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ABSTRACT

We study the dynamics of a quantum particle in a constricted two-dimensional channel and analyze how the onset of quantum corrections
impacts the (semi-)classical high-temperature behavior as temperature is lowered. We characterize both equilibrium and non-equilibrium
(transport) properties of the system, considering the case of a narrow and disorder-free channel. Counterintuitively, we find that quantum
corrections do not monotonically enhance the particle current as the temperature is lowered, as naively expected from the activation of
coherent tunneling, but they rather inhibit transport at intermediate temperatures, increasing the effective free-energy barrier. We illustrate
this “anti-tunneling” effect numerically by computing the non-equilibrium steady-state of a quantum master equation describing the system
and confirm it analytically by adopting the quantum Smoluchowski limit.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license

(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0280871

I. INTRODUCTION

The transport of molecules, polymers, and colloids across con-
strictions and porous materials has attracted considerable attention
both due to the theoretical challenges that it poses and due to its
relevance for technological applications and bio-medical scenarios.’
Typical examples are transport of DNA, RNA, ions, and molecules
across nuclear and cellular membranes,” transport of pollutants
across the soil or sieves,* and particle separation in chromatogra-
phy.” From a theoretical perspective, describing transport across
porous materials is a tremendous challenge, since it requires one to
solve at the same time the microscopic interactions with the solid
matrix and the mesoscopic entropic effects caused by the sequence
of enlargements and constrictions along the porous material.

Effective theoretical models have been developed, where the
porous material is modeled as a set of channels with varying
cross sections. In the case in which the channel section is vary-
ing very smoothly, it is possible to reduce the 2D — 3D problem
to an effective 1D problem whose geometry is captured via the
local equilibrium free energy. Such an approach, called Fick-Jacobs
approximation,” " has been fruitfully exploited to study the trans-
port of point-particles,”'’ polymers,'"'* and (active) colloids.'"">"*

Transport across energy barriers whose physical origin does
not stem from steric interaction with a potential barrier, but rather
from “softer” Hamiltonian interactions, is also a very relevant and
classic scenario in the quantum realm. For example, point con-
tacts are used to connect macroscopic particle reservoires,”” ' light
potentials are used to trap (e.g., via optical tweezers'”) and con-
trol cold atoms,”” " including Bose-Einstein condensates,” and
local variations in the effective friction have been investigated.”’
Geometric confinement can further enhance quantum interference
effects in electron transport, as widely explored in semiconductor
nanostructures.”’

Here, we aim at bridging the two scenarios—classical and
quantum—by investigating how quantum corrections affect equi-
librium and transport properties around the semi-classical high-
temperature limit for a particle in a two-dimensional constricted
channel. In particular, we study an ideal gas particle that is freely
diffusing in a potential well whose stiffness gently varies along
the longitudinal direction (see Fig. 1) and we characterize both its
equilibrium as well as non-equilibrium properties.

In order to compare to classical systems (for which the dynam-
ics is governed by the local equilibrium free energy), we compute the
local equilibrium free energy, F, and, in particular, the free energy
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FIG. 1. Schematic of the potential characterized by a steep increase along the y
direction and a shallow variation along the x direction.

difference, AF = F(L/2) - F(0), between the maximum and min-
imum of the free energy. Interestingly, when the potential is varying
smoothly, our results show that the first quantum corrections at
high temperatures lead to an increase in the free energy barrier A F.
This is counterintuitive, since one would expect that quantum cor-
rections may decrease the effective barrier due to the activation of
coherent tunneling, which we indeed observe eventually at lower
temperatures. We capture this effect, which we will refer to as “anti-
tunneling,” analytically by extending the Fick-Jacobs approximation
to the case of a quantum Smoluchowski equation accounting for
the leading correction at high temperatures. The success of this
analytical approach is benchmarked against the numerical solution
of the quantum equation of motion of the open quantum system.
The non-monotonic behavior of the free energy persists also in the
case of transport as we observe by both numerical and analytical
results.

Il. MODEL

Here, we study a point particle in a potential, U(x, ), that is
confining along the y direction and periodic along the x direction.
The system is in canonical local equilibrium with a bath at temper-
ature T. We are interested in characterizing the onset of the first
quantum corrections at high temperatures for which standard quan-
tum Smoluchowski equations have been derived for the case ofa 1D
potential by expanding about the classical case,”

pOnt) = %@[@[qu(y)P(% H]+p(r0RUM]L ()

where

1

1-2A9;BU(y) @

qu(}’) =

and y is the dimensionless position of the particle. The small
parameter of the expansion is

1 A2 27k’
L Ly ()
481 L}, m

with Ar being the (de Broglie) thermal wavelength and 8 = (kzT)™
being the inverse thermal energy. L, corresponds to a typical length
scale in the y direction that we will specify later in the article for
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the model systems analyzed. In particular, A = 0 corresponds to the
classical limit, whereas A — oo corresponds to the zero-temperature,
deep quantum regime. For such a case, the quantum corrections
affect both the effective potential and the diffusion coefficient in the
Smoluchowski equation, which acquires a dependence on the local
potential. The equilibrium solution of Eq. (1), up to order O(Az),
reads

Peg() = Noe PV (1 220 U(y) + AB(D,U(1))?). (4)

Here, we generalize the 1D model of Refs. 29-32 to the 2D case by
introducing the diffusion tensor

1
1-2AL;0;PU(x,y)
0

Dyn = ©)

1-2AL;9;BU(x,y)

We will check this ansatz a posteriori by comparing the predictions
of our model to the numerical solution of the relevant quantum-
mechanical equation of motion describing the system in contact
with a thermal bath. According to our ansatz, the 2D quantum
Smoluchowski equation reads

P =DaV - [V-[Dgn(xy)p] + pBVU (%) ] (6)

As observed in many cases for classical systems,” ' insights into
the interplay between the geometrical confinement and the parti-
cle dynamics can be obtained by assuming a length scale separation,
Ly <« Ly, between the typical length scale associated with the confin-
ing potential along the y and x directions. At leading order in 0,U,
a factorization ansatz of the following form for the solution of Eq. (6)
is justified:*

1 e‘ﬁ‘l’(x’}’)
P(_x,y, t) :p(x, t)fym; 7)
where
P = U1 - 2AL202BU + AL2(8,8U)?] ()

is the equilibrium distribution,” * to order O(A), along the
transverse (i.e., y) direction and

A(x) = —% In I:Lly-/-: e_ﬂ"’(x’y)dy] 9)

is the local equilibrium free energy. Substituting the ansatz into the
quantum Smoluchowski equation leads to

p(x1) e Pv(x)
L, ¢ FA®

p(x,1) o Py () ]
L e PAR)

=DyV - [v ~ [qu(x,y)

p(x,1) o PYCey) ]
VU(x,y) | 10
L oPAG) BVU(x,y) (10)

Integration in the transverse direction leads to vanishing contribu-
tion of the flux along y. Moreover, at leading order in 0,U, we can
disregard the spatial dependence of the diffusion coefficient along
the x direction.”” Accordingly, Eq. (6) reduces to
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o PYCey) dy
p(x’t) :Dclax{ax[ (x’ t) 7ﬁA(x) L

o Py (=)
o TS e ] an

which, since p does not depend on y, can be rewritten as

p(x1) = Dad:{Oxp(x,1) + p(x, 1) BOx F (x) }, (12)
where
o PY(x)
0 Fx)= [ ¢ i U y) (13)

and F(x) is the effective 1D potential governing the dynamics along
the longitudinal direction. At linear order in A (see Appendix B),
and accounting for the fact that 9xA(x)92U is a higher order
contribution in 0 U, we have

Bk F(x) = BAeAo(x) + ABO: Fa(x), (14)

where Ag(x) is the classical contribution’ ® (i.e., for A = 0) and

BOx Fa(x) = POxAo(x)L; fdxf —ﬂ/:]()

L1 fdxf

is the correction to the local equilibrium free energy proportional
to A. It is interesting to note that for the classical limit, A = 0, we
have F(x) = Ao(x) and, hence, the effective potential can directly
be read from the factorization, Eq. (7), and its normalization, Eq. (9).
In contrast, for the quantum case, A # 0, the effective potential has a
more involved functional form, Eq. (15), which is due to the fact that
the effective force along the transverse direction, 0xU, differs from
the derivative of the exponent of the Boltzmann weight, Oxy. The
steady state solution of Eq. (12) reads

p(x) = e PF® [_DLZ/X ) gy 4 H], (16)

where x; is an arbitrary position, J is the current, and IT is an inte-
gration constant. Both J and IT are determined by the boundary
conditions. In Secs. IIT and IV, we use this general result to discuss
both the equilibrium and the transport properties of the system.

20
L)’

[(B8,U)? - ;U] BO. Udy (15)

I1l. EQUILIBRIUM

At thermodynamic equilibrium, the current vanishes, J = 0.
Accordingly, the steady state solution reduces to

p(x) =T P7), 17)

where IT is determined by the normalization condition

fOLp(x)dx = poLef ), (18)
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in which y is the chemical potential and p,, is the value of the density
for y = p,.

In order to further inspect the dependence of the effective
free energy on A, in the following, we specialize to the case of a
modulated harmonic potential of the form

U(sy) = K, (192)

k(x)=k0[1+k1 cos(z%)], (19b)

where L is the period of the potential. In the case of harmonic poten-
tial, it is natural to introduce a (finite-temperature) transverse length
scale Ly = \/2kpT/ko, which captures the effective range of values
explored due to thermal fluctuations. For a harmonic potential, up
to first order in A, p(x) reads

p(x) = po ) (p(x) + Apa(x)), (20)
with
(x) = e Ph(®) _ ”& (21)
Pcl k(X) >
L ,~BU(xy) k
pa) == [ S BBV - 2" @)

Similarly, after some algebra (see Appendix C), for the free energy,
we get

hrm 1 k(x) k(X)
pF™ () = 35 4 2n (3)
Equation (23) shows that the free energy has two contributions: the
classical (entropic) contribution and a linear correction in A.

In order to validate our model, in Fig. 2, we compare the den-
sity profile obtained from Egs. (23) and (17) against the density
profile obtained from the numerical solution of the quantum mas-
ter equation describing the system coupled to a thermal bath at

1.4+

1.3

1.2

P

1.01

0.91

0.8

0.7

z/L

FIG. 2. Equilibrium density profile p(x) for different values of the quantum para-
meter A (as in the legend) with k4 = 0.3. The open circles are the numerical
calculations (see Appendix A), and the lines are the prediction of Eq. (17).
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temperature T. The quantum master equation is derived by first
discretizing the Schrodinger equation (see Appendix A),

2
ihory (x, y,t) = [72%(&3 + Bj) + U(x,y)]t//(x,y, t), (24)

for the system’s wave function y(x,y,t), by introducing a set of
grid points (x,-,yj) = (Ax(i—1/2),A,j) with spacing A, and A, and
corresponding field operators

xi+AJ2 A [2
aij = (AxAy)71/2 f dx dy §(x, ). (25)
xi—Af2  yi=A)2

Here, {/(x,y) is the field operator of the underlying continuous
bosonic field. Note that we transform the Schrodinger equation to
second-quantized form to later allow for particle exchange with a
bath. As discussed in Appendix A, the system Hamiltonian then
becomes

Hg = Z [—]x(fljﬂ,}-@lgj + &ijli.;.l,j - 2&11»&,',]‘)
ij

Iy (@l jrti + Bl = 2a]05) + Usy) aliaig ], (26)

with J, = h*/(2mA%) and J, = hz/(zmAi). We then compute the
thermal density matrix ¢ = exp (—-fHs)/Z with partition function
Z = tr exp (=BHs). In Fig. 2, we then show the spatial density in the
x-direction,

o) = [~ dyuli s p)itxr)e] @7)
For the discretized case, this corresponds to

o(x) = ALY tr(af;ai;0). (28)
j

Figure 2 shows that the predictions of our analytical model are reli-
able up to A ~ 0.1. Interestingly, in agreement with Eq. (22), Fig. 2
shows that the net effect of the first quantum corrections is to reduce
the density where the local potential barrier is stiffer, at x/L = 0,1
[i.e., larger values of k(x)], and enhance it where k(x) is smaller, at
x/L = 1/2.In order to further assess the reliability of the model on a
wider range of parameters, we focus on the free energy barrier, i.e.,
the difference between the free energy maximum (atx =0andx =L
in Fig. 2) and minimum (at x = L/2 in Fig. 2),

1 1+k1
A hrmzil
ﬁ 7 2n1—k1

+ 4Ak;. (29)

Surprisingly, Eq. (29) shows that the net effect of the quantum cor-
rections is to increase the effective free energy barrier. This is coun-
terintuitive since a priori one would have expected a reduction in
the free energy barrier due to “tunneling” effects. In contrast, Fig. 3
shows a kind of “anti-tunneling” effect, where the free energy bar-
rier increases upon reducing the temperature (and hence enhances
the relevance of the quantum corrections).

To better understand the physical origin of the growth of the
free energy barrier upon increasing A, it is interesting to compare

ARTICLE pubs.aip.org/aipl/jcp
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0% 102 100 10 100 10> 10°
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FIG. 3. Free energy barrier as a function of A for the harmonic potential for
different values of Ly/L, = 2.8,3.7,5.0,6.6,8.9,11.7,15.8,20.8, 28.1,37.0 from
violet to red. The lines with points are obtained from the numerical solution of
the Schrodinger equation, while the gray line is the prediction of the Fick-Jacobs
model.

Eq. (23) to the case of a genuine 1D system in a periodic potential.
In this case, at linear order in A, the effective potential only has an
“enthalpic” contributions and it reads

2,
ll/ent(x) = U(x) + 48771696 U(x). (30)
Hence, for the case of
U(x) = Uy cos (2nx/L), (31)

we have that

2
At = 9(0) = y(L/2) = 2U0(1 - 1”2’;) (32)
and hence, as expected, the quantum corrections reduce the effec-
tive potential barrier. Therefore, the enhancement of the free energy
barrier in Eq. (29) is indeed due to the mixed enthalpic-entropic
nature of the effective free energy obtained via integrating along the
transverse direction.

To test the reliability of the model, in Fig. 3, we compare
Eq. (29) to the free energy barrier obtained from the numerical
solution of the Schrédinger equation coupled to a thermal bath.
Figure 3 shows a very good agreement for A < 0.5 and for L, > L,
with quantum harmonic oscillator length scale L, = 21/A/(mw) and
w* = ko /m. Moreover, Fig. 3 shows a non-monotonic dependence
of AF on A that cannot be captured by our expansion up to lin-
ear order in A. Such a non-monotonic dependence reconciliates
the anti-tunneling at finite temperature with the eventual tunnel-
ing effect at very small temperature (as shown in Fig. 3 at very large
values of A).

In order to discuss the dependence of the position of the maxi-
mum of the free energy barrier AFy on A, we have performed more
refined numerical solutions (see Appendix F). In the upper panel
of Fig. 4, we show the location of the maxima Ay as a function of
the relative confinement parameter Ly /L. Interestingly, Ay initially
scales as

12
Ay~ Vo o< L%’ (33)

w
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FIG. 4. Values of A for which AF attains its maximum, Ay, as a function of L2/L2

o< v/Ko.

which, apart from prefactors, can be read as the following ratio
between length scales:

A\ L
Loz (34)
1

Using the definition of L, and Ly, it is possible to derive the relation
L% = AyLy and hence, by rearranging terms, the maximum occurs for

2
A—g ~ & (35)
L Ar

Equation (35) shows that when the length scale separation along the
x-axis is stronger than the one on the y-axis, i.e., for AZT /L,ZC < Ly /AT,
the first order corrections to the Smoluchowski equation are the
leading one and, hence, the analytical model follows the numeri-
cal results: the free energy grows upon increasing A, hence leading
to anti-tunneling. In contrast, for )LZT/L,ZC > L),//\T, the higher-order
corrections become important and the effective free energy barrier
decreases, retrieving, for A — oo, the usual tunneling effect. Finally,
we remark that, once the maximum is present, its location is inde-
pendent of the amplitude of the corrugation of the potential, k1, as

T
41 =+ Lk =0.1 [’
k=03 i
. ki =05 L]
£E3] * k=07
<]
-~
T, 21
<
1,
102 100 102
A

FIG. 5. Free energy barrier as a function of A for the harmonic potential for dif-
ferent values of k1 (see the legend) and for Ly /L, = 15.8. The lines with points
are obtained from the numerical solution of the Schrddinger equation, while the
dotted-dashed lines are the prediction of the Fick—Jacobs model.
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shown in Fig. 5. This supports the fact that k; does not appear in the
scaling relation in Eq. (35).

IV. TRANSPORT

In the following, we fix the magnitude of the chemical potential,
ph > at the ends (located at x; = 0, x, = L) of a period of the external
potential. Accordingly, for the particle density, we have

p(x12,y) = e—ﬁw(xn,w)eﬁm,z) (36)
and for the 1D projected density, at linear order in A, we have
pia= /e_ﬁ“’(x"z’y)eﬁ"“dy
= [P - ALY (20}pU - (BU)) | (37)
Accordingly, we have
I = py 7 ) o p PYCD (14 A F (), (382)

] pref 0 )

DyT [ (38b)

In the case of periodic potentials, for which we have Ag(x, = L)
=Ao(x1=0), and at linear order in A, the last expression
simplifies to

] ]cl
— ~ =1+ AJp|, (39)
Dcl Dcl [ A]
with
ﬁ - P _ P (403)
D, fOL eﬁAO *) dx’
PR O (40b)
A= _[OL eﬁAO(x)dx .
Finally, for a harmonic potential, this reduces to
harm Bur _ Bua
JaZ _ el -e ¢ : (41a)
Da [ \/k(x)/kodx
L 3
k ko)2d.
]A=—2f° (k(x)/ko) > dx (41b)

[ k(x) [kodx

We remark that the dependency of the quantum correction on
the magnitude of the potential, encoded in ko, is only in F4(0),
whereas, recalling the definition of k(x) in Eq. (19), J, is indepen-
dent of ko. Figure 6 shows that the net flux decreases upon increasing
A. This is in agreement with the increase in the free energy barrier
shown in Fig. 3. It is interesting to note that even for ki = 0, there is
still a correction to the current due to the fact that the densities of
particles at the ends of the potential are enhanced by the quantum
corrections [see Eq. (20)]. In order to assess the validity of Eq. (41b)
numerically, we couple the system to two particle leads, which gives
the total Hamiltonian of system and baths,
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FIG. 6. Flux as a function of A for the harmonic potential for different values
of Ly/L, = 2.8,3.7,5.0,6.6,8.9,11.7,15.8,20.8, 28.1, 37.0 from violet to red. The
lines with points are obtained from the numerical solution of the Schrédinger
equation, while the gray line is the prediction of the Fick-Jacobs model.

Hs = Hs + Z (Héé)z + Héé), + Hé’l) + Hl(;],) ) (42)
J

Here, enter the bath Hamiltonians
(7)) _ Bat A (7)) _ Bt 3
Hy' = Ex Ck,jChj> Hy! =3 E dy;dxj> (43)
k k

with bath energies Ef and corresponding bath annihilation opera-
tors & j, di j. We assume the system-bath Hamiltonian

A = ; gk(&lt,jal’f + &L‘%’)’ )
)
A, = 3 g d]jann + aly ). )
ki

with coupling coefficients g, to bath mode k. We choose a con-
stant spectral density J(E) = Y, gi0(E—E;) =y. As we discuss
in Appendix A 2, we perform the standard Born and Markov
approximation to arrive at a Redfield master equation® for the
density matrix of the reduced system. From this, we derive (see

10'

0] //

100 10!
L2/12

A

y'd

FIG. 7. Values of A for which J attains its minimum, Ay, as a function of L2/L2

< vk
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Appendix A 2) a kinetic equation for the single particle density
matrix oy = tr(&};l&,;jé). This allows us to numerically extract the
particle current into the bath in the steady state.

Interestingly, the non-monotonic dependence of A F reported
in Fig. 3 is mapped into the non-monotonic dependence of J, on A
in Fig. 6. In particular, similarly to what happens for A 7, the ana-
lytical model (which is linear in A) only captures the reduction in
the flux and cannot capture the increase at larger values of A. The
dependence of the location of the minimum of the flux follows a
similar trend to that of the maximum of A F, as shown in Fig. 7.

V. DISCUSSION

In order to quantify the magnitude of A, we summarize in
Table T the range of parameters in typical experimental situations
in quantum gas experiments similar to those in Ref. 17. In addi-
tion to the definitions in Table I, we define ko = AV//\Z. Accordingly,
we get

AVA; AV
kod} = 3ok = 3= 46
Pl =3 370 =332 (46)
From Table I, the range of values of At is
BkoA7 € [0:10°], (47)
which corresponds to the achievable values of
A€0:10]. (48)

Optical potentials are highly tunable experimentally and should
rather easily allow for the trap geometries discussed in this paper.
Hence, from this discussion, we expect that our findings should be
observable in transport experiments similar to Ref. 17 with noninter-
acting fermions or bosons at low densities (where effects of quantum
statistics can be ignored).

We remark that our expansion in A requested that AL;@;U
<« 1, which implies

Bko)} << 487. (49)

Moreover, in our derivation, we have required

8:U(xy) < 6,U(x,y), (50)
&RU(x,y) < 0 U(x,y). (51)
Accordingly, using Eq. (19), we have
BkoL* > 4k1;r ) (52)
-k

TABLE 1. Range of typical experimental values in quantum gas experiments. AV is
the depth of the optical potential, A is its wavelength, A7 is the thermal wavelength
with A7 = 1/(mT), and m is the mass of the particle in atomic units.

T =T-10°K > T ¢ [10_2:00]
AV = AV -kp-10"°K - AV € [1:100]
A =1-10"°m - 1 e [1:10]
A2 =312.102m?* - A3 e [0.01:7]
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Since the typical length L fairly exceeds the thermal wavelength, the
latter condition is always fulfilled once Eq. (49) is fulfilled.

VI. CONCLUSIONS

We have studied the equilibrium and transport properties of
a quantum particle in a 2D harmonic confinement potential. We
have extended the Fick-Jacobs approximation to the case of the
quantum Smoluchowski equations and identified the effective free
energy profile along the longitudinal direction. Interestingly, in the
presence of a length scale separation between the longitudinal and
transverse directions, our analytical results show that the effective
free energy barrier A F grows upon decreasing the temperature, i.e.,
upon increasing the quantum corrections (up to linear order in A).
We thus observe an anti-tunneling phenomenon, which contrasts
with the intuitive expectation that the barrier would monotoni-
cally decrease as one enters the quantum regime due to the onset
of tunneling effects. The barrier enhancement is absent for purely
enthalpic potentials. We have supported the analytical derivation by
numerical solutions of the quantum master equation describing the
open system in contact with thermal baths. Our numerical results
not only confirm the analytical predictions but also show that for
larger values of A (i.e., lower temperatures) or in the absence of
length scale separation, the reduction in the free energy barrier upon
increasing A is retrieved, consistently with expectations. This holds
both for the equilibrium free energy barrier, AF, and for the flux
of particles in the case in which a single period of the potential is
putting in contact reservoirs of particles kept at different chemical
potentials.

In future work, especially with regard to quantum gas exper-
iments, it would be interesting to study how these effects are gen-
eralized to the case of a 3D trap geometry. Furthermore, it would
be interesting to investigate the effects of quantum statistics and
interactions on the anti-tunneling-tunneling transition.
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APPENDIX A: MICROSCOPIC OPEN SYSTEM
DESCRIPTION

1. System Hamiltonian

Let us discuss the quantum dynamics of the isolated system (the
2D channel) first. Here, in first quantization, the dynamics is given
by the 2D Schrédinger equation,

2
WOy (x,y,t) = [-th(a,% +05) + U(x, y)]w(x, %), (A1)

where we assume 0 < x < Land y € R.

Let us first transform this equation to second-quantized form
(to later allow for particle exchange with a bath). This gives rise to
the second-quantized system Hamiltonian,

L o 2
m—[;M[W®Wuwfg¢x+xwvmwﬁmw,

(A2)
with field operator §/(x, y). Since we want to describe single-particle
physics, the quantum statistical properties of the particle field are
irrelevant, so we choose a bosonic field {(x, y) for convenience. In
order to solve the dynamics numerically, let us introduce a discrete
grid of spatial points

(xy) = (%)) = (Ax(i = 1/2), Ayf), (A3)

where Ax=L/M,, with i=1,...,M,, and A, =2L,/M,, with
j=-My[2,-M,/2+1,...,M,/2 and some cutoff length f,y that
should be chosen such that the steady state real space density can
be neglected for |y| > L.

This allows us to introduce the new field operators on this grid,

, 1 X oo,
b= a f ) i) (A9

where we define x;° = x; + Ay/2 and yj* = yj + A,/2. Note that with
this definition, we indeed recover discrete bosonic field operators

since
1 x;’ y.+ x[*,
= f dx / " dy / dx’
J AxAy Jx; y X

[&i,ﬁ&j,,./]
vl . .
x /y‘*] dy [¥(xy), 0 (. y)] = 80 (A5)

7

Finally, by replacing the second order derivative with the corre-
sponding discrete operator, we find

A=Y [-]x(ajﬂ,ja,-,j +af i - 2&,5@,,»)
7
_]y(ﬁzj“&i,j + aZj&i’f+1 - zaj:j&iJ) + U(xi,yj) &Zjai*j]’ (A6)
with J, = B*/(2mA?}) and J, = B*/(2mA;).

2. Coupling to thermal particle reservoirs

We now couple the system to two thermal reservoirs with tem-
perature Ty, and chemical potential 4, on each of the leftmost and
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the rightmost sites. This leads to the total Hamiltonian of the system
and baths,

Hs = As+ Y, (HY)+ A, + A + AY)), (A7)
J

Here, enter the bath Hamiltonians

Ng Bt

A = Z Epel b, B =Y Edldy,  (A8)
k

with bath energies E} and corresponding bosonic bath annihilation

operators & j, dy j. We assume the system-bath Hamiltonian

o i st s
Hgy), = ; gk(ck,j“hf + “l,jck)j)’
O w . (A9)
ENEDY gk(dk,jaMx’j t Ay, dk,j)>

k.j

with coupling coefficients g, to mode k to the left bath or to the right
bath, respectively.

Using the standard Born and Markov approximation,’ we find
the Redfield master equation for the reduced density matrix of the
system,

0i6(1) = ~ilHs, 6(1) + 3 (41,

J

+ Z ([al,jé(t)ﬁl,j] + h.c.)
J

0(1),i,] +he)

2 ([é;’xJé(t)’&Mmj] + h.c.)
J

+ 3 ([ams6(t).aly, ;] + he) (A10)
j

Herein occur the jump operators

S —IlgtAt 1HgT 2 HyTat —%HBTA

ay; = dre n ayjer Zk:gk (eh et &) (A1D)
and

alj—f dren Hsr aj eﬁHS Zg eh BTCk e hHBTEZ]) (A12)

Analogous expressions hold for the jump operators on the right-
hand side of the system. Here, we calculate

s i B
(eﬂH“T?LefﬁHBTEkﬁ = en" Ty (ER) (A13)
and
i E)<l _igp
(ehHBTi\:k]e hHBTAT )_e rzE"T(1+ I(Ek))me nEkT’ (A14)

and in the second expression, we have used the classical limit in
which the population of individual modes is very small, n;(E) < 1.
Herein occurs the Bose-Einstein occupation function for the left
bath, where we again perform the classical limit

ARTICLE pubs.aip.org/aipljcp
__ L B ) _
T’ll(E) 5 eﬁ(E_M) 1 (4 = ncl,l(E)- (A15)

We introduce the spectral density of the baths (we assume equal
spectral densities for both baths),

J(E) =Y Gid(E-E) =7, (Al6)
k

which we choose to be constant. It also enters the single-particle
eigenstates of the system ¢, (i,j) and corresponding system eigenen-
ergies Ej such that the field operators
b= oi(bjay, bl =Y eGpal,  (A17)

ij i

diagonalize the system Hamiltonian

Hs =" Eblby. (A18)
k
With this, we have
e 1] o iy blei (1,)e "
-3 ai,,; oG Do (Li)e ™ (A19)
and
e ST I eh Z w9 (1, ])ehEkT
3
= Zl: &i,sz: 9 (i Dge(1,1)en™" (A20)

By using the Sokhotski-Plemelj theorem and neglecting the imagi-
naries of the Fourier transform, we finally have

Z 1lf1]’ él,j = Zl: &i,lgi),{i' (A21)
Herein, we define the coefficients
= >~ o (i, g (m, )] (Ex)na(Ex)s (A22)
k
g = 2 0 (i Dpe(m )] (—Eg). (A23)
k

This gives rise to the master equation in explicit form with respect to
local creation and annihilation operators, reading

06(t) = ~i[Hs, 6(0)] + Y (fi5[al6(6). 1] + he)
il
il (ra At h
+> g1l [416(8), a1 ;] + hc.
il

+ 3 (filal6(0), ) + he)
il

+ 3 gt ([@6(0),aly ;] + he). (A24)
7
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From this master equation, we can derive a kinetic equation for
the single-particle density matrix

Oijkl = tr(iz,i,&,-,jé), (A25)

which, in the continuum limit, leads to the distribution p(x, y) of the

main text via

Uz] Kl
Axdy’

p(xi,yi) = (A26)

By rewriting Eq. (A6) with single particle matrix elements,

Hs=>" hij,szlzjﬁk,z, (A27)
ikl

we finally have

Oi0ijga = =iy, (MijnmOumit — OijmmMuma)
nm

+ (Lilo) i + (Lrlo])ijms (A28)

with left dissipator
(aleDya = £+ a3 - ()]
+8 [(f’fzj»)* 2 (U —gﬁym)onm,kz] (A29)
and right dissipator

(L [])qkl 5kM|:fMZ+ZUIJ"m(fMI (ng )]

<o, [(f PR (s —gMAJ)oWk,]

(A30)
We solve this master equation to solve for the steady state
(9t0isj’skl =0. (A31)

The particle current into the left bath is then given by

= tr[(0:0)1esN] = Ztr[(at())leftal]az] Z(Ez *1)ijij- (A32)

ij

Note that we choose the chemical potentials 4, and p, such that the
density on the left and right is according to ¢, and @, as assumed in
the Smoluchowski equation.

APPENDIX B: DERIVATION OF EQ. (15)
Atleading order in A and for 0,fU <« 9,U(x,y), we have
PN o PV _QALZ8IBU + ALL(BO,U)']  (BD)
and we note that
[N (3B y) - (B, U(xy)) )y

- [P )dy=-a [ )T —0 w2

ARTICLE pubs.aip.org/aipl/jcp

Hence, we have

A _ [ Pran By

L)’
N [ e PUCN 1 - ALY (285U — (ﬁayu)z)]?
—00 4

:fme*ﬁUp—ALjaj/sU]d—y
o L

~ e‘ﬁAW)[ ~ AL / ] (B3)
where we have introduced
P _ f % UG Ay (B4)

Concerning 0; F (X), we have

e PY(xy)
BOF(x) = f EA(:) BV ) &y

—oo

o ,BU d
(4
. f_w e_w[thLja BU + ALX(BD,U)*] ok vy 2N

oz [T o 2 ,ﬁAo(yﬁU)df

(B5)

Moreover, we have

~BU (%) 0, (e_ﬁU(x’y)) d
* y
_f T POU %y ) _f WL
e PUGY)
=0k f BA) o
o(x L

—BU(xy) dy
¥ f RO 2 B0, Ao (x)

= BOAv(x). (B6)

Finally, we have

B, F(x) = Baon(x)[l ea [ 7 :755 a;/.suil]
f°° e “2ALZOZBU + AL (BA,U) ]ﬁax
(B7)
that can be grouped as
B F(x) = pAo(x) + ADy Fa(x), (BS)

where we have introduced
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FUG) N
_ e 1 -1pkr Ay 2
B Fa(x) = PO (x) L2 f © iy BBUGD) S [ e L\ B (C3)

—oo

For such a potential, we have

e PUG)
4
+1 f W((ﬁByU(x,y))z -28;BU(x,y))

~BAo(x) _ 2
d = , C4
x LU (xp) . (B9) ¢ Bk(x) L2 (8
y
APPENDIX C: DERIVATION OF EQ. (23) 2= g su? -2 BRCOLY = ik
4 —oo e_ﬁAO Y Ly Y 2n —oo
We can further simply the last expression in the case of a 4
harmonic potential of the form x Bk(x) Ll = Bk(x)L;, (C5)
y
1
BU(xy) = S k(x)y’, (9 dy
B f@on(x)L f g yﬁU Y - fﬁL fa k(x)dx
27x
k(x) = k()(l + kl Cos T), (C2) _ Eﬁk(x)L , (C6)
where L is the period of the potential. Recall that and

L/ dxf FAG) (ﬂa U(x.))’ - 20 ﬁU(X,}/))ﬁaxU(x,y)%/

o f O tmeor (B0’ - 28k oupk(0y

? “ 2 < 1 2
= lL; /, | Bk(x)L BBk(x)| B (%) f o~ 3Py y4@ ~ 2Bk(x) f RO yz@ dic
21 . L J L,

= %Lj f[a —2]0.Bk(x)dx

1
= E;;k(x)L;. (C7)
[
Accordingly, we have APPENDIX D: HARMONIC POTENTIAL: REGIME
OF VALIDITY
k()2 In our derivation, we have requested
BF(x) = BAo(x) + ABk(x)L; = Ly BROOLy APk(x)L;. (C8)
2 2 0:U(x,y) < 8,U(x,y), (D1)
2 2

Finally, using L; = 2ksT/ko and disregarding the terms that do not i U(xy) <G U(xy). (D2)

11:06:20 920z Arenuer oz

depend on x, we get This implies
1+ ki cos (2mx)
LKL ——F—77—77, D3
) - LK 0K ) P < sin anxfL) (b3)
0
1+ k1 cos (27x)
LI\ —FF7—. D4
which is Eq. (23) of the main text. % \J 2k m* cos (2mx/L) (D4)
J. Chem. Phys. 163, 054106 (2025); doi: 10.1063/5.0280871 163, 054106-10

© Author(s) 2025


https://pubs.aip.org/aip/jcp

The Journal ARTICLE . —
of Chemical Physics pubs.aip.org/aip/jcp
In order to fulfill this requirement, we impose that when the above- II= pleﬁ Fla) o P g=Pho() (1+ Apa(x1))

mentioned conditions are not fulfilled, the probability distribution

A (Xl) ~ 12
should be exponentially damped. This implies x P (14 AF () = (1 + Apa () + AF (31)),

(E3)
F(a) _ BF(x2)
Loty > 1, os) L e —pae
2 Dy [xl P70 dx
lﬁkyz > 1. (D6) eﬂ"‘(1+ApA(x1)+A]:(x1)) eﬁHZ(I+ApA(X2)+A]:(X2))
2 J2 MO (14 ABFa(x))dx
Hence, we can derive conditions on ko, (E4)
it sin (2x/L))2 2 In the case of periodic potentials for which we have Ag(x1)
BkoLy > ZL—}Z' (f -:TI;SICI(I)E (;[zi/]{ 1) 5 L—;k%, (D7) = Ao(x2), the last expression simplifies to
L,  kim cos (2nx/L) L ko ] . 7&% - o 1+ Apa(x1) + ABFa(x1)
koLy > 42— ~dn 2 2 D8 Dy [ FA® AH AH
Pholy L* (1+k cos(2mx/L)) *1-k (D) <y Oy
I PYD BT (x)dx
whose solution is fkoL; >> 4rL; /L*ki /(1 - ki ). -A— [ A g (E5)
APPENDIX E: TRANSPORT and, hence, the flux can be decomposed in - ~ J4[1 + AJs] with
In the following, we specialize to the case in which the transport T P _ Pue
is driven by an imbalance in the chemical potential at the ends of a = = o A 3 (E6)
: ; ; : Dy [2 e dx
single period of the potential. Accordingly, we have x
Ihs F1E B F L (x)dx
) = /‘e*ﬁ'l’(xl,zd’)e/sl‘-l.zdy ]A = pPA (xl) + ﬁ./—"/\ (xl) - fo eﬁAO(x)dx (E7)
~ P /‘efﬁU(x"z’y) [l - ALJZ,(ZajﬁU(xLz,)/)
1. Harmonic potential
— (0,BU(x12,9))°) ]dy P
In the case of harmonic potential, we have
~ eﬁ.“l,ze*/sAo(xl,z)(l + APA(xl,Z))> (El)
—BA(x 7k
with P =y [0S o (ES)
_ﬂU( x12:) _ k(xl)
pA(x1,2) = - fm ),(28 [;U(x1 2,}/) PA(XI) =-2 ko > (E9)
k(x
- (@BUG129)))dy pFAG) =25, (E10)
_ﬂU(xlva’)
=- fW },8 BU(x1,2,y)dy, (E2) where we used L; = 2kpT [ko. Accordingly, we get
H2
where in the last step, we used Eq. (B2). At steady state, the solution Ja _ o (E11)

of Eq. (12) reads Dd f k(x dx

1.2

5

1.0 H——

- -
3 “S 0.8 FIG. 8. Left: additional data used to iden-
g3 £ tify the maxima of the free energy barrier.
CN = Right: additional data used to identify the
a4, 0.6 maxima of the free energy barrier.

| N N/
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x [ k(x) %
] _ b ) & () ax (E12)
A fxz T 4 .
X1 ko

APPENDIX F: ADDITIONAL SIMULATIONS
TO IDENTIFY THE MAXIMUM OF AF AND J

Here, we report the additional data that we generated to identify
the maxima of AF and J (Fig. 8).

APPENDIX G: QUANTITATIVE COMPARISON
OF THE PREDICTIONS OF EQ. (17) AGAINST
THE FULL NUMERICAL SOLUTION

In order to assess the reliability of the Fick-Jacobs approach, we
quantify the mismatch between the two of them as

— L (pF](-x) — Pnum (X))zdx
o= /0 o () dx. (G1)

Since the numerical solutions are computed on a finite grid, first, we
check the convergence of the numerical solution with N by compar-
ing it against the analytical solution, taken as a reference. As shown
in Fig. 9, for N = 50, the dependence of the numerical solution on N
becomes very mild and, hence, in the following, we stick to N = 50.
Next, we assess the dependence of o on k; and A. As shown in Fig. 10,
the analytical prediction is reliable (within 10% error) up to A ~ 0.1.
For larger values of A, the approximation is quantitatively reliable
only for smaller values of k;.

APPENDIX H: CLASSICAL FICK-JACOBS

In a nutshell, the Fick-Jacobs approximation deals with
non-self-interacting systems whose density, p, is governed in the
overdamped regime by the Smoluchowski equation,

p(x,p,t) =V - [DVp(x,3,t) + Dp(x,3,t)BVU(x,y)],  (HI)

0.25

0.201

0.001

0.0 0.2 0.4 0.6 0.8
ki

ARTICLE pubs.aip.org/aipl/jcp

10 50 60
N, = 2N,

20 30

FIG. 9. Mismatch between the numerical solution and the analytical one (taken as
a reference) upon increasing the number of points, N, over which the numerical
solution is computed.

where D is the diffusion coefficient and

W(xy) bl <h(x),

(H2)
o0, > h(x),

U(x,y) = {

encodes for a conservative potential, W, and for the confinement.
The Fick-Jacobs approximation relies on the following ansatz:

e BW ()
ployt) =P t) gy (H3)
with
- 1 o _
P _ L f PV gy, (H4)
Ly —00
—— £ =03
l{‘l =05
—— ;=08
10()<
10714
104 108 102 10 10°

A

FIG. 10. Left: mismatch between the numerical solution and the analytical one upon varying k1 for N = 50 and different values of A (see the legend). Right: mismatch
between the numerical solution and the analytical one upon varying A for N = 50 and different values of k1 (see the legend).
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where Ly is a characteristic length (that is irrelevant for any
physically meaning quantity). Substituting the ansatz into the
Smoluchowski equation leads to

p(x:1) = 0:[DOxp(x,, 1) + Dp(x 3, )BOA(y)]. (H5)
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