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ABSTRACT
The static and dynamic properties of a cyclic Rouse chain modified by the introduction of an effective, spherically symmetric, attracting
potential of entropic nature are studied. It is shown that a relatively weak potential can lead to a strong contraction of the polymer chain: the
radius of gyration becomes much smaller compared to the size of the free cyclic chain. The pronounced decrease in the terminal relaxation
time of cyclic macromolecules in the presence of a harmonic potential compared to the Rouse relaxation time leads to a lengthening of the
time interval for the transition to the normal, i.e., the Fickian, diffusion regime, generating a quasi-plateau at increasing molecular mass for
the time dependence of segmental mean squared displacement.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0285040

I. INTRODUCTION

In recent years, interest in polymeric systems containing ring
macromolecules has increased markedly.1–16 As shown, e.g., by
rheology and neutron scattering experiments, the absence of end
segments in cyclic macromolecules leads to serious differences
in their conformations and dynamics in comparison with linear
analogs of equal molecular mass. It also has an essential impact
on biology: DNA in the genome forms cyclic structures that are
much more compact than their linear analogs. In particular, lin-
ear macromolecules in melts have conformations that are, with
sufficient accuracy, close to ideal Gaussian conformation,17–22 i.e.,
without intra-chain excluded volume interactions. The mean square
of their radius of gyration depends linearly on the molecular weight
R2

g,lin = Nb2

6 , where b is the length of a Kuhn segment and N is
the number of Kuhn segments per macromolecule. In the case of
melts of cyclic macromolecules, the absence of end segments gener-
ates entropic interactions preventing mutual penetration of macro-
molecules into each other, which leads to a significant weakening of
the molecular-mass dependence of the mean squared radius of gyra-
tion R2

g,ring ∝ b2Nν with ν ≈ 2
3 as has been shown by simulations.6,7

In other words, these additional topological constraints appear to
be similar to effective intramolecular attractive interactions related
to the center of mass of the ring, leading to more compact, glob-
ular conformations. The latter circumstance makes the analytical
description of the structure and dynamics of cyclic macromolecules
more complicated compared to their linear analogs, since even
at the level of intramolecular interactions, the non-Gaussian dis-
tribution of conformations gives rise to nonlinear equations of
motion. It should also be noted that the methods used in experi-
mental studies of ring macromolecules are the same as those used
for their linear analogs.17–22 The main difference from an experi-
mental point of view lies in the synthesis and preparation of well-
characterized systems of ring macromolecules with large molecular
weights.

In the theory of dynamic properties of linear polymers, the
Rouse model plays an important supporting role because it is exactly
solvable.17–22 Although it does not include entanglement effects, it
can be at least phenomenologically modified, for example, by con-
straints for chain motions inside the tube at times smaller than the
terminal relaxation time, as in the reptation tube model, to apply it
satisfactorily even for highly entangled systems.
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For the case of ring polymer melts, the Rouse model can be
applied directly using appropriate boundary conditions for the ends
of linear polymer chains.16 In this case, ring macromolecules have
a conformational distribution corresponding to a freely connected
ring whose characteristic size is only

√
2 times smaller than the

size of linear chains containing the same number of Kuhn seg-
ments, and the mean squared radius of gyration scales as R2

g,ring

= Nb2

12 . In other words, this simplified approach does not consider the
effects of contraction of polymer rings in melts associated with the
above-mentioned topological constraints on mutual penetrations.

This contraction effect can be considered by introducing a har-
monic potential of spherical symmetry, which attracts any of the
ring segments to the ring center of mass with a constant strength
as a parameter. After this modification, the Rouse model is still
exactly analytically tractable and can play the role of a reference
model for the dynamical properties of polymer rings. As far as
we know, this model, although amenable to an exact solution, has
not yet been described in the literature. However, a similar model
containing a modification of the Rouse model with an axially sym-
metric harmonic two-dimensional potential to study various aspects
of the reptation model in linear polymers has been considered.23,24

A recent work discusses the dynamics of generalized Rouse linear
chains in an external harmonic potential of spherical symmetry,
demonstrating that the external potential induces additional corre-
lations between monomers, affecting the nature of friction between
polymer segments and their surroundings through the influence of
memory functions in the generalized Langevin equation.25 In this
paper, we present the Rouse model modified by an effective three-
dimensional attractive internal harmonic potential to describe the
dynamics of a ring polymer, which in this context is of independent
scientific interest.

II. THEORY
Let us consider a polymer ring consisting of N ≫ 1 statistical

Kuhn segments. Then the effective Hamiltonian, more precisely the
effective intramolecular potential energy, is defined by the following
expression:

H = 3kBT
2 ∑n (

1
b2 (

∂ r⃗ n

∂n
)

2
+ (r⃗ n − r⃗ cm)2

R̃ 2 ), (1)

where R̃ is a parameter of the potential. The first term on the
right-hand side of Eq. (1) describes the conventional, effectively
intramolecular entropic interactions of an ideal polymer chain,17–22

while the second term, which has the structure of a harmonic
potential, is related to the effects of entropic contraction of the poly-
mer chain caused by topological constraints of mutual penetration
of cyclic macromolecules into each other. Note also that because
N ≫ 1, the continuous limit and summation over n is equivalent to
integration over n. The parameter of the potential R̃ is defined in a
way such that, in the case of an isolated segment, its mean squared
distance from the minimum of the potential is equal to

⟨r2⟩ = R̃ 2, (2)

where R̃ is the characteristic radius of the harmonic potential. The
larger this quantity, the weaker the potential.

The equation of motion for a Rouse ring is as follows:

ζ
∂ r⃗n(t)
∂n

= 3kBT
b2

∂2

∂n2 r⃗n(t) −
3kBT

R̃ 2 (r⃗n(t) − r⃗cm(t)) + f⃗ L
n(t), (3)

where ζ is the segmental friction coefficient, f⃗ L
n(t) is the stochastic

Langevin force acting on segment with number n at time moment
t, r⃗cm(t) = 1

N∑n r⃗n(t) is the position vector of the center of mass of
the considered polymer ring at time moment t, r⃗n(t) is the position
vector of the segment with number n at time moment t, and kBT is
the Boltzmann constant multiplied by the absolute temperature.

The ring architecture of the polymer chain is taken into account
by means of the following boundary conditions:

r⃗0(t) ≡ r⃗N(t). (4)

These boundary conditions lead to the following Fourier decompo-
sition:

r⃗n(t) = X⃗0(t) +
N/2

∑
p=1
(2X⃗p(t) cos(2π

N
pn) + 2Y⃗p(t) sin(2π

N
pn)).

(5)

The normal relaxation Rouse modes of the ring macromolecule can
be calculated from Eq. (5) by the inverse Fourier transform,

X⃗p(t) =
1
N∫

N

0
r⃗n(t) cos(2π

N
pn)dn,

Y⃗p(t) =
1
N∫

N

0
r⃗n(t) sin(2π

N
pn)dn.

(6)

By substituting Eq. (6) into Eq. (1), we express the Hamiltonian
through the normal Rouse modes of the ring macromolecule,

H = 3kBT
2

N/2

∑
p=1
{ 8π2

Nb2 p2 + 2N
R̃ 2 }(X⃗

2
p(t) + Y⃗2

p(t)). (7)

Assuming the different normal modes fluctuate independently of
each other and have a normal Gaussian distribution, we obtain the
following relation for their mean-squared values:

1
⟨X⃗2

p⟩eq

= 1
⟨Y⃗2

p⟩eq

= {8π2p2

Nb2 +
2N
R̃ 2 }. (8)

Furthermore, from Eqs. (5) and (8), considering the orthogonality
of different normal modes, the following expression for the mean
squared radius of gyration of the ring macromolecule is obtained:

R2
g ≡

1
N∫

N

0
⟨(r⃗n(t)) − X⃗0(t)2⟩ = 2∑

p
{⟨X⃗2

p⟩eq
+ ⟨Y⃗2

p⟩eq
}

= 2∑
p

⎧⎪⎪⎨⎪⎪⎩

1
8π2p2

Nb2 + 2N
R̃ 2

+ 1
8π2p2

Nb2 + 2N
R̃ 2

⎫⎪⎪⎬⎪⎪⎭
= 2

N/2

∑
p=1

1
4π2p2

Nb2 + N
R̃ 2

. (9)

For a very weak harmonic potential, N2b2

4π2 ≪ R̃ 2, the polymer ring
has an ideal, not perturbed, size,17

R2
g,ideal =

Nb2

12
. (10)
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For large Rouse rings, one observes a globular state,

R2
g = 2

N/2

∑
p=1

1
4π2p2

Nb2 + N
R̃ 2

≈ 2∫
N/2

1

dp
4π2p2

Nb2 + N
R̃ 2

= R̃b
π
(arctan(πR̃

b
) − arctan(2πR̃

Nb
)) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

1
2

R̃b if
Nb
2π
≫ R̃≫ b

π
,

R̃ 2 if R̃≪ b
π

,

(11)

where the approximation arctan (x) =
⎧⎪⎪⎨⎪⎪⎩

x if x≪ 1,

π/2 if x≫ 1
for an

infinitely large ring N ≫ 1 was used.
The limit R̃≪ b

π has mainly academic interest. For the interest-
ing case Nb

2π ≫ R̃≫ b
π , one finds that R2

g = 1
2 R̃b≪ R̃ 2. Recall that R̃

is the inverse measure of the strength of the harmonic potential and
equal to the typical distance at which a potentially isolated polymer
segment will be separated from the center; see Eq. (2). The relation

Rg =
√

R̃b
2 ≪ R̃ indicates that the ring size is much smaller due to the

linear connectivity of joined segments. This effect is directly related
to the linearly coupled structure of the polymer ring and reflects the
fact that there are neighboring segments in close proximity to any
segment, resulting in an enhanced attraction by the center of the
potential. It is relevant to point out here that despite the constraint
Nb
2π ≫ R̃, the harmonic potential may in fact remain weak because
N ≫ 1.

FIG. 1. Dependence of the mean squared radius of
gyration R2

g of cyclic macromolecules calculated from Eq. (9) and normal-

ized by b2, experiencing a harmonic potential with characteristic radius R̃
expressed in terms of the number of Kuhn segments N. For a very weak
harmonic potential, R̃≫ Nb

2π , the mean squared radius of gyration follows the
linear dependence on N expected for cyclic macromolecules in the absence of
a harmonic potential, R2

g,ring = Nb2

12
. For substantially strong potentials, Nb

2π ≫ R̃,

the mean squared radius of gyration approaches a constant value R2
g = R̃b

2
,

as shown in Eq. (11). For comparison, the linear dependence on N for linear
macromolecules is also shown.

Figure 1 illustrates Eq. (9), which describes the dependence of
the mean squared radius of gyration of the macromolecule on the
number of Kuhn segments N for a few characteristic radii R̃ of the
harmonic potential. The linear dependence on N for a very weak
harmonic potential and the approach to 1

2 R̃b for large N are clearly
visible.

Expressions for the decay rates of the normal modes, i.e., the
inverse relaxation times, can be obtained by differentiating Eq. (5)
in time using the equation of motion (3). The result is as follows:

1
τp
= 4

τs
{( p

N
)

2
+ 1

4π2
b2

R̃ 2 } =
1

2π2τsN
b2

⟨X⃗2
p⟩
= 1

2π2τsN
b2

⟨Y⃗2
p⟩

(12)

with the segmental relaxation time τs = ζb2

3π2kBT .
Note that the relaxation times of the long-wave Rouse modes

with p≪ 1
2π

bN
R̃ =

1
4π

b2N
R2

g
cease to depend on the mode number, as

shown in Fig. 2. Instead, they depend mainly on the parameter of
the harmonic potential R̃.

The quantity def ≡ 2Rg can be considered as the effective dia-

meter of the globule. In addition, the value nb ≡
d2

ef

2b2 turns out to
be of the order of the number of Kuhn segments in a section of a
macromolecule with linear dimensions of the order of the effective
diameter def [see also Eq. (25), which shows why it is convenient
to include the factor 1/2 in the definition of the number of polymer
segments per blob]. Under the influence of an effective spherical
potential, the cyclic macromolecules appear to be rolled up into a
globule consisting of Nb = N

nb
blobs, each of which contains nb Kuhn

segments.

FIG. 2. Dependence of the relaxation time ratio τs/τp on the mode number
p = 1 . . . N/2, normalized by the number of Kuhn segments N, and on the
characteristic radius R̃ of the harmonic potential, as described by Eq. (12).
The presence of an attractive harmonic potential (R̃≪∞) introduces a mode-
independent contribution to the Rouse relaxation time, which dominates for
p
N
≪ b

2πR̃
.
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The mean squared displacement (MSD) of ring segments can
be derived from Eq. (5),

⟨(r⃗ n(t) − r⃗ n(0))2⟩ = ⟨(X⃗ 0(t) − X⃗ 0(0))
2⟩

+ 4
N/2

∑
p=1
[⟨X⃗2

p⟩ + ⟨Y⃗2
p⟩](1 − exp{− t

τp
}). (13)

The first contribution on the right-hand part of Eq. (13) relates
to the mean squared displacement of the center of mass, whereas
the second part, i.e., the sum over the normal modes p = 1 . . .N/2,
describes the motion in the coordinate system connected with this
center of mass.

For times τs ≪ t ≪ τ1 ≡ 4π2 R4
g

b4 τs, the second term in the right-
hand part of Eq. (13) dominates, and anomalous Rouse diffusion is
observed,

⟨(r⃗ n(t) − r⃗ n(0))2⟩ ≈ 4
N/2

∑
p=1
[⟨X⃗2

p⟩ + ⟨Y⃗2
p⟩](1 − exp{− t

τp
})

= 8
N/2

∑
p=1
⟨X⃗2

p⟩(1 − exp{− t
τp
}) ≈ 2b2

π3/2 (
t
τs
)

1/2
.

(14)

For longer times τ1 = 4π2 R4
g

b4 τS ≪ t ≪ τ∗1 = π2 R2
g N
b2 τs, the same term

still dominates, but the time dependence disappears and a quasi-
plateau is reached,

⟨(r⃗ n(t) − r⃗ n(0))2⟩ ≈ 4 ∑
p=1...N/2

[⟨X⃗2
p⟩ + ⟨Y⃗2

p⟩] = 2R2
g. (15)

Only for longer times t ≫ τ∗1 = π2 R2
g N
b2 τs, the first term on the right-

hand part of Eq. (13), describing normal diffusion of the ring’s center
of mass, starts to dominate,

⟨(r⃗ n(t) − r⃗ n(0))2⟩ ≈ ⟨(X⃗ 0(t) − X⃗ 0(0))
2⟩ = 6

3π2
b2

N
t
τs

. (16)

Figure 3 illustrates the time-evolution of the mean squared displace-
ment described by Eq. (13) in combination with Eqs. (9), (12), and
(16) for different potential radii R̃ and number of Kuhn segments N.
The prominent feature visible is the region of constant values, which
emerges for a sufficiently strong potential [Fig. 3(a)] and grows with
the size of the macromolecules [Fig. 3(b)].

The incoherent dynamical structure factor of ring macro-
molecules, which is relevant for experiments such as neutron
scattering, is given by the following relation:

Sincoh(k; t) ≡ 1
N∑n

⟨exp{ik⃗(r⃗n(t) − r⃗n(0))}⟩

= 1
N∑n

⟨exp{−1
6

k2⟨(r⃗ n(t) − r⃗ n(0))2⟩}⟩. (17)

While the coherent dynamical structure factor is

Scoh(k; t) ≡ 1
N∑n,m

⟨exp{ik⃗(r⃗n(t) − r⃗m(0))}⟩

= 1
N∑n,m

⟨exp{−1
6

k2⟨(r⃗ n(t) − r⃗ m(0))2⟩}⟩

= 1
N∑n,m

φnm(k, t) (18)

FIG. 3. Illustration of the time-evolution of the mean squared displacement of cyclic macromolecules with harmonic potential in dependence of the characteristic potential
radius R̃ and the size of the macromolecule expressed by the number of Kuhn segments N. In the limits τs ≪ t ≪ τ1 and t ≫ τ∗1 , the mean squared displacement follows
a square-root and linear time dependence described in Eqs. (14) and (16), respectively. Decreasing the characteristic radius of the potential, i.e., increasing its strength,
for macromolecules with a fixed number of Kuhn segments results in the formation of a quasi-plateau (a). This range of a time-independent mean squared displacement
becomes more pronounced the larger the macromolecules for a fixed potential radius and approaches 2R2

g = R̃b if Nb
2π ≫ R̃≫ b

π (b). The time-evolution is expressed
in terms of τs, and the mean squared displacement is normalized by the squared length b2 of a Kuhn segment. The following equation was used to calculate the MSD:

⟨(r⃗ n(t) − r⃗ n(0))2⟩ = 6
3π2

b2

N
t

τs
+ 4∑N/2

p=1 ( 4π2p2

Nb2 + N
R̃ 2 )

−1(1 − exp (−(( 2p
N
)2 + ( b

πR̃
)2) t

τs
)).
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with
φnm(k, t) ≡ ⟨exp{ik⃗(r⃗n(t) − r⃗m(0))}⟩

= exp{−1
6

k2⟨(X⃗ 0(t) − X⃗ 0(0))
2⟩

+ 8
N/2

∑
p=1
⟨X⃗2

p⟩(1 − exp{− t
τp
} cos(2πp

N
(n −m)))

⎫⎪⎪⎬⎪⎪⎭
.

(19)

At t = 0, Eq. (17) coincides with the so-called static structure factor,

g(k) = Scoh(k; t = 0) = 1
N∑n,m

⟨exp{−1
6

k2⟨(r⃗ n(0) − r⃗ m(0))2⟩}⟩

= 1
N∑n,m

φnm(k, t = 0). (20)

The following symmetry applies to ring macromolecules:

φnm(k, t) = φ0n−m(k, t) = φ0m−n(k, t) = φmn(k, t). (21)

The latter relationship allows us to rewrite the static structure factor
as follows:

g(k) =
N/2

∑
m=−N/2

⟨exp{−1
6

k2⟨(r⃗ m(0) − r⃗ 0(0))2⟩}⟩. (22)

Using expressions (5) and (8) and the orthogonality of Rouse normal
modes, the following relationship can be obtained after calculations:

⟨(r⃗ n(0) − r⃗ m(0))2⟩ = 2Nb2

π2

N/2

∑
p=1

sin2( πp(n−m)
N )

p2 + N2b2

4π2R̃ 2

. (23)

If Nb
2π ≫ R̃≫ b

π and ∣n −m∣ < N
2 , we can approximate summation in

relation (23) by integration,

⟨(r⃗ n(0) − r⃗ m(0))2⟩ = 2Nb2

π2

N/2

∑
p=1

sin2( πp(n−m)
N )

p2 + N2b2

4π2R̃ 2

≈ 2Nb2

π2 ∫
∞

0
dp

sin2( πp(n−m)
N )

p2 + N2b2

4π2R̃ 2

= R̃b(1 − exp(− ∣n −m∣b
R̃

))

= 2R̃2
g(1 − exp(− ∣n −m∣b2

2R2
g
)). (24)

This expression shows that

⟨(r⃗ n(0) − r⃗ m(0))2⟩ =
⎧⎪⎪⎨⎪⎪⎩
∣n −m∣b2 if ∣n −m∣≪ 2R2

g/b2 = d2
ef /2b2 ≡ nb,

2R̃2
g if ∣n −m∣≫ nb.

(25)
Equation (25) again shows that the influence of an effective spher-
ically symmetric internal potential leads to the folding of the ideal
conformation by breaking the cyclic macromolecule into Nb = N

nb

blobs containing nb Kuhn segments. The conformation of each blob
is close to that of an ideal macromolecule, and the blobs them-
selves are randomly distributed around the center of the entire cyclic

macromolecule. If we simplify this picture to the extreme, assum-
ing that the conformation of the blobs is strictly ideal and that the
mutual distribution of the blobs is completely uncorrelated within
the globule, mathematically this is equivalent to replacing strict
inequalities ≪ and ≫ with ≤ and ≥; then Eq. (22) for the static
structure factor can be calculated exactly,

g(k) = (N − 2nb) exp(−k2R2
g

6
) + 12

k2b2 (1 − exp{−k2R2
g

3
}). (26)

III. DISCUSSION
It is instructive to discuss the density distribution of the seg-

ments belonging to the ring at position ⃗̃r with respect to its center of
mass,

ρ̃s(⃗̃r) ≡∑
n
⟨δ(⃗̃r − r⃗n + r⃗cm)⟩. (27)

Since in a ring macromolecule, all segments are equivalent to each
other, and in our simplified model, the distribution of normal Rouse
modes is assumed to be Gaussian, this value is equal to

ρ̃s(⃗̃r) =
N

( 2π
3 R2

g)
3/2 exp(−3

2
r̃ 2

R2
g
). (28)

In particular, the maximum value for the concentration of own
segments is reached at the position of the ring center of mass,

ρ̃s(⃗̃r = 0) = N

( 2π
3 R2

g)
3/2 . (29)

If a polymeric macromolecule containing N Kuhn segments is con-
tracted to a spherical globule with the radius R̃s f such that this
globule contains only its own segments, their concentration will be
equal to the average concentration of polymeric segments in the
melt ρs,

ρs =
N

4π
3 R̃3

s f
. (30)

By dividing Eq. (29) by Eq. (30), we obtain a value indicating the
fraction of the globule’s own segments’ density relative to the density
of all segments at the position of the globule’s center of mass,

ρ̃s(0)
ρs
=
√

6
π
( R̃ s f

Rg
)

3

. (31)

For example, ρ̃s(0)
ρs
≈ 0.432 for polyethylene oxide (PEO) rings with

a molecular mass M = 96 kDa, where Rg ≈ 49.5Å [from small-angle
neutron scattering (SANS) experiments]10,11, N ≈ 701, Z = 41, and

R̃s f = [ 3
4π

mp
ρ M]

1/3
≈ 33.6Å,26 with the proton mass mp and the den-

sity of a PEO melt ρ ≈ 1.08 g/cm3.27 This result is numerically
very close to recent computer simulations,14 and Eq. (28) at least
qualitatively coincides with Fig. 3(b) from that work. In particu-
lar, the intramolecular monomer density as a function of distance
from the center-of-mass of a ring scaled by its radius-of-gyration
Rg for different ring molecular weights Nb apparently has a Gaus-
sian shape with the maximum at the center-of-mass. The normalized
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maximum value for the monomer density at the center-of-mass is
about 0.38–0.39, which is in reasonable agreement with the value for
ρ̃s(0)

ρs
≈ 0.432 for polyethylene oxide (PEO) rings calculated above.
In this very simplified approach, the characteristic radius R̃ of

the harmonic potential is a fitting quantity. Computer simulations
show that for N ≫ 1, the value of ρ̃s(0) ceases to depend on N and
becomes equal to some constant fraction of ρs.

14 Using Eq. (29) and
recalling that in the case of interest R2

g = 1
2 R̃b, we obtain that the

required relation between ρ̃s(0) and ρs is achieved if the parameter
R̃ 2 has the following structure:

R̃ 2 = β
b2 (

N
ρs
)

4/3

, (32)

where β is a dimensionless numerical coefficient of order 1, possibly
reflecting details of the chemical structure of the Kuhn segment. The
latter corresponds to the following harmonic potential:

U{r⃗n} =
3kBT

2 ∑
n

(r⃗ n − r⃗ cm)2

R̃ 2 = 3kBT
2 ∑

n

ρ4/3
s b2

βN4/3 (r⃗ n − r⃗ cm)2.

(33)
Note that this potential is actually very weak because N ≫ 1. Using
Eqs. (29) and (32), we obtain

ρ̃s(0) = (
3

π
√

β
)

3/2

ρs. (34)

The concentration of the intrinsic ring segments inside the
globule becomes comparable to the total concentration of Kuhn seg-
ments in the melt ρ̃s ∝ N

R3
g
∝ ρs and does not depend on N. For

an infinitely large Gaussian ring, the concentration of self-segments
is much smaller and depends on N in the form of N−1/2. A qual-
itatively similar behavior has been observed in recent computer
simulations.4,5 Using the ratio ρ̃s(0)

ρs
≈ 0.432, which was determined

for melts of PEO rings, we obtain β = ( 3
π )

2[ ρs
ρ̃ s(0)
]

4/3
≈ 2.79, which

reasonably satisfies the property of a coefficient of order 1.
Instead of the concentration of Kuhn segments ρs in the melt,

the so-called packing length of the melt pl is used hereafter. Both
these quantities are related by definition by the following relation:27

1
pl
≡ ρsb2. (35)

From Eqs. (11) and (32), it follows that R̃ 2 = βN4/3( pl
b )

4/3b2 and

R2
g = β1/2

2 N2/3( pl
b )

2/3b2. Note that the characteristic ratio pl
b also

appears in the expression for the number between neighboring
entanglements in polymer melts, Ne ≈ ( 21.3pl

b )
2
, which can be easily

verified using published experimental data.27

Figure 4 illustrates the dependence of the mean square of the
radius of gyration on the molecular mass of a cyclic macromolecule
with the potential described in Eq. (33), i.e., Eq. (9), but now tak-
ing into account the relation between the radius R̃ of the potential
and the number of Kuhn segments N, as described in Eq. (32). As
a result, the mean squared radius of gyration no longer reaches

FIG. 4. In contrast to Fig. 1, this illustration of the mean squared radius of gyra-
tion now takes into account the relation between the characteristic radius R̃ of
the potential and the number of Kuhn segments N as described in Eq. (32). The
mean square radius of gyration no longer reaches a constant value at large N but
rather approaches a N2/3 dependence. The mean squared radius of gyration is
normalized by the squared length b2 of a Kuhn segment, and the following equa-

tion was used for its calculation: R2
g = 2 Nb2

4π2∑N/2
p=1 (p2 + 1

4π2
N2/3

β ( b
pl
)4/3)

−1
with

β = ( 3
π )

2( π
6
)2/3( Rg

R̃ s f
)4 ≈ 2.79 using Rg ≈ 49.5Å, R̃s f ≈ 33.6Å, b = 11Å, and

pl = 1.91Å obtained from the literature for polyethylene oxide.10,11,20,26,27

a constant value at large N but rather approaches a N2/3 depen-
dence, as observed in computer simulations.6,7 Note that the N2/3

dependence (globule with the fractal dimension ν = 1/3) has not
been observed experimentally,9,11 which may be related to the broad
transition to the asymptotic behavior, which is not reachable for the
synthesized rings (Fig. 4).

Another feature of the model is related to the fact that the
attractive potential defined in Eq. (1) does not change the self-
diffusion coefficient of the polymer ring but strongly shortens the
terminal relaxation time compared to the Rouse relaxation time; see
Eq. (12),

τ1 ≅ τ1 = π2 R̃ 2

b2 τs = 4π2 R4
g

b4 τs ≪ τR
2 = τsN2. (36)

At times of order τ1, the MSD of the ring segments reaches the
asymptotic value 2R2

g = R̃b, while the MSD of the center of mass
is even much smaller and begins to dominate only at much longer

times t ≫ τ∗1 = τ1
4

Nb2

R2
g
= 3τ1

R2
g,ideal

R2
g

; see Fig. 3. Taking into account

expressions written above, for the potential defined in Eq. (33),

one can find that τ∗1
τ1
= 1

2
√

β
N1/3( b

pl
)

2/3
. Effectively, this results in

the transition to the normal diffusion regime being delayed for an
extended time interval τ1 ≤ t ≤ τ∗1 , in which the time dependence of
the mean-squared displacement of the segments slows down toward
a quasi-plateau for large N. An indication of the quasi-plateau on
mean squared displacement has been recently observed by neutron
spin echo spectroscopy performed on the fully hydrogenated sample
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to observe a self-correlation function [Eq. (17)]. Interestingly, the
crossover to the slower power law takes place at 13.5 ns, which, in
terms of parameters for poly(ethylene oxide), corresponds to 103 τs,
i.e., about 10 ns.

At the end of this section, we show that Eq. (32), which defines
the intensity of the harmonic potential, can be obtained based on
scaling relations in the spirit of mean-field considerations of Flory.
Consider the situation in which the radius of inertia of a polymer
ring R is much smaller than its ideal dimensions, R≪ b

√
N
12 . The

equilibrium value of the radius of inertia Rg will be determined by a
compromise of two opposing tendencies.

On one hand, entropic elasticity forces of the ring will try to
increase R to the equilibrium value of the ideal ring. On the other
hand, the forces associated with topological restrictions for neigh-
boring polymer rings when crossing the contour of a given polymer
ring will tend to reduce its linear dimensions to the smallest possi-
ble size. The probability density for a linear ideal polymer chain to
have a given radius of gyration R is known (see, e.g., Ref. 17 and
the literature cited therein). For the situation of strong compression,
i.e., when R2 ≪ Nb2

6 , it is given in our notations by the following
expression:

W lin
el (R) =

3√
6π

1
Nb2 (

Nb2

R2 )
5/2

exp(−3
8

Nb2

R2 ). (37)

We repeated largely similar calculations for ideal ring macro-
molecules (see the Appendix), and the result for the case of strong
compression, i.e., when R2 ≪ Nb2

12 , was as follows:

Wring
el (R) =

6√
2π

1
N1/2b

(Nb2

R2 )
4

exp(−3
8

Nb2

R2 ). (38)

As can be easily seen, relations (37) and (38) at N≫ 1 differ insignif-
icantly from each other under strong compression only by the pre-
exponential coefficient, reflecting the difference in the architecture
of linear and ring macromolecules.

The effective entropic energy of elasticity corresponding to the
distribution Eq. (38) is given by the following expression:

Uel(R) = −kBT ln Wring
el (R). (39)

Omitting numerical multipliers and weak logarithmic additives,
the following estimate can be made on the basis of relations (38)
and (39):

Uel(R)∝ kBT
Nb2

R2 . (40)

Note that the pre-exponential coefficients of relations (37) and
(38) lead only to logarithmically weak corrections in (39) and (40),
which are negligible when N≫ 1. An estimate of the effective energy
associated with topological interactions of polymer rings located at
least partially in the volume R3 can be made as follows. In the vol-
ume R3, there are ρsR

3 polymer segments. Assuming that R≪ b
√

N
12

and the polymer rings are ideal, each piece of the ring whose ends
are separated by the distance R from each other, i.e., some kind of
blob, contains an order of nb ∝ R2

b2 polymer segments. Thus, within

the volume R3 under consideration, there are on the order of Nb(R)
∝ ρsR3

nb
= ρsb2R different blobs. Each such blob interferes with the

penetration of polymer segments external to the volume under con-
sideration for topological reasons. It is natural to assume that each
blob contributes an amount on the order of kBT to the repulsion
energy of the external segments. Consequently, the energy associated
with topological constraints can be naturally estimated as

Utp(R)∝ kBTNb(R) = kBTρsb2R. (41)

The total effective energy can then be estimated as

Ueff (R) = Uel(R) +Utp(R). (42)

The minimum of this energy, which is easily seen from relations (40)
and (41), is reached at Rg of order

Rg ∝ ρ−1/3
s N1/3. (43)

Recalling [see Eq. (11)] that for the case under discussion R2
g = 1

2 R̃b,
we see that Eq. (43) agrees with Eq. (32).

Note also that we completely ignored the presence of excluded
volume segment–segment interactions, which is an acceptable
approximation in accordance with the well-known Flory’s near-
ideality theorem for polymer melts. The behavior of polymer rings
in good solvents, where excluded volume interactions become cru-
cial, can be found in Ref. 28 and the literature cited therein. In
dilute θ-solutions of cyclic macromolecules containing a sufficiently
large number of Kuhn segments, N > N0 = 250 . . . 300 (see details in
Refs. 29 and 30), there are possible interactions of excluded volume,
induced by intramolecular topological prohibitions of the cyclic
macromolecule, to form complex knots. This leads to the fact that
sufficiently large cyclic macromolecules turn out to be swollen, i.e.,
to have dimensions substantially larger than ideal ones. In melts, this
additional effect, as noted in Ref. 29, for large N > N0 leads to the
ratio (43) with an additional numerical multiplier N1/6

0 ≈ 2.6. In our
extremely simple formalism, which allows for a rather complete ana-
lytical analysis, this effect, if it proves to be significant, can at least
phenomenologically be accounted for by means of the coefficient β
in relation (32). Then the concentration of the intrinsic Kuhn seg-
ments ρ̃s(0) given by expression (29) at the center of mass of each
globule formed by the compressed ring should depend on the molec-
ular mass and, at large N > N0, be approximately N1/2

0 ≈ 10 . . . 15
times less than the concentration of polymer segments of the melt.
The computer experiments known to us do not reproduce such
behavior. Moreover, the experimental data discussed above indicate
a substantially larger concentration of its own segments in the cen-
ter of the globule [see expression (31) and the text below]. However,
this fact requires additional experimental and theoretical study.

IV. CONCLUSIONS
In this study, we investigate the dynamic behavior of non-

concatenated polymer rings based on a simple model, the Rouse
model modified by a spherical attractive harmonic potential. Despite
significant simplifications, the model has important nontrivial
properties.

The model shows a high sensitivity of the conformation of large
polymer rings, i.e., consisting of a large number of Kuhn segments
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N ≫ 1, to the characteristic radius of the attractive potential, i.e.,
the potential strength. For sufficiently strong potentials, R̃≪ Nb

2π , the
polymer rings experience a strong contraction in comparison with
the ideal state, and their characteristic linear dimensions become
much smaller than in ideal rings R2

g = 1
2 R̃b≪ Nb2

12 = R2
g,ideal (see

Fig. 1). When taking into account the relation between the charac-
teristic radius of the potential and the size of the macromolecules, R̃
∝ N4/3, the radius of gyration approaches the weakened molecular-
mass dependence of R2

g ∝ N2/3 observed in computer simulations
(Fig. 4).6,7

Furthermore, the time dependence of the mean squared dis-
placement of the ring segments is slowed down in the time interval
τ1 ≤ t ≤ τ∗1 and approaches a quasi-plateau at 2R2

g = R̃b for large
N (see Fig. 3), effectively delaying the transition to the normal
diffusion regime. Note that anomalous behavior in the normal
diffusion regime in melts of cyclic macromolecules has been repeat-
edly observed in computer simulations4,12 but has not yet been
found experimentally. Probably, although simplified, this is already
reflected in the discussed, strongly simplified, model. However, a
more specific discussion of the latter aspect requires a more realistic
description of the intramolecular and intermolecular entanglement
effects than provided by the terms associated with the friction forces
and the stochastic Langevin force in Eq. (3), for example, on the
Mori–Zwanzig memory function formalism. Corresponding work is
in progress.
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APPENDIX: THE GYRATION RADIUS DISTRIBUTION
FUNCTION FOR IDEAL RING MACROMOLECULES

Let us consider the square of the radius of inertia of a cyclic ideal
macromolecule. It can be expressed as follows through the normal
modes of Rouse:

S2 ≡ 1
N∑n

(r⃗ n − r⃗ cm)2 = 2 ∑
p=1,2...N/2

(X⃗2
p + Y⃗2

p). (A1)

It is convenient to begin the calculations by considering the
distribution function of the square of the radius of inertia,

W̃(R2) ≡ ⟨δ(R2 − S2)⟩, (A2)

where the parentheses ⟨⋅ ⋅ ⋅ ⟩ denote the equilibrium averaging over
all conformations of an ideal cyclic macromolecule or, equivalently,
over the distribution of Rouse normal modes X⃗p, Y⃗p.

The inertia radius distribution function W(R) is related to
W̃(R2) by the following relationship:

W(R) = 2RW̃(R2). (A3)

Next, we note that the normal modes of Rouse for an ideal ring
macromolecule have a Gaussian distribution, and their root mean
square values satisfy the relation

⟨X⃗2
p⟩eq
= ⟨Y⃗2

p⟩eq
= Nb2

8π2p2 =
3
2

R2
g

π2p2 . (A4)

Using the Fourier representation for the Dirac function and the
independence of the distribution of various normal modes of Rouse,
we transform the ratio (A2) as follows:

W̃(R2) ≡ ⟨δ(R2 − S2)⟩ = ∫
+∞

−∞

dκ
2π
⟨exp{iκ(R2 − S2)}⟩

= ∫
+∞

−∞

dκ
2π

exp{iκR2}⟨exp{−iκS2}⟩

= ∫
+∞

−∞

dκ
2π

exp{iκR2}⟨exp
⎧⎪⎪⎨⎪⎪⎩
−i2κ ∑

p=1,...N/2
(X2

p + Y2
p)
⎫⎪⎪⎬⎪⎪⎭
⟩

= ∫
+∞

−∞

dκ
2π

exp{iκR2} ∏
p=1,...N/2

⟨exp{−i2κ(X2
p + Y2

p)}⟩

= ∫
+∞

−∞

dκ
2π

exp{iκR2} ∏
p=1,...N/2

(1 + 4iκ
3
⟨X2

p⟩)
−3

. (A5)

For large N≫ 1, the approximation can be used,

N/2

∏
p=1
(1 − Z2

π2p2 ) ≈
∞

∏
p=1
(1 − Z2

π2p2 ) =
sin (Z)

Z
. (A6)

This approximation allows ratio (A5) to be rewritten as follows:

W̃(R2) = ∫
+∞

−∞

dκ
2π

exp{iκR2}( Z
sin Z

)
3

(A7)

with Z2 = 2
i R2

g κ.
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For the distribution function of the radius of inertia, the following relationship can be obtained:

W(R) = 2RW̃(R2) = 2R∫
+∞

−∞

dκ
2π
[ Z

sin Z
]

3
exp{iκR2}

= 2R∫
+∞

−∞

dκ
2π

⎡⎢⎢⎢⎢⎣

Z
eiZ
+e−iZ

2i

⎤⎥⎥⎥⎥⎦

3

= (2i)3R
π ∫

+∞

−∞
dκ[ Z

1 − e−2iZ ]
3

exp{iκR2 − 3iZ}

= (2i)3i
π

R
R2

g
∫
+∞

−∞
[ 1

1 − e−2iZ ]
3
Z4 exp{−1

2
Z2t − 3iZ}dZ, (A8)

with t = R2

R2
g
.

Using for t ≪ 1 the method of steepest descents for evaluating
the integral on the left side of the last line in relation (A8), one can
obtain

W(R) = 8 ⋅ 34
√

2π
t−4

Rg
exp(− 9

2t
) = 6√

2π
1

N1/2b

× (Nb2

R2 )
4

exp(−3
8

Nb2

R2 ). (A9)

Note that the exponential factor of this expression is identical to
the corresponding exponential factor of the distribution function of
gyration radius for linear chains at a similar limit; see Refs. 17, 31,
and 32.

In the opposite limit, t ≫ 1, we should return to the following
representation:

W(R) = 2R∫
+∞

−∞

dκ
2π

exp{iκR2} ∏
p=1,...N/2

(1 + 4iκ
3
⟨X⃗ 2

p⟩)
−3

= 2R∫
+∞

−∞

dκ
2π

exp{iκR2} ∏
p=1,...N/2

( 1
1 + 4iκ

3 ⟨X⃗
2
p⟩
)

3

. (A10)

When

κ = κp =
3i

4⟨X⃗2
p⟩

, (A11)

the integrable function has poles of the third order at the imaginary
axis.

By a suitable choice of the integration contour and approxi-
mation (A6), we can represent the required integral as a sum of
contributions from the poles,

W(R) = 2R∑
q
∫

Cq

dκ
2π

exp{iκR2} ∏
p=1,...N/2

( 1
1 + 4iκ

3 ⟨X⃗
2
p⟩
)

3

= 2R∑
q
∫

Cq

dκ
2π

exp{iκR2}

× (
Z(1 + 4iκ

3 ⟨X⃗
2
q⟩)

sin Z
)

3

( 3
4i⟨X2

q⟩
1

κ − κq
)

3

, (A12)

where κp = 3i
4⟨X⃗2

p⟩
.

Then, calculations can be performed according to the following
procedure:

W(R) = 2R∑
q
∫

Cq

dκ
2π

exp{iκR2}

× (
Z(1 + 4iκ

3 ⟨X⃗
2
q⟩)

sin Z
)

3

( 3
4i⟨X2

q⟩
1

κ − κq
)

3

= −R∑
q
( 3

4⟨X2
q⟩
)

3

× ∂2

∂κ2
⎛
⎝

exp{iκR2}(
Z(1 + 4iκ

3 ⟨X
2
q⟩)

sin Z
)

3

κ→κq

⎞
⎠

κ=κq

. (A13)

The leading contribution when considering the limit t ≫ 1 is as
follows:

W(R) = R5( 3
4⟨X2

1⟩
)

3

exp{iκ1R2}(
Z(1 + 4iκ

3 ⟨X
2
1⟩)

sin Z
)

3

κ→κ1

= π3 t2.5

Rg
exp(−π2

8
t). (A14)

Note that the exponential factor in this limit, as in the ratio (A9), is
the same as the corresponding expressions for ideal linear macro-
molecules. Differences in the architecture of linear and ring macro-
molecules are reflected only in the pre-exponential factors; see
Refs. 17, 31, and 32.
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