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The prescription for convective mass transfer boundary conditions is derived in a linearized form as a function
of the mass fraction, with the mixture convection flux and the transferred substance-state as the coefficient
and value, respectively. It is shown that all the basic boundary conditions of computational fluid dynamics;
inlet, outlet, wall, etc. may be essentially seen as specific instances derived from this simple prototype. Details
of how to calculate boundary values and gradients from the driving force are provided. In addition to being
applicable to mass transfer problems, where the dependent variable is mass fraction or concentration; the
theory is also relevant to heat and momentum transfer for fluid flow problems with injection/suction along
the boundaries. The key concepts of the convective mass transfer boundary condition are derived for a basic
finite-volume cell, with a critical discussion of the magnitude of the errors that are introduced when simplified
formulations are employed at the boundaries. This study bridges and extends traditional mass transfer theory

and best practices in computational fluid dynamics.

1. Introduction

The finite volume method has enjoyed widespread use for several
decades; together with related methods such as finite difference and
finite element methods, it forms a cornerstone in computational fluid
dynamics (CFD) and numerical heat and mass transfer. The formulation
of boundary conditions (BCs) is an important subject in CFD/numerical
heat and mass transfer; one that has not received much attention in
comparison to others, such as meshing and model closures, although
in the past symposium and journal special editions [1] have occasion-
ally been devoted to the subject. The importance of BCs in CFD and
numerical heat and mass transfer is not to be understated; BCs are
frequently simplified, and as a result not only introduce numerical
errors into the final solution, but ultimately can actually change the
nature of the problem. BCs represent idealizations of reality, necessary
to obtain a reasonable numerical solution for the particular problem
under consideration. Constant values of velocity, pressure, and tem-
perature (Dirichlet conditions) or constant gradients/fluxes (Neumann
conditions) are often assumed to occur in relative proximity to the
domain of interest, for example at inlets, outlets, and walls. A clear
and rigorous understanding of BCs is an integral part of any numerical
solution procedure.

The purpose of this paper is to introduce the reader to mass transfer
boundary value problems, typically encountered in mechanical and
chemical engineering applications, in a form they may not have en-
countered before. A particular issue associated with mass transfer is the

fact that neither the desired boundary value nor the flux/gradient are
necessarily known, a priori. It is shown how these non-linear wall values
may be computed, during the solution procedure. A number of different
approaches have been considered in the past. For reasons explained
below, the author favors formulations based on the concept of the
‘transferred substance state’ (T-state); a notion originally developed
in the standard mass transfer formulation of Spalding [2], which was
first introduced over 60 years ago in a remarkable paper published
in Volume 1 of the International Journal of Heat and Mass Transfer.
This formulation unified multiple branches of engineering disciplines
involving mass transfer, and predates CFD. The present author has
adapted these concepts for modern CFD applications. Some of the
underlying concepts have been previously introduced for specific appli-
cations [3-5]; however a comprehensive discussion of the convective
mass transfer boundary condition (CMTBC) problem in the context of
CFD has not been published before. The emphasis here is on physical
aspects of the underlying transport processes which form the basis for
numerical schemes.

There are numerous practical applications for mass transfer theory
in engineering science. Two particularly salient areas are: membrane
separations and chemical reactors. These have been treated by a num-
ber of authors using CFD codes and methods. In membrane technology;
there have been a number of review articles on the use of CFD, for
example; [6-8]. Similarly mass transfer in chemical reactors has been

* Correspondence to: Institute of Energy Technologies, IET-3, Forschungszentrum Jiilich, Jiilich, 52425, Germany.

E-mail addresses: s.beale@fz-juelich.de, steven.beale@queensu.ca.

https://doi.org/10.1016/j.ijheatmasstransfer.2025.128311

Received 15 October 2025; Received in revised form 16 December 2025; Accepted 22 December 2025

Available online 2 January 2026

0017-9310/© 2025 The Author. Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).


https://www.elsevier.com/locate/hmt
https://www.elsevier.com/locate/hmt
https://orcid.org/0000-0002-6755-9111
mailto:s.beale@fz-juelich.de
mailto:steven.beale@queensu.ca
https://doi.org/10.1016/j.ijheatmasstransfer.2025.128311
https://doi.org/10.1016/j.ijheatmasstransfer.2025.128311
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijheatmasstransfer.2025.128311&domain=pdf
http://creativecommons.org/licenses/by/4.0/

S.B. Beale

oQ

S>

Q

Fig. 1. Arbitrary element of volume, 2 with corresponding boundary surface
082.

discussed in the books by Oran and Boris [9], Probstein [10] and
elsewhere.
This present work makes the following contributions:

The work combines basic mass transfer theory with modern CFD
practices to yield a simple formulation for numerical mass trans-
fer boundary conditions.

The formulation is quite general and may be applied to a large set
of applications, including mass/heat transfer, laminar/turbulent,
phase change, reacting flow, etc.

The validity of the present approach is illustrated by compar-
ison to the pioneering work of Sherwood et al. with excellent
agreement.

Conventional CFD boundary conditions (inlets, outlets, walls)
may be considered as specific instantiations of the CMTBC.
Issues associated with prescribing wall mass fractions are dis-
cussed. These may often be circumvented by simply employing
CMTBCs.

2. Basic equations
2.1. Species conservation

The principle of conservation of mass for species, i, in a mixture,
may be expressed as follows [11-13]
dp;

6t’ +V-(p;U)=0in 2 ¢))

where, with reference to Fig. 1, Q is an arbitrary volumetric region
bounded by surface 042, and p; is the partial density of species i. Eq. (1)
is quite general and is considered to be true for all piecewise-smooth
(i.e., differentiable) continua.

Let the mass fraction y; = p;/p [kg/kgl, where the mixture density,
p =Y., p;, and the diffusion flux vector, j,” is given by,

3" =p (U, -U) =py (U, -U) 2

where U = Y7 p;U,/p is the mixture velocity. The reader will note
that the total flux of i is the sum of the convective and diffusive fluxes,
piU; = pUy,; + j;”. Defining the species mass flux by, m;,”” = pU,y; and
the overall/mixture mass flux as, m" = pU = }"_, m;”, it follows that
the diffusion flux may also be written as j,” = m,”” —m"y,.

The species equation may thus be written [14],
% . .
E(py,-)+V~(pUy,-)+V~Jl-”:01n.Q 3)

There will be two or more such equations, although of the n equa-
tions, only n— 1 are independent, since }."_, y; = 1. The nth equation is
generally reserved for the overall continuity or pressure equation. For
a binary or higher order (ternary etc.) mixture, where the individual
species have similar molecular weights/diffusion coefficients, Fick’s law
may be presumed,

j'=-Ivy, 4)
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where, I' = pD. In the absence of Soret, pressure diffusion, and Knud-
sen effects, the governing equation can be written in the commonly-
encountered form [15-19],

%(py,-)+V~(pUy,-)—V~(FVy,—):Oin.Q 5)

Other quantities, such as concentration, may be entertained as depen-
dent variables, as may alternative definitions of the mixture velocity
in place of mass-averaged values, for computing relative flux. These
will not be considered here. Also, from here on, the transient term in
Eq. (5) will be dispensed with, in order to eliminate redundant terms
unnecessary for the analysis. This may easily be recovered, if and when
circumstances necessitate. Furthermore, for problems involving homo-
geneous chemical or nuclear reactions, the right-sides of Egs. (1), (3),
(5) are not zero, however that does not alter the following discussion.

2.2. Boundary conditions

The convention followed here is that the boundary fluxes are posi-
tive for injection and negative for suction, i.e., i,/ = —m; A, j,"" = —j;-h
etc., where # is the outward unit normal to 042, see Fig. 1. There are at
least three possible ways to prescribe BCs for Eq. (5), on the surface of
the external boundary, 0Q. These are given below in Egs. (6)-(8).

J" = (1-y) - ka”yk on 0R2 (6)
ki

i’ = Z (i vy =i y,)  on 0 )
ki

gl =" (y;r—y;) onoQ (8

i 1

m;

Yir = e ©)

Eq. (8) is the form of the CMTBC preferred in this paper: y;  is the T-
state value [2,16,19] for substance i. The name refers to the fact that
one or more species is/are selectively transferred across the boundary
092. The T-state is sometimes introduced in the context of filtration,
as an external or far-field condition; where diffusion gradients are
negligibly small, with 0 < y; < 1 for each species. Fig. 2(a) illustrates
the problem schematically. A simple example would be the injection
or extraction of pure water to/from a mixture of ethanol and water,
or injection of pure hydrogen gas into, say, helium, Fig. 2(b). Trans-
fer could be across a membrane located at the boundary, B, that is
selectively permeable. Fig. 2(c) illustrates another example, namely a
heterogeneous electrochemical reaction [6], namely the redox reaction
in a solid oxide fuel cell, where hydrogen molecules, 2H,, combine
with 02~ ions to produce water vapor, 2H,0, and electricity, 4e~. The
overall mass flux of all species, /'’ (the sum of H, and H,0), is into the
region Q2 (positive), whereas the flux of H,, m;’lz is out of Q (negative).
For problems involving heterogeneous chemical reactions, —co < y; <
+o0, for the case shown Fig. 2(c); for H,0, y; = +9/8, and for H,,
yr = —1/8, assuming the molecular weights to be (approximately) 18
and 2. Chemical catalysis, where " = 0 but "’ # 0 and therefore
yr = oo (not shown) is an important special case. In the context of
chemically reacting flows, the T-state is not an actual mass fraction, but
rather a convenient device for problem formulation. The first term in
Eq. (6) is the increase (or decrease) in y; due to injection (or extraction)
at rate rhl/.’ of species i. The second term is the decrease (increase) in y;
due to injection (extraction) at rate m;{’ of species k, k # i, balancing the
associated change of y,. Even though Egs. (6)-(7) may be functionally
equivalent to Eq. (8), they suffer from several practical disadvantages:

(i) y, appears in the equation for y;; unnecessary and potentially
unstable.

(ii) For binary diffusion, there is one equation with two terms to
be solved; for ternary diffusion, two equations with three terms
each, etc.; whereas for Eq. (8) there is a single BC.
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Fig. 2. Conceptualization of the mass transfer boundary value problem illustrating: (a) geometry and nomenclature; (b) simple membrane filtration convection—
diffusion problem, where pure hydrogen is injected into a binary mixture of hydrogen and helium; (c) heterogeneous electrochemical reaction where oxygen ions

react with hydrogen to produce water and electrons.

(iii) The latter terms in Egs. (6) (7) must be coded as Neumann BCs,
whereas Eq. (8) may be linearized, at least for inflow.

(iv) The m;’ appearing in Egs. (6), (7) are the individual species
fluxes, whereas, "’ = pUyp in Eq. (8) is the overall/mixture
convective mass flux, consistent with the usual treatment at in-
lets/outlets in CFD, obtained from the Navier-Stokes equations.

The reader will note that yj is the boundary value of y, i.e., on the
surface d£2, not the value, yp, in the nearest computational cell within
the finite volume, £, see Fig. 2(a). Similarly Uj is the mixture velocity
just inside Q. Henceforth, in the interests of brevity, the subscript /’, for
example y, is excluded, it being understood that a number of individual
species are being solved-for, and therefore where there is no ambiguity,
the mass fraction, y;, is denoted simply by y.

2.3. Dimensional and non-dimensional parameters

In the following sections; both the conventional mass transfer nota-
tion [19] and popular CFD/FVM symbols [17] are employed simulta-
neously. This may lead to some unavoidable duplication, but has the
advantage of being self-contained and comprehensive in scope.

2.3.1. Cell level

A cell Spalding number or mass transfer driving force, B, may be
defined at boundary cells according to,
Yp—JB
Y=t
Although this concept enjoys widespread application in the mass trans-
fer literature [16,18,19]; it has not been introduced in the correspod-
ning CFD literature, for example, [17,20-23]. The wall mass fraction
may be computed from;

B= (10)

yp=4yp+(1=Dyr (€8 D)
where
J= L 12)

is a weighting function. The boundary value, yj, is not constant, but
a function of the local in-cell value, yp. yp is bounded by yp and yp
provided 0 < 4 < 1, but not otherwise. The cell Spalding number, B,
is considered a function of the cell Péclet number, P, or cell blowing
parameter,

F _ pUgs

p:B = p (13)

F and D are the convection and diffusion coefficients, Patankar [17].

F = ApUy 14
D= A% (15)

It is to be noted that D is based on the diffusion flux in the limit " — 0.
For 1-D convection—diffusion, g* = I'/§, is the corresponding limiting
or film conductance. The actual conductance, g, at finite i/, may be
greater or less than g*, due to the effects of convection. § = |dpp| is
the node-to-boundary distance, and A is the area of the cell boundary,
see Fig. 2(a). The reader will note that, in the interests of readability, a
structured hexahedral geometry is illustrated in Fig. 2; however there is
no problem in considering unstructured polyhedral meshes where d zp
is not parallel to the face normal, A [24].

The total flux at the cell boundary, 042, is the sum of the convective
and diffusive contributions,

j¥0T =i yr =" yp +g(yg — yp) (16)
. ) s PN X
N.B.: jior = Jpop; = m is the individual species not the over-

all/mixture flux j”i"lOT # 1. The fundamental relationship for mass

transfer [2,16] may be written as follows,
m"” =gB a7
or in non-dimensional form:

P=§B 18)
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Eq (18) relates three non-dimensional parameters, B (driving force or
potential), g/g* (non-dimensional conductance), and P
(non-dimensional mass flux). The cell conductance, g = ;"' /(yg — yp);
is the ratio of the diffusion flux at the cell interface to the differ-
ence in wall and interior mass fractions: which may written, j” =
ai" (yr — yp). The weighting factor, A = 1/(B + 1), is the ratio of
the rate of mass transfer by diffusion alone to mass transfer by both
convection and diffusion. It remains to eliminate the unknown driving
force, B, by means of some suitable closure.

2.3.2. Non-dimensional numbers on the macroscopic scale

Péclet and Spalding numbers are defined in standard mass transfer
texts. Macroscopic values are denoted here with a tilde, P, B, rather
than the cell-level definitions which have no tilde. Typically P = Re-
Sc for mass transfer or P = Re - Pr for heat transfer. This does not
directly correspond to the cell-scale definition above, as the reference
velocity is a free stream value rather than value normal to the boundary
surface. However Patankar [17] and numerous subsequent authors,
make reference to the cell Péclet number in the present form. A better
correspondence is to be had with the macroscopic blowing parameter,
b =" /g*. The macroscopic Spalding number, B, is associated with the
fundamental mass balance, "’ = g B, where g is a local or overall mass
transfer coefficient.

2.4. Steady one-dimensional laminar convection—diffusion

Returning to the cell-level problem: Starting from a 1-D constant
property convection—diffusion equation,
pUy—F%:pUyT (19)
with y = yp at x =0 and y = yp at x = 6, Fig. 2(a). yp is the interior
nodal value of y within £, adjacent to d€2. The solution to Eq. (19) may
accordingly be written;

B=expP -1 (20)
In(1+ B

& _hd+B _ P (21)

g* B expP -1

2.5. Linear algebraic equations

The finite volume equations are obtained from a flux balance and
may be written in the following zero-residual form,

<2Fn>yP+ZaN(yN—yP)+S=O (22)
N N

where N is the number of cell faces. Overall continuity dictates that the
first term of Eq. (22) is zero, and it is normally excluded from texts, but
it is retained in Eq. (22) in parenthesis, as a reminder that the boundary
flux balance must implicitly include a convective term, Fy,, as well as
a diffusive term, for the fluxes to sum to zero.

The system may be expressed in vector-matrix form:

a-y=b (23)

2.6. Classification of codes

Fig. 3 illustrates some of the CFD rationales employed. Many
codes employ a cell-centered rationale, Fig. 3(a)-(c). In codes, such as
OpenF0AM [25], an additional boundary mesh is constructed around the
periphery, Fig. 3(a). Other finite-volume codes, for example PHOEN—
ICS [26], do not employ boundary meshes, see Fig. 3(b). This is the
approach suggested by Patankar [17] and employed in numerous user-
written codes. In some cases, additional ‘halo’ or ‘ghost’ cells may be
introduced as shown in Fig. 3(c). In codes such as StarCCM+ and
ANSYS CFX a vertex-centered rather than a cell-centered scheme, Fig.
3(d), is used.
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Fig. 3. Computational cell geometry: Cell-centered scheme with: (a) Stored
boundary nodes. (b) No boundary nodes. (c) ‘Halo’ or ‘ghost’ cells. (d) Vertex-
centered scheme.

2.7. Wall boundary conditions

For codes where the boundaries are included in the mesh, Fig.
3(a), the user provides the boundary values, yg, (or flux/gradient); the
wall coefficient, ap, is computed using the same scheme as employed
for interior neighbor coefficients, a,, and the wall coefficients, ap,
are calculated internally. Eq. (24) differentiates internal N-terms and
boundary B-terms as follows:

Z‘ZN (yw—vp) = Z ay (yN_yP)+ZaB (ye—p) 24
N N-Ng N
Multiple conditions Nz > 1, are applied at sub-regions or ‘patches’ of
the boundary mesh, e.g., at edges/corners etc. In the interests of read-
ability, however, let it be assumed henceforth a given cell is associated
with just a single wall value, Ny, = 1. If B follows Eq. (20), then
the boundary values and fluxes at point W are computed according
to Egs. (11) with 4 = exp(—P). Eq. (16) may be written

for = (" yp) + (" + &)y~ yp) (25)

Thus, the wall coefficient is of the form,

ap = A(g + ") (26)
For an exponential difference scheme (EDS) [17],

apg _ g exp(P)

Z =2 4p=pPp—— " 27
D g* exp(P) —1 @7

and not az = Ag because of the presence/requirement of the convective
term (in parenthesis; the first term in the flux balance, Eq. (22)).

Should a different scheme from the EDS be chosen, the wall value
prescription, Eq. (11), can be modified based on the new B (or g/g*)
distribution. Expressions for B, g/g*, and A for some popular numerical
schemes, such as the central (CDS), upwind (UDS) [27], and hybrid
(HDS) schemes [28] are presented in Table 1. Other schemes can be
considered; for instance Peri¢ [29] proposed a blended differencing
scheme, y = (1 — y)yyps + 7¥cps- Numerous higher-order schemes [30]
have been devised which trade-off between accuracy and stability, in
particular when the flow is not oriented with the mesh.
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2.8. Source term formulation

Many finite-volume codes [17], for example PHOENICS [26], do
not employ boundary meshes, but rather add a source-term, corre-
sponding loosely to a Robin (linear) condition, see Fig. 3(b). In Spald-
ing’s notation [11], the source term is composed of a source term
coefficient, C, and a value, V.!

S=C(V-yp) (28)

which mimics the missing a and yp terms, Eq. (22), above. Patankar
[17] employed a similar approach, with slightly different notation,

S =Sc+Spyp (29)
which has been widely adopted. Under the circumstances:

_ Yy anyn +CV _ YN aNYN +Sc

ap ap

ap=( QY F, |+Yay+C=| Y F, +2aN—E (63D
N N N N Sp

The user must provide both the coefficient and the value, rather than
just the boundary value.

yp (30)

2.8.1. Convective mass transfer boundary condition
From Fig. 2(a) it is seen that the total rate of mass transfer of the
transferred substance at the boundary is,

jror = Fyr = Fyp + F (yr — yp) (32)

Thus, the CMTBC boundary condition is,

C=F
(33)
V=yr
whereas in Patankar’s notation, Eq. (29),
Sp=-F
g 34
S¢c =Fyr

Egs. (33) and (34) are linear forms suitable for inflow, with F > 0,
the C-term (S, term) appears in the diagonal of the a matrix and the
CV-term (S¢ term) in the b vector, Eq. (23). For net outflow, F <0, a
fixed source S = C(V —yp) or S = Sc+.Spyp is placed on the right-side
in the b vector, Eq. (23), to conform to the rule of positive source term
coefficients [17]. One approach to achieve this is to set C = 1071°F,
and ¥V = 10'°F(yz — yp). (There is nothing special about 10%1°, Any
suitably small/large number combination may be employed.)

2.8.2. Wall boundary condition
If, instead, a wall boundary mesh is employed, Fig. 3(a),

jTOT:FyP+D<P+ f*) (yvg—vp) (35)
For an EDS
exp P
expP -1 (36)
V=yg
P
exp P G7)

S. =F—Y~
¢ expP -1 B
where from Eq. (11)

yg =exp(-P)yp + [l —exp(—P)| yr (38)

! In some works a geometric factor, G, is included, i.e., S =GC (V - y;).
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Injection or suction

Fig. 4. Idealized schematic of 2-D plane duct problem (not to scale).

0.0
Sherwood et al.
A P=-143
—0.2 P=—
° o 0
o ==2.
04
B
06— ——————
-0.8 Beae @ @——————
— Developing
— — Fully-developed

0.010 0.100 1 10 100

Fig. 5. Comparison of the results CFD calculations [3] based on the CMTBC,
with those of Sherwood et al. [34] for developing and fully-developed mass
transfer in a planar geometry. Macroscopic driving force/Spalding number, B,
is shown as a function of non-dimensional displacement, &.

The source term calculated according to Eq. (28) based on the coef-
ficients and values in Eq. (36) is identical to that based on Eq. (33),
namely, S = F(y; — yp), which is true for all consistent formulations
with non-zero coefficients, not just the exponential scheme, Eq. (20),
above. The key difference is that both the wall coefficient and value are
prescribed, rather than only the value. It is worth noting that one can
always convert a code where the BCs are prescribed as source terms,
Fig. 3(b), into the same form as Fig. 3(a), simply by adding a set of
additional set of boundary or ‘halo’ cells, Fig. 3(c), and subsequently
applying a Dirichlet condition at the nodes of the boundary cells.
Conversely, for codes like OpenFOAM where wall BCs must be prescribed,
a zero flux/gradient Neumann condition may be prescribed at the
relevant boundary patch(es), and an additional source term added.

2.9. Validation and verification

The CMTBC has been implemented by the present author and others
in several mass transfer applications, including membrane passages [3,
4], and electrocatalysis problems [31-33]. Fig. 4 is a schematic of
a simple plane duct. Fig. 5 shows a comparison of CFD calculations
based on the CMTBC [3], with those of Sherwood et al. [34]. Results
are presented in terms of a macroscopic Spalding number, B, versus
non-dimensional distance, & = 4U P2 /3U, D,,, for developing and fully-
developed regimes. It can be seen that for developing mass transfer,
agreement between the CMTBC results and the calculations of Sher-
wood et al. [34] is good. For strong suction, P = —14.8 and B — —1,
fully-developed conditions may not be reached before all the permeate
is extracted and yz — 0. These results show that the CMTBC, Eq. (8),
coded via Egs. (33)/(34), generates reliable data when compared to
independently obtained results.



Exact solution, B = exp(P) — 1
=== (i) CDS, B=1/(1 -P/2)
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Cell Péclet number, P

Fig. 6. Low mass transfer. Left ordinate (black lines): Cell Spalding number, B,
for various approximations. Right ordinate (red lines): cell weighting factor, A.
(For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

3. Popular cell level schemes
3.1. Low mass transfer rates: |P| < 1

Numerical integration schemes generally do not employ exponential
terms, because of computational expense, and moreover the EDS is only
exact for a 1-D constant property solution. Mass transfer problems often
involve injection/suction to flowing fluids at very low transfer rates,
corresponding to |P| <« 1. The exact/exponential difference scheme
(EDS) Eq. (20), may be replaced by a simple linear expression, for
example:

(i) The function g/g*, Eq. (21), may be expanded in a Taylor series,
g/g* = 1-P/2 (+P%/12+-.-) and truncated at O(P2), consistent
with a central difference scheme (CDS). The Spalding number is
given in Table 1 as B = P/(1 — P/2), and yp calculated from
Eq. (11) with A= (1 - P/2)/(1 + P/2) in place of A = exp(—P).

(ii) Another approximation is to expand B = P (+P2/2+ --), so that
A = 1/(1 + P) in Eq. (11). This approximation is commonly-
made for low rate problems [18]. The physical interpretation
is of convection and diffusion ‘resistances in series’. Note that
while D is always positive F is not. For the case, yp ~ 0, y; = 1,
" =g(yg — yp)-

(iii) Alternatively expand A with exp(-P) as 1 — P, so that B =
P/(1-P).

Cases (i)—(iii) are compared graphically with the EDS in Fig. 6.
Case (i), CDS, agrees well with the exponential solution with B values
slightly lower for P < 0 and higher for P > 0. For case (ii) values are
lower for all P whereas for (iii) they are significant higher than the
exponential solution. All cases are identical in the limit P — 0, B — P.
The reader will note that for P # 0 the deviations between the exact 1-D
EDS solution and case (ii), the linearized formula B = P, which enjoys
widespread use in low-rate mass transfer theory [18], are greater than
for the CDS. Case (iii) is not generally employed.

For the filtration example, Fig. 4, the maximum macroscopic Péclet
number based on channel width H is P = —14.8, the minus sign
indicating suction. The cell Péclet number is just P = (H/6)P. For the
mesh employed in ref [3], §/H is less than 0.001, i.e., B is very small.
In general when fine meshes are concentrated near walls, a low mass
transfer rate can be safely assumed. However, at the inlet to a turbulent
flow problem, one can anticipate Reynolds number to be O(10°) and
|P| > 1 may be encountered.
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3.2. High rate mass transfer

Fig. 7 (left side, black), is a plot of cell Spalding number, B, as
a function of cell Péclet number, P, for various schemes. Values of
the weighting function, A, are displayed on the right side, in red. Fig.
8 shows the normalized diffusion coefficient, g/g*, (similar to that
shown in Fig. 5.4 and 5.6 in [17]). Also shown is the wall coefficient,
ag/D = g/g* + P. Algebraic expressions are given in Table 1. It is seen
from Fig. 7 that the exact EDS ranges from B = —1 as P —» —oo, to
B = +o0, as P —» +o0. None of the other schemes displayed, namely
upwind/central/hybrid difference schemes (henceforth referred to as
UDS, CDS, HDS) agree particularly well with the EDS. This has nothing
to do with the mesh orientation being at an angle to the flow, as
is typically considered with investigations on so-called ‘higher-order
schemes’, [30,35,36] but rather the UDS, CDS, HDS etc. are simply poor
approximations.

The UDS overpredicts B for P < 0 and underpredicts for P > 0,
in comparison to the EDS. Comparison of the UDS values in Table 1
and the results of Fig. 6 (low mass flow) reveals the B-profile based
on the UDS scheme is the same as case (ii) B = P for P > 0 and
case (iii) B = P/(1 — P) for P < 0. The HDS and CDS are identical for
—2 < P < 2. The HDS/CDS underpredict B for P < 0 and overpredict for
P > 0, but display somewhat better agreement with the EDS than the
UDS, at least in the range —2 < P < 1, with errors in B accumulating
as P — 2, B— o according to the HDS/CDS, whereas for the EDS
B = exp(2) — 1 = 6.39, is always finite, and continues to increase for
P > 2. The corresponding value of g/g* = 2/(exp(2) — 1) = 0.31, is
shown in Fig. 8, whereas g/g* = 0 according to the HDS/CDS at P = 2.
This means the linear coefficient, ap, has no component due to diffusion
with ap = F. Values of B for the CDS with P > 2 are actually negative,
implying counter-gradient diffusion, i.e., not physically realistic. Also
for the CDS, values of P < 2 generate B < —1, which is also not realistic.

Values of the weighting function, 4, mirror the B-distribution, but
with 4 ranging from O to 1 for positive values of P, and from 1 to oo
for negative P-values. It can be seen that as P — 0, 4 — 1, so that from
Eq. (11) yg — yp i.e, is independent of y,. For the HDS; computed
values of y based on A, Eq. (11), will exhibit large deviations from the
EDS around P = 2, see Fig. 7. With P < -2, A = co and with P > +2,
A=0.

For negative P; g/g* > 1 indicates that the mass transfer con-
ductance increases for suction (outflow) and conversely for P > 0;
decreases for injection (inflow). Normalized values of the wall coef-
ficient, ag/D = g/g* + P, indicate the influence of the upstream wall
value to be large for blowing (P > 0) and negligibly small for strong
suction (P < 0).

The HDS fixes B = —1 for P < -2, which completely cuts out
all diffusion for suction (outflow) with ap = 0. This means that mass
transfer at the boundary will be completely cut-off, if a wall value
prescription rather than the CMTBC is employed. No matter what
boundary value, yg, is prescribed, it will have no influence on the
interior value, yp. For high-mass transfer suction, the wall approach
will fail to capture boundary mass transport. The CMTBC prescription
does not suffer from this defect. The HDS has been the subject of
criticism [35,36] for reasons aside from mass transfer limits. Diffusion
at the boundary is also cut-off for injection/blowing at the boundary
with ag = A", i.e., transport by convection, alone; the coefficient is
the same as the CMTBC but the value is the wall value, which is clearly
incorrect, since y # y; as implied by the incorrect identity B = o for
P =+2.

3.3. Other schemes
It is seen that the basic schemes (CDS, UDS, HDS etc.) differ

substantially from the exact EDS for steady 1-D mass transfer. Higher-
order convection schemes, such as the Quadratic-Upwind Interpolation
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Fig. 7. High mass transfer. Left ordinate (black curves): Cell Spalding number,
B. Right ordinate (red curves): cell weighting factor, 4. In therange -2 < P <2
the central-difference and the hybrid schemes are identical. (For interpretation
of the references to color in this figure legend, the reader is referred to the
web version of this article.)
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Fig. 8. Left ordinate (black curves): Normalized cell diffusion conductance,
g/g*. Right ordinate (red curves): Normalized total coefficient, az/D = g/g* +
P. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

scheme for Convective Kinematics (QUICK) [37], Total-Variation Di-
minishing (TVD) schemes [38], Monotonic UpStream-Centered
Schemes for Conservation Laws (MUSCL) [39], and blended schemes
[29] all enjoy widespread application as alternatives to the basic
schemes presented here. These are generally concerned with mini-
mizing numerical diffusion, e.g., when the flow and the mesh are
misaligned. The general trade-off is between stability/boundedness and
resolution. Waterson and Deconinck [30] discuss the relative merits of
many such schemes.

Higher order convection schemes are not generally devised with
actual/true diffusion, in particular at boundaries, in mind. Accuracy of
the Spalding number, B, vs. Péclet number, P, profile is not generally
considered. A complete set of cases corresponding to Figs. 7-8 for
higher-order schemes would prove meritorious, as would efforts to
devise further 2-D and 3-D convection—diffusion benchmarks compared
to the idealized 1-D formulation given here. Table 1 is thus to be
considered a first step in that direction, based on the most basic
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Table 1
Spalding number, B, normalized conductance, g/g*, and weighting function,
A

Exponential ~ Upwind Central  Hybrid
(EDS) (UDS) (CDS) (HDS)
o0 if P>2
P if P>0 P P .
_ = _£ f-2<P<2
B expb-l P/1-P) ifP<0 T-Pp 1-pp =S
-1 if P< =2
. 0 ifP>2
g/g* P/lexpP—1) i_P gﬁig 1-P/2 1-P/2 if-2<P<2
-P if P<-2
0 ifP>2
1/(P+1) ifP>0 1-P/2 1-P/2
-P —_— f-2<P<2
Ao R 1-P iftP<0 1+Pp2 1+pPj2 = =S
-0 if P<-2
L
y sampled
\ L/2 H here
U,, Inlet f — Outlet
ym—>HIIIIIIIIIIIIIIIIIIIII‘*’I—>

Ug, y. Injection or
T suction

Fig. 9. Schematic of 1+1D T-branch problem.

schemes. Nevertheless, if the CMTBC rather than a wall value prescrip-
tion is selected; regardless of the chosen numerical scheme, the correct
source at the boundary will be applied. Conversely; when a wall value
is calculated or prescribed during the computational procedure, it is
important that the extrapolation method be consistent with the scheme
employed. The matter is discussed further below.

4. Error analysis
4.1. Illustrative 1+1D problem

The importance of suitable implementation of mass transfer BCs is
further illustrated with a simple 1+1D numerical benchmark. Consider
the geometry shown in Fig. 9 where the main flow in the streamwise
direction is augmented by mass transfer (injection/extraction) in a lat-
eral branch across a small fraction of the boundary, thereby facilitating
large P values to be attained, while ensuring that 0 < yp <1 for all
values of Ug. A mesh of 20 x 1 x 1 cells is selected with an inlet mass
fraction of y;, = 0.5. The procedure is as follows:

(i) The CMTBC, Eq. (8), was implemented with S = F (yp — yp)
with the coefficient based on the convection flux, C = ApUp,
Eq. (33), or Sp = —ApUg, S = ApUgyr, Eq. (34).

(i) A wall value for y; was computed according to Eq. (11), with
4 = exp(—P). The coefficient was then computed from g/g* + P
according to the EDS, UDS, CDS, HDS, but the same exponential
YB-

(iii) Both the wall values of y as well as the coefficients, were varied
in pairs, according to the EDS, UDS, CDS, HDS, see Table 1.

The finite-volume computer code PHOENICS [26] was employed.
Similar results were obtained in comparisons of PHOENICS with the
open source code OpenFOAM. A hybrid-scheme was employed for
interior values. The error between the cases is tabulated as;

_ Yscheme ~ Yin (39)

YeMtBC ~ Vin
where ycyrpe is the downstream value of y for case (i) above, and
Yscheme 1S the downstream value for the cases (ii) and (iii), i.e., ygpg,
Yupss Ycpss YHDS*
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Fig. 10. Error, ¢, in downstream mass fraction, for wall formulations com-
pared to the CMTBC approach. The coefficient is varied, but the wall value is
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Fig. 11. Error, ¢, in downstream mass fraction, for wall formulations com-
pared to the CMTBC approach. The source term coefficient and value are both
computed according to the same scheme.

Fig. 10 shows the normalized deviation from the CMTBC solution,
Eq. (39), for each of the schemes given in Table 1, for case (ii). It can
be seen that agreement between the exponential wall and the CMTBC
formulation is exact, with ¢ = 1, for all values of the Péclet number,
P. The same cannot, however, be said for the other schemes. This is
because the wall coefficient and value are not computed in a mutually
consistent manner. The boundary coefficients are computed as C =
A(g + "), see Fig. 8. The larger coefficients noted for the UDS ensure
that the in-cell mass fraction is closer to the boundary/wall value,
thereby resulting in ¢ > 1, i.e., an overprediction of diffusion effects.
Conversely for the CDS and HDS, the boundary coefficients are less than
for the EDS, resulting in values of ¢ < 1. For P < -2 the HDS cuts out
diffusion entirely. For P < —2 the CDS generates negative coefficients
(Fig. 8) with meaningless results. This demonstrates the errors that can
arise when the user specifies a wall value but the boundary coefficient
is computed internally.

These errors do not arise if the boundary value is also computed
using the same scheme, as the source term coefficient. This is true even
if the boundary formulation differs from the scheme used for interior
cells. Fig. 11 shows the errors, for this set of cases. With few exceptions,
e = 1. Exceptions are seen to be the HDS for P < -2 and CDS for
P = -2, depending on how floating point errors are error trapped. The
source term coefficients are C = 0 for P = -2 (CDS), and for P < -2
(HDS). Otherwise, for all other cases, the wall formulation generates the
same boundary source term as the CMTBC formulation in the converged
state.
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Fig. 13. Residuals for mass fraction, normalized with respect to a reference
of 10710 for values obtained using the CMTBC and a wall formulation.

In conclusion, the user needs to be aware that if they change the
numerical scheme employed internally in commercial or open source
CFD codes where a wall value must be prescribed, case Fig. 3(a) at
run-time, then they must also change the boundary value computation,
in a consistent manner. In particular, if a linear relationship, B = P, is
used to compute yp, errors will arise for all but the smallest of P-values.
It is always safer to employ the CMTBC in the form of Eq. (8).

One minor advantage of the wall prescription is the fact that most
schemes, other than the CDS/UDS, ensure positive source term coef-
ficients (negative in Patankar’s notation), and may therefore be used
to linearize the source term for suction, P < 0, with potential speed-
up of convergence. However, this apparent advantage is offset by the
need to repeatedly iterate on the wall value, thereby slowing conver-
gence, as shown below. When employing the T-state boundary value;
linearization is possible for inflow, P > 0, however for outflow, P < 0,
convergence is assured if a fixed rather than a linearized source term
is employed, obviating negative terms in the matrix equation, Eq. (23).

4.2. Spot values and convergence history for plane duct problem

Figs. 12 and 13 show spot values and residuals for a case similar to
the problem shown in Fig. 5. A constant mass transfer BC is coded as:

(a) The CMTBC, Eq. (8), and
(b) A wall boundary approach with an exponential formulation.

A mesh size of 40 x 40 x 1 was employed. The initial field, and
upstream BC mass fraction values were presumed to be y = 0.5. Inlet
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velocities were prescribed according to the Berman profiles [3,40].
Identical results are obtained in terms of converged spot values for
both injection and suction. If a wall value is coded ap (or C) is always
positive, however it is very small for negative P (suction/outflow), so
that the wall term is small compared to neighbor terms. Spot value
convergence is more rapid for the CMTBC than for the wall BC. The
improvement is less significant for suction, though it can be seen that
the residuals are substantially lower for the CMTBC than the wall ap-
proach. The wall values and coefficients change and require iteration,
whereas for the CMTBC these are fixed. Conventional wisdom is that
C should be positive in Eq. (28), i.e., S, negative in Eq. (29) [17]. For
P < 0, the source term should be coded as fixed flux (Neumann), i.e., in
the b vector in Eq. (23) to satisfy Scarborough’s criterion [41], |ap| >
>~ lay|, which is generally regarded as a rule-of-thumb; sufficient but
not necessary. For values of |P| < 1, the linear form of Egs. (28) (29)
still results in convergence even if .Sp is positive, when P < 0 (outflow).
It is to be noted that for negative P, large negative values of C or
large positive values of ap do not in general arise, i.e., the boundary
term is always smaller in magnitude than at least one other term in the
finite-volume equation. Regardless, the CMTBC formulation exhibits a
performance improvement in terms of convergence, as compared with
the wall value formulation.

Of course cases will arise, e.g., in membrane technology and/or
where chemical reactions are involved, where the mass flux is a func-
tion of the local concentrations, and iteration will then be required
with the CMTBC formulation. The precise convergence history will
depend on the details of how the a-matrix, Eq. (23), is assembled and
exactly when the BCs are updated, which will vary from code-to-code.
Nevertheless, the above calculations indicate the efficacy of the CMTBC
approach, when compared to a wall-based approach.

5. General nature of the convective mass transfer boundary con-
dition

5.1. Inlets, outlets and walls

Inlets, outlets and solid walls may all be considered to be particular
instances of the CMTBC; not only for mass fraction, y, but for any
generic scalar, ¢, as variable; for example temperature, T, and even
velocity.

5.1.1. Inlets

As P> 1, B > o, yg — yr, (upwind dominance) i.e., an inlet
condition. Under the circumstances y; is just the upstream value of y.
The inlet condition encountered in CFD is just the same as the CMTBC.

5.1.2. Outlets

For P <« -1, B —» —1 so that yg — yp, S — 0, for an outlet. The
latter is often referred to, in a somewhat cavalier manner, as a ‘zero
gradient condition’. For the wall formulation, there are two distinct
reasons why S = 0; (i) when the values are equal, yz = yp, and (ii)
the source term coefficient, C or Sp, is very small for large negative
values of P, see Egs. (36)-(37). For both cases the CMTBC downstream
value is just y; = yp. While the coefficient in a wall formulation can
be very small, if it is zero, as previously discussed, relative mass fluxes
cannot be captured at outlets. A mass-transfer outflow BC differs from
the common fluid flow outlet, if the boundary is selective to the efflux
of different species: The gradients and relative fluxes, are non-zero. A
‘filtering’ or ‘sifting’ of species occurs with holdback of the retained
species.
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5.1.3. Walls

A wall is the limiting condition as '’ — 0 for injection or suction.
To prescribe a constant wall flux boundary (Neumann) condition, j”,
simply fix S = Aj”. To prescribe this as the limit of a linear (Robin)
condition, set C = 10714 and ¥ = 10'%;” in Eq. (28), or S = j", Sp =
—10710 in Eq. (29). (N.B.: Any suitable pair of small/large numbers may
be selected). A wall gradient, d¢/dn = —j” /T, rather than a flux, may
be similarly prescribed.

For constant wall value (Dirichlet condition); with |P| <« 1, going
to the limit |P| - 0, B ~ P and,
Yp—Yp _YB—Vp

P P
assuming some suitably small value for /" . It immediately follows from
Eq. (8) that jz" — (I'/8) (yg — yp) which is the usual laminar-type BC,
in the absence of injection/suction at the wall. Assuming F = 10710
and C = 10719, ¥ = 10"1°D (yg — yp). In Patankar’s notation this
corresponds to Sc = D (yp — yp) and Sp = —10'.

For a heterogeneous chemical reaction, such as catalysis where
yr — oo as m” — 0, but the individual iz, # 0.

lim P - 0 (40)

yr=yp+

Reactants Products

> aR > Y bP (41)

i J
where q;, b; are the stoichiometric coefficients for reactants R; and
products P;. The T-state values for individual reactants/products are
easily computed from the products of the stoichiometric coefficients
and molar masses of the components. If the mass flux of reactant i may
be written,

Reactants
W =—k; H y;’ (42)
J

where k; is the reaction rate for species /, and y; are the reactant orders.
Then the boundary value would be prescribed, as above, by setting
j!" = g*(yp — yp). This again may be achieved by setting C = 107104
and V = 10+1%/". Similar treatment may be accorded to products. Of
course any suitable kinetic expression may be substituted for Eq. (42).
If, however " # 0, see Fig. 2(c), then the CMTBC may be applied
directly.

5.2. Boundedness and limiting flux

It is important to appreciate that yp is not necessarily bounded by
yp and y;, depending on the value of y;, U, and yp. For injection of
a single pure substance U > 0, y; = 1 and yp < yp < yr (bounded),
however for suction U < 0, yp = 1, but yg < yp < yr (not bounded).
This is indicated by values of the weighting factor, 4; For P > 0,
0 < 4 <1 whereas for P <0, 1> 1.

The situation is further complicated by the fact that y, is not
confined to the range (0, 1). However, in general, if P > 0, then B > 0
and yj is bounded by y; and yp, however if P < 1, it no longer is. yp
must, of course, always lie in the range (0, 1). Conversely y; frequently
does not represent an actual mass fraction value; rather if i’ [kg/m?]
total mass is added or removed then rir’ y; [kg/m?] of the transferred
species is added or removed, i.e., the individual fluxes are correct.

For suction, P < 0, a limiting mass flux, or velocity, Uy, is obtained
when yp = 0 and By, = —yp/yr and hence from Eq. (20) Py, =
In(1-yp/yr). If |y,/yr| < 1 then the further simplification P, =
—yp/yr can be made. This provides a limit on the boundary coefficient
to prevent internal field values of y from becoming zero or negative. It
is frequently not necessary to code such a limit explicitly, for example
for the heterogeneous chemical reaction, Eq. (42), the mass flux/wall
velocity will automatically go to zero as the concentration/mass frac-
tion diminishes. Similarly in an osmotic membrane, the wall velocity is
not constant but rather given by,

Uy = L,(4p — AIl) (43)

where L, is the membrane permeability, 4p is the pressure difference
across the membrane and the osmotic pressure, I7, is a function of the
local mass fraction, I1(yg), computed by means of Eq. (11).
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5.3. Maxwell-Stefan equations

The CMTBC formulation, Eq. (8), is not restricted to problems where
the binary or ‘mixture’ [42], form of Fick’s law is applicable. One can
still set j,” = " (y;r —y;) on 02 when Fick’s law does not apply
within Q; for example situations where it is required to invert the
Maxwell-Stefan equation [14] to obtain the generalized Fick’s law for
the diffusion fluxes,

== I,;Vy inQ
i#]

(44)

or any other suitable constitutive closure scheme. The CMTBC is quite
general. Conversely, the fixed wall value approach, above, is based on
a 1-D Fick’s law and the wall value must be treated consistently with
Eq. (44).

5.4. Heat transfer

Heat transfer BCs may be similarly formulated by replacing y by
enthalpy, h, or temperature, 7. The heat added is ¢” = m" hp [19],
with

(45)

or ¢" = " cp Ty where Ty = Tg—gy, /" cp, provided the Lewis number,
Le = 1. The analogue of Eq. (25) is then Fhy = Fhp+F (hy — hp). 4},
is external heat added, e.g., by conduction and/or radiation. Another
type of heat source to consider would be reversible and irreversible
entropy changes associated with heterogeneous chemical reactions at
the surface of the wall.

For "’ = 0, if the external heat is supplied/removed according to
dy, = a(Ty — Tp), the quantity « supplants pU in Eq. (19), with T (or
h) replacing y as the dependent variable. Therefore the results of Table
1 remain in effect; with P = 0, the wall value, T}, is just the harmonic
average of Tp and T} (which in this case is the exterior or ambient
temperature), i.e., Ty = ATp + (1 — )Ty, where A = 1/(1 + a6/k) which
is just the analog of Section 3.1, case(ii), with the internal and external
‘resistances in series’.

In many combined heat and mass transfer problems, the rate of
mass transfer, rr’”’, is not known, a priori, but is determined from a heat
balance, " = a By, where By = (hp—hg)/(hg—hy) or (Tp—Tg)/(Tg—
Tr) is the Spalding number/driving force for heat transfer. A well-
known phase change example would be evaporation/condensation: The
heat flux is, ¢"" = " hy + a, (T, — Tp) = " h; + a;(T; - Tg). The mass flux
is obtained as, m' = lay(T, — Tp) + o,(T; — T)1/hy,, Ty is the interfacial
temperature between the two phases and £, is latent heat. This mass
flux may then be substituted as the unknown convection coefficient, F,
in the corresponding species equation(s).

5.5. Momentum transfer

The boundary term is F (Uy — Up), where Uy is a ‘far-field’ velocity.
F is proportional to the normal velocity, i.e., the BC is quadratic in
nature. For a highly permeable boundary, the tangential component of
the wall value, Ug, will be non-zero in magnitude, requiring an ‘exter-
nal’ calculation similar to that described for the conjugate heat transfer
problem in Section 5.4. For low permeability boundaries, even if the
tangential wall velocity is zero, normal mass transfer will still affect the
shear flow. The analogy between fluid friction and heat/transfer may
be exploited as follows: For mass transfer, the normalized conductance,
g/g* changes as a function of P, see Fig. 8. The normalized cell
friction, z/7* behaves in a similar manner, i.e., increases for suction
and decreases for injection, according to Eq. (21), but substituting a
‘cell Reynolds number’, R = pUgé/u for the cell Péclet number, P. This
defaults to a laminar wall boundary condition, in the limit m” — 0.
Space constraints limit discussion of this important subject.

10
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5.6. Turbulent reacting flow

Reactive mass transfer problems are readily amenable to the method
described in this paper: The boundary conditions associated with het-
erogeneous surface reactions, e.g., chemical catalysis, were already
introduced in Section 5.1.3. Volumetric reactions result in correspond-
ing volumetric source terms, "'y (i.e., r}""), appearing on the right
side of Eq. (5). This may then be conveniently written in terms of the
driving force/Spalding number as, "’ = y B, where y is a ‘volumetric
mass transfer coefficient’. For single-phase fluids, the sum of these
terms is zero, whereas for multi-phase problems, such as combustion
of liquid droplets, it is non-zero.

Turbulence in fluid mechanics has been treated in a variety of
manners; from 1 and 2 equation models based on the concept of a
turbulent viscosity, with or without wall functions, to more complex
algebraic and Reynolds stress models, large-eddy simulations and direct
numerical simulations. While turbulence fundamentally changes the
nature of the fluid mechanics problem, the boundary conditions as
defined in Eq. (8) remain valid.

6. Conclusions

A consolidated theorem for the convective mass transfer bound-
ary condition in the species transport equations was presented. The
problem may be posed in terms of a linear boundary condition with
the mixture mass flux, F, the linear coefficient and the transferred
substance state, yr, as the boundary value so that Sp = —F and S; =
Fyr. It was shown that the basic fluid BCs may be loosely considered to
be specific instances of this general formulation. The CMTBC is coded
as a Robin condition for inflow and a Neumann condition for outflow.
Alternatively, if the boundary value problem is posed in terms of a wall
value, provided the internal algorithm is used consistently to compute
the wall value and boundary coefficient, then the boundary prescription
may be coded as a Robin condition, and is identical to the CMTBC based
on the T-state in the converged form. However, the wall calculation
procedure is more complex.

If the numerical scheme has a diffusion cut-off limit, as is the case
with the HDS, and other schemes; erroneous values can result for
suction, for P < —2. Cut-off is not, however, a problem, even when a
HDS is employed internally within the interior of the domain, provided
the CMTBC is employed.

One scheme that was not illustrated here was the power law differ-
ence scheme (PDS), Patankar [17]. This is virtually indistinguishable
from the exact/EDS for values of B, g/g* etc., over a very wide range
of P, and is therefore eminently suitable for mass transfer analysis.
However it does not enjoy widespread use, and moreover suffers from
the same problem as the HDS, namely that diffusion is cut-off, albeit at
a very much larger magnitude, namely, for P < —10. In view of the
demonstrated poor agreement between existing schemes (UDS, CDS,
HDS) in terms of B vs. P, further consideration of the PDS should
perhaps be considered.

A significant disadvantage of prescribing wall values instead of the
CMTBC is that wall values are not constant and must be computed
iteratively as a function of the local in-cell values, yp, during the
computational cycle. Moreover, wall-based schemes will introduce in-
terpolation errors in yg, and this is important in osmotic membranes
and heterogeneous reactors where the convection flux is a function
of wall concentration. These errors are readily apparent from the
discrepancies in 4, from Fig. 7. For these reasons, it is suggested that
the CMTBC formulation be adopted in mass transfer problems involving
filtration, chemical reactions, and other applications.

It is, in general, quite simple to program the CMTBC; for codes
where a wall value/gradient must be prescribed: By first setting a zero
gradient condition at the default boundary patches, and then introduc-
ing an additional BC in the form of a linearized source according to
Eq. (28) or (29).

Specific conclusions/recommendations to be drawn from this study
then, are as follows:
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The transferred substance state provides a convenient form for the
prescription of the CMTBC as a Robin (linearized) BC for inflow,
and a Neumann condition for outflow.

Conventional inlets, outlets, and walls may all be considered to
be specific instances of the CMTBC.

In low flow rate mass transfer theory, the common prescription,
B = P, could more accurately be replaced by B = P/(1 — P/2).
If it is required that a wall BC must be implemented rather than
the CMTBC, both the coefficient and value must be computed
consistently using the same scheme. The wall values need to be
updated repeatedly during the iteration cycle.

For codes of the type shown in Fig. 3(a), the scheme used to
compute the wall value must be the same as used for interior cells,
however for the type shown in Fig. 3(b), this is not necessary.

A constant B is indicative of a generic fully-developed condition,
with constant value and constant flux as the two limits.
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Appendix. Comparison with Patankar approach

The book by Patankar [17] contains a detailed discussion of the
finite volume method in the context of fluid flow and heat transfer,
but does not dwell on mass transfer issues. It is shown below that
the present work is entirely equivalent to the derivation in [17]. The
amount of mass of the species of interest that is transferred by diffusion
at W is

j=F (YT - J’B) A1

The reader will note that this form is similar-to, but not the same as
Egs. (28) (29). Rearranging;

F PD

= - A2
exp P exp P A-2)

J (yr—yp) = (yT—yp)

This is the form required to prescribe the wall flux or gradient in
the linear algebraic equations, Eq. (22). The reader will note that by
substituting for yp from Eq. (10), the following form [17] is obtained;

F

j= —— A3
J exp P—1 (A-3)

(v8 = »p)

However, if yp is not known, a priori, Eq. (A.2) is the preferred form. In
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order to compare the present results with the derivation of Patankar;
from Egs. (10)-(20) it is seen that y; is given by,

yg — Vp exp(P)

T -1 P e -1 o

Yr =Y (yB - yP)

so that from Eq. (25)

exp P

: (yB—yp)>=F<yp+

iror = F ( yg + ————
Jrot (yB expP —1

1 (vp —VP)>

exp P —
(A.5)
The reader can verify that Eq. (A.5) corresponds precisely to Eq. (5.24)

in the book by Patankar [17] (see also Eq. 5.26b). Comparing Egs. (25)
and (A.5)

exp P
F(yr—yp) =Fexpf+—l (v —yp) =an (yx —¥p) (A.6)
B _p PP _ 8 p (A7)

D expP -1 g*
The first term, g/g* on the right-hand side of Eq. (A.7) may be con-
sidered as the diffusive contribution to the total flux, with the second
term, P, the convective component.

Since from Eq. (8) it is apparent that j, " =
"

44 (yT - yB), ie.,
jw"" =" (yp — yp) / expP and the explicit Neumann form of the BC
with 4 = exp(—P) is recovered.

Nomenclature

English

D Diffusivity, m?/s

g’ Heat flux, W/(m? s)

' Overall/mixture mass flux, kg/(m? s)
! Species i mass flux, kg/(m? s)

a Matrix of coefficients

b Source-term vector

y Mass fraction vector

i Unit outward normal

A Area, m?2

a Coefficient in finite-volume equations
a; Reaction stoichiometric coefficient

b; Product stoichiometric coefficient

C Source-term coefficient in finite-volume equations
cp Specific heat, J/(kg K)

D Diffusion coefficient, kg/s

F Convection coefficient, kg/s

g Mass transfer coefficient, kg/(m? s)
H Duct wall to centerline distance, m

h Enthalpy, J/kg

j,.” Diffusive flux of species i, kg/(m? s)
Ji Diffusive transport of species i, kg/s
Hor Total flux, kg/(m? s)

Jror Total transport, kg/s

k Thermal conductivity, W/(m K)

k; Reaction rate, kg/(m? s)

L, Hydraulic permeability, m/(Pa s)

Np Number of boundaries at patch

p Pressure, Pa
S Source term
T Temperature, K



tm-e_;‘:»&ﬁﬁm%&

a9 >®

Subscript

NNz T T DR W

T0T

Time, s

Mixture velocity, m/s

Species i velocity, m/s

Source-term value in finite-volume equations
Mass fraction, kg/kg

Heat transfer coefficient, W/m?2 K

Cell node-to-wall distance, m

Error

Exchange coefficient, kg/(m s)
Constant in blended difference schemes
Volumetric mass transfer coefficient, kg/(m? s)
Weighting function

Dynamic viscosity, Pa s

Species reaction order

General scalar

Osmotic pressure, Pa

Mixture density, kg/m?3

Partial density, kg/m?

Shear stress, N/m?

Boundary

Gas

Heat transfer

Species i

Liquid

Neighbor value

Nodal value

Transferred substance state
Total (convective+diffusive)

Non-dimensional numbers

P Cell Péclet number, "’ /g*

B Macroscopic Spalding number, (y — yy,)/ vy — yr)

P Macroscopic Péclet number, Re - Sc

& Normalized displacement, y/ H

B Cell Spalding number, (y — yg)/(yg — y7)

b Blowing parameter, pUyg/g*

¢ Friction coefficient, 7y, / %pU2

Le Lewis number, k/(cpI")

R Cell Reynolds number, pUgé/u

£ Non-dimensional distance, % UTW = P?

Superscript

m Per unit volume

" Per unit area

! Per unit length

. Per unit time

0 Reference state

Abbreviations

BC Boundary condition

CDS Central difference scheme

CFD Computational fluid dynamics

CMTBC  Convective mass transfer boundary condition

EDS Exponential difference scheme

HDS Hybrid difference scheme

MUSCL Monotonic Upstream-centered scheme for Conservation
Laws

PDS Power law difference scheme

QUICK Quadratic-Upwind Interpolation scheme for Convective
Kinematics

TVD Total-Variation diminishing

UDS Upwind difference scheme
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