﬂ, which
follows some probabilistic law K¥ ~ p(K”).

Our work builds upon previous results for the NNGP limit
to formalize the influence of such stochastic kernels. We here
develop a field theoretic approach to systematically investi-
gate the influence of the underlying kernel stochasticity on the
generalization properties of the network, namely, the learning
curve, the dependence of (y,) on the number of training sam-
ples D = |Dy|. As we assume Gaussian i.i.d. priors on the
network parameters, the output kernel K, p solely depends on
the network architecture and the input overlap matrix:

Ndim
K;ﬁ = Zxaixﬁi, Xa, X8 € Dy U Dhegy @)
i=1

with o, 8 = 1,..., D+ 1. We next define a data model that
allows us to approximate the probability measure for the data
variability.
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C. Definition of a synthetic dataset

To investigate the generalization properties in a binary
classification task, we introduce a synthetic stochastic binary
classification task. This task allows us to control the statistical
properties of the data with regard to the dimensionality of the
patterns, the degree of separation between patterns belonging
to different classes, and the variability in the kernel. Moreover,
it allows us to construct training datasets Dy of arbitrary
sizes and we will show that the statistics of the resulting
kernels is indeed representative for more realistic datasets
such as MNIST. The dataset consists of pattern realizations
Xq € {—1, 1}Mim with dimension Ngm even. We denote the
entries x,; of this Ngim-dimensional vector for data point « as
pixels that randomly take either of two values xo; € {—1, 1}
with respective probabilities p(x,; = 1) and p(x,; = —1) that
depend on the class c(«) € {1, 2} of the pattern realization
and whether the index i is in the left half (i < Ngim/2) or
the right half (i > Ny /2) of the pattern: For class c(a) = 1,
each pixel x,; with 1 < i < Ny, is realized independently as
a binary variable as

1, with p, Niim

Xt = op for i < m (g)
~1, with (1—p), 2
1, with (1 — p), Ny

i = th (E=p) s Nam )
—1, with p,

For a pattern x,, in the second class c(«) = 2, the pixel values
are distributed independently of those in the first class with
a statistics that equals the negative pixel values of the first
class, which is P(x;) = P(—xg;) withc(B) = 1 and c(a) = 2.
There are two limiting cases for p that illustrate the construc-
tion of the patterns: In the limit p = 1, each pattern x, in
¢ = 1 consists of a vector, where the first Ny, /2 pixels have
the value x,; = 1, whereas the second half consists of pixels
with the value x,; = —1. The opposite holds for patterns
in the second class ¢ = 2. This limiting case is shown in
Fig. 2 (right column). In the limit case p = 0.5, each pixel
assumes the value x, ; = %1 with equal probability, regardless
of the pattern class membership or the pixel position. Hence,
one cannot distinguish the class membership of any of the
training instances. This limiting case is shown in Fig. 2 (left
column). If c(a) = 1, we set y; o, = —1 and for c(o) =2 we
set yr.o = 1. We now investigate the description of this task
in the framework of Bayesian inference. The hidden variables
h% [Eq. (1)] in the input layer under a Gaussian prior on
Vi S N0, O’UZ /Ngim) follow a Gaussian process with kernel
K given by

Koy = 139)

) (10)

Naim

Zxaix,gi. (11)

i=1

_ o

~ Niim
Separability of the two classes is reflected in the structure of
this input kernel K° as shown in Fig. 2: In the cases with p =
0.8 and p = 1, one can clearly distinguish blocks; the diagonal
blocks represent intraclass overlaps, the off-diagonal blocks
interclass overlaps. This is not the case for p = 0.5, where no

(@) p=0.5 p=0.8 p=1.0
| H H N [ . [ .
N I I N [
(I |
[ B [

FIG. 2. Synthetic dataset. (a) Two sample vectors x{!S*< for
each of the two classes (upper and lower). The values for the pix-
els can be x* € {—1, 1}, where yellow indicates x'*’ = 1 and blue
xf“) = —1. The three columns correspond to three different settings
of the pixel probability p € {0.5, 0.8, 1}. (b) Empirical overlap ma-
trices K* [Eq. (10)] for D/2 = 2 patterns of class 1 and D/2 =2
patterns of class 2. The entries of the overlap matrices are Kz €
[—1, 1]. Darker colors indicate Kop ~ —1 and brighter colors corre-
spond to Kj; ~ 1. (¢) Empirical overlap matrix K* for the same task
as in panels (a) and (b) with D = 50. Other parameters: Ny, = 6.

clear block structure is visible. In the case of p = 0.8, one
can further observe that the blocks are not as clear-cut as in
the case p = 1, but rather noisy, similar to p = 0.5. This is
due to the probabilistic realization of patterns, which induces
stochasticity in the blocks of the input kernel K [Eq. (10)].
To quantify this effect, based on the distribution of the pixel
values [Eq. (9)], we compute the distribution of the entries of
K" for the binary classification task. The mean of the overlap
elements p1,4 and their covariances X, s) are defined via

pap = (Kqp), (12)
Swpivs) = (8Kyg 0K)s), (13)
8Kap = Kop — Iap. (14)

where the expectation value (-) is taken over drawings of D
training samples each. By construction, we have pog = Ugq-
The covariance is further invariant under the exchange of
(o, B) < (y, 8) and, due to the symmetry of Kgﬂ = Kga, also
under swapping o <> 8 and y <> § separately. In the artifi-
cial task setting, the parameter p, the pattern dimensionality
Naim, and the variance avz /Ngim of each read-in weight V;;
define the elements of (1qp and (g s), which read (see the
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Supplemental Material [30])

1’ a :ﬂ’
2
I’Lolﬂ :UU u, Ca :cﬁv
—Uu, cqu Fcg,
> L
(@B)ap) = K,
e Niim
Cq = Cp = Cs,
. for { ¢ 2 p s
o o # Cp = Cs,
Zapren = 37— oy e (15)
M-y, for]@T BT
Cq = Cs F Cp,
with
Kk:i=1-— uz,
vi=u(l —un),

u:=4p(p—1)+1.

In addition to this, the tensor elements of X(,p)(,5) are zero
for the following index combinations because we fixed the
value of K2, by construction:

Seps =0, witha #B#y #36,

Zwaypy) =0, witha # g # vy,
Sy =0,  witha # B,
Saep) =0, witha # B,
Yiao)ea) =0, witha # B. (16)

The expressions for Xy wp) and X g)ws) in Eq. (15)
show that the magnitude of the fluctuations is controlled
through the parameter p and the pattern dimensionality Ngip:
The covariance X is suppressed by a factor of 1/Ngi, com-
pared to the mean values p. Hence, we can use the pattern
dimensionality Ngip, to investigate the influence of the strength
of fluctuations. As illustrated in Fig. 1(a), the elements
X (ap)p) denote the variance of individual entries of the ker-
nel, while ¥, )y ) are covariances of entries across elements
of a given row «, visible as horizontal or vertical stripes in the
color plot of the kernel.

Equation (15) implies, by construction, a Gaussian distri-
bution of the elements K, as it only provides the first two
cumulants. One can show that the higher-order cumulants of
Kgﬂ scale subleading in the pattern dimension and are hence
suppressed by a factor O(1/Ngim) compared to gy s) (see
the Supplemental Material [30]). The suppression of higher-
order cumulants such as the variance with factors O(1/Ngin)
does not depend on the task setting and is, assuming the gen-
eral structure of the kernel [Eq. (10)], general if one assumes
independently distributed pixels.

III. RESULTS

In this section, we derive the field theoretic formalism that
allows us to compute the statistical properties of the inferred
network output in Bayesian inference with a stochastic ker-
nel. We show that the resulting process is non-Gaussian and
reminiscent of a 3 + ¢* theory. Specifically, we compute the

mean of the predictive distribution of this process conditioned
on the training data. This is achieved by employing systematic
approximations with the help of Feynman diagrams.

Subsequently, we show that our results provide an accurate
bound on the generalization capabilities of the network. We
further discuss the implications of our analytic results for
neural architecture search.

A. Field theoretic description of Bayesian inference
1. Bayesian inference with stochastic kernels

In general, a network implements a map from the inputs
X, to corresponding outputs y,. In particular, a model of the
form in Eq. (1) implements a nonlinear map  : RVim — RN
of the input x,, € RMin to a hidden state i, € R This map
may also involve multiple hidden layers, biases, and non-
linear transformations. The readout weight U € R links
the scalar network output y, € R and the transformed inputs
Y(xy) with 1 < o < Dyt = D + Dy that yields

Yo = U¥(xy) + &as a7

i.id. . o .
where &, " N(0, ofeg) is a regularization noise in the same
spirit as in Ref. [24]. We assume that the prior on the readout

vector elements is a Gaussian U,-l'l~'d' N0, auz /Np). The distri-
bution of the set of network outputs y;<o<p,, 1S then in the
limit N, — oo, a multivariate Gaussian [5]. The kernel matrix
of this Gaussian is obtained by taking the expectation value
with respect to the readout vector, which yields

(e yp)u = Koy = 0 Ky + B 0, (18)
1 O

Ky, = N D Wixa) Yilxp)- (19)
=1

The kernel matrix K, p describes the covariance of the net-
work’s output and hence depends on the kernel matrix K;// 5

The additional term §qp arzeg acts as a regularization term,
which is also known as a ridge regression [31] or Tikhonov
regularization [32]. In the context of neural networks, one can
motivate the regularizer arzeg by using the L? regularization
in the readout layer. This is also known as weight decay
[33]. Introducing the regularizer afeg is necessary to ensure
that one can properly invert the matrix K. p» ensuring that the
expressions [Egs. (5) and (6)] are numerically stable.

Different drawings of sets of training data D, lead to
different realizations of kernel matrices K¥ and K”. The net-
work output y, hence follows a multivariate Gaussian with a
stochastic kernel matrix K”. A more formal derivation of the
Gaussian statistics, including an argument for its validity in
deep neural networks, can be found in Ref. [27]. A consistent
derivation using field theoretical methods and corrections in
terms for the width of the hidden layer N, for deep and
recurrent networks has been presented in Ref. [28].

In general, the input kernel matrix K 0 [Eq. (10)] and the
output kernel matrix K” are related in a nontrivial fashion,
which depends on the specific network architecture at hand.
From now on, we make an assumption on the stochasticity of
K" and assume that the input kernel matrix K° is distributed
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according to a multivariate Gaussian
K"~ N(u, ), (20)

where ¢ and X are given by Eqs. (12) and (13), respectively.

In the limit of large pattern dimensions Ngp, > 1, this
assumption is warranted for the kernel matrix K°. This struc-
ture further assumes that the overlap statistics are unimodal,
which is indeed mostly the case for data such as MNIST
(see Appendix 4). Furthermore, we assume that this property
holds for the output kernel matrix K” as well and that we can
find a mapping from the mean w and covariance ¥ of the
input kernel to the mean m and covariance C of the output
kernel (Maﬁ, Z(aﬂ)(yﬁ)) — (maﬂ, C(aﬁ)(y&)) so that K7 is also
distributed according to a multivariate Gaussian

K* ~ N(m, C). 21

For each realization K. 5 the joint distribution of the network
outputs yi<o<n,, corresponding to the training and test data
points x follow a multivariate Gaussian

p(ylx) ~ N(0, k). (22)

The kernel allows us to compute the conditional proba-
bility p(y«|X¢, Yurs X+ ), as defined in Eq. (3), for a test point
(X4, ¥%) € Drest conditioned on the data from the training set
(Xir, Yur) € Dy This distribution is Gaussian with mean and
variance given by Eqgs. (5) and (6), respectively. It is our
goal to take into account that K° is a stochastic quantity,
which depends on the particular draw of the training and test
datasets (X, Yir) € D, (X4, Vi) € Diest. The labels yi and y,
are, by construction, deterministic and take either one of the
values £1. In the following, we investigate the dependence
of the mean of the predictive distribution on the number of
training samples, which we call the learning curve. A common
assumption is that this learning curve is rather insensitive to
the very realization of the chosen training points. Thus, we
assume that the learning curve is self-averaging. The mean
computed for a single draw of the training data is hence
expected to agree well to the average over many such draw-
ings. Under this assumption, it is sufficient to compute the
data-averaged mean-inferred network output, which reduces
to computing the disorder average of the following quantity:

Vo = (K2 K 1) 0 (23)

To perform the disorder average and to compute perturbative
corrections, we will follow these steps:

(1) construct a suitable dynamic moment-generating func-
tion Z(K?),

(2) propagate the input stochasticity to the network output
Ky — Ky

(3) disorder average the functional using the model K, P
N(mag, Capyys))

(4) and finally perform the computation of perturbative
corrections using diagrammatic techniques.

2. Constructing the dynamic moment-generating function

Our ultimate goal is to compute learning curves. Therefore,
we want to evaluate the disorder-averaged mean-inferred net-
work output [Eq. (23)]. Both the presence of two correlated
random matrices and the fact that one of the matrices appears

as an inverse complicate this process. One alternative route is
to define the moment-generating function

Z(l,) = /dY* eXp(l*y*)p(y*lx*, Xirs Yir) 24

[ dyeexp(Ly ) pOss Y lXe, Xir)
P(YerXer)

(25)

Z(1,
= 20 26)
Z(0)
with joint Gaussian distributions p(ys, Yir|Xs, X)) and
pP(Yu|Xy) that can each be readily averaged over K.
Equation (23) is then obtained as

BENE
<y*>1(y = a_l*<_>Ky

Z0) 27

1,=0

A complication of this approach is that the numerator and
denominator cofluctuate. We here solve this problem by con-
structing a dynamic moment-generating function, where this
normalization drops out [34]. Our goal is hence to design a
dynamic process where a time-dependent observable is related
to y., our mean-inferred network output. We hence define the
linear process in the auxiliary variables g,:

0qq(t)
ot

= —KJy qp(0) + Yo, (28)

for (Xq, yo) € Dy. It follows that g, (f — 00) = [K)’];é yg is
a fixed point. The fact that Ksﬂ is a covariance matrix en-
sures that it is positive semidefinite and hence implies the
convergence to a fixed point. We can obtain [Eq. (5)] (y«) =
K7, [K"];g yg from Eq. (28) as a linear readout of g (t —
0o0) with the matrix Kj,. Using the Martin-Siggia-Rose-
deDominicis-Janssen formalism [35-38], one can express this
as the first functional derivative of the moment-generating
function Z(L,, K”) in frequency space:

2L, K) = / DO, 0} exp(S(Q, B, L)), (29)

S(Q.0.L,) = 0 (iwl + K”),50p

— 00Ya + K2, L] Qu. (30)
where  OF (--+)0p = 5= [dwQy(—w) (---) Qp(w) and
Ou(w=0) = Qg As Z(L,,K”) 1is normalized such

that Z(0,K”) =1V K>, we can compute Eq. (23) by
evaluating the functional derivative of the disorder-averaged
moment-generating function Z(L,) (see Appendix 1) at
t — 00:

Z(L.) = < f D{Q, O} exp (S(Q. 0, L*))> , @3
Ky
8Z(Ly)

(V) = lim /da)exp(ia)t)—
t—>0o0

L,(—w)=0

By construction, the distribution of the kernel matrix entries
Kéﬁ is a multivariate Gaussian [Eq. (20)]. In the following,
we will treat the stochasticity of K. p perturbatively to gain
insights into the influence of input stochasticity. Opposed to
this approach, a common alternative route around the prob-
lem of fluctuating normalizations Z(0) is to consider the
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cumulant-generating function W (/) = In Z(l,) and to obtain
ey = % (W(l,))k», which, however, requires averaging
the logarithm instead. This is commonly done with the replica
trick [39,40].

3. Perturbative treatment of the disorder-averaged
moment-generating function

To compute the disorder-averaged mean-inferred network
output [Eq. (23)], we need to compute the disorder aver-
age of the dynamic moment-generating function Z(L,) =
(Z(L, K”))g» and its functional derivative at L,(w) = 0. Due
to the linear appearance of K” in the action [Eq. (30)] and
the Gaussian distribution for K” [Eq. (21)], we perform the
disorder average directly and obtain the action

Z(L,) = (Z(L., K)o (33)
:=/MQQMm@Qle, (34)
S(Q, 0, L,) = O] liwlyp + maslQp (35)

- Qg))a + m*aL;rQa
+3Cap)r5 00 050, Os
+ Charp Ly Qa0 0y + O(LD), (36)

with Q° := O(w = 0) (for details, see Appendix 1). As we
ultimately aim to obtain corrections for the mean-inferred
network output (y,)g», we utilize the action in Eq. (36) and es-
tablished results from field theory to derive the leading-order
terms as well as perturbative corrections diagrammatically.
The presence of the variance and covariance terms in Eq.
(36) introduces corrective factors, which cannot appear in
the zeroth-order approximation, which corresponds to the ho-
mogeneous kernel that neglects fluctuations in K by setting
Cpyysy = 0. This will provide us with the tools to derive
an asymptotic bound for the mean-inferred network output
(y*) in the case of an infinitely large training dataset. This
bound is directly controlled by the variability in the data.
We provide empirical evidence for our theoretical results for
linear, nonlinear, and deep-kernel settings and show how the
results could serve as indications to aid neural architecture
search based on the statistical properties of the underlying
dataset.

4. Field theoretic elements to compute the mean-inferred
network output (y,) gy

The field theoretic description of the inference problem in
the form of an action [Eq. (36)] allows us to derive pertur-
bative expressions for the statistics of the inferred network
output (y.)g» in a diagrammatic manner. This diagrammatic
treatment for perturbative calculations is a powerful tool and
is standard practice in statistical physics [41], data analysis,
and signal reconstruction [42], and more recently in the inves-
tigation of artificial neural networks [43,44].

Comparing the action [Eq. (36)] to prototypical expres-
sions from classical statistical field theory such as the ¢* + ¢*
theory [38,41], one can similarly associate the elements of a
field theory:

(1) —Q%, = ©— is a monopole term,

2) m*aL;'—Qa = ®— js a source term,
(B) Ayp = (—iwl — m);,; = --- is a propagator that
connects the fields Q,(w) and Qﬁ(—a)),

@) Carpnli Q05 Qy =
tex,

is a three-point ver-

(®)] %C(aﬁ)(yg)Q(;rQﬂQ;ng = >V\< is a four-point ver-
tex.

The following rules for Feynman diagrams simplify calcu-
lations:

(1) To obtain corrections to first order in C ~ O(1/Ngim ),
one has to compute all diagrams with a single vertex (three-
point or four-point) [38]. This approach assumes that the
interaction terms Ciup)(ys) that stem from the variability of the
data are small compared to the mean m,g. In the case of strong
heterogeneity, one cannot use a conventional expansion in the
number of vertices C(yg),s) and would have to resort to other
methods.

(2) Vertices, source terms, and monopoles have to be con-
nected with one another using the propagator A,g = (—iwl —
m);/; that couples O, (w) and Qﬁ(—a)) with each other.

(3) We only need diagrams with a single external source
term L, because we seek corrections to the mean-inferred
network output.

(4) The structure of the integrals appearing in the four-
point and three-point vertices containing Cyg)ys) With
contractions by A,g or A, s within a pair of indices (af) or
(y6) yield vanishing contributions; such diagrams are known
as closed response loops [38]. This is because the propagator
Ayp(t — s) in time domain vanishes for ¢ = s, which corre-
sponds to the integral [ dw Aqp(w) over all frequencies . A
detailed explanation is given in Appendix 1.

(5) Due to frequency conservation at the vertices in the
% QIQﬁ Cap)iys) Q; Qs and since by point (4) above we only
need to consider contractions by Ag, or Aj, by attaching
the external legs, for t — oo all frequencies are constrained
to w = 0. Therefore propagators within a loop are replaced
Agp = (—iwl —m) 5 — —(m™gp.

These rules directly yield that the corrections for the
disorder-averaged mean-inferred network to first order in
Cap)ys) can only include the diagrams (see Appendix 1)

(Yu)= === + MO — M
—~—
(y«)o (Ys)1

+ 0(C?)

, (37
which translate to our main result
(edos1 = Matys Vp + Mucicy CapyysMpy My, Vp
= CosarpyMgys Y5 + O(C?). (38)

We here define the first line as the zeroth-order approximation
e)o := m*am;ﬁ} vg, which has the same form as Eq. (5), and
the latter two lines as perturbative corrections (y,); = O(C)
that are of linear order in C.

The mean [Eq. (38)] of the predictive distribution is a cen-
tral quantity that controls the generalization error; concretely,
it enters in the bias term of a bias-variance decomposition
[Eq. (A108)], as shown in Appendix 7. An extension of this
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approach to also obtain the posterior variance on an unseen
test point is presented in that Appendix as well. This allows
one to also compute the expected mean squared error loss on a
test point, a commonly used quantity to assess generalization.

5. Evaluation of expressions for block-structured overlap matrices

To evaluate the first-order correction (y,); in Eq. (38),
we make use of the fact that Bayesian inference is insen-
sitive to the order in which the training data are presented.
We are hence free to assume that all training samples of
one class are presented en bloc. Moreover, supervised learn-
ing assumes that all training samples are drawn from the
same distribution. As a result, the statistics is homogeneous
across blocks of indices that belong to the same class.
The propagators —m;é and interaction vertices Ciqp)(,s) and
Cixa)(py)> correspondingly, have a block structure. To obtain
an understanding on how variability of the data and hence
heterogeneous kernels affect the ability to make predictions,
we consider the simplest yet nontrivial case of binary classifi-
cation where we have two such blocks.

In this section, we focus on the overlap statistics given by
the artificial dataset described in Sec. I C. This dataset entails
certain symmetries. Generalizing the expressions to a less
symmetric task is straightforward, but lengthy, and is deferred
to Appendix 5. For the classification task, with two classes
¢y € {1, 2}, the structure for the mean overlaps p,4 and their
covariance X(qp)(ys) at the read-in layer of the network given
by Eq. (15) are inherited by the mean m,g and the covariance
Cap)(ys) Of the overlap matrix at the output of the network.
In particular, all quantities can be expressed in terms of only
four parameters a, b, K, and v whose values, however, depend
on the network architecture and will be given for linear and
nonlinear networks below. For four indices «, 8, y, and §
that are all different,

Myq = a, (39)
b, Cq = Cg,

Myp = {—b, Co # cg, (40)
Claa),iys) =0, 41)
Cuprap) = K, (42)

v Cq =Cg=2Cs5, CoqFCg=Cs, (43)

Capres) = {_’v

C'O(:Cﬂ#c(;, C[X:C(;#Cﬂ.

This symmetry further assumes that the network does not have
biases and utilizes point-symmetric activation functions ¢(x)
such as ¢(x) = erf(x). In general, all tensors are symmetric
with regard to swapping « <> B as well as y <> § and the
tensor Cyg)(ys) 1s invariant under swaps of the index pairs
(aB) < (v8). We further assume that the class label for class
1 is y and that the class label for class 2 is —y. In subsequent
calculations and experiments, we consider the prediction for
the class y = —1. In particular, we hence sety, = -1V« €
ciand y, = 1V o € ¢,. For the test point, we always choose
x € ¢ and hence the true label for the test point always reads
v« = —1. As the choice of the labels y is in fact arbitrary, we
settle for a symmetric choice in order to simplify analytical
calculations.

This setting is quite natural, as it captures the presence of
differing mean intraclass and interclass overlaps. Further K
and v capture two different sources of variability. Whereas K
is associated with the presence of i.i.d. distributed variability
on each entry of the overlap matrix separately, v corresponds
to variability stemming from correlations between different
patterns. Using the properties in Eq. (43), one can evaluate
Eq. (38) for the inference of test points * within class ¢; on
a balanced training set with D samples explicitly to (see the
Supplemental Material [30])

()o = Dgy, 44)

(ye)1 =vg9(q1 + 3q2)(D* — 3D* 4+ 2D)
+ Kgh(q1 + q2)(D* — D) — vi(q1 + q2)(D* — D)

+ O(C(zaﬂ)(ya)), for *€cy, (45)
with the additional variables

b
S — 46
8= W—b+bD (46)
- b @7

=G D
1

q = ——+qo, (48)

a—>b

~ y
S E— 49
Y= @b +bD “9)

which stem from the analytic inversion of block matrices
(using the approach from Ref. [45]; see the Supplemen-
tal Material [30]). Carefully treating the dependencies of
the parameters in Eqs. (45) and (49), one can compute
the limit D >> 1 and show that the O(1) behavior of Eq.
(45) for test points * € ¢; for the zeroth-order approxima-
. . L (00) ; .

tion, limp_, o (y«)o := (y«) > and the first-order correction,

limp_, o0 (y4)1 1= (y*>§°°), is given by
1) =, (50)

((K—4v) — v“;b). (51)

This result implies that regardless of the amount of training
data D, the lowest value of the limiting behavior is controlled
by the data variability represented by v and K. Due to the sym-
metric nature of the task setting, neither the limiting behavior
[Eq. (51)] nor the original expression [Eq. (45)] explicitly
show the dependence on the relative number of training sam-
ples in the two respective classes c; ». This is due to the fact
that the task setup in Eq. (43) is symmetric.

In the case of asymmetric statistics as they typically appear
in real-world datasets, one can still derive exact analytical
results for the mean of the predictive distribution such as Eq.
(45), which is done in Appendix 5. Concretely, Eq. (A102)
is the general expression. The asymmetric statistics appear in
the form of a larger set of distinct elements of the tensors m1,p
and Cyg)(ys5)- The results are hence structurally similar, yet
more verbose. Moreover, the difference between variance a
and covariance b enters the expression in a nontrivial manner.

Using those results, we will investigate the implications for
linear, nonlinear, and deep kernels using the artificial dataset

CON
(y*>1 = (a—b)b
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(Sec. IIC) as well as real-world data. In the case of the Ising
task setting, it can be shown that the first-order correction
allows one to compute meaningful limits for the task perfor-
mance in the sense that they are not lower than the Bayes
optimal error. If, on the other hand, one solely considers the
limiting behavior of the zeroth-order approximation, one may
falsely conclude that the network predictor would be better
than the Bayes optimal one (see Appendix 10).

B. Applications to linear, nonlinear, and deep nonlinear
NNGP kernels

1. Linear kernel

Before going to the nonlinear case, let us investigate the
implications of Egs. (45) and (51) for a simple one-layer
linear network. We assume that our network consists of a read-
in weight V € R PNaim: V; ~ N(O, avz/Ndim), which maps the
Ngim-dimensional input vector to a one-dimensional output
space. Including a regularization noise, the output hence reads

Ya = Vo + & (52)

In this particular case, the read-in, readout, and hidden
weights in the general setup [Eq. (1)] coincide with each other.
Computing the average with respect to the weights V yields
the kernel

K)p = (vayp)v = Kig + Sup O (53)

where KS}S is given by Eq. (10); it is hence a rescaled version
of the overlap of the input vectors and the variance of the
regularization noise.

We now assume that the matrix elements of the input-data
overlap [Eq. (53)] are distributed according to a multivariate
Gaussian [Eq. (20)].

As the mean and the covariance of the entries K, , are given
by the statistics [Eq. (15)], we evaluate Egs. (45) and (51) with

Lin) _ 2 2 (Lin) _ 2
a"V =0, +0g, b =o0u,

4
. o
K(Lln) — v (1 _ uZ)’
dim

4
i = vy (1 — g,
dim
u:=4p(p—1)+1. (54)

The asymptotic result for the first-order correction, assuming
that o'v2 # 0, can hence be evaluated, assuming p # 0.5, as

2 (1-uw 2

yro24= o2

) = v Nain u— ). (55
(021 —w) + ar%g)u o2

Using this explicit form of (y*)goo), one can see

(1) as u € [0, 1] the corrections are always negative and
hence provide a less optimistic estimate for the generalization
compared to the zeroth-order approximation;

(2) in the limit %2 — 00, the regularizer in Eq. (55) be-
comes irrelevant and the matrix inversion becomes unstable.

(3) Taking 02 — 0 yields a setting where constructing the
limiting formula [Eq. (55)] is not useful, as all relevant quan-
tities [Eq. (45)] like g, v, K — 0 vanish; hence, the inference
yields zero that is consistent with our intuition: o2 — 0 im-
plies that only the regularizer decides, which is unbiased with

—= (¥ )op=0.80

— (¥ )o+1,p=0.80
== (¥ )5+1,p=0.80
I emp

=

-1.0 e e e e e e e e e e e e
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FIG. 3. Predictive mean in linear regression with heterogeneous
kernel. (a) Comparison of empirical data (bars, see Appendix 8
for details), zeroth-order approximation (y*)o (dashed), first-order
corrections {(y*)o41 (solid), and the asymptotic value (y*)§3, in the
case of infinite training data (dashed horizontal line) for a one-layer
linear network with 01}2 =1, o'rzCg = 0.8, Ngim = 50, and p = 0.8. (b)
Comparison of empirical inference data (bars) with first-order results
(y)o41 (solid line) and asymptotic values (y*)53, for p = 0.6 (or-
ange), p = 0.7 (blue), and p = 0.8 (red). Empirical results display
mean and standard deviation over 50 trials with 2000 test points per

trial.

regard to the class membership of the data. Hence, the kernel
cannot make any prediction that is substantially informed by
the data.

Figure 3 shows that the zeroth-order approximation (y*)o,
even though it is able to capture some dependence on the
amount of training data, is indeed too optimistic and predicts
a mean-inferred network output closer to its negative target
value y = —1 than numerically obtained. The first-order cor-
rection on the other hand is able to reliably predict the results.
Furthermore, the limiting results D — oo match the numeri-
cal results for different task settings p. These limiting results
are consistently higher than the zeroth-order approximation
(y+)0 and depend on the level of data variability. Deviations
of the empirical results from the theory in the case p = 0.6
could stem from the fact that for p = 0.5 the fluctuations are
maximal and our theory assumes small fluctuations.

Empirical results are here and in the following obtained
from the known expressions of the mean of the predictive
distribution [Eq. (5)] of Bayesian inference on the Gaussian
process, applied to datasets of sizes given by the x axis in Eq.
(14). The mean is averaged over multiple realizations of the
training and test sets, as described in detail in Appendix 8.

2. Nonlinear kernel

We will now investigate how the nonlinearities ¢ present
in typical network architectures [Eq. (1)] influence our results
for the learning curve [Egs. (45) and (51)].

013320-9



LINDNER, DAHMEN, KRAMER, AND HELIAS

PHYSICAL REVIEW RESEARCH 8, 013320 (2026)

As the ansatz in Sec. I A does not make any assump-
tion, apart from Gaussianity, on the overlap matrix K”, the
results presented in Sec. III A5 are general. One can use the
knowledge of the statistics of the overlap matrix in the read-in
layer K° in Eq. (15) to extend the result [Eq. (45)] to both
nonlinear and deep feedforward neural networks.

As in Sec. III B 1, we start with the assumption that the
input kernel matrix is distributed according to a multivariate
Gaussian: Kgﬂ ~ /\/'(ua,g, X (ap)(ys))- In the nonlinear case, we
consider a read-in layer V € RNiNam; v, . ~ N(0, 02 /Ngim ),
which maps the inputs to the hidden-state space, and a sepa-
rate readout layer W € RV>Ne; W, ~ A/(O, ouz, /Ny), obtaining
a neural network with a single hidden layer

h® = Vx,,
Yo = Wo(hY) + &, (56)
and network kernel
o2
<yotyﬂ)V,W = FIZZ (d)(hg:))qs(hf‘g)»v + 80‘5 Grzeg' (57)

i=1
As we consider the limit N, — oo, one can replace the
empirical average 1%’ Zf\ll --- with a distributional average
1%11 Zf\ll --+— (- )po [7,46]. This yields the following re-

sult for the kernel matrix Kg P of the multivariate Gaussian

K&Vﬂ Ny o'uz)<¢2¢2)h(0)!v + 8ap O—r%:g7 (58)

Np—00

where we introduced the shorthand (¢(h§[0))¢(h;30))) =

(#odp). The expectation over the hidden states A’ and h/(go)
is with regard to the Gaussian

K ([0 (K K “
hf;” 0) \KS, K3)) (59)

with the variance K7, and the covariance KJ; given by Eq.
(10). Evaluating the Gaussian integrals in Eq. (58) is ana-
Iytically possible in certain limiting cases [26,47]. For an
erf-activation function, as a prototype of a saturating activa-
tion function, this average yields

(D392) 00 = g arctan (/1 +4K9,) — 1, (60)

2 2K°
0,0 . af
<¢0‘¢5>h(0) = ; arcsin (m) (6])

Equation (58) hence provides information on how the mean
overlap m, g changes due to the application of the nonlinearity
¢(-), fixing the parameters a, b, K, and v of the general form
[Eqg. (43)] as

a(Non-lin) — Ko):a = 03)<¢2¢2>h(0> + Urzegv (62)

b(Non-lin) — Kgﬁ = 03)<¢2¢2> (63)

h®?

where the averages over h?) are evaluated with regard to the
Gaussian [Eq. (59)] for ¢(x) = erf(x). We further require in
Eq. (63) that o # B, c(a) = c(B).

To evaluate the corrections in Eq. (45), we also need to
understand how the presence of the nonlinearity ¢(x) shapes

the parameters K and v that control the variability. Under the
assumption of small covariance X4g)(y5), one can use Eq. (61)
to compute Cyg)(y5) using linear response theory. As Kgﬂ is
stochastic and provided by Eq. (20), we decompose KS 5 into
a deterministic kernel 44 and a stochastic perturbation 1,4 ~
N (0, Z(ap)ys))- Linearizing Eq. (63) around pqp via Price’s
theorem [48,49], the stochasticity in the readout layer yields
(see Appendix 1)

Caprvn = o Kolh K35 Sapron, (64)
@) ._ 0 ©
Ky’ = (0'(hg")¢' (g")), (65)

where 1) is distributed as in Eq. (59). This clearly shows that
the variability simply transforms with a prefactor

KNorin) — o4 KOV K ke, (66)

v(Non—lin) _ UiKo(f;) KO([?’) v, (67)

with « and v defined as in Eq. (15). Evaluating the integral in
(¢’(h&0))¢’(h/(30))) is hard in general. In fact, the integral that
occurs is equivalent to the one in Ref. [50] for the Lyapunov
exponent and, equivalently, in Refs. [7,8] for the susceptibility
in the propagation of information in deep feedforward neural
networks. This is consistent with the assumption that our treat-
ment of the nonlinearity follows a linear response approach as
in Ref. [50]. For the erf activation, we can evaluate the kernel
KOE‘Z) as

@) 4 %0 \?\ 7
Kep = 2+ 200 1_<1+2a<0>) (68

d” =02, bV =0, (69)
u=4p(p—1+1, (70)

which allows us to evaluate Eq. (67). Already in the one
hidden-layer setting, we can see that the behavior is quali-
tatively different from a linear setting: K™Non-in) apg (Non-lin)
scale with a linear factor THAT now also involves the param-
eter crvz in a nonlinear manner.

3. Multilayer kernel

So far, we considered single-layer networks. However, in
practice the application of multilayer networks is often nec-
essary. One can straightforwardly extend the results from the
nonlinear case (Sec. III B 2) to the deep nonlinear case. We
consider the architecture introduced in Eq. (1), where the
variable L denotes the number of hidden layersand 1 <7 < L
is the layer index. Similar to the computations in Sec. III B 2,
one can derive a set of relations to obtain K, 5

Kap = Voo Kap: 1)
K9 =op (p(hSV)p(hG")), (72)
Ky = 0y (9(h) (")) + 8up 02 (73)

with the setting K% ~ N(u, ). As Refs. [7,8,51] showed for
feedforward networks, deep nonlinear networks strongly alter
both the variance and the covariance. So, we expect them to

013320-10



DATA VARIABILITY IN NEURAL NETWORK BAYESIAN ...

PHYSICAL REVIEW RESEARCH 8, 013320 (2026)

(a)

0.0

== (y"o,L=20 1 emp
e (Y )0+1,L =20

(b)
0.0
—-0.21
-~ (Y o1 L =5
* (¥ do+1,L=10
\5 — osnt =20\
— (¥ )o+1,L=50 et
1 emp T
—-1.0 — :
0.2 1.0 2.0

FIG. 4. Predictive mean in a deep nonlinear feedforward net-
work with heterogeneous kernel. (a) Comparison of mean-inferred
network output for nonlinear network with ¢(x) = erf(x), L = 20
for different values of the gain o,,. The figure displays numerical
results (bars), zeroth-order approximation (dashed), and first-order
corrections (solid). (b) Similar comparison as in panel (a) for dif-
ferent network depths L = 5, 10, 20, and 50. In all settings, we used
Ngim = 50 for D =100, p=0.8, 6> =1, and arzeg = 1. Empirical
results display mean and standard deviation over 1000 trials with
1000 test points per trial.

influence the generalization properties. In order to understand
how the fluctuations X gy, s) transform through propagation,
one can employ the chain rule to linearize Eq. (73) and obtain

L+1

_ 4 @) @)
Capirs) = 0 | [ [Keh K35 " ] Zaprivs)- (74)
=1

A systematic derivation of this result as the leading-order
fluctuation correction in N~ !is found in the Appendix of Ref.
[28], whereas a derivation using a linear response approach is
part of Appendix 1.

Equations (73) and (74) show that the kernel performance
will depend on the nonlinearity ¢, the variances ovz, ouz}, 03,
and the network depth L.

Figure 4(a) shows the comparison of the mean-inferred
network output (y*) for the true test label y = —1 between
empirical results and the first-order corrections. The regime
(62 < 1) in which the kernel vanishes leads to a poor per-
formance. The marginal regime (02 = 1) provides a better
choice for the overall network performance. Figure 4(b) shows
that the maximum absolute value for the predictive mean is
achieved slightly in the supercritical regime o2 > 1. With
larger number of layers, the optimum becomes more and more
pronounced and approaches the critical value 02 = 1 from
above. The optimum for the predictive mean to occur slightly
in the supercritical regime may be surprising with regard to the
expectation that network trainability peaks precisely at o2 =
1 [7]. In particular at shallow depths, the optimum becomes

very wide and shifts to o, > 1. For few layers, even at auz) > 1

the increase of variance Kj, per layer remains moderate and
stays within the dynamical range of the activation function.
Thus, differences in covariance are faithfully transmitted by
the kernel and hence allow for accurate predictions. The the-
ory including corrections to linear order throughout matches
the empirical results and hence provides good estimates for
choosing the kernel architecture.

As the depth of the network increases, the absolute value of
the mean of the predictive distribution becomes smaller. This
tendency is already visible in the curves without fluctuation
corrections and can hence can be understood based on the
level of the mean kernels: It is essentially controlled by the
overlap within a class compared to the overlap across classes.
This difference progressively declines with depth, where the
decline is slowest close to the critical point and faster above
and below it. A quantitative analysis is given in Appendix 9.
This behavior is qualitatively different from what one would
expect from finite-sized neural networks [17,19,52]: Here,
feature learning enables networks to adapt the layerwise ker-
nels to the structure of the task [53]. It also appears that deeper
networks are able to adapt better, which typically reduces the
training error. We here, instead, study the lazy regime, which
hence may differ from the rich regime found in finite-sized
networks.

4. Experiments on nonsymmetric task settings and MNIST

In contrast to the symmetric setting in the previous sub-
sections, real datasets such as MNIST exhibit asymmetric
statistics so that the different blocks in mgg and Cpgyys)
assume different values in general. All theoretical results from
Sec. III A still hold. However, as the tensor elements of myg
and C(up)(ys) change, one needs to reconsider the evaluation in
Sec. IIT A 5 in the most general form that yields a more general
version of the result.

Finite MNIST dataset. First, we consider a setting, where
we work with the pure MNIST dataset for two distinct labels
0 and 4. In this setting, we estimate the class-dependent tensor
elements myg and C(yg)(ys) directly from the data. We define
the dataset size per class, from which we sample the theory
as Dygse. The training points are also drawn from a subset
of these Dy, data points. To compare the analytical learning
curve for (y,) at D training data points to the empirical results,
we need to draw multiple samples of training datasets of
size D < Dyue. As the amount of data in MNIST is limited,
these samples will generally not be independent and therefore
violate our assumption. Nevertheless, we can see in Fig. 5
that if D is sufficiently small compared to Dy, the empirical
results and theoretical results match well.

Gaussianized MNIST dataset. To test whether deviations
in Fig. 5 at large D stem from correlations in the samples
of the dataset, we construct a generative scheme for MNIST
data. This allows for the generation of infinitely many training
points and hence the assumption that the training data are i.i.d.
is fulfilled. We construct a pixelwise Gaussian distribution for
MNIST images from the samples. We use this model to sam-
ple as many MNIST images as necessary for the evaluation of
the empirical learning curves. Based on the class-dependent
statistics for the pixel means and the pixel covariances in
the input data, one can directly compute the elements of the
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FIG. 5. Predictive mean for a linear network with MNIST data:
Comparison of mean-inferred network output for a linear network
with one layer for different training set sizes D. The figure displays
numerical results (bars), zeroth-order prediction (dashed), and first-
order corrections (solid). Settings: Ngim, = 784, arzeg = 2, and Dyyee =
4000. MNIST classes: ¢; =0, ¢c; =4, y., = —1, and y,, = 1; bal-
anced dataset in Dy, and at each D. Empirical results display mean
and standard deviation over 1000 trials with 1000 test points per trial.

mean [qp and the covariance X(qpyys) for the distribution
of the input kernel matrix K’;. We see in Fig. 6 that our
theory describes the results well for this dataset also for large
numbers of training samples.

Furthermore, we can see that in the case of an asymmet-
ric dataset the learning curves depend on the balance ratio
of training data p = D,/D,. The bias toward class one in
Fig. 6(b) is evident from the curves with p > 0.5 predicting a
lower mean-inferred network output, closer to the target label
y = —1of class 1.
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FIG. 6. Predictive mean for an error function (erf) network with
Gaussianized MNIST data: (a) Mean-inferred network output for
MNIST classification with ¢(x) = erf(x). Figure shows zeroth-order
(dashed line), first-order (solid line), and empirical results (bars).
(b) Mean-inferred network output in first-order approximation (solid
lines) and empirical results (bars) for MNIST classification with
different ratios p = D; /D, between numbers of training samples per
class Dy and D,, respectively; p = 0.5 (yellow), p = 0.6 (blue), and
p = 0.7 (red). Empirical results display mean and standard deviation
over 50 trials with 1000 test points per trial.

IV. DISCUSSION

In this work, we investigate the influence of data variability
on the performance of Bayesian inference. The probabilistic
nature of the data manifests itself in a heterogeneity of the
entries in the block-structured kernel matrix of the corre-
sponding Gaussian process. We show that this heterogeneity
for a sufficiently large number of D of data samples can be
treated as an effective non-Gaussian theory. By employing
a time-dependent formulation for the mean of the predictive
distribution, this heterogeneity can be treated as a disorder
average that circumvents the use of the replica trick. This
was the basis of previous investigations of analytical learning
curves such as Ref. [54], which also treated the data variabil-
ity on the level of data samples. In contrast, our approach
treats data variability on the kernel level. This, in conjunc-
tion with a dynamical approach, allows us to circumvent
replica calculations as well as variational approximations.
Further, our approach also yields expressions that are valid
away from the limit of large datasets and therefore does not
rely on the use of the grand canonical partition function.
The perturbative treatment of the variability yields first-order
corrections to the mean in the variance of the heterogeneity
that always push the mean of the predictive distribution to-
ward zero. In particular, we obtain limiting expressions that
accurately describe the mean in the limit of infinite training
data, qualitatively correcting the zeroth-order approximation
corresponding to homogeneous kernel matrices, which is
overconfident in predicting the mean to perfectly match the
training data in this limit. This finding shows how variability
fundamentally limits predictive performance and provides not
only a quantitative but also a qualitative difference. More-
over, at a finite number of training data the theory explains
the empirically observed performance accurately. We show
that our framework captures predictions in linear, nonlinear
shallow and deep networks. In nonlinear networks, we show
that the optimal value for the variance of the prior weight
distribution is achieved in the supercritical regime. The op-
timal range for this parameter is broad in shallow networks
and becomes progressively more narrow in deep networks.
These findings support that the optimal initialization is not at
the critical point where the variance is unity, as previously
thought [7], but that supercritical initialization may have an
advantage when considering input variability. An artificial
dataset illustrates the origin and the typical statistical structure
that arises in heterogeneous kernels, while the application of
the formalism to MNIST [21] demonstrates potential use to
predict the expected performance in real-world applications.
The presented formalism may be extended to also compute
the posterior variance. This allows the computation of the
expected mean squared error loss on an unseen data point,
a frequently used measure of generalization. Further, one
can use the results of this manuscript on the mean-inferred
network to correct the observational bias in regression tasks
(see Appendix 11).

The field theoretical formalism can be combined with ap-
proaches that study the effect of fluctuations due to the finite
width of the layers [16,28,55,56]. In fact, in the large N, limit
the NNGP kernel is inert to the training data, the so called
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lazy regime. At finite network width, the kernel itself receives
corrections that are commonly associated with the adaptation
of the network to the training data, thus representing what is
known as feature learning. The interplay of heterogeneity of
the kernel with such finite-size adaptations is a fruitful future
direction.

Another approach to study learning in the limit of large
width is offered by the neural tangent kernel (NTK) [12],
which considers the effect of gradient descent on the network
output up to linear order in the change of the weights. A
combination of the approach presented here with the NTK
instead of the NNGP kernel seems possible and would pro-
vide insights into how data heterogeneity affects training
dynamics.

The analytical results presented here are based on the
assumption that the variability of the data is small and can
hence be treated perturbatively. In the regime of large data
variability, it is conceivable to employ self-consistent methods
instead, which would technically correspond to the compu-
tation of saddle points of certain order parameters, which
typically leads to an infinite resummation of the perturbative
terms that dominate in the large N limit. Such approaches
may be useful to study and predict the performance of kernel
methods for data that show little or no linear separability
and are thus dominated by variability. Another direction of
extension is the computation of the variance of the Bayesian
predictor, which in principle can be treated with the same set
of methods as presented here. Finally, since the large width
limit as well as finite-size corrections, which in particular
yield the kernel response function that we employed here,
can be obtained for recurrent and deep networks in the same
formalism [28] as well as for residual networks (ResNets)
[57], the theory of generalization presented here can straight-
forwardly be extended to recurrent networks and to ResNets.
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APPENDIX

1. The dynamic moment-generating function Z(L,, K”)

Ultimately, we want to compute the disorder average of

V(K K.) = KuoK o vp. (A1)

(y*>1<*.,1<.. = (K*aKa_ﬁl)’ﬂ)K*',Kg (A2)
where K, 4 and K,, indicate the kernel matrix of training sam-
ples and the kernel matrix between test and training samples,
respectively. As the matrices K,, and K, are correlated (due
to the presence of the same training data in both matrices) and
K,p occurs as an inverse, the average is not straightforward.
One way to evaluate Eq. (A2) is to compute the average
of the moment-generating function Z(j) of the predictive
distribution and to compute its derivatives. By Eq. (3), the
predictive distribution is given by the ratio of p(y., i |x«, X¢)
and p(yi|X), which each describe a Gaussian process with
a simple dependence on K [28]. Consequently, the moment-
generating function of the predictive distribution is also given
as a ratio

(A3)

Z(j,K
<Z<j)>,<=< G )>,
K

Z(0,K)

which requires an average over the numerator and the denom-
inator, which are also correlated as the normalization Z(0, K)
also depends on the realization of K. We hence introduce a
dynamic approach, where the normalization Z(0, K) is fixed
by construction to Z(0, K) = 1V K [34]. We define the dy-
namics of an auxiliary variable g, (¢) via

0

5,92 = —Kapqp(®) + ya. (A4)
This inhomogeneous differential equation in the long time
limit converges to

ot — 00) = K/ yp. (A5)

We used the fact that K, g is positive semidefinite, as it is a
covariance matrix. It is hence safe to assume that a fixed point
qq(t — 00) exists. Further, we make the assumption that we
start the dynamics at t — —oo with an arbitrary initial condi-
tion. Hence, we can assume that the fixed point is achieved. A
readout of g, (t — o0) using the test-train kernel matrix K,y
yields the mean-inferred network output [Eq. (A1)] for a fixed
realization of K,, and K,z. We want to compute the disorder
average of K,,q,(t — 00) . Using the Martin-Siggia-Rose-
DeDominicis-Jannsen formalism, we construct the dynamic
moment-generating function Z for the dynamics given in
Eq. (A4):

D
Z(l*,K)zfndc]a exp(S(q, §, K., K., 1)),  (A6)
a=1
S(q,q,K,.,K., 1)
a
:Z/dtqa(f)[gﬂaﬁ +Kaﬂi|4ﬂ(t)—fdt4a(t)Ya

+ f At (K (1), (A7)
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We now go to Fourier space in the variables g, (1), G, () = Qq (@), O (w) using the definition

1 oo
9a(1) = E/ dw exp(iot)Qqy(w), (A8)
(;oo
Qo(w) = / dt exp(—iwt)qq(t). (A9)
—o0
Consequently, products in time domain transform as
1 oo
/dfqa(t)pﬂ(t) = 2—/ dwQu(0)Ps(—w) := 0, Py, (A10)
T J-c0

where we defined the inner product in Fourier domain; we here used that (277)~! f dt explit(w + o')] = 8(w + &'). Likewise,
the time derivative d, transforms as

[ .05 50 = 5 [ do 0u(-2i00s(@) = 0] )0 (AI1)
Finally, the product | dq(t)y, transforms as
/ 13,y = / dts / do explion) Oa()ye (A12)
= [ dos@).n, (A13)
= 0o = O}y, (A14)

Those definitions transform the action of the dynamic moment-generating functional Eq. (A6) to

3 1 3 3 1
S0, 0, K., K., Ly) = T / dwdw'§(w + ©")Q ()i I + Kopl0p(0') — Qo (@ = 0)yy + I / dw Ly (@)K O (—).
(A15)

We now want to perform the disorder average. As in the main text, we assume Gaussian disorder for K4 and K, according to
the statistics [Eq. (21)] and compute the disorder-averaged moment-generating function

(Z(Ly, K))k =/D{QQ}(€XP(S(Q, 0, Ky, K., L))k (Al6)

As K, and K, appear linearly in the action and both are Gaussian variables, the average is straightforward and only affects the
term

(exp (0o OpKup + KiaL/ Qu)), = exp(S), (A17)

with
S = mupQ, Qp + ML Qu (A18)
+3Cap904 080, 05 + CoarpyL! 0u0f Q) + OLY). (A19)

In the main text and in this Appendix, we only consider perturbative corrections toward the mean-inferred network output.
This corresponds to computing the derivative of (Z(L,, K))x and subsequently setting L, = 0. Because of this, we only need to
consider terms that are linear in L, and hence drop any O(L?) in Eq. (A19). Hence, the full disorder-averaged action reads

(exp(S(Q, 0, Ky, K., L))k = exp (0, [iwlap + maplQp — Ou(® = 0)yq + myeL] Oy
+ 5Capr5)0q Q0 Os + Cisarpr Ll Qu 04 Oy )- (A20)

We can decompose this action into a free theory with added perturbative vertices. The free theory is simply a quadratic theory in

Qand O

(exp(S(Q, 0, Ku, K., L)) = exp(Q] [iwlap + maplQp — Ou(@ = 0)ya + muolL] On) (A21)
B 1(0,\" 0 —(iwlyp + map)\ (Oa
- ( - §<Qa) (—(—iwﬂaﬁ + Mag) 0 ) <Qa)
- Qa(w = O)ya + m*aL;rQa) s (A22)
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whereas the perturbative part consists of expressions reminiscent of the ¢ + ¢* theory

(exp(S(Q. 0. K. K., L) = exp (30, QpCrapyivs) Oy Qs + Coarpyi Ly QuQf Oy + O(LY)). (A23)

The fixed point dynamics in Eqgs. (A4) and (AS5) can also be treated in the Fourier domain. From the inverse Fourier transform,
we obtain our limit results via

qo(t) = L /dweXp(iwt)Qa(w), (A24)
2
(y«)g = lim <L/da)exp(iwt)K*aQa(w)> , (A25)
t—o0 \ 27T I3

(y«)g = lim %/da)exp(ia)t)ZnL[(Z(L*,K))K] (A26)

t—00 SL.(—w)

Ly (w)=0

a. The free case

In the free case, the action implies that we can contract the monopoles —Q, (@ = 0)y, and m,, L] Q, with the propagator

A (@, &) = (ga(w)Qﬁ(w/» (Qu(@)Qp(")) (A27)
(Qu(@)0p(0))  (Qu(@w)Qp(w"))
[, / 0 — (il +myag\ | s
= 22T Z il + my 0 (A28)
( 0 —(—iwl + m);ﬁl)
=28+ )| B . (A29)
—(iwl + m)aﬁ 0

The propagator A, can hence contract 0Oy (®) and Qp(—w) with each other. §(w + ") implicitly corresponds to frequency
conservation in the propagator. From the equation above, we see that effectively we get the propagator

Aup(@, @) = (Qa(@)0p(@))o = —278(w + & )(+iwl +m) . (A30)

Hence, we can construct the diagram contracting the monopoles —0y(w = 0)y, and mmL;r Q. using Ag g:

8 1 ~
——{Z(, K =0 = ———| =My — [ dwL.(— o =0 A3l
S L2 ol o BL*(_w,)[ M- / WLy (~)(Qu(@)0p(w ))oyﬁ} Lo 3D
° L) /d L. (—o)(iol + m),;8(w) (A32)
Sl — sq = &I %\
SL(—ay | 2 © GCE T Wap 08 Lo(@)=0
= 8( g (i1 + m), g yp. (A33)
This result yields the zeroth-order approximation for the mean-inferred network output as
1 .
(Vx)ox = lim —/dw exp(iot )2w ————[(Z(Ls, K))o,k1|L,(@)=0 (A34)
1—00 27T 8L (—w)
= lim [ do exp (it )8 (0 Mg (+ic Tup + mep) ' yp (A35)
—00
= m*am;ﬁ;yﬁ, (A36)

which is the well-known result of Gaussian process inference, as it has to be. Diagrammatically, this corresponds to evaluating
the contraction of a monopole with a source term via the propagator leading to the zeroth-order contribution

We)o= @==-O =m.am_jys

(A37)

b. Vanishing response loop contributions

The perturbative expressions, which contribute to the first-order approximation of the mean-inferred network output (v )o1,
can also be translated into Feynman diagrams. In this subsection, we elaborate on vanishing response loops that limit the set
of admissible Feynman diagrams. This is related to the functional formulation of the starting point for our dynamical approach
[Eq. (A4)].
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In order to go from Eq. (A4) to the functional formulation in Eq. (A6), we follow along the lines of Ref. [38] and start by
discretizing the differential equation in the Ito convention. Assuming that ¢ € [0, T'] and discretizing the interval in N steps of
width h = T /N, we get in the Ito convention

qo,t+1 — oyt = _Kaﬁqﬁ,th + }’ah, (A38)
with T
h:N, t=1ih, ie{0,1,...,N}. (A39)

We enforce the relation between ¢, ,+; and g, , explicitly using the Fourier transform of the Dirac delta distribution

1 o0
5a) =5 f dg exp (Gq) (A40)

Tl J—ico

yielding the action
Z({ ot Jus)) = f DgDgexp(S), (A41)
fp D~—]‘[/°°d /[ 4t (A42)
= at VX qa’t a,t —ico 27” ’
S = Gust1(Gustt = ot + Kaplph) = D Gust1Yah + ) jousGass (A43)
o,t o,t a,t

where we introduced source terms for g, , as j, ;. A natural way to introduce source terms for the auxiliary variables g, , is to
insert a source j,; on the right-hand side of Eq. (A38) as gy ;41 — go,r = —Kupqp,h + Yoh + jo,. Hence, the action with both
sources reads

S = Z@x,t—&-l(‘]rx,t—&-l — Ya,t + KaﬂQﬁ,th) - an,H—lyah + Zja,tQa,t - an,t+l.;a,t- (A44)
a,t a,t a,t a.t

This shows that one can interpret the correlator between g, ; and G, s as the linear response of an infinitesimal perturbation at
time s on the state at time 7. Assuming the free theory, we simply replace K,g — mqg. The correlator reads

aZ
aja,tajﬂ,s

= (qa,14p,s+1)0l j=0, j=0- (A45)
j=0,j=0

Going back to a continuous time setting, this corresponds to introducing a small regulator € — 0 into the correlator between the
variable g, () and the response field gg(s):

8Z
8ja(t)8]5(s)

oo = 11{1(1) {qa(1)qa (s +€))o- (A46)

On a technical level, the presence of this regulating term € enforces causality in the response function. It further leads to vanishing
equal time responses:
8Z

m = 11\1‘1(1) (G ()gu(t +€))y = 0. (A4T)

j=0,j=0

The reason for this is that one can show that the response propagator is (gq (f ), (s))o o< H(t — s), where H (¢t — s) is the Heaviside
function [38]. This has the direct consequence that integrals of the form

/ d1 (qa(D)3s (1)) = 0 (A48)

vanish trivially. Further, because of Eq. (A50), the propagator in the frequency domain now includes an additional factor
exp(—iwe), € > 0. Hence, integrals of the form

1 8Z

2 g (A49)
2w 3Jo (—w)8Jg(w) | 10 j=0
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vanish as well. One can see this by starting from the definition

1 87
— | do———-+——
2w 8Jo (—w)dJg(w)

= % / da)(QO[(a))Qﬁ(—c()))e_"“’6 = ——/ do (iwl + m)aée_""é

J=0,7=0

1
=—— da) Z(m)]l + m)ayl[y,c,ze_“"6

2
= _L dO)Z(Za)H+m) 1 (n) (”) —iwe
2@ ay Uy
y.n
1
=5/ da)Z(lw]I—}-k(”)) Ly eioe, A50)

where we utilized the fact that the matrix m is symmetric and hence the eigenvectors v corresponding to the eigenvalues A"
of m form a complete and orthonormal basis set. Further, we know that m is a covariance matrix and hence positive semidefinite
and therefore " € RT. We treat the terms of )_ in Eq. (A50) individually. Integrals of the form

1 oo

— do(iol + 1AMy~ lemioc = (A51)

2
vanish due to the regulator by the residue theorem: The term (iwl + A"™)~! creates a pole in the upper complex half plane of w,
whereas the regulator exp(—iwe) requires one to close the contour integration in the lower half plane, where no pole is present.
Hence, the integral vanishes and response loops vanish in frequency space as well. The consequence for the set of Feynman
diagrams is that diagrams, which contract a pair of legs of the same vertex, will vanish; this is sometimes referred to as closed
response loops. This greatly reduces the number of allowed Feynman diagrams, as we will see in the next section.

c. The interacting case: first-order corrections for the mean-inferred network output (y, o1

Taking into account perturbations, we now need to deal with contractions of the higher-order terms:

. ~ Qa Qﬁ

three — point Vertex :C(*a)(ﬂw)LIQanQW = I ol ) (A52)
* ¥
Q(X Q’Y

four — point Vertex : fQ QsCap)( 5)Q Qs = (A53)
i« 0, <,

Taking the three-point vertex as an example: The propagator A,g can only contract auxiliary fields 0, and fields QOp with
each other. We are not able to contract two auxiliary fields or two real fields with each other. In the case of the three-point vertex,
one could hence either contract Q,, Qg or Qg, O, , which corresponds to

Aaﬁ(w W)
C(*a)(ﬁy)/dwdw’L*(—w)Qv(w’) ap(wiw’) =7 MQV (A54)
! o Qa 1o
C(*a)(ﬂw)/d‘*’L*(_w)Qa(w)/dw Aaplw o) = MAaﬁ(w W) =0, (A55)

where the second expression vanishes, as we close a response loop. Similarly, the four-point vertex could be within a pair
(QIQ,g or Q;r Qs) or between pairs (Q;—Q(; or Qg Q;). Again, we see that the first option yields 0, as we close a response loop.
Diagrammatically, this reads

Qa Qé
1 B
5C@m)(29) / dwda A gy (w5 ') Qa(~w) Qs (w) = Is (A36)
ABW (wa w )
Ays(w;w’)
1 , - , —— =
5Cem)(9) / dwdw' Agy (w;w')Qa(—w)Qs(w') = Q?\N<Q7 , (A57)
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1 . Qo

5C(es)(9) / dwAy5(w, w) / dw' Qo (~w")Qp(W') = QﬁMAvs(w’w) =0 , (AS8)

1 . Q

§C(aﬁ)(75)/dea5(w,w)/dw'QW(—w’)Q(;(w’) = Aa75(ww)'\>'\/v< ’ =0 s (A59)
Qs

2. Diagrams for the mean of inferred network output to first order in C.g)(s), Ciop)(y5)

As we elaborated in Sec. III A4, we use a field theoretic framework to evaluate the perturbative corrections to the mean-
inferred network output, based on the averaged moment-generating function, which reads

(Z(L., K))g = / DODO(exp (S(Q, O, K., K., L))k := f DODDexp(S(Q, 0, L,)),
S(0, 0, L) = O] liwlyp + meglQp — Qo (@ = 0)yy + mug L] Oy
+ 1 005005 +C L10.0;0 (A60)
) (@B)yd)La XXy LS (ko) (By ) LalZp Ly

where we introduced the notation 1/(27) f do O(—w)Q(w) := OT Q. We use the Einstein convention for the Greek indices
o, B,v,and § that run over the training data exclusively and % denotes the test point that is by definition not part of the
training set. From the way that we constructed our theory, we can obtain the disorder-averaged mean-inferred network output by

computing derivatives with respect to L,

1 ,
(Y*>K = lim E/da)exp(la)t)h

—>00

As we are not able to solve the integral occurring in Eq. (A60)
in a closed form, we treat the third- and fourth-order terms in
Eq. (A60) perturbatively. We want to study the perturbative
terms up to linear order in the expression for (y,). A system-
atic way to do this is to introduce Feynman diagrams. We there
introduce the diagrammatic notation shown in Sec. IIT A 4.

3. The mean and covariance in the synthetic dataset

As presented in the main text, we need to consider the
statistical properties of the overlaps between patterns. In the
case of the synthetic task settings, one can evaluate those prop-
erties directly. The patterns in the synthetic task have length
Ngim, Where Ny, is even. Each of the Ny, pixels can take
the value £-1. The value of each pixel is drawn independently.
The probability to be £1 is given by the parameter p € [0, 1],
the class membership of the pattern, and the relative position
of the pixel in the pattern according to

1, with p, . _ Niim

Xoi = {_1’ with (1 — p), for i < - (A62)
o 1, with (1 — p), . MNiim

Xyi = {_1’ with p, for i > - (A63)

For a pattern x@ in the second class ¢ = 2, the pixel values
are distributed according to

_[—1,  with p, . _ Niim

Xai = {1, with (l _ p), for i < T, (A64)
_ |1 with (1 —p), . Ngim

Xei = {l, with p, for i > 5 (A65)

[(Z(Ls, K))k] (A61)

SLy(—w) Lu(@)=0

(

We aim to compute the mean pu,g and the covariances
X(ap)(ys) Of the overlaps

Naim

Ko, B) =) Xuikpi- (A66)
i=1

Following the calculations in the Supplemental Material [30],
this yields

1, o =p,
Hap = Ngim | i1, Co = Cg, (A67)
_ﬂ’ Co # CB-
pd—p),  for{ TP T @
Co 7 Cg = Cs,
Y(ap)@s) = Ndim ey #
—p( =), for T AT
Co = Cs, 7 Cp,
(A68)

with i :=4p(p— 1)+ 1.

4. Distribution of overlap-matrix elements for MNIST
and FashionMNIST

As stated in the main text, we make the assumption that
the elements of the input kernel K7 5= x(,,x;— are distributed
according to multivariate Gaussian distributions. It is, a priori,
not clear whether this is the case for real datasets such as
MNIST, FashionMNIST, or CIFAR-10 (see Fig. 7). Upon
investigating the distribution of the pixel values for the in-
put kernel K;z, we can see that a Gaussian approximation
provides a good description. One can, however, also see that
the distribution of CIFAR-10 values is centered around 0O
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FIG. 7. Distribution of pixel values in input kernels for MNIST, FashionMNIST, and CIFAR-10. Normalized interclass (blue) and intraclass
(red, yellow) distributions of the pixel values in the input kernel K ;. Solid lines indicate histograms and dashed lines indicate Gaussian
approximations. Results are displayed for (a) MNIST, (b) FashionMNIST, and (c) CIFAR-10. Results are displayed for Ny, = 2000 training

samples with a balance ratio of 0.5. Class labels: ¢; = 0 and ¢, = 4.

indicating that the overlap between two patterns x,; and xg;
is close to orthogonal and hence a simple dot-product kernel
might not be informative for this task setting.

5. General expressions for the inference formula in asymmetric
block-structured task settings

We here treat the most general case for the statistics
of overlaps as they occur in real-world datasets, such as
MNIST. As in the main text, we assume that the elements
of Ky, and K, are distributed according to a multivariate
Gaussian distribution

Ky g ~ N(mag, Capyys)s (A69)
where «, B, v, and § can be either train or test points. The
most general choice is to assume that the statistics only de-
pends on the class membership of a, b, ¢, and d. We assume
a binary classification task with the classes ¢; and ¢,. Hence,
the mean of the kernel matrices reads

a, o=2,,
b, a#B, cyx=cpg=cy,
wp = A70
Map d, a#p, cx=cpg=c, (A70)
Cv C(X;écﬂa

which is a block matrix. Both the variance Cqp)p) and the
covariance C(qg)(ys) inherit the block structure as well:

K, Cq = Cg =cCl,
Caprap) = { K1 Ca=cp=c2, (A71)
Ky =K,, cq#cp.
vi, Cq = C1,Cg = C1,Cs = Cq,
U, Cq = C1,C = C2,Cs = (2,
v3, Cq = C1,Cg = C1,Cs = (2,
Coppary = { o'~ A NITEOTN (A
Vi, Cqy = C2,Cp = C2,C5 = (2,
2, Cq = C2,C8 = C1, Cs = CJ,
V3, Cq = C2,C8 = C2,C5 = C1,
54 253, Cqy = C2,Cp = C1,Cs = C2.

Further, the tensor elements Cyg)(;,s) for the case where all
indices are different o« # 8 # y # § yield zero. This follows

directly from
Clapyys) = <(K§ﬁ - (K;a» (K;fa - (Kza)»
= <K55K$s) - (K«iﬂxK;)/s)
i samples a B, .8 = (K3, K2,) - [K2,)KZ,) = 0.
(A74)

(A73)

Hence, the tensor Cup)(y5) is sparse by construction due to the
assumption of independent and identically distributed training
data samples. One additional assumption we make in the main
text is that the diagonal elements of the kernel matrix K, are
deterministic, Ky, = (K} ) = a. From this follows directly

Claarpy) = (Koo — (K2a)) (K3, — (K3,)))

= (@-alK, ~ KD =0. @9

—>Claa)ap) = Claa)wa) = 0. (A76)

As m;; corresponds to the propagator in the expressions in
our main text, we state the matrix elements of the inverse of a
bipartite block-structured matrix [Eq. (A70)] in Appendix 5.
Based on the action [Eq. (A20)], we now want to compute the
corrections at first order to the mean-inferred network output
that is given by

(V)o+1 = 8xaYa + g*ac(aﬂ)(yfs)m[;)}mgé}ya'

= Clsa)(py Mg My Yy (A77)
This can be rewritten as

(o4t = &raYa + Va(x) — V3(x), (A78)
Vi) = Y CoarprMap Sy (A79)

o B,y
Vi) = D guaClapyysmp, Is. (A80)

o,B,y.0

8o = ) My, (A81)

”
By =Y m Ly, (A82)

”
where we introduced the shorthand notation

8xa» ¥, Va(x), and V4(x) to simplify subsequent calculations
in this part of the Appendix. Evaluating the expression
[Eq. (A77)] is numerically expensive, because it requires
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computing contractions over D training examples in up to
five indices and hence scales as O(D’). However, we know
from the definition of our problem setting that the tensors
Cap)(ys) and Ciya)(py) are sparse and have block structure.
We can therefore simplify the problem and compute the
contractions analytically. We will do so by computing V3(x)
and V4(x) individually and combine the results later. It is
important to note that even though the approach below is
general, it is practically restricted to a binary classification
problem. The reason for this is that in our calculation
we exploit the block structure in the tensors by splitting
the contractions over the indices «, 8, ... into two parts,
assuming that the data are presented in an ordered fashion:

;=Z+Z.

Cq=C1 Cp=C2

(A83)

In principle, an extension to more classes is possible in an
analogous way, but it requires the inversion of block matrices
with more than two blocks. In the case of V5(x), the contrac-
tions over the three indices «, 8, and y hence produce eight
terms:

)RR I DB

a.cl@=1 B.c(w)=2 B.c(B)=1B.c(B)=2

D D SRR
cla)=c(B)=c(y)=1  cla)=c(B)=1,c(y)=2 cla)=c(B)=c(y)=2
(A84)

2.+ )

y.e(y)=1 y,c(y)=2

whereas V() requires the evaluation of 16 individual terms.
As the number of terms grows exponentially with the number
of classes, we restrict ourselves to binary classification. In
the remainder of this section, we denote D; as the number of
training samples in class 1 and D, as the number of training
samples in class 2.

a. Three-point term V3(%)

We evaluate V3(x) by splitting the contractions in eight
terms. However, due to the structure of C,4)(g,,) two of those
terms vanish. The reason for this is that these terms contain
tensor elements C..,. that vanish by construction. Take

1 A
D CowrpyMypdy

co=l,cp=2,c,=2

(A85)

for example. We know that C(,q)(s,) = 0 if neither &« = § nor
a = y and because the test point * ¢ {«, 8, y}. However, as
¢o =1 and both ¢g = ¢, = 2 and the set of the two patterns
are distinct, there is no index combination of oy that yields
Ca)gy) 7 0. Hence, this term vanishes. Due to symmetry, the
equivalent term with ¢, =2, cg = ¢, =1 vanishes as well.
In this Appendix, we will present the calculation for the first
term. The calculations for the remaining seven terms can be
found in the Supplemental Material [30] .

Example calculation for case 1: ¢ =1,cg =1,¢, = 1.
For the first term, we will spell out the calculation steps
explicitly. The calculations for the subsequent terms follow
along similar lines. We start by introducing the notation

(A86)

Cca,c‘ﬁ,cy,cs

@prysy o+ With ca,cp, 0y, 05 €{1,2).

From Ref. [30], we know that the expressions $, have block
structure as well and $, =9 V y with ¢, = 1. To evaluate
the first sum

Cq=Cp=Cy=C]

1 A
Y ComprMy 5y
a. By

(A87)

We can start by recognizing that the expression Ciyq)gy) 18
only unequal to zero if either « = § or « = y. Hence, we can
split the sum

Cq=Cp=Cyy=C| Cq=Cp=Cy=C]

Y Cowprmapdy= D

a,By a=B,y

1 A
Cora@,y)My oIy

Ca=Cg :CV =C)

+ Z Cloa) (B0 55
a=y.fp
(A88)
From this, and exploiting the block structure in

5 -1
Cixa)(By)s Vys Mg, WE get
Cu=Cﬂ:CV:CI
71 A
Y Cownpamasy
a, By
Ca=Cp=cy=c1

a=p.y
= C&i’)i&l,y)Dl(Dl = Dii(q1 + q2). (A89)

As the subsequent calculations are analogous, we will simply
state the results for the sake of brevity if no additional consid-
erations need to be taken care of.

Total expression for V3(x). From the symmetries of C and
by combining the results from the eight terms, we can write
down the full expressions for V3(x) as

V3(5) = CliaeyyMi (N1 — D31(q1 + q2)

*,1,1,2 N
+ C(*a)(a’y)N1N2q1y2

*,1,2,1
+ Cladp.a)

*,2,1,2
+ Cla)ipoa)

*,2,2,1 /A
+ CradapMMN2gi 51

Cq=Cp=Cyy=C|

Comar @y + Y
a=y.p

Cixarp.a)925y

NiN>$ v
NiNy 1,

+ N (N, — D9:CE002 (g +dh), (A90)

which reduces after some calculations (see the Supplemental
Material [30]) to

Va(x € c1) =viNi (N — 1)(g191 + q291)
+ V3N N2 (q1 92 + $17)
+ VaNiN2 (192 + ¢191)

+ V3N (N2 — 1)(g1 92 + ¢592), (A91)
Va(x € c2) =uvsN1 (N1 — 1)(q191 + q231)

+ vuNIN2(q1 92 + $17)

+ V3N N2 (92 + ¢191)

+ UIN2 (N, — 1)(g1 92 + ¢592). (A92)
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b. Four-point expression V(%)

The calculations in this subsection are analogous to the
calculations for V3(x), the difference being that instead of
eight terms we now have four contractions over the training
data indices «, B, y, and § and hence we need to consider 16
terms. Here, we present the calculation for the first term in
detail. The remaining 15 terms are part of the Supplemental
Material [30] .

Example calculation for term 1: cq =1,c4 =1,¢, =
1, ¢s = 1. For the first term, we will spell out the calculation
steps explicitly. The calculations for the subsequent terms
follow along similar lines. We use the same notation as in the
previous subsection for tensor elements:

CCCpCy oo

@)y with ¢4, cg, ¢y, c5 € {1,2}.

(A93)
|

For the first term, we get

—1 A
Z 8xaCla.p)(y.5Mg ,, Is

cuzl,c'/5=l,c'y=l,C5=l
= gahiD1(Dy — DCy i (@1 + a2)

+ g1 D1(Dy — 1)(Dy — 2D)CLIN 51 (a1 + 3g2).
(A94)

The occurring terms have different origins. First, we can state
that g., = g«1 and y5 = $; because of the block structure.
Next, we can decompose the sum into relevant expressions.
One of them covers the cases where either ¢ =y, 8 =
§ and another o =4, 8 = y that produce the following
sums:

Cq=Cp=C1 Cq=Cp=C]
—14 —1 4
Z 8+.aCla.pr.pyMg o I8 + Z 8+.aCla.p)p.0Mp gYa- (A95)
a=y,p=4 a=48,p=y
In both sums, the tensor element yields C(la’t;;)l(’o: p) because of the exchange symmetry in the tensor C. Both sums simplify to
Ca=Cp=C] Cq=Cp=C]
LLLT o -1 -1
giCamipd | Do mpat Do mpy (A96)
a=y,p=4 a=3,f=y

-1
>

Because of the block structure in the propagator m,,

in Ref. [30]. The sums evaluate to

we can also replace m;t; = ¢ and m’}, s = ¢q1 according to our definitions

Ccq=Cp=C| Ca=Cp=C| Cq=Cp=C| Ca=Cp=C|
doomgh+ > omph= Y @+ Y q=DiDi—1)g+q) (A97)
a=y,p=§ a=4,B=y a=y,Bp=6 a=4,B=y

Here, we counted the terms in the sums in the following way: We know that we need to enforce o # 8 because otherwise the
tensor would yield Cyq)ao) = 0 and hence the terms would vanish. We can choose any of the D, training examples for the index
«. Because o # B, we are left with D; — 1 choices for g8 that produces the corresponding prefactor. In addition to the sums [Eq.
(A95)], one also needs to consider the subcases that only two indices in C(4 g)(y5) are equal. This produces the sums

-1 4 —1 4
Z 8xaCla.py(y.0Mg ,, Js = Z 8+aCla.p)(B.6Mg gJs + Z

ce=l,cp=1,c,=1,c5=1 co=l,cp=1,c5=1 co=1,cp=1,cs=1

+ Y gCaprampliet D

co=l,cp=1,c,=1 co=l,cp=1,c,=1

1 A
8x.aCla.p@.6)Mg oI5

8r.aClapriy.pyy o 95 (A98)

As above, we can extract the terms g,j, C, and §; due to the block structure in the tensors and we can insert the explicit

expressions for the propagator elements mg/; and m;é:

q1 + Z q2

co=1,c5=1,c5=1

-1 & a ~1 1,11
) 8xaCla.prv.oMg , V5 = 8191C 0 6)ws) )

ce=l,cp=1,c,=1,c5=1 co=l,cp=1,c5=1

g2+ Z 9

co=l,cp=l,c,=1

LY

co=1,cp=1,c,=1

(A99)

Again, we need to consider the admissible elements for the sums: We assume that the index « can take any of the D, values. The
index B can hence take D; — 1 values as we require o # . Likewise, y can take D; — 2 values as we have o # y and 8 # y.
If this were not the case, we would over count elements of the sum as cases where y = B are already covered in Eq. (A95).
Combining all of these results, we get the first term

Z 8xaClapyy.ymy 95 = guhDi(D1 — DCLNL o (@1 + q2)

co=l,cp=l,c,=1,c5=1

= +guf1D1(D1 — DD — 2)Ci a5 (@1 + 3a2). (A100)
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Total expression for Vi(x). Considering the symmetries and the definition of C (see the Supplemental Material [30]) and by
combining all 16 terms, the total expression for V4 () hence reads

Va(x) =gu$1D1(Dy — 1) x (Ki(q1 + q2) + vi(D1 — 2)(q1 + 3¢2))
+g92D2(D2 — 1)+ (Ki(q) + ¢3) +01(D2 — 2)(g} + 345))
+ D1Dy(Dy — 1)(841(q1 + q2)2 + 14191 + g231(q1 + g2))v3
+ Dy(Dy — 1)D1(g:2(qh + ¢ )91 + 82419 + gad2 (g + ¢5))v3
+ 02D D2(Dy — 1)(r * g2 + 8a1d1q] + 829292 + g:2$17)
+ DDy (D;y — 1)(gu1Par + gu1d1dh + 8292q1 + gs2317)
+ KyD Dy (81921 + i1 + &adi1q) + gdrqi). (A101)

c. Full result

Taking the full results from V3(x) and V4 (), we get

(V)os1 =g D1y1 + g2Dayr + Ki(q1 + q2)ga$1D1(Dy — 1) + K1 (g} + g5)g:292D2(Dy — 1)
+ uidi1Di1(D1 — DID1 — 2)(q1 + 3¢2) * 8«1 — (q1 + ¢2)]
+ 01Dy = 2)(q) +345) * 8x292D2(D2 — 1)
+ vsD1D12[(Dy — 1)(8x1(q1 + q2)92 + 81491 + 8:291(q1 + q2)) — (192 + $17)]
+U3D2(D2 — DID1(g:2(q5 + q191 + 824192 + g4192(q1 + ¢5)) — (g1 32 + ¢392)]
+ 02D D2 [(Dy — 1)(r % g d2 + 81319 + 823292 + gad17) — (92 + 1 91)]
+ v2D1D2(Dy — 1)(gaaPar + 819195 + 2921 + gw2$17)
+ K2D1 Dy (g1 927 + w2917 + 81914, + 829291 (A102)

d. Symmetric case

The expression in Eq. (A102) can be greatly simplified if one considers a symmetric task setting such as in the Ising task of
the main text. Following the calculations in the Supplemental Material [30] and exploiting that in the symmetric case, we have

Ki,Ki, Ky — K, (A103)
V1, U2, U1, U2 —> U, (A104)
V3, U4, U3, U4 —> —U; (A105)

the expression reduces to the statement in Egs. (44) and (45).

6. Limiting value for D — oo of (y,)o+1 in the symmetric setting

We can now compute expansions of the mean of the predictive distribution in 1/D < 1 in order to obtain the leading-order
expressions for large number of training samples and hence get the asymptotic value for limp_, oo (y«)o+1. Starting from the full
expression [Egs. (44) and (45)], we compute the limiting value for D — oo. Following along the lines of the Supplemental
Material [30], we recover in O(1) the result from the main text:

yf 1 v

Mo+1(D = 00) =y1 + —| —— (K —4v) — — |. (A106)
b\a—->b b

7. The relation between the posterior mean and the generalization error

Generalization in machine learning is typically measured in terms of the loss on a test dataset Diesy = {(xx, Yx)}, Which is
distinct from the training dataset Diin = {(X4, Yo )}1<e<n- In the case of the squared error loss, we evaluate

Liest = Px — _Y*)Z, (A107)

where y, denotes the network output on a test point x, with the corresponding label .. Generalization is typically defined in
terms of the mean (- - - ) p(y, | Dpun, D) := (- - ) Of the generalization error over the posterior distribution of y, on a fixed set of
training and test points. The goal of this Appendix is to show

(1) that the posterior mean computed in the main text enters the bias term of the generalization error,
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(2) and that the approach of the main text can be extended to also obtain the remaining terms of the generalization error.
To see these two points, we first express Eq. (A107) in terms of the cumulants of y, by inserting the mean (y.) ,:

(Liest)p = (G — )2 = ((Gs — (i) p) — O — ) )
= (Pe — 0)p)?)p = 205 — 0u)p) O — Odp)p H s — ) p) )
N——

=0
= s — 0a)p)? + (O — ) )P (A108)

where the first term denotes the bias and the second term denotes the variance contribution, which reflects the common notion of
the bias-variance decomposition in machine learning. Contemporary work, such as Cohen et al. [13] AND Li et al. [58], point
out both contributions. If we assume that the network outputs are distributed according to a Gaussian process with a kernel K,
we can utilize established expressions for the mean and variance and obtain

(Lest)p = (95 — KeaK, ﬂyﬁ) + Ko — KuaK ) Kps. (A109)

As in the main text, we now consider the disorder average over realizations of K., and K., of (L), assuming Gaussian
fluctuations of the form

Kab = mgp + Nab, (AllO)

<77ab77cd)n = C(le)(L‘d) a’ b7 C,d € [*7 17 "’7D]' (Alll)
Hence, we can write the disorder-averaged mean generalization loss as
[(Ltest)p]l( - [( K*ctK ﬁyﬁ) ] + [K** - K*aKt;lKﬂ*]K~ (A112)

Starting from the bias contribution, we obtain

[ — KiaK, ,syﬁ) ] = [97 = 294 (KuaK;, ﬁyﬂ) + (KoK, ,syﬁK*)/Ky(; ya)]
=97 — 29.[KeaKog vp] o + [(KeaK, g VoK K5 v5) ] - (A113)

The mean expression [K,, K p y,g] k yields the results from Eq. (38), demonstrating point 1 mentioned above.
We now proceed to show point 2, namely, that the remaining terms in Eq. (A112) may be obtained in a similar manner. We
start with the remaining term appearing in the bias term [Eq. (A113)]

Vip.ys = [(KeaKoy Ky K5 v5) ] = [(aa 4 1) 0m A 1)y g (M, 4 11y Y 415 535] -

Now rewriting the two terms (m + )~ = m~™' (I + nm~")~! and expanding the latter factor in a von Neumann series up to
linear order (I + nm=")"! =1 — gm™' 4+ ngm~'npm™" + O(1?), we get

Vap.ys = [(Mae + M)+ 1)y g My + 10 Jom 1) 5 vp 5]
= [ + Mua Iy (L= m ™"+ gm ™ gm™ g My + mayyme L (L= ™" pm ™ gm ™) sypy5% + O1) ] -
We now keep terms up to linear order in C and hence at most quadratic in 7,:
V = [ My + T My + My + T My Wi L VY5 (BapSys — [nm ™ 1upSys — [nm™' 1,584

+ Inm ™ aplnm™" 15 + [nm ™ nm ™ 1apdys + Inm™ nm™"1,584p)], + O(C?)

= Ml My Moy VY58 pSys ~ Mg Myt L ygys[lnm ™ Jaglnm ™' 1,51k
+ 2yt yysinm™ " nm™ laglk8ys — 2mm ) ypYs[Mua My [1m ™ lapys1k
— 2 g M My [N 1y80p Tk + Mot ¥595 [N My 1k SarpBys. (A114)

Utilizing the fact that n follows a centered Gaussian distribution we can evaluate the averages [Noplk =0, [Napnyclk =
Clap).(y¢)» rewriting terms such as [[nm™oplnm ™", 51k = mpﬂ 5 "apnyclk = mpﬂ 25 ' Clap).(yc)» Which yields

-1 -1 -1 -1, -1
Vap.ys = (m*a/ma,aya)(m*y/my,yyy) - Mg My M yyﬁygmpﬁmw Clap)yo)
-1l -1 - -1 -1
+ z(m*a’ma/amp; ClapycnMygVp — ma/aC<*a’)(ap)mpﬂyﬁ) (m*y’my'y)’y)
-1 -1 -1 -1 -1 2
- z(ma’ﬂyﬂ) (m*l//my/y) (ysmpé )C(*“/)(VP) + (ma’aya) (my/yy}’)c(*ﬂt')(*l/’) + O(C ) (Al 15)
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Inserting this into Eq. (A113) yields

[( x — KoK, ﬁyﬁ) ]

We now proceed to evaluate the variance term [K,,

Again, we start by decomposing K into a deterministic 7 and stochastlc component 7 and expand the term K !

— 29 (maaggyp + mauemz) Ciapyiysym, M5, ¥p = Carpy)MagMyys ¥s) + Vap.ys + O(C?).

(A116)

- KK, K,g*] k in Eq. (A112), which we can do in a similar manner.

=m+n'=

m P A+nm DT =m T —ngm™ +nm~'pm™") + O0?) to get

[K** - K*(xK Kﬁ*] [m** -

—1
= [m** - m*amaﬂmﬂ*

(Mce + Nsa I (T — nm™" + nm ™ gm ™ )up (mps + npe) + O]

- m*am;;(—ﬁm_l )a’ﬂ 77/3* - m*am;}:r(nm_] ﬂm_l )a’ﬁmﬂ*

Again, rewriting terms such as (—nm’l)arﬂnﬁ* = NN s mgig and then using [1y g Nsxlxk = Ciwp),(8%)> WE get

[K** - K*aK K/S*] = My

— NsalMoy g s — Nl (=M Dapmp, + O] - (A117)
— Msattigg Mg + 2 Moy Cap(peMy g
- m*am;;,C(a/,g/)(y/(y)mg,;,mg}gmﬁ* - m;éC(*a)(*ﬂ) + O(Cz), (Al 18)

where we combined two terms m,qm_,),Cop )(,g*)m};}g and m !, Clua)(or ﬂr)mg,gm,g* that are identical due to the implicit summation

over « and 8 and the symmetry of C.

Combining Eqgs. (A116) and (A118) of those results together, we obtain the full perturbative expression for the mean of the

generalization loss [Eq. (A112)] to first order in C:

[{Liest) plx = [()’* KoK, ﬂyﬁ) ] + [K**

~1 -1 -1
— Moy Clar g5y Mg, Mg g 1M B

where we introduced the shorthand (y,)o = m.wm,, aya and (y,); = m*arma oM oe C(D,p)(gv)m ﬁy,g

— KK, Kﬁ*]

(940 F sy meg g ypysm,gmzs Capye) + 204100
+ (m(;’aya)(m;fyyy)c(*a’)(*y’) + O(C?) + my
- m;éc(*a)(*ﬂ) + O(C?),

= 2(mgpyp) (maym ) (v5m,5 ) Claarrv )

— MugMigmps + 2 Muatiy Clar gy

(A119)

-1 -1
My, Clsa @y, 5 Y- We can

reorder the terms in such a way that we can clearly distinguish the perturbative corrections in C:

[(Liesdplk =[(n = KeaK 3 v6) 1 + [Koe

— KuaK,y K] .
_ -1 ( -1, - -1 _I)C
MMM, g M + m*a’m*}’/ma/amy/yyﬁyampﬁm{zS (ap)(¥?)
11 1 1,1
— MMy Mg Mg g1 Coarpryysy 2 Moo Mg s Clargryps)
—1 -1 -1
- z(ma’ﬁyﬂ) (m*y’my'y) (yﬁmpa )C(*a’)(yp) + 2(y)1{yx)o
-1 —1 —1 2
+ (Mg gYa) (M5, 9, ) Corarryy = Mg Cisarspy + O(C?).

We can see that diagrammatically the same structure as in the main for (y,)o and (y,); appear. In addition to this, expressions
appear that correspond to additional diagrams from the same diagrammatic elements such as the mean-corrected expressions,
like 2m*am;;,m/§,}sc(a/ﬁ/)(ﬁ*). In addition, further diagrammatic building blocks such as C(.s)«p) appear, that are currently not

(A120)

part of our action and would need an extension of our formalism which we leave for future work.

8. Experimental details on the numerical simulations

In this Appendix, we outline details to obtain the numerical
results in the figures of the main text. As Neal [5] established,
the distribution of neural networks in the limit of infinite
hidden layer widths is described by a Gaussian process. Using
predictions in Bayesian training using Gaussian processes
with the kernels K, one can describe the generalization prop-
erties of the Neural Network Gaussian process with the mean
and the variance of the inferred network output on an unseen
test point:

x) = Kia Ky, ﬂyﬂa (A121)

(

(e = ))?) = Ko — Kuo K K. (A122)

To obtain the numerical results for the data-averaged mean-
inferred network output, displayed in the figures of the main
text, we perform the following steps:

(1) Establish a network architecture by choosing a set of
hyperparameters such as network depth L, activation function
¢(x), regularization noise O'reg, and the variance of the hidden
weights o 2.

(2) Draw a balanced set of training data points Dy =
{(xa» Yo )}1<a<p and a set of test data points that are not con-
tained in the training set Diest = {(Xsi, Yxi)}1<i<m -
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(3) Compute the input kernels for the train-train kernel
K", and the test-train kernel Kfa according to Eq. (10).

(4) Propagate the input kernels for the chosen network
architecture from step 1 using the analytical results [Egs. (60)
and (61)].

(5) Utilize the propagated kernels in the expression for the
mean-inferred network output [Eq. (A121)].

(6) Average the resulting mean-inferred network outputs
over the training set and test-set realizations.

9. Degradation of the mean-inferred network output
with network depth

In Fig. 4, we observe that the mean-inferred network output
degrades with increasing network depth for all settings of auzj,
while maintaining a local minimum close to the critical value
o2 ~ 1. One can understand this phenomenon by considering
the mean-inferred network output in the case where there is no
variability across kernel elements. This is indeed sufficient as
we can see from Fig. 4 that there are no qualitative differences
to the case with variability. Expressing the mean-inferred net-
work output and assuming a symmetric task setting such as in
the figure, we obtain from Eq. (44)

where D denotes the amount of training data, y; denotes the
class label for class 1, a denotes the diagonal value, and b
denotes the intraclass overlap of the propagated kernel. We
note that in the symmetric setting the interclass overlap c is
given by ¢ = —b and that the intraclass overlap is the same
for both classes c¢; and c¢,. From the expression, we see that
the mean-inferred network output will degrade to (y.)o — O,
if b — 0. Note that a cannot go to 0 as we introduce a regu-
larizing constant o2, # 0 [see Eq. (58)]. In Fig. 8, we show

reg
that indeed the intraclass overlap b for different values of o2
approaches 0 as the depth increases. However, both above
and below the critical value o, & 1 this approach is much
faster compared to the critical value 02 A 1. This explains the
observation in Fig. 4 that the mean-inferred network output
degrades for all settings of auz), while settings close to the
critical value of o2 still perform better than settings away from
the critical value.

10. Ising task: Bayes optimal error

In order to compare the results from the main text to the
baseline results of the Ising task setting, we want to compare
the performance of the network to the Bayes optimal estimator

Db
(Ve)o = m Vi, (A123) Fukunaga [59] that is given by
J
(V) = Exee, (f (X)), (Al124)
yi,  plxler) > p(x|ca), ) cy, fory=yy,
f(x) = argmax (p(x|c(y))) = with  c(y) = (A125)
2,  pxler) > p(x|cy), ¢y, fory=ys.

This is based on the following the intuition: We need to average over all possible pattern realizations that correspond to class 1
(x € c1), the class that we would like to infer. The Bayes optimal choice of the class, given any possible pattern x, is the class
where the conditional probability for this particular pattern p(x|c) is the highest. Based on this, we choose the corresponding

label to be either y,,, if p(x|c;) is the highest, or y,,, if p(x|c;) is the highest.

a. Task setting for the Bayes optimal error

To obtain the Bayes optimal error, we investigate a com-
putationally equivalent task: Each pattern is drawn from one
of two classes ¢y or c¢,. Each pattern consists of N pixels. If
the pattern comes from class c;, each pixel of the pattern is
+1 with a probability p and —1 with a probability 1 — p with
p > 0.5; vice versa for class 2. Class ¢ has the labels y; and
class ¢, comes with the labels y,. Each pixel in each pattern is
seti.i.d.

b. Computing the Bayes optimal error for the Ising task

To obtain the Bayes optimal error, we parametrize the
patterns by the amount of pixels that are +1. This number is
denoted by k. Hence, the conditional probabilities of obtaining
k pixels with +1 reads

plkley) = ( )p"(l -V

)(1 -prp'

(A126)

>~ =z x =

p(klcz) = ( (A127)

(
Computing the average in Eq. (A124), we have

N N N
Exee,(-+)=Y_ p(klen)(-- )= (k)p"a =V
k=0 k=0

(A128)
To obtain argmax (p(k|c(y))), we compute the fraction

plkle)  pra—pN* p N
plkley) — pN R —pF (1 _p> . (A129)

which for our case with p > 0.5 yields p/(1 — p) > 1 and
hence

yi, k> N/2,

argmax, (p(kle(y))) = {y% kN (A13O)

So, it yields class c; if more than half the patterns are +1 and
class ¢, otherwise. For the Bayes optimal error, this reads

N
(Viee)) = Zp(klcl)argmaxy(P(kIC(y))) (A131)

k=0
N/2 N

= pkley2 + Y plklenyr  (A132)
k=0 k=N/2
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FIG. 8. Intraclass overlap declines with network depths. Mean
intraclass overlap b for a nonlinear network with activation func-
tion ¢(x) = erf(x) for three different values of the weight variance
ai = {0.6, 1.0, 2.0}. In all cases, b converges to zero with increasing
network depth. Below the critical value (blue) and above the critical
value (red), the convergence is faster than close to the critical value
(purple). Results obtained for the Ising task with p = 0.8, for a
balanced dataset with D = 4 data points and a regularization noise
of variance o7, = 1.

/2
N
=i (k)p"u -

k=0

N
-y C’)pk(l — )Nk (A133)

k=N/2

Comparing this result to the NNGP results from the main text,
we find that even in the case of infinite training data D — oo,
the predictive mean of the network does not coincide with
the Bayes optimal predictor, which indicates a performance
gap due to the choice of classification via NNGP (see Fig.
9). Further, we find that the zeroth-order results are always
overly optimistic, yielding predictions with (y.)p—co = ¥i
that are better than the Bayes optimal result. This shows that
the zeroth-order results produce unreasonable performance
beyond the statistical limit. For small values of the task pa-
rameter p, the fluctuation corrected theory overestimates the
corrections, yielding positive values for the predictive mean.
This is because only the leading-order fluctuation corrections
are incorporated in the theory.

11. Bias correction using block formula

Utilizing the expressions for the mean-inferred network
output in the zeroth-order approximation for D training data
points in the Ising task setting:

(vi)o = Db (A134)
Y= @ = +Db"
for the kernel inference
(ys) = K*aK(;,sl)’ﬂ
= (y,)o + fluct. (A135)

— (¥ os1
— ("o
- (y*>Bay5570pt.
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FIG. 9. Bayes optimal error: Comparing the Bayes optimal re-
gression result (black dashed) in linear (top) and erf (bottom)
single-layer NNGPs with numerical results (black vertical scatter),
mean field theory (blue), and corrected (red) results for different task
parameters p with dimension N = 50 and amount of training data
D = 100. The plots also indicate results for the limiting value of
infinite training data (purple dashed), D — oo. Further parameters:

252 2 _
o, =0, =1landog, =1

one can try to correct for the bias by estimating the parameters
a and b from data. Assuming that we perform inference using
the maximum a posteriori (MAP) estimate, we approximate
the relation between the true label y; and the inferred label of

Vs
Vs & (yx) = (y«)o + fluct. (A136)
(a—b)+ Db
N (V). Al137
>N Db () ( )

Within this notation, we obtain (y,) from kernel inference.
In general, the terms a and b are unknown for a given task,
so one needs to sample them from the training dataset.

—— Uncorrected

0.101 —+— Block corr.
—— Block corr. sampled

Mean-Square Error-Test

10 15 20 25 30
D Train data

FIG. 10. Bias correction with zeroth-order results: Using the
mean-inferred network output (y,) as an MAP estimate, the squared
test error MSE := Y (v, — (y«))* for the corrected expression
(green) is consistently lower than for the uncorrected expression
(red). Sampling the parameters in the correction from the dataset
seemingly removes the benefits from bias correction (blue). Param-
eters for the experiment: linear network, p = 0.8, N = 50, arzeg =
1072, Nyials = 500, and Neege = 2000.
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Comparing the results for the corrected MAP estimate

(Vedeorr. = )/K*aK(;;y,g (A138)

to the uncorrected estimate, we can observe that indeed the
corrected result obtains better performance on the squared
error difference (see Fig. 10):

MSE i= ) (. — (n))2. (A139)

However, we also observe that this is the case for small
amounts of training data, indicating that this correction does
provide a benefit in correcting for regression tasks in the
small data regime, whereas corrections by fluctuation results
would not yield a benefit due to the increased require-
ments of training data to estimate the kernel covariance
elements.
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