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ABSTRACT
We study the dynamics of a quantum particle in a constricted two-dimensional channel and analyze how the onset of quantum corrections
impacts the (semi-)classical high-temperature behavior as temperature is lowered. We characterize both equilibrium and non-equilibrium
(transport) properties of the system, considering the case of a narrow and disorder-free channel. Counterintuitively, we find that quantum
corrections do not monotonically enhance the particle current as the temperature is lowered, as naively expected from the activation of
coherent tunneling, but they rather inhibit transport at intermediate temperatures, increasing the effective free-energy barrier. We illustrate
this “anti-tunneling” effect numerically by computing the non-equilibrium steady-state of a quantum master equation describing the system
and confirm it analytically by adopting the quantum Smoluchowski limit.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0280871

I. INTRODUCTION

The transport of molecules, polymers, and colloids across con-
strictions and porous materials has attracted considerable attention
both due to the theoretical challenges that it poses and due to its
relevance for technological applications and bio-medical scenarios.1
Typical examples are transport of DNA, RNA, ions, and molecules
across nuclear and cellular membranes,2,3 transport of pollutants
across the soil or sieves,4 and particle separation in chromatogra-
phy.5 From a theoretical perspective, describing transport across
porous materials is a tremendous challenge, since it requires one to
solve at the same time the microscopic interactions with the solid
matrix and the mesoscopic entropic effects caused by the sequence
of enlargements and constrictions along the porous material.

Effective theoretical models have been developed, where the
porous material is modeled as a set of channels with varying
cross sections. In the case in which the channel section is vary-
ing very smoothly, it is possible to reduce the 2D − 3D problem
to an effective 1D problem whose geometry is captured via the
local equilibrium free energy. Such an approach, called Fick–Jacobs
approximation,6–8 has been fruitfully exploited to study the trans-
port of point-particles,9,10 polymers,11,12 and (active) colloids.11,13,14

Transport across energy barriers whose physical origin does
not stem from steric interaction with a potential barrier, but rather
from “softer” Hamiltonian interactions, is also a very relevant and
classic scenario in the quantum realm. For example, point con-
tacts are used to connect macroscopic particle reservoires,15–18 light
potentials are used to trap (e.g., via optical tweezers19) and con-
trol cold atoms,20–25 including Bose–Einstein condensates,26 and
local variations in the effective friction have been investigated.27

Geometric confinement can further enhance quantum interference
effects in electron transport, as widely explored in semiconductor
nanostructures.28

Here, we aim at bridging the two scenarios—classical and
quantum—by investigating how quantum corrections affect equi-
librium and transport properties around the semi-classical high-
temperature limit for a particle in a two-dimensional constricted
channel. In particular, we study an ideal gas particle that is freely
diffusing in a potential well whose stiffness gently varies along
the longitudinal direction (see Fig. 1) and we characterize both its
equilibrium as well as non-equilibrium properties.

In order to compare to classical systems (for which the dynam-
ics is governed by the local equilibrium free energy), we compute the
local equilibrium free energy, F , and, in particular, the free energy
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FIG. 1. Schematic of the potential characterized by a steep increase along the y
direction and a shallow variation along the x direction.

difference, ΔF ≡ F(L/2) − F(0), between the maximum and min-
imum of the free energy. Interestingly, when the potential is varying
smoothly, our results show that the first quantum corrections at
high temperatures lead to an increase in the free energy barrier ΔF .
This is counterintuitive, since one would expect that quantum cor-
rections may decrease the effective barrier due to the activation of
coherent tunneling, which we indeed observe eventually at lower
temperatures. We capture this effect, which we will refer to as “anti-
tunneling,” analytically by extending the Fick–Jacobs approximation
to the case of a quantum Smoluchowski equation accounting for
the leading correction at high temperatures. The success of this
analytical approach is benchmarked against the numerical solution
of the quantum equation of motion of the open quantum system.
The non-monotonic behavior of the free energy persists also in the
case of transport as we observe by both numerical and analytical
results.

II. MODEL
Here, we study a point particle in a potential, U(x, y), that is

confining along the y direction and periodic along the x direction.
The system is in canonical local equilibrium with a bath at temper-
ature T. We are interested in characterizing the onset of the first
quantum corrections at high temperatures for which standard quan-
tum Smoluchowski equations have been derived for the case of a 1D
potential by expanding about the classical case,29–33

ṗ(y, t) = Dcl

L2 ∂y[∂y[Dqm(y)p(y, t)] + p(y, t)β∂yU(y)], (1)

where

Dqm(y) =
1

1 − 2Λ∂2
yβU(y)

(2)

and y is the dimensionless position of the particle. The small
parameter of the expansion is

Λ = 1
48π

λ2
T

L2
y

, λ2
T =

2πh̵2β
m

, (3)

with λT being the (de Broglie) thermal wavelength and β = (kBT)−1

being the inverse thermal energy. Ly corresponds to a typical length
scale in the y direction that we will specify later in the article for

the model systems analyzed. In particular, Λ = 0 corresponds to the
classical limit, whereasΛ→∞ corresponds to the zero-temperature,
deep quantum regime. For such a case, the quantum corrections
affect both the effective potential and the diffusion coefficient in the
Smoluchowski equation, which acquires a dependence on the local
potential. The equilibrium solution of Eq. (1), up to order O(Λ2),
reads

peq(y) = N0e−βU(y)(1 − 2Λβ∂2
y U(y) +Λβ(∂yU(y))2). (4)

Here, we generalize the 1D model of Refs. 29–32 to the 2D case by
introducing the diffusion tensor

Dqm ≡

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1
1 − 2ΛL2

y∂
2
xβU(x, y)

0

0
1

1 − 2ΛL2
y∂

2
yβU(x, y)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

. (5)

We will check this ansatz a posteriori by comparing the predictions
of our model to the numerical solution of the relevant quantum-
mechanical equation of motion describing the system in contact
with a thermal bath. According to our ansatz, the 2D quantum
Smoluchowski equation reads

ṗ = Dcl∇ ⋅ [∇ ⋅ [Dqm(x, y)p] + pβ∇U(x, y)]. (6)

As observed in many cases for classical systems,6–14 insights into
the interplay between the geometrical confinement and the parti-
cle dynamics can be obtained by assuming a length scale separation,
Ly ≪ Lx, between the typical length scale associated with the confin-
ing potential along the y and x directions. At leading order in ∂xβU,
a factorization ansatz of the following form for the solution of Eq. (6)
is justified:6–8

p(x, y, t) = ρ(x, t) 1
Ly

e−βψ(x,y)

e−βA(x) , (7)

where

e−βψ = e−βU[1 − 2ΛL2
y∂

2
yβU +ΛL2

y(∂yβU)2] (8)

is the equilibrium distribution,29–33 to order O(Λ), along the
transverse (i.e., y) direction and

A(x) = − 1
β

ln [ 1
Ly
∫
∞

−∞

e−βψ(x,y)dy] (9)

is the local equilibrium free energy. Substituting the ansatz into the
quantum Smoluchowski equation leads to

ρ̇(x, t)
Ly

e−βψ(x,y)

e−βA(x) = Dcl∇ ⋅ [∇ ⋅ [Dqm(x, y)ρ(x, t)
Ly

e−βψ(x,y)

e−βA(x) ]

+ ρ(x, t)
Ly

e−βψ(x,y)

e−βA(x) β∇U(x, y)]. (10)

Integration in the transverse direction leads to vanishing contribu-
tion of the flux along y. Moreover, at leading order in ∂xU, we can
disregard the spatial dependence of the diffusion coefficient along
the x direction.6,7 Accordingly, Eq. (6) reduces to
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ρ̇(x, t) = Dcl∂x{∂x∫
∞

−∞

ρ(x, t) e−βψ(x,y)

e−βA(x)
dy
Ly

+ ∫
∞

−∞

ρ(x, t) e−βψ(x,y)

e−βA(x) β∂xU(x, y)dy
Ly
}, (11)

which, since ρ does not depend on y, can be rewritten as

ρ̇(x, t) = Dcl∂x{∂xρ(x, t) + ρ(x, t)β∂x F(x)}, (12)

where

∂x F(x) = ∫
∞

−∞

e−βψ(x,y)

e−βA(x) ∂xU(x, y)dy
Ly

(13)

and F(x) is the effective 1D potential governing the dynamics along
the longitudinal direction. At linear order in Λ (see Appendix B),
and accounting for the fact that ∂xA(x)∂2

x U is a higher order
contribution in β∂xU, we have

β∂x F(x) ≃ β∂xA0(x) +Λβ∂x FΛ(x), (14)

where A0(x) is the classical contribution6–8 (i.e., for Λ = 0) and

β∂x FΛ(x) = β∂xA0(x)L2
y ∫ dx

∞

∫
−∞

e−βU

e−βA0
∂2

yβU
dy
Ly

+ L2
y ∫ dx

∞

∫
−∞

e−βU

e−βA0
[(β∂yU)2 − β∂2

y U]β∂xU
dy
Ly

(15)

is the correction to the local equilibrium free energy proportional
to Λ. It is interesting to note that for the classical limit, Λ = 0, we
have F(x) = A0(x) and, hence, the effective potential can directly
be read from the factorization, Eq. (7), and its normalization, Eq. (9).
In contrast, for the quantum case, Λ ≠ 0, the effective potential has a
more involved functional form, Eq. (15), which is due to the fact that
the effective force along the transverse direction, ∂xU, differs from
the derivative of the exponent of the Boltzmann weight, ∂xψ. The
steady state solution of Eq. (12) reads

ρ(x) = e−βF (x)[− J
Dcl
∫

x

x1

eβF (x
′
)dx′ +Π], (16)

where x1 is an arbitrary position, J is the current, and Π is an inte-
gration constant. Both J and Π are determined by the boundary
conditions. In Secs. III and IV, we use this general result to discuss
both the equilibrium and the transport properties of the system.

III. EQUILIBRIUM
At thermodynamic equilibrium, the current vanishes, J = 0.

Accordingly, the steady state solution reduces to

ρ(x) = Πe−βF (x), (17)

where Π is determined by the normalization condition

∫
L

0
ρ(x)dx = ρ0Leβ(μ−μ0), (18)

in which μ is the chemical potential and ρ0 is the value of the density
for μ = μ0.

In order to further inspect the dependence of the effective
free energy on Λ, in the following, we specialize to the case of a
modulated harmonic potential of the form

U(x, y) = 1
2

k(x)y2, (19a)

k(x) = k0[1 + k1 cos(2πx
L
)], (19b)

where L is the period of the potential. In the case of harmonic poten-
tial, it is natural to introduce a (finite-temperature) transverse length
scale Ly =

√
2kBT/k0, which captures the effective range of values

explored due to thermal fluctuations. For a harmonic potential, up
to first order in Λ, ρ(x) reads

ρ(x) = ρ0eβ(μ−μ0)(ρcl(x) +ΛρΛ(x)), (20)

with

ρcl(x) = e−βA0(x) =
√

π
k0

k(x) , (21)

ρΛ(x) = −∫
L

0

e−βU(x,y)

e−βA0(x)
L2

y∂
2
yβU(x, y)dy = −2

k(x)
k0

. (22)

Similarly, after some algebra (see Appendix C), for the free energy,
we get

βF hrm(x) = 1
2

ln
k(x)

k0
+ 2Λ

k(x)
k0

. (23)

Equation (23) shows that the free energy has two contributions: the
classical (entropic) contribution and a linear correction in Λ.

In order to validate our model, in Fig. 2, we compare the den-
sity profile obtained from Eqs. (23) and (17) against the density
profile obtained from the numerical solution of the quantum mas-
ter equation describing the system coupled to a thermal bath at

FIG. 2. Equilibrium density profile ρ(x) for different values of the quantum para-
meter Λ (as in the legend) with k1 = 0.3. The open circles are the numerical
calculations (see Appendix A), and the lines are the prediction of Eq. (17).
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temperature T. The quantum master equation is derived by first
discretizing the Schrödinger equation (see Appendix A),

ih̵∂tψ(x, y, t) = [− h̵2

2m
(∂2

x + ∂2
y ) +U(x, y)]ψ(x, y, t), (24)

for the system’s wave function ψ(x, y, t), by introducing a set of
grid points (xi, yj) = (Δx(i − 1/2),Δyj) with spacing Δx and Δy and
corresponding field operators

âi,j = (ΔxΔy)−1/2
xi+Δx/2

∫
xi−Δx/2

dx
yj+Δy/2

∫
yj−Δy/2

dy ψ̂(x, y). (25)

Here, ψ̂(x, y) is the field operator of the underlying continuous
bosonic field. Note that we transform the Schrödinger equation to
second-quantized form to later allow for particle exchange with a
bath. As discussed in Appendix A, the system Hamiltonian then
becomes

ĤS =∑
ij
[−Jx(â†

i+1,jâi,j + â†
i,jâi+1,j − 2â†

i,jâi,j)

− Jy(â†
i,j+1âi,j + â†

i,jâi,j+1 − 2â†
i,jâi,j) +U(xi, yj) â†

i,jâi,j], (26)

with Jx = h̵2/(2mΔ2
x) and Jy = h̵2/(2mΔ2

y). We then compute the
thermal density matrix 𝜚 = exp (−βĤS)/Z with partition function
Z = tr exp (−βĤS). In Fig. 2, we then show the spatial density in the
x-direction,

𝜚(x) = ∫
∞

−∞

dy tr[ψ̂ †(x, y)ψ̂(x, y)𝜚]. (27)

For the discretized case, this corresponds to

𝜚(xi) = Δ−1
x ∑

j
tr(â†

i,jâi,j𝜚). (28)

Figure 2 shows that the predictions of our analytical model are reli-
able up to Λ ≃ 0.1. Interestingly, in agreement with Eq. (22), Fig. 2
shows that the net effect of the first quantum corrections is to reduce
the density where the local potential barrier is stiffer, at x/L = 0, 1
[i.e., larger values of k(x)], and enhance it where k(x) is smaller, at
x/L = 1/2. In order to further assess the reliability of the model on a
wider range of parameters, we focus on the free energy barrier, i.e.,
the difference between the free energy maximum (at x = 0 and x = L
in Fig. 2) and minimum (at x = L/2 in Fig. 2),

βΔF hrm = 1
2

ln
1 + k1

1 − k1
+ 4Λk1. (29)

Surprisingly, Eq. (29) shows that the net effect of the quantum cor-
rections is to increase the effective free energy barrier. This is coun-
terintuitive since a priori one would have expected a reduction in
the free energy barrier due to “tunneling” effects. In contrast, Fig. 3
shows a kind of “anti-tunneling” effect, where the free energy bar-
rier increases upon reducing the temperature (and hence enhances
the relevance of the quantum corrections).

To better understand the physical origin of the growth of the
free energy barrier upon increasing Λ, it is interesting to compare

FIG. 3. Free energy barrier as a function of Λ for the harmonic potential for
different values of Lx/Lω = 2.8, 3.7, 5.0, 6.6, 8.9, 11.7, 15.8, 20.8, 28.1, 37.0 from
violet to red. The lines with points are obtained from the numerical solution of
the Schrödinger equation, while the gray line is the prediction of the Fick–Jacobs
model.

Eq. (23) to the case of a genuine 1D system in a periodic potential.
In this case, at linear order in Λ, the effective potential only has an
“enthalpic” contributions and it reads

ψent(x) = U(x) + λ2
T

48π
∂2

x U(x). (30)

Hence, for the case of

U(x) = U0 cos (2πx/L), (31)

we have that

Δψent ≡ ψ(0) − ψ(L/2) = 2U0(1 − π
12

λ2
T

L2 ) (32)

and hence, as expected, the quantum corrections reduce the effec-
tive potential barrier. Therefore, the enhancement of the free energy
barrier in Eq. (29) is indeed due to the mixed enthalpic–entropic
nature of the effective free energy obtained via integrating along the
transverse direction.

To test the reliability of the model, in Fig. 3, we compare
Eq. (29) to the free energy barrier obtained from the numerical
solution of the Schrödinger equation coupled to a thermal bath.
Figure 3 shows a very good agreement for Λ ≲ 0.5 and for Lx ≥ Lω
with quantum harmonic oscillator length scale Lω = 2

√
h̵/(mω) and

ω2 = k0/m. Moreover, Fig. 3 shows a non-monotonic dependence
of ΔF on Λ that cannot be captured by our expansion up to lin-
ear order in Λ. Such a non-monotonic dependence reconciliates
the anti-tunneling at finite temperature with the eventual tunnel-
ing effect at very small temperature (as shown in Fig. 3 at very large
values of Λ).

In order to discuss the dependence of the position of the maxi-
mum of the free energy barrier ΔFM on Λ, we have performed more
refined numerical solutions (see Appendix F). In the upper panel
of Fig. 4, we show the location of the maxima ΛM as a function of
the relative confinement parameter Lx/Lω. Interestingly,ΛM initially
scales as

ΛM ∼
√

k0 ∝
L2

x

L2
ω

, (33)
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FIG. 4. Values of Λ for which ΔF attains its maximum, ΛM , as a function of L2
x/L

2
ω

∝

√

k0.

which, apart from prefactors, can be read as the following ratio
between length scales:

λ2
T

L2
y
≃ L2

x

L2
ω

. (34)

Using the definition of Ly and Lω, it is possible to derive the relation
L2
ω ≃ λTLy and hence, by rearranging terms, the maximum occurs for

λ2
T

L2
x
≃ Ly

λT
. (35)

Equation (35) shows that when the length scale separation along the
x-axis is stronger than the one on the y-axis, i.e., for λ2

T/L2
x ≪ Ly/λT ,

the first order corrections to the Smoluchowski equation are the
leading one and, hence, the analytical model follows the numeri-
cal results: the free energy grows upon increasing Λ, hence leading
to anti-tunneling. In contrast, for λ2

T/L2
x ≫ Ly/λT , the higher-order

corrections become important and the effective free energy barrier
decreases, retrieving, for Λ→∞, the usual tunneling effect. Finally,
we remark that, once the maximum is present, its location is inde-
pendent of the amplitude of the corrugation of the potential, k1, as

FIG. 5. Free energy barrier as a function of Λ for the harmonic potential for dif-
ferent values of k1 (see the legend) and for Lx/Lω = 15.8. The lines with points
are obtained from the numerical solution of the Schrödinger equation, while the
dotted-dashed lines are the prediction of the Fick–Jacobs model.

shown in Fig. 5. This supports the fact that k1 does not appear in the
scaling relation in Eq. (35).

IV. TRANSPORT
In the following, we fix the magnitude of the chemical potential,

μ1,2, at the ends (located at x1 = 0, x2 = L) of a period of the external
potential. Accordingly, for the particle density, we have

p(x1,2, y) = e−βψ(x1,2 ,y)eβμ1,2 , (36)

and for the 1D projected density, at linear order in Λ, we have

ρ1,2 = ∫ e−βψ(x1,2 ,y)eβμ1,2 dy

≃ eβμ1,2 ∫ e−βU[1 −ΛL2
y(2∂2

yβU − (∂yβU)2)]dy. (37)

Accordingly, we have

Π = ρ1eβF (x1) ≃ ρ1eβA0(x1)(1 +ΛF(x1)), (38a)

J
Dcl
= ρ1eβF (x1) − ρ2eβF (x2)

∫ x2
x1

eβF (x)dx
. (38b)

In the case of periodic potentials, for which we have A0(x2 = L)
= A0(x1 = 0), and at linear order in Λ, the last expression
simplifies to

J
Dcl
≃ Jcl

Dcl
[1 +ΛJΛ], (39)

with

Jcl

Dcl
= eβμ1 − eβμ2

∫ L
0 eβA0(x)dx

, (40a)

JΛ = −∫
L

0 eβA0(x)βFΛ(x)dx

∫ L
0 eβA0(x)dx

. (40b)

Finally, for a harmonic potential, this reduces to

Jharm
cl
Dcl
= eβμ1 − eβμ2

∫ L
0

√
k(x)/k0dx

, (41a)

JΛ = −2∫
L

0 (k(x)/k0)
3
2 dx

∫ L
0

√
k(x)/k0dx

. (41b)

We remark that the dependency of the quantum correction on
the magnitude of the potential, encoded in k0, is only in FΛ(0),
whereas, recalling the definition of k(x) in Eq. (19), JΛ is indepen-
dent of k0. Figure 6 shows that the net flux decreases upon increasing
Λ. This is in agreement with the increase in the free energy barrier
shown in Fig. 3. It is interesting to note that even for k1 = 0, there is
still a correction to the current due to the fact that the densities of
particles at the ends of the potential are enhanced by the quantum
corrections [see Eq. (20)]. In order to assess the validity of Eq. (41b)
numerically, we couple the system to two particle leads, which gives
the total Hamiltonian of system and baths,
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FIG. 6. Flux as a function of Λ for the harmonic potential for different values
of Lx/Lω = 2.8, 3.7, 5.0, 6.6, 8.9, 11.7, 15.8, 20.8, 28.1, 37.0 from violet to red. The
lines with points are obtained from the numerical solution of the Schrödinger
equation, while the gray line is the prediction of the Fick–Jacobs model.

ĤS = ĤS +∑
j
(Ĥ( j)

SB,l + Ĥ( j)
SB,r + Ĥ( j)

B,l + Ĥ( j)
B,r ). (42)

Here, enter the bath Hamiltonians

Ĥ( j)
B,l =∑

k
EB

k ĉ†k,j ĉk,j , Ĥ( j)
B,r =∑

k
EB

k d̂†
k,j d̂k,j , (43)

with bath energies EB
k and corresponding bath annihilation opera-

tors ĉk,j , d̂k,j . We assume the system–bath Hamiltonian

Ĥ( j)
SB,l =∑

k,j
gk(ĉ†k,jâ1,j + â†

1,j ĉk,j), (44)

Ĥ( j)
SB,r =∑

k,j
gk(d̂†

k,jâMx ,j + â†
Mx ,j d̂k,j), (45)

with coupling coefficients gk to bath mode k. We choose a con-
stant spectral density J(E) = ∑k g2

kδ(E − EB
k ) = γ. As we discuss

in Appendix A 2, we perform the standard Born and Markov
approximation to arrive at a Redfield master equation34 for the
density matrix of the reduced system. From this, we derive (see

FIG. 7. Values of Λ for which J attains its minimum, ΛM , as a function of L2
x/L

2
ω

∝

√

k0.

Appendix A 2) a kinetic equation for the single particle density
matrix σij,kl = tr(â†

k,lâi,j𝜚). This allows us to numerically extract the
particle current into the bath in the steady state.

Interestingly, the non-monotonic dependence of ΔF reported
in Fig. 3 is mapped into the non-monotonic dependence of JΛ on Λ
in Fig. 6. In particular, similarly to what happens for ΔF , the ana-
lytical model (which is linear in Λ) only captures the reduction in
the flux and cannot capture the increase at larger values of Λ. The
dependence of the location of the minimum of the flux follows a
similar trend to that of the maximum of ΔF , as shown in Fig. 7.

V. DISCUSSION
In order to quantify the magnitude of Λ, we summarize in

Table I the range of parameters in typical experimental situations
in quantum gas experiments similar to those in Ref. 17. In addi-
tion to the definitions in Table I, we define k0 = ΔV/λ2. Accordingly,
we get

βk0λ2
T ≃ 3

ΔV̄ λ̄2
T

T̄λ̄ 2 = 3
ΔV̄

T̄ 2m̄λ̄ 2 . (46)

From Table I, the range of values of λT is

βk0λ2
T ∈ [0 : 103], (47)

which corresponds to the achievable values of

Λ ∈ [0 : 10]. (48)

Optical potentials are highly tunable experimentally and should
rather easily allow for the trap geometries discussed in this paper.
Hence, from this discussion, we expect that our findings should be
observable in transport experiments similar to Ref. 17 with noninter-
acting fermions or bosons at low densities (where effects of quantum
statistics can be ignored).

We remark that our expansion in Λ requested that ΛL2
y∂

2
y U

≪ 1, which implies

βk0λ2
T ≪ 48π. (49)

Moreover, in our derivation, we have required

∂xU(x, y)≪ ∂yU(x, y), (50)

∂2
x U(x, y)≪ ∂2

y U(x, y). (51)

Accordingly, using Eq. (19), we have

βk0L2 ≫ 4k1π
1 − k1

. (52)

TABLE I. Range of typical experimental values in quantum gas experiments. ΔV is
the depth of the optical potential, λ is its wavelength, λT is the thermal wavelength
with λ̄T = 1/(m̄T̄), and m̄ is the mass of the particle in atomic units.

T = T̄ ⋅ 10−6 K → T̄ ∈ [10−2 :∞]
ΔV = ΔV̄ ⋅ kB ⋅ 10−6K → ΔV̄ ∈ [1 : 100]
λ = λ̄ ⋅ 10−6m → λ̄ ∈ [1 : 10]
λ2

T = 3λ̄2
T ⋅ 10−12m2 → λ̄2

T ∈ [0.01 : 7]

J. Chem. Phys. 163, 054106 (2025); doi: 10.1063/5.0280871 163, 054106-6

© Author(s) 2025

 20 January 2026 07:50:17

https://pubs.aip.org/aip/jcp


The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

Since the typical length L fairly exceeds the thermal wavelength, the
latter condition is always fulfilled once Eq. (49) is fulfilled.

VI. CONCLUSIONS
We have studied the equilibrium and transport properties of

a quantum particle in a 2D harmonic confinement potential. We
have extended the Fick–Jacobs approximation to the case of the
quantum Smoluchowski equations and identified the effective free
energy profile along the longitudinal direction. Interestingly, in the
presence of a length scale separation between the longitudinal and
transverse directions, our analytical results show that the effective
free energy barrier ΔF grows upon decreasing the temperature, i.e.,
upon increasing the quantum corrections (up to linear order in Λ).
We thus observe an anti-tunneling phenomenon, which contrasts
with the intuitive expectation that the barrier would monotoni-
cally decrease as one enters the quantum regime due to the onset
of tunneling effects. The barrier enhancement is absent for purely
enthalpic potentials. We have supported the analytical derivation by
numerical solutions of the quantum master equation describing the
open system in contact with thermal baths. Our numerical results
not only confirm the analytical predictions but also show that for
larger values of Λ (i.e., lower temperatures) or in the absence of
length scale separation, the reduction in the free energy barrier upon
increasing Λ is retrieved, consistently with expectations. This holds
both for the equilibrium free energy barrier, ΔF , and for the flux
of particles in the case in which a single period of the potential is
putting in contact reservoirs of particles kept at different chemical
potentials.

In future work, especially with regard to quantum gas exper-
iments, it would be interesting to study how these effects are gen-
eralized to the case of a 3D trap geometry. Furthermore, it would
be interesting to investigate the effects of quantum statistics and
interactions on the anti-tunneling–tunneling transition.
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APPENDIX A: MICROSCOPIC OPEN SYSTEM
DESCRIPTION
1. System Hamiltonian

Let us discuss the quantum dynamics of the isolated system (the
2D channel) first. Here, in first quantization, the dynamics is given
by the 2D Schrödinger equation,

ih̵∂tψ(x, y, t) = [− h̵2

2m
(∂2

x + ∂2
y ) +U(x, y)]ψ(x, y, t), (A1)

where we assume 0 ≤ x ≤ L and y ∈ R.
Let us first transform this equation to second-quantized form

(to later allow for particle exchange with a bath). This gives rise to
the second-quantized system Hamiltonian,

ĤS = ∫
L

0
dx∫

∞

−∞

dy ψ̂ †(x, y)[− h̵2

2m
(∂2

x + ∂2
y ) +U(x, y)]ψ̂(x, y),

(A2)
with field operator ψ̂(x, y). Since we want to describe single-particle
physics, the quantum statistical properties of the particle field are
irrelevant, so we choose a bosonic field ψ̂(x, y) for convenience. In
order to solve the dynamics numerically, let us introduce a discrete
grid of spatial points

(x, y)→ (xi, yj) = (Δx(i − 1/2),Δy j), (A3)

where Δx = L/Mx, with i = 1, . . . , Mx, and Δy = 2L̃y/My, with
j = −My/2,−My/2 + 1, . . . , My/2 and some cutoff length L̃y that
should be chosen such that the steady state real space density can
be neglected for ∣y∣ > L̃y.

This allows us to introduce the new field operators on this grid,

âi,j =
1√
ΔxΔy

∫
x+i

x−i
dx∫

y+j

y−j
dy ψ̂(x, y), (A4)

where we define x±i = xi ± Δx/2 and y±j = yj ± Δy/2. Note that with
this definition, we indeed recover discrete bosonic field operators
since

[âi,j , â†
i′ ,j ′] =

1
ΔxΔy

∫
x+i

x−i
dx∫

y+j

y−j
dy∫

x+
i′

x−
i′

dx′

× ∫
y+

j ′

y−
j ′

dy′ [ψ̂(x, y), ψ̂ †(x′, y′)] = δii′δjj ′. (A5)

Finally, by replacing the second order derivative with the corre-
sponding discrete operator, we find

ĤS =∑
ij
[−Jx(â†

i+1,jâi,j + â†
i,jâi+1,j − 2â†

i,jâi,j)

− Jy(â†
i,j+1âi,j + â†

i,jâi,j+1 − 2â†
i,jâi,j) +U(xi, yj) â†

i,jâi,j], (A6)

with Jx = h̵2/(2mΔ2
x) and Jy = h̵2/(2mΔ2

y).

2. Coupling to thermal particle reservoirs
We now couple the system to two thermal reservoirs with tem-

perature T l/r and chemical potential μl/r on each of the leftmost and
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the rightmost sites. This leads to the total Hamiltonian of the system
and baths,

ĤS = ĤS +∑
j
(Ĥ( j)

SB,l + Ĥ( j)
SB,r + Ĥ( j)

B,l + Ĥ( j)
B,r ). (A7)

Here, enter the bath Hamiltonians

Ĥ( j)
B,l =∑

k
EB

k ĉ†k,j ĉk,j , Ĥ( j)
B,r =∑

k
EB

k d̂†
k,j d̂k,j , (A8)

with bath energies EB
k and corresponding bosonic bath annihilation

operators ĉk,j , d̂k,j . We assume the system–bath Hamiltonian

Ĥ( j)
SB,l =∑

k,j
gk(ĉ†k,jâ1,j + â†

1,j ĉk,j),

Ĥ( j)
SB,r =∑

k,j
gk(d̂†

k,jâMx ,j + â†
Mx ,j d̂k,j),

(A9)

with coupling coefficients gk to mode k to the left bath or to the right
bath, respectively.

Using the standard Born and Markov approximation,34 we find
the Redfield master equation for the reduced density matrix of the
system,

∂t𝜚(t) = −i[ĤS,𝜚(t)] +∑
j
([ˆ̃a†

1,j𝜚(t), â1,j] + h.c.)

+∑
j
([ˆ̃a1,j𝜚(t), â†

1,j] + h.c.)

+∑
j
([ˆ̃a†

Mx ,j𝜚(t), âMx ,j] + h.c.)

+∑
j
([ˆ̃aMx ,j𝜚(t), â†

Mx ,j] + h.c.). (A10)

Herein occur the jump operators

ˆ̃a†
1,j = ∫

∞

0
dτ e−

i
h̵ Ĥ Sτ â†

1,je
i
h̵ Ĥ Sτ∑

k
g2

k ⟨e
i
h̵ Ĥ Bτ ĉ†k,je

−
i
h̵ Ĥ Bτ ĉk,j⟩ (A11)

and

ˆ̃a1,j = ∫
∞

0
dτ e−

i
h̵ Ĥ Sτ â1,je

i
h̵ Ĥ Sτ∑

k
g2

k ⟨e
i
h̵ Ĥ Bτ ĉk,je

−
i
h̵ Ĥ Bτ ĉ†k,j⟩. (A12)

Analogous expressions hold for the jump operators on the right-
hand side of the system. Here, we calculate

⟨e
i
h̵ Ĥ Bτ ĉ†k,je

−
i
h̵ Ĥ Bτ ĉk,j⟩ = e

i
h̵ EB

k τnl(EB
k ) (A13)

and

⟨e
i
h̵ Ĥ Bτ ĉk,je

−
i
h̵ Ĥ Bτ ĉ†k,j⟩ = e−

i
h̵ EB

k τ(1 + nl(EB
k ))

nl(E)≪1ÐÐÐÐ→ e−
i
h̵ EB

k τ , (A14)

and in the second expression, we have used the classical limit in
which the population of individual modes is very small, nl(E)≪ 1.
Herein occurs the Bose–Einstein occupation function for the left
bath, where we again perform the classical limit

nl(E) =
1

eβ(E−μl) − 1
nl(E)≪1ÐÐÐÐ→ e−β(E−μl) = ncl,l(E). (A15)

We introduce the spectral density of the baths (we assume equal
spectral densities for both baths),

J(E) =∑
k

g2
kδ(E − EB

k ) = γ, (A16)

which we choose to be constant. It also enters the single-particle
eigenstates of the system φk(i, j) and corresponding system eigenen-
ergies Ek such that the field operators

b̂k =∑
i,j
φ∗k (i, j)âi,j , b̂†

k =∑
i,j
φk(i, j)â†

i,j (A17)

diagonalize the system Hamiltonian

ĤS =∑
k

Ekb̂†
k b̂k. (A18)

With this, we have

e−
i
h̵ Ĥ Sτ â†

1,je
i
h̵ Ĥ Sτ =∑

k
b̂†

kφ
∗

k (1, j)e−
i
h̵ Ekτ

=∑
i,l

â†
i,l∑

k
φk(i, l)φ∗k (1, j)e−

i
h̵ Ekτ (A19)

and

e−
i
h̵ Ĥ Sτ â1,je

i
h̵ Ĥ Sτ =∑

k
b̂kφk(1, j)e

i
h̵ Ekτ

=∑
i,l

âi,l∑
k
φ∗k (i, l)φk(1, j)e

i
h̵ Ekτ. (A20)

By using the Sokhotski–Plemelj theorem and neglecting the imagi-
naries of the Fourier transform, we finally have

ˆ̃a†
1,j =∑

i,l
â†

i,l f i,l
1,j , ˆ̃a1,j =∑

i,l
âi,lg

i,l
1,j. (A21)

Herein, we define the coefficients

f i,l
m,j =∑

k
φk(i, l)φ∗k (m, j)J(Ek)ncl(Ek), (A22)

gi,l
m,j =∑

k
φ∗k (i, l)φk(m, j)J(−Ek). (A23)

This gives rise to the master equation in explicit form with respect to
local creation and annihilation operators, reading

∂t𝜚(t) = −i[ĤS,𝜚(t)] +∑
ilj
( f i,l

1,j[â
†
i,l𝜚(t), â1,j] + h.c.)

+∑
ilj

gi,l
1,j([âi,l𝜚(t), â†

1,j] + h.c.)

+∑
ilj
( f i,l

Mx ,j[â†
i,l𝜚(t), âMx ,j] + h.c.)

+∑
ilj

gi,l
Mx ,j([âi,l𝜚(t), â†

Mx ,j] + h.c.). (A24)
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From this master equation, we can derive a kinetic equation for
the single-particle density matrix

σij,kl = tr(â†
k,lâi,j𝜚), (A25)

which, in the continuum limit, leads to the distribution p(x, y) of the
main text via

p(xi, yi) =
σij,kl

ΔxΔy
. (A26)

By rewriting Eq. (A6) with single particle matrix elements,

ĤS =∑
ij,kl

hij,klâ
†
i,jâk,l, (A27)

we finally have

∂tσij,kl = −i∑
nm
(hij,nmσnm,kl − σij,nmhnm,kl)

+ (Ll[σ])ij,kl + (Lr[σ])ij,kl, (A28)

with left dissipator

(Ll[σ])ij,kl = δk1[ f i,j
1,l +∑

nm
σij,nm( f n,m

1,l − (g
n,m
1,l )

∗)]

+ δi1[( f k,l
1,j)
∗ +∑

nm
(( f n,m

1,j )
∗ − gn,m

1,j )σnm,kl] (A29)

and right dissipator

(Lr[σ])ij,kl = δkMx[ f i,j
Mx ,l +∑

nm
σij,nm( f n,m

Mx ,l − (g
n,m
Mx ,l)

∗)]

+ δiMx[( f k,l
Mx ,j)∗ +∑

nm
(( f n,m

Mx ,j)∗ − gn,m
Mx ,j)σnm,kl].

(A30)

We solve this master equation to solve for the steady state

∂tσSS
ij,kl = 0. (A31)

The particle current into the left bath is then given by

J = tr[(∂t𝜚)leftN] =∑
ij

tr[(∂t𝜚)leftâ
†
ijâij] =∑

ij
(Ll[σSS])ij,ij. (A32)

Note that we choose the chemical potentials μl and μr such that the
density on the left and right is according to 𝜚1 and 𝜚2 as assumed in
the Smoluchowski equation.

APPENDIX B: DERIVATION OF EQ. (15)

At leading order in Λ and for ∂xβU ≪ ∂yU(x, y), we have

e−βψ(x,y) ≃ e−βU(x,y)[1 − 2ΛL2
y∂

2
yβU +ΛL2

y(β∂yU)2] (B1)

and we note that

∫
∞

−∞

e−βU(x,y)(∂2
yβU(x, y) − (β∂yU(x, y))2)dy

= −∫
∞

−∞

∂2
y(e−βU(x,y))dy = −∂y[e−βU(x,y)]

∞

−∞

= 0. (B2)

Hence, we have

e−βA(x) =
∞

∫
−∞

e−βψ(x,y) dy
Ly

≃
∞

∫
−∞

e−βU(x,y)[1 −ΛL2
y(2∂2

yβU − (β∂yU)2)]dy
Ly

≃ ∫
∞

−∞

e−βU[1 −ΛL2
y∂

2
yβU]dy

Ly

≃ e−βA0(x)[1 −ΛL2
y∫

∞

−∞

e−βU

e−βA0
∂2

yβU
dy
Ly
], (B3)

where we have introduced

e−βA0(x) = ∫
∞

−∞

e−βU(x,y) dy
Ly

. (B4)

Concerning ∂x F(X), we have

β∂x F(x) =
∞

∫
−∞

e−βψ(x,y)

e−βA(x) β∂xU(x, y)dy
Ly

≃ ∫
∞

−∞

e−βU

e−βA0
[1 − 2ΛL2

y∂
2
yβU +ΛL2

y(β∂yU)2]β∂xU
dy
Ly
+

+ΛL2
y∫

∞

−∞

e−βU

e−βA0
β∂xU

dy
Ly
∫
∞

−∞

e−βU

e−βA0
(∂2

yβU)dy
Ly

.

(B5)

Moreover, we have

∞

∫
−∞

e−βU(x,y)

e−βA0(x)
β∂xU(x, y)dy

Ly
= −

∞

∫
−∞

∂x(e−βU(x,y))
e−βA0(x)

dy
Ly

= −∂x

∞

∫
−∞

e−βU(x,y)

e−βA0(x)
dy
Ly

+
∞

∫
−∞

e−βU(x,y)

e−βA0(x)
dy
Ly
β∂xA0(x)

= β∂xA0(x). (B6)

Finally, we have

β∂x F(x) ≃ β∂xA0(x)[1 +ΛL2
y∫

∞

−∞

e−βU

e−βA0
∂2

yβU
dy
Ly
]

+ ∫
∞

−∞

e−βU

e−βA0
[−2ΛL2

y∂
2
yβU +ΛL2

y(β∂yU)2]β∂xU
dy
Ly

(B7)

that can be grouped as

β∂x F(x) ≃ β∂xA0(x) +Λβ∂x FΛ(x), (B8)

where we have introduced
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β∂x FΛ(x) = β∂xA0(x)L2
y

∞

∫
−∞

e−βU(x,y)

e−βA0(x)
∂2

yβU(x, y)dy
Ly

+ L2
y

∞

∫
−∞

e−βU(x,y)

e−βA0(x)
((β∂yU(x, y))2 − 2∂2

yβU(x, y))

× β∂xU(x, y)dy
Ly

. (B9)

APPENDIX C: DERIVATION OF EQ. (23)

We can further simply the last expression in the case of a
harmonic potential of the form

βU(x, y) = 1
2
βk(x)y2, (C1)

k(x) = k0(1 + k1 cos
2πx

L
), (C2)

where L is the period of the potential. Recall that

∫
∞

−∞

e−
1
2 βk(x)y2 dy

Ly
=
¿
ÁÁÀ 2π

βk(x)L2
y

. (C3)

For such a potential, we have

e−βA0(x) =
¿
ÁÁÀ 2π

βk(x)L2
y

, (C4)

L2
y∫

∞

−∞

e−βU

e−βA0
∂2

yβU
dy
Ly
= L2

y

√
βk(x)L2

y

2π ∫
∞

−∞

e−
1
2 βk(x)y2

× βk(x)dy
Ly
= βk(x)L2

y , (C5)

β∫ ∂xA0(x)L2
y∫

∞

−∞

e−βU

e−βA0
∂2

yβU
dy
Ly

dx = 1
2
βL2

y ∫ ∂xk(x)dx

= 1
2
βk(x)L2

y , (C6)

and

L2
y ∫ dx

∞

∫
−∞

e−βU(x,y)

e−βA0(x)
((β∂yU(x, y))2 − 2∂2

yβU(x, y))β∂xU(x, y)dy
Ly

= 1
2

L2
y ∫

∞

∫
−∞

¿
ÁÁÁÁÀ

βk(x)
2
L
y

2π
e−

1
2 βk(x)y2

[(βk(x)y)2 − 2βk(x)]∂xβk(x)y2 dy
Ly

dx

= 1
2

L2
y ∫

√
βk(x)L2

2π
∂xβk(x)

⎡⎢⎢⎢⎢⎣
β2k2(x)

∞

∫
−∞

e−
1
2 βk(x)y2

y4 dy
Ly
− 2βk(x)

∞

∫
−∞

e−
1
2 βk(x)y2

y2 dy
Ly

⎤⎥⎥⎥⎥⎦
dx

= 1
2

L2
y ∫ [3 − 2]∂xβk(x)dx

= 1
2
βk(x)L2

y. (C7)

Accordingly, we have

βF(x) = βA0(x) +Λβk(x)L2
y =

1
2

ln
βk(x)L2

y

2π
+Λβk(x)L2

y. (C8)

Finally, using L2
y = 2kBT/k0 and disregarding the terms that do not

depend on x, we get

βF(x) = 1
2

ln
k(x)

k0
+ 2Λ

k(x)
k0

, (C9)

which is Eq. (23) of the main text.

APPENDIX D: HARMONIC POTENTIAL: REGIME
OF VALIDITY

In our derivation, we have requested

∂xU(x, y)≪ ∂yU(x, y), (D1)

∂2
x U(x, y)≪ ∂2

y U(x, y). (D2)

This implies

y1 ≪ L
1 + k1 cos (2πx)
k1π sin (2πx/L) , (D3)

y2 ≪ L

¿
ÁÁÀ 1 + k1 cos (2πx)

2k1π2 cos (2πx/L)
. (D4)
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In order to fulfill this requirement, we impose that when the above-
mentioned conditions are not fulfilled, the probability distribution
should be exponentially damped. This implies

1
2
βky1 ≫ 1, (D5)

1
2
βky2 ≫ 1. (D6)

Hence, we can derive conditions on k0,

βk0Ly ≫ 2
Ly

L2
(k1π sin (2πx/L))2

(1 + k1 cos (2πx/L))3 ≃ 2π2 L2
y

L2 k2
1, (D7)

βk0Ly ≫ 4
Ly

L2
k1π cos (2πx/L)

(1 + k1 cos (2πx/L))2 ≃ 4π
L2

y

L2
k1π

1 − k1
, (D8)

whose solution is βk0L2
y ≫ 4πL2

y/L2k1/(1 − k1).

APPENDIX E: TRANSPORT

In the following, we specialize to the case in which the transport
is driven by an imbalance in the chemical potential at the ends of a
single period of the potential. Accordingly, we have

ρ1,2 = ∫ e−βψ(x1,2 ,y)eβμ1,2 dy

≃ eβμ1,2 ∫ e−βU(x1,2 ,y)[1 −ΛL2
y(2∂2

yβU(x1,2, y)

− (∂yβU(x1,2, y))2)]dy

≃ eβμ1,2 e−βA0(x1,2)(1 +ΛρΛ(x1,2)), (E1)

with

ρΛ(x1,2) = −∫
e−βU(x1,2 ,y)

e−βA0(x1,2)
L2

y(2∂2
yβU(x1,2, y)

− (∂yβU(x1,2, y))2)dy

= −∫
e−βU(x1,2 ,y)

e−βA0(x1,2)
L2

y∂
2
yβU(x1,2, y)dy, (E2)

where in the last step, we used Eq. (B2). At steady state, the solution
of Eq. (12) reads

Π = ρ1eβF (x1) ≃ eβμ1 e−βA0(x1)(1 +ΛρΛ(x1))

× eβA0(x1)(1 +ΛF(x1)) ≃ eβμ1,2(1 +ΛρΛ(x1) +ΛF(x1)),
(E3)

J
Dcl
= ρ1eβF (x1) − ρ2eβF (x2)

∫ x2
x1

eβF (x)dx

≃ eβμ1(1 +ΛρΛ(x1) +ΛF(x1))−eβμ2(1+ΛρΛ(x2)+ΛF(x2))
∫ x2

x1
eβA0(x)(1 +ΛβFΛ(x))dx

.

(E4)

In the case of periodic potentials for which we have A0(x1)
= A0(x2), the last expression simplifies to

J
Dcl
≃ eβμ1 − eβμ2

∫ x2
x1

eβA0(x)dx

⎡⎢⎢⎢⎢⎣
1 +ΛρΛ(x1) +ΛβFΛ(x1)

−Λ∫
x2

x1
eβA0(x)βFΛ(x)dx

∫ x2
x1

eβA0(x)dx

⎤⎥⎥⎥⎥⎦
(E5)

and, hence, the flux can be decomposed in J
Dcl
≃ Jcl[1 +ΛJΛ] with

Jcl

Dcl
= eβμ1 − eβμ2

∫ x2
x1

eβA0(x)dx
, (E6)

JΛ = ρΛ(x1) + βFΛ(x1) − ∫
x2

x1
eβA0(x)βFΛ(x)dx

∫ x2
x1

eβA0(x)dx
. (E7)

1. Harmonic potential
In the case of harmonic potential, we have

e−βA0(x) =
√

πk0

k(x) , (E8)

ρΛ(x1) = −2
k(x1)

k0
, (E9)

βFΛ(x) = 2
k(x)

k0
, (E10)

where we used L2
y = 2kBT/k0. Accordingly, we get

Jcl

Dcl
= eβμ1 − eβμ2

∫ x2
x1

√
k(x)

k0
dx

, (E11)

FIG. 8. Left: additional data used to iden-
tify the maxima of the free energy barrier.
Right: additional data used to identify the
maxima of the free energy barrier.
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JΛ = −2
∫ x2

x1
( k(x)

k0
)

3
2 dx

∫ x2
x1

√
k(x)

k0
dx

. (E12)

APPENDIX F: ADDITIONAL SIMULATIONS
TO IDENTIFY THE MAXIMUM OF ΔF AND J

Here, we report the additional data that we generated to identify
the maxima of ΔF and J (Fig. 8).

APPENDIX G: QUANTITATIVE COMPARISON
OF THE PREDICTIONS OF EQ. (17) AGAINST
THE FULL NUMERICAL SOLUTION

In order to assess the reliability of the Fick–Jacobs approach, we
quantify the mismatch between the two of them as

σ = ∫
L

0

(ρFJ(x) − ρnum(x))2dx
ρ2

num(x)
dx. (G1)

Since the numerical solutions are computed on a finite grid, first, we
check the convergence of the numerical solution with N by compar-
ing it against the analytical solution, taken as a reference. As shown
in Fig. 9, for N ≅ 50, the dependence of the numerical solution on N
becomes very mild and, hence, in the following, we stick to N = 50.
Next, we assess the dependence of σ on k1 andΛ. As shown in Fig. 10,
the analytical prediction is reliable (within 10% error) up to Λ ≃ 0.1.
For larger values of Λ, the approximation is quantitatively reliable
only for smaller values of k1.

APPENDIX H: CLASSICAL FICK–JACOBS

In a nutshell, the Fick–Jacobs approximation deals with
non-self-interacting systems whose density, p, is governed in the
overdamped regime by the Smoluchowski equation,

ṗ(x, y, t) = ∇ ⋅ [D∇p(x, y, t) +Dp(x, y, t)β∇U(x, y)], (H1)

FIG. 9. Mismatch between the numerical solution and the analytical one (taken as
a reference) upon increasing the number of points, N, over which the numerical
solution is computed.

where D is the diffusion coefficient and

U(x, y) =
⎧⎪⎪⎨⎪⎪⎩

W(x, y), ∣y∣ ≤ h(x),
∞, ∣y∣ > h(x),

(H2)

encodes for a conservative potential, W, and for the confinement.
The Fick–Jacobs approximation relies on the following ansatz:

p(x, y, t) = ρ(x, t) e−βW(x,y)

e−βA(x) , (H3)

with

e−βA(x) = 1
Ly
∫
∞

−∞

e−βW(x,y)dy, (H4)

FIG. 10. Left: mismatch between the numerical solution and the analytical one upon varying k1 for N = 50 and different values of Λ (see the legend). Right: mismatch
between the numerical solution and the analytical one upon varying Λ for N = 50 and different values of k1 (see the legend).
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where LY is a characteristic length (that is irrelevant for any
physically meaning quantity). Substituting the ansatz into the
Smoluchowski equation leads to

ρ̇(x, t) = ∂x[D∂xp(x, y, t) +Dp(x, y, t)β∂xA(y)]. (H5)

REFERENCES
1L. Dagdug, J. Peña, and I. Pompa-García, Diffusion Under Confinement
(Springer, Berlin, 2024).
2B. Alberts, A. Johnson, J. Lewis, M. Raff, K. Roberts, and P. Walter, Molecular
Biology of the Cell (Garland Science, Oxford, 2007).
3B. Hille, Ion Channels of Excitable Membranes (Sinauer, Sunderland, 2001).
4R. M. Barrer, Zeolites and Clay Minerals as Sorbents and Molecular Sieves
(Academic, New York, 1978).
5R. M. Nicoud, Chromtographic Processes (Cambridge University Press, Cam-
bridge, 2015).
6R. Zwanzig, “Diffusion past an entropy barrier,” J. Phys. Chem. 96, 3926 (1992).
7D. Reguera and J. M. Rubí, “Kinetic equations for diffusion in the presence of
entropic barriers,” Phys. Rev. E 64, 061106 (2001).
8P. Malgaretti, I. Pagonabarraga, and J. M. Rubi, “Entropic transport in con-
fined media: A challenge for computational studies in biological and soft-matter
systems,” Front. Phys. 1, 21 (2013).
9A. M. Berezhkovskii, L. Dagdug, and S. M. Bezrukov, “First passage, looping,
and direct transition in expanding and narrowing tubes: Effects of the entropy
potential,” J. Chem. Phys. 147, 134104 (2017).
10P. Kalinay, “Taylor dispersion in Poiseuille flow in three-dimensional tubes of
varying diameter,” Phys. Rev. E 102, 042606 (2020).
11P. Malgaretti, M. Janssen, I. Pagonabarraga, and J. M. Rubi, “Driving an
electrolyte through a corrugated nanopore,” J. Chem. Phys. 151, 084902 (2019).
12E. Locatelli, V. Bianco, C. Valeriani, and P. Malgaretti, “Nonmonotonous
translocation time of polymers across pores,” Phys. Rev. Lett. 131, 048101
(2023).
13U. Marini Bettolo Marconi, P. Malgaretti, and I. Pagonabarraga, “Tracer dif-
fusion of hard-sphere binary mixtures under nano-confinement,” J. Chem. Phys.
143, 184501 (2015).
14D. Reguera, A. Luque, P. S. Burada, G. Schmid, J. M. Rubí, and P.
Hänggi, “Entropic splitter for particle separation,” Phys. Rev. Lett. 108, 020604
(2012).
15J.-P. Brantut, J. Meineke, D. Stadler, S. Krinner, and T. Esslinger, “Conduction
of ultracold fermions through a mesoscopic channel,” Science 337, 1069 (2012).
16J.-P. Brantut, C. Grenier, J. Meineke, D. Stadler, S. Krinner, C. Kollath, T.
Esslinger, and A. Georges, “A thermoelectric heat engine with ultracold atoms,”
Science 342, 713 (2013).
17D. Husmann, S. Uchino, S. Krinner, M. Lebrat, T. Giamarchi, T. Esslinger, and
J.-P. Brantut, “Connecting strongly correlated superfluids by a quantum point
contact,” Science 350, 1498 (2015).

18M. Lebrat, S. Häusler, P. Fabritius, D. Husmann, L. Corman, and T. Esslinger,
“Quantized conductance through a spin-selective atomic point contact,” Phys.
Rev. Lett. 123, 193605 (2019).
19J. Gieseler, J. R. Gomez-Solano, A. Magazzù, I. Pérez Castillo, L. Pérez García, M.
Gironella-Torrent, X. Viader-Godoy, F. Ritort, G. Pesce, A. V. Arzola, K. Volke-
Sepúlveda, and G. Volpe, “Optical tweezers—From calibration to applications: A
tutorial,” Adv. Opt. Photonics 13, 74 (2021).
20C. E. Wieman, D. E. Pritchard, and D. J. Wineland, “Atom cooling, trapping,
and quantum manipulation,” Rev. Mod. Phys. 71, S253 (1999).
21M. A. Norcia, A. W. Young, and A. M. Kaufman, “Microscopic control and
detection of ultracold strontium in optical-tweezer arrays,” Phys. Rev. X 8, 041054
(2018).
22G. Pagano, F. Scazza, and M. Foss-Feig, “Fast and scalable quantum informa-
tion processing with two-electron atoms in optical tweezer arrays,” Adv. Quantum
Technol. 2, 1800067 (2019).
23B. M. Spar, E. Guardado-Sanchez, S. Chi, Z. Z. Yan, and W. S. Bakr, “Realization
of a Fermi-Hubbard optical tweezer array,” Phys. Rev. Lett. 128, 223202 (2022).
24Y. T. Chew, M. Poitrinal, T. Tomita, S. Kitade, J. Mauricio, K. Ohmori, and S.
de Léséleuc, “Ultraprecise holographic optical tweezer array,” Phys. Rev. A 110,
053518 (2024).
25D. Bluvstein, S. J. Evered, A. A. Geim, S. H. Li, H. Zhou, T. Manovitz, S.
Ebadi, M. Cain, M. Kalinowski, D. Hangleiter, J. P. Bonilla Ataides, N. Maskara,
I. Cong, X. Gao, P. Sales Rodriguez, T. Karolyshyn, G. Semeghini, M. J. Gullans,
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