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Abstract

This work presents the development and critical evaulation of a computational frame-
work for modeling neutron scattering on mosaic crystals, with particular focus on
applications to phase-space transformation (PST) choppers in backscattering spectrom-
eters such as SPHERES at FRM II [1]. The formalism builds on the construction of
Bragg matrices, which describe scattering probabilites on a discretized angular grid,
and extends it to account for tilted crystals and multi crystal stack configurations, from
an existing formalism and implementation for single crystals [2].

The tilted crystal formulation is verified by analyzing the deflection and azimuthal-
shift functions, confirming their correct implementation in the angular grid. However,
the construction of the Bragg matrix for tilted crystals reveals duplicate entries that
violate probability conservation, leading to unphysical attenuation and unreliable
reflectivity curves. These inconsistencies are shown to originate from implementation
issues rather than the theoretical framework itself, highlighting the need for refinement
of the reflection kernel and binning methods.

A stack model for multiple crystals is also introduced to capture transmission and
reflection through layered systems. While the model ensures partial flux continuity
via coupling vectors, the absence of a proper reflection-coupling element prevents the
recovery of backward-propagating flux, resulting in incomplete reflectivity and trans-
mission data. This limitation underscores the importance of incorporating interfacial
reflection to achieve a consistent multi-crystal description.

The results establish both the strengths and current shortcomings of the framework.
On the one hand, the model successfully reproduces angularly resolved scattering
distributions and captures the expected shifts of Bragg conditions under crystal tilting.
On the other, implementation-level errors hinder probability conservation, and the lack
of reflection coupling restricts the applicability to realistic multi-layer systems.

Outlook is given toward refining the Bragg matrix construction for tilted crystals,
introducing reflection coupling into the stack model, and unifying the two approaches
into a single framework capable of simulating a static PST chopper. This would
form the basis for future simulations of a rotating PST chopper, thereby bridging
the gap between theoretical modeling and experimental implementation in neutron
backscattering spectroscopy.
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1 Introduction

Neutron scattering is an essential tool in the study of material dynamics, offering
unique insights that are often inaccessible through other experimental techniques. Neu-
trons, being electrically neutral, can penetrate deep into matter without significantly
disturbing the sample, making them ideal for probing bulk properties. Their wave-
length and energy scales are well-matched to atomic and molecular motions, allowing
precise investigation of structural and dynamical phenomena. Neutron backscattering
spectroscopy, in particular enables the measurement of extremely small energy trans-
fers with high resolution, making it invaluable for studying slow dynamics such as
diffusive motion, molecular rotations, and low-energy excitations in solids and liquids
[3, 4, 5, 6, 7, 8, 9, 10]. These capabilities are especially crucial in fields such as soft
matter physics, solid-state ionics, and materials chemistry, where understanding the
microscopic dynamics is key to advancing applications in batteries, fuel cells , and
polymers [11, 12, 13].

Neutrons for research purposes are typically generated either in low-enriched ura-
nium reactors or with other processes, with their energies subsequently moderated
using materials such as water, beryllium, or graphite to achieve thermal, cold, or
ultracold neutron regimes. The energy and velocity of neutrons determine their classifi-
cation, while their de Bronglie wavelength enables wave-like interactions with matter,
forming the basis of diffraction experiments. Elastic neutron scattering, exemplified by
neutron diffraction and reflectometry, preserves the neutron’s energy while providing
high-resolution structural information. Compared to X-ray diffraction, neutrons offer
advantages such as sensitivity to light elements, specially to hydrogen, and the ability
to probe larger scattering angles, though larger sample sizes are typically required.
In contrast, inelastic neutron scattering involves energy transfer between neutrons
and the sample, providing spectroscopic insight into atomic and molecular dynamics.
Techniques include time-of-flight scattering, neutron backscattering, neutron spin echo,
and triple-axis spectrometry, enabling studies of phonons, molecular reorientations, and
diffusive processes with energy resolutions ranging from milli- to nanoelectron-volts.
These methods have become fundamental in condensed matter physics, a significance
recognized by the 1994 Nobel Prize awarded to Shull and Brockhouse for their pioneer-
ing development of neutron diffraction and spectroscopy techniques [14].

In earlier designs, neutron backscattering spectrometers typically employed a straight-
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1 Introduction

forward configuration of stationary monochromators and analyzer crystals, combined
with a mechanical Doppler drive for energy scanning. In such systems, the incoming
neutron beam is directed onto a monochromator crystal, which, through Bragg reflec-
tion at angles close to 90◦ (the so-called backscattering geometry), selects neutrons with
an extremely narrow energy distribution. These monochromated neutrons interact with
the sample, where inelastic scattering processes induce slight energy changes corre-
sponding to atomic or molecular motions. The scattered neutrons are then analyzed by
a second crystal, also positioned in near-backscattering geometry, ensuring that only
neutrons with energies nearly identical to the incident ones are reflected toward the
detector. To probe a small energy range around the nominal energy, the spectrometer
employs a Doppler-driven monochromator or alternatively, controlled motion of the
sample, thereby introducing a well-defined energy shift in the incident neutrons. By
recording the neutron intensity as a function of this energy shift, the spectrometer
produces the energy spectrum of the sample, revealing the dynamical properties at the
molecular scale.

In this work, particular attention is devoted to neutron backscattering spectroscopy,
with a focus on SPHERES (SPectrometer for High Energy RESolution) [1], located at
the Heinz Maier-Leibnitz Zentrum (FRM II) in Munich. SPHERES is classified as a
third-generation backscattering spectrometer and is employed in a wide variety of
investigations, including hyperfine splitting, molecular reorientations and rotational
tunneling, dynamic signatures of phase transitions, hydrogen diffusion, liquid dynam-
ics, polymer relaxation, and protein motion [15]. The designation third generation refers
to the use of a compact phase-space transform (PST) chopper, which unifies the func-
tions of the primary beam deflector and duty-cycle chopper into a single component.
Main objective of the primary beam deflector is to prevent the incoming and outgoing
neutron paths from coinciding, while a duty-cycle chopper provides timing control
to trace each detected neutron back to its origin. In addition, this design not only
simplifies the overall instrument architecture but also enhances the neutron flux at the
monochromator by performing a phase-space transformation of the incoming beam. A
schematic illustration of SPHERES, including the neutron flight path, is presented in
Figure 1.1.

Beyond its primary function, the PST chopper plays a crucial role in enhancing the
neutron flux intensity, making it an indispensable element of the spectrometer architec-
ture and a critical component to optimize for effective measurements. The design of the
PST chopper consists of a rotating disk in which half of the circumference is equipped
with deflector crystals that redirect the incoming beam towards the monochromator,
while the other half remains open (see Figure 1.2a). When the chopper is in open
position, the incoming beam is absorbed by a beam stop, whereas neutrons returning
from the monochromator are transmitted towards the sample. Structurally, the PST

2



1 Introduction

Figure 1.1: Schematic overview of the SPHERES spectrometer [16], showing its main
components (numbered according to the legend) and the neutron beam path
highlighted by red arrows.
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1 Introduction

chopper employs pyrolytic graphite mosaic crystals with a specified mosaicity of 2.5◦.
A large mosaicity is a necessity in order to deliver a sufficiently broad wavelength
range to the monochromator, enabling effective spectral scans. These crystals are later
arranged in stacks of three, tilted at 0◦, +2.5◦ and -2.5◦, using aluminium wedges to
achieve the required orientation (see Figure 1.2b) [1].

(a) (b)

Figure 1.2: Design of the PST chopper from different perspectives [1]. (a) Complete
shape of the PST chopper with rotation direction indicated by the arrow,
while white area shows the region where the neutron beam intersects the
chopper. Red are shows the region of the deflector crystal. (b) Deflector
stack inside the PST chopper: left, the cross-sectional view; right, view
along the chopper axis from outside. Mosaic crystals are depicted in green,
aluminium wedges in blue, and the absorber plate at the end in brown.

One of the main challenges in neutron spectroscopy is that they often require long
measurement times to achieve high accuracy, and their operation can be costly in terms
of not just time but also resources. As a result, determining optimal working conditions
is a non-trivial task that demands careful planning and efficiency. A practical solution to
this problem lies in the use of computational methods to simulate and evaulate different
experimental configurations in advance. By modeling the instrument’s behavior under
various conditions, researchers can identify optimal parameters without the need for
extensive trial-and-error in real experiments. This approach not only accelerates the
setup process but also conserves valuable beam time and operational costs, making
experimental campaigns significantly more efficient. In a nutshell, creating a possible
"digital twin" for SPHERES might be beneficial in the future.

In this work, as the title suggests, our main objective is to investigate multi-Bragg
reflection in a stack of mosaic crystals, building upon an earlier model that describes
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1 Introduction

multi-Bragg reflection in a single thick crystal [2]. In our extended approach, the system,
represented as a stack of mosaic crystals, serves as a simplified model for the PST
chopper used in third-generation neutron backscattering spectrometers. Specifically, the
PST chopper is modeled as three back-to-back mosaic crystal layers, each with a distinct
angular orientation relative to the primary plane. This layered configuration introduces
additional complexity to the reflection behavior, making it essential to understand how
these angular offsets influence the overall neutron deflection on the chopper.

The structure of this thesis is organized as follows: First, the existing model for
multi-Bragg reflection in a single mosaic crystal will be presented and explained in
detail, laying the groundwork for the subsequent developments. Next, the model
will be extended to include a stack of N back-to-back mosaic crystals aligned parallel
to each other, allowing for a generalized model. Following this, the tilting of each
individual crystal layer with respect to the main plane will be incorporated into the
model to more accurately reflect the geometry of a PST chopper. Finally, the results
obtained from these extended models will be presented and discussed, with particular
emphasis on how stacking and angular variation affect the reflection characteristics and
overall performance of the system.

5



2 Theory

2.1 Reflection Model for a Single Thick Mosaic Crystal

As a starting point, the model for a single mosaic crystal will be presented, drawing
on two previously established models [2, 17]. This section primarily serves to sum-
marize the existing theoretical framework and provide the necessary foundation for
extending the model to a stack of crystals. By revisiting and consolidating these earlier
approaches, we establish a clear baseline from which the more complex stacked system
can be systematically developed.

2.1.1 Preliminary Considerations

A mosaic crystal is a type of crystal composed of many small, slightly misaligned
crystalline domains, all having nearly the same lattice structure but with small angular
deviations from one another. This structure allows mosaic crystals to reflect a broader
range of incident neutron angles compared to perfect crystals, making them especially
useful in neutron optics for increasing the reflected intensity while maintaining good
energy resolution. Each crystalline domain, named as block, is assumed to be thin
enough that it reflects only a small portion of the incident beam, allowing the neglection
of primary extinction and internal multiple reflections within a single block.

Since the reflections from different blocks occur incoherently, classical transport
theory is chosen as the appropriate framework to describe the system [17]. The
primary objective is to calculate steady-state neutron flux, expressed as the current
distribution I (⃗k, r⃗). The analysis focuses on elastic scattering, while inelastic scattering
is incorporated through a loss term that will be introduced later. Because the scattering
is assumed elastic, the wavenumber |⃗k| is considered conserved, and can be neglected
completely except for its propogation direction k̂. Furthermore, the mosaic crystal is
modeled as a infinitely extended slab in the xy-plane, allowing us to neglect any spatial
variation in those directions. These assumptions together reduce the problem from
a six-dimensional phase space to a more tractable three-dimensional function I(k̂, z).
This simplification enables the boundary-value problem to be addressed efficiently on
a computational grid.

As previously mentioned, classical transport theory serves as the foundational
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2 Theory

framework for this analysis. Within this context, the current distribution I(k̂, z) satisfies
the stationary (time-independent) Boltzmann transport equation, which governs the
behavior of particles undergoing scattering and absorption in a medium. The equation
describes the balance between incoming and outgoing neutron flux at each point
in space and direction, accounting for scattering events and losses. The stationary
Boltzmann equation for I(k̂, z) can be written as

(k̂z∂z + A)I(k̂, z)− B ◦ I(k̂, z) = 0, (2.1)

where B is a linear operator describing the gain from the Bragg diffraction and A is the
attenuation operator where the losses by diffraction and other factors are considered
[2].

To solve Equation 2.1, appropriate boundary conditions [2] must be specified. We
consider an idealized system: an infinite slab of mosaic crystal with thickness d,
extending from z = 0 to z = d. The incoming flux Iin(k̂) is assumed to originate from
the region z < 0. Based on this configuration, the boundary conditions are defined as

I(k̂, 0) = Iin(k̂) for k̂z > 0,

I(k̂, d) = 0 for k̂z < 0.
(2.2)

These conditions reflect the physical assumption that neutrons enter the slab only
through the bottom surface (z = 0), while no incoming flux present at the top boundary
(z = d). Under this setup, the reflected and transmitted fluxes [2] are defined as

Iref(k̂) = I(k̂, 0) for k̂z < 0,

Itrans(k̂) = I(k̂, d) for k̂z > 0.
(2.3)

These definitions isolate the neutron flux reflected back from the entry surface and the
flux transmitted through the slab, respectively, allowing for the analysis of how the
crystal structure influences neutron propogation.

2.1.2 Bragg and Attenuation Operators

As shown in Equation 2.1, two distinct linear operators are required to represent
the scattering terms in the Boltzmann equation. These are introduced as the Bragg
operator B and the attenuation operator A. As previously discussed, the Bragg operator
B accounts for the gain in neutron flux due to elastic scattering into a given direction,
while the attenuation operator A captures the loss of flux resulting from scattering out
of the current direction. Together, these operators encapsulate the redistribution of
neutron intensity within the mosaic crystal due to Bragg scattering processes.
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2 Theory

The Bragg operator B [2] is defined as follows

B ◦ I(k̂) =
∫

d2k̂′µ(k̂, k̂′)I(k̂′), (2.4)

where d2k̂′ denotes the differential solid angle over the integration variable k̂′. The
kernel µ(k̂, k̂′), known as the reflection kernel, represents the probability density for a
neutron traveling in direction k̂ to be scattered elastically into the direction k̂′, within
an infinitesimal solid angle element around k̂′. This kernel encapsulates the angular
distribution of Bragg scattering and will be discussed in detail in Section 2.1.5.

Similar to operator B, the attenuation operator A [2] follows as

A(k̂) =
∫

d2k̂′µ(k̂′, k̂) + µa. (2.5)

The integral term accounts for the losses by diffraction, while constant µa accounts for
the absorption, inelastic scattering, and other losses in the system.

Both operators, B and A, depend strongly on the reflection kernel µ(k̂′, k̂), which
encapsulates the scattering characteristics of the mosaic crystal. The kernel itself is
determined solely by the distribution of mosaic blocks and the orientation of the crystal
relative to the xy-plane, as will be shown in detail later. For the sake of simplicity, and to
facilitate analytical treatment in the initial stages, we assume for now that the reflection
kernel is an arbitrary function depending on k̂′ and k̂. This approximation allows us to
focus on the structural behavior of the transport equation before incorporating the full
complexity of the kernel.

2.1.3 Discretization

Now that all the essential components of the model have been introduced, the next
step is to discretize the system in order to make it solvable on a numerical grid. Up
to this point, the neutron flux distribution has been treated as a continuous fucntion
of the propogation direction k̂ and the spatial coordinate z. However, for numerical
implementation, these continuous variables must be replaced by discrete counterparts.
This involves discretizing the angular domain, as well as the spatial domain along the
z-axis. Doing so transforms the differential transport equation into a finite-dimensional
linear system, enabling practical computation of the flux distribution using standard
numerical methods.

First, we discretize the angular domain of k̂ into M histogram bins, indexed by
m = 1, ..., M. Each bin corresponds to a finite solid angle ∆Ωm and represents the total
current over that angular segment. The discretized current Im(z) [2] associated with
bin m is defined as

Im(z) =
∫

∆Ωm

d2k̂I(k̂, z), (2.6)

8



2 Theory

where I(k̂, z) is the continuous flux distribution.
To derive the discretized form of the Bragg operator B, we combine its continuous

definition from Equation 2.4 with the angular discretization introduced in Equation 2.6

(B ◦ I(z))m =
∫

∆Ωm

d2k̂B ◦ I(k̂, z)

=
∫

∆Ωm

d2k̂
M

∑
s=1

∫
∆Ωs

d2k̂′µ(k̂, k̂′)I(k̂′, z)

=
M

∑
s=1

∫
∆Ωm

d2k̂µ(k̂, k̂′)
∫

∆Ωs

d2k̂′ I(k̂′, z).

(2.7)

Here, the second integral becomes Is(z) with Equation 2.6. Moreover, we define the
discrete Bragg matrix elements [2] as

Bms =
∫

∆Ωm

d2k̂µ(k̂, k̂′), (2.8)

which transforms Bragg operator to

(B ◦ I)m =
M

∑
s=1

Bms Is(z). (2.9)

Starting from the discretized Bragg operator Bms, we define the attenuation operator
A in an analogous manner. The attenuation vector elements Am [2] are given by

Am =
∫

∆Ωm

d2k̂′µ(k̂, k̂′) + µa (2.10)

From this, we define the total attenuation factor Am as the sum over all incoming
angular bins

Am =
M

∑
s=1

Bms + µa. (2.11)

This expression captures the total loss of flux from direction bin m due to both scattering
into other directions and absorption.

By incorporating the discretizations from Equations 2.6, 2.9 and 2.11 into the original
transport equation 2.1, we arrive at the discretized form

(k̂m,z∂z + Am)Im(z)−
M

∑
s=1

Bms Is(z) = 0. (2.12)

Having completed the angular discretization, we now proceed to discretize the spatial
domain, which in our case is limited to the z-axis. For reasons that will be discussed in
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Section 2.1.4, we employ Chebyshev polynomials for this discretization, which requires
mapping the spatial interval [0, d] to the standard Chebyshev domain [−1, 1] [2]. To
this end, we define a transformed coordinate

ζ = −1 +
2z
d

, (2.13)

and express the angular flux in terms of the new coordinate as

Jm(ζ) = Im(d
1 + ζ

2
). (2.14)

Since the transport equation involves a spatial derivative, we apply the chain rule for
the coordinate transformation. The derivative with respect to z transforms as

∂ζ =
2
d

∂z. (2.15)

Multiplying the entire equation by d to eliminate the fractional coefficient, we obtain
the transformed transport equation [2]

(2k̂m,z∂ζ + dAm)Jm(ζ)−
M

∑
s=1

dBms Js(ζ) = 0. (2.16)

The boundary conditions given in Equation 2.2 also transform accordingly

Jm(−1) = Iin,m for k̂m,z > 0,

Jm(+1) = 0 for k̂m,z < 0.
(2.17)

These transformed equations and boundry conditions form the basis for solving the
system using spectral methods with Chebyshev polynomials in the spatial dimension.

2.1.4 Equation System

Equation 2.16 represents a system of M coupled first-order linear differential equa-
tions in the functions Jm(ζ). To solve this system, we employ the spectral collocation
method, a high-accuracy numerical technique particularly well-suited for smooth
problems. Spectral collocation approximates each unknown function Jm(ζ) with a
global interpolating polynomial Pm(ζ) of degree N, which is constructed to match
Jm at N + 1 carefully chosen collocation points {ζn}. For this purpose, we select the
Chebyshev-Gauss-Lobatto points defined by

ζn = −cos(
πn
N

), n = 0, 1, ..., N, (2.18)

10



2 Theory

which are known to minimize numerical instability and yield a well-conditioned
differentiation matrix [2].

The polynomial values at the collocation points are denoted as pnm = Pm(ζn), giving
rise to M(N + 1) unknowns in total. From the boundary conditions in Equation 2.17,
M of these values are known, while the remaining ones are determined by solving the
discretized transport equation 2.16. The discretized boundary conditions becomes

p0m = Iin,m for k̂m,z > 0,

pNm = 0 for k̂m,z < 0.
(2.19)

To complete the discretization, we need to discretize the partial differential δζ . This
implementation is done through the replacement of the derivative in Equation 2.16
by the differentiation matrix D, which approximates the derivative of Pm(ζ) at the
collocation points

N

∑
j=0

Dnj pjm = P′
m(ζn). (2.20)

The entries of the differentiation matrix D ∈ R(N+1)×(N+1) [2] are given as follows:

• For off-diagonal entries (i ̸= j):

Dij =
1 + δi0 + δiN(−1i+j)

1 + δj0 + δjNζi − ζ j
, (2.21)

• For interior diagonal entries (1 ≤ j ≤ N − 1):

Djj = −
ζ j

2(1 − ζ2)
, (2.22)

• For the endpoints:

D00 = −DNN = −2N2 + 1
6

. (2.23)

These expressions allow us to construct the differentiation matrix D, which plays a
central role in translating the differential equations into a solvable algebraic system.

We now rewrite the full transport equation 2.16 in its discretized from by applying
the spectral collocation approach described above. Substituting the differentiation using
Equation 2.20, the transport equation becomes

N

∑
j=0

2k̂m,zDnj pjm + dAm pnm − d
M

∑
s=0

Bms pns = 0. (2.24)
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2 Theory

This equation must hold for all histogram bins m = 1, ..., M (i.e. angular discretization
bins) and for all collocation points n = 0, ..., N (i.e., spatial discretization points).

From this point onward, we will refer to elements of the discretized angular domain
as histogram bins and elements of the discretized spatial domain as collocation points, to
maintain a clear distinction between the two dimensions.

To further simplify the problem, all linear operators are collected into a single system
matrix L [2], defined as

Lnmjs = (2k̂mzDnj + dAmδnj)δms − dBmsδnj, with L ∈ R(N+1)×(M). (2.25)

Here δij denotes the Kronecker delta. Using this formulation, the transport equation is
rewritten in compact matrix form With this transport equation is simplified to

∀n = 0, ..., N ∀m = 1, ..., M :
N

∑
j=0

M

∑
s=1

Lnmjs pjs = 0. (2.26)

Thanks to the Kronecker deltas in the definition and the sparsity of the Bragg matrix
Bms, the system matrix L is sparse. This sparsity allows for efficient and computationally
inexpensive solutions.

The final step involves separating the histogram bins according to the sign of k̂m,z,
since both the boundary conditions 2.2 and the quantities of interest 2.3 depend on
whether the direction is incoming or outgoing [2]. Accordingly, the summation over s
in Equation 2.26 is split into forward (k̂m,z > 0) and backward (k̂m,z < 0) components.

We omit the contributions from pNs for backward directions (as they are zero due to
the boundary condition at ζ = 1), and we shift the known terms p0s = Jin,s for forward
directions to the right-hand side.This yields the final system(

N

∑
j=1

forward

∑
s

+
N−1

∑
j=0

backward

∑
s

)
Lnmjs pjs = −

forward

∑
s

Lnm0s Jin,s. (2.27)

This reduces the problem to a linear system of the form Lx = y, where the vector x
contains the unknowns pjs, and y represents the right-hand side of Equation 2.27. The
reflected and transmitted fluxes can then be extracted directly from the solution x,
using the definitions provided in Equation 2.3.

2.1.5 Reflection Kernel and Distribution of Scattering Directions

Up to this point, the Bragg operator (or matrix) B and, consequently, the attenuation
operator (or vector) A have been treated as arbitrary functions of the incoming and
outgoing directions k̂ and k̂′, respectively, for the sake of simplicity. Having established
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the main system of equations, we now turn to a detailed discussion of the reflection
kernel µ(k̂′, k̂), which forms the foundation of both operators.

As introduced in Section 2.1.2, µ(k̂′, k̂) represents the probability density of scattering
from an incoming direction k̂ into an infinitesimal solid angle d2k̂′ around the outgoing
direction k̂′ [2]. The kernel can be expressed as a sum over single-reflection transfer
functions associated with different lattice planes

µ(k̂′, k̂) = ∑
hkl

µhkl(k̂′, k̂), (2.28)

where the single-reflection transfer function µhkl(k̂′, k̂) [2] is defined by

µhkl(k̂′, k̂) =
∫

d2ĜWhkl(Ĝ)µblock
hkl (k̂′, k̂, Ĝ). (2.29)

Here µblock
hkl denotes the block transfer function, and Whkl(Ĝ) is the statistical distribution

of scattering directions Ĝ within a single crystalline block. We will define both µblock
hkl

and Whkl(Ĝ) in the following.
For simplification, we consider only one pair of reflections, hkl and its inverse h̄k̄l̄, and

assume identical block transfer functions for both. These reflections share a combined
scattering distribution

W(Ĝ) = Whkl(Ĝ) + Wh̄k̄l̄(Ĝ). (2.30)

Substituting Equation 2.29 into Equation 2.28 yields

µ(k̂′, k̂) =
∫

d2ĜW(Ĝ)µblock(k̂′, k̂, Ĝ). (2.31)

Returning to the definition of the block transfer function µblock
hkl , we use a definition

derived in [17, 2] and given by

µblock
hkl (k̂′, k̂, Ĝ) = µ̄cosθBδ(k̂ · Ĝ − sinθB)δ

2(k̂′ − k̂ + 2sinθBĜ), (2.32)

where θB is the Bragg angle, and prefactor µ̄ is defined as

µ̄ =
(2π)3|Fhkl |2

2V2k3cosθBsinθB
, (2.33)

where Fhkl is the structure factor, V is the unit cell volume and k is the wavenumber. Two
important remarks follow from this expression: First, since the block transfer function
depends on |Fhkl |2, it is identical for both reflections hkl and h̄k̄l̄, consistent with the
earlier assumption. Because of that, the block transfer function is now denoted as
µblock as it written in Equation 2.31. Second, the Bragg angle θB is treated as a constant
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throughout the system, independent of the particular reflection, as we consider a fixed
reflection hkl and a constant wavenumber k.

To evaluate the integral in Equation 2.31, we first consider the action of the integration
over Ĝ on the first delta function in Equation 2.32 [2]. We parametrize Ĝ in spherical
coordinates (θ, t) with respect to the axis k̂, and introduce a generic test function f (Ĝ).
This gives∫

d2Ĝδ(k̂Ĝ − sinθB) f (Ĝ) =
∫ π

2

− π
2

dθcosθ
∫ 2π

0
dt(sinθ − sinθB) f (Ĝ(θ, t)), (2.34)

which, due to the delta function reduces to∫ 2π

0
dt f (Ĝ(θB, t)). (2.35)

Geometrically, this integration corresponds to a complete rotation in t around the circle
defined by the intersection of the unit sphere with the Bragg plane

Ĝ · k̂ = sinθB, (2.36)

as already implied by the first delta function in Equation 2.32.
We now replace the test function f (Ĝ(θ, t)) with W(Ĝ)δ2(k̂′ − k̂ + 2sinθB · Ĝ), and

include the prefactor µ̄cosθB from Equation 2.31. This yields

µ(k̂′, k̂) = µ̄cosθB

∫ 2π

0
dtW(Ĝ)δ2(k̂′ − k̂ + 2sinθB · Ĝ). (2.37)

In this expression, the delta function enforces the kinematic constraint that the outgoing
direction k̂′ must satisfy

k̂′ = k̂ − 2sinθB · Ĝ, (2.38)

which we refer to as the deflection function [2]

κ̂ = k̂ − 2sinθB · Ĝ. (2.39)

Since the integration variable is t, we must provide an explicit parametrization of Ĝ in
terms of t to proceed.

Because of that now we enforce a parametric curve Ĝ = Γ̂(k̂, t) with t ∈ [0, 2π). To
construct this curve, we begin by selecting an orhonormal basis êx, êy, êz for representing
the reciprocal-space vectors k̂ and Ĝ [2]. In the present model, the crystal normal ẑ is
identified with the basis vector êz. The incoming beam direction k̂ is then defined via
successive rotations using the rotation matrices Ry(α) and Rz(β), which correspond
to the spherical coordinate angles θ and ϕ, respectively, in the Cartesian coordinate
system.
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The rotation matrices are given by

Ry(α) =

 cosα 0 sinα

0 1 0
−sinα 0 cosα

 , Rz(β) =

cosβ −sinβ 0
sinβ cosβ 0

0 0 1

 . (2.40)

In our formulation, the rotation applied to the incident wavevector k̂ is constructed as
the successive application

Rk = Rz(ϕk̂)Ry(
π

2
− θk̂), (2.41)

where the polar angle θk̂ is defined as the angle between the vector k̂ and the unit
vector êz. The parameter α corresponds to the angle between êy and k̂, which is equal
to π

2 − θk̂. Consequently, by applying the corresponding trigonometric identities, the
rotation matrix around the y-axis takes the form

Ry(
π

2
− θk̂) =

 sinθk̂ 0 cosθk̂
0 1 0

−cosθk̂ 0 sinθk̂

 (2.42)

This rotation maps the reciprocal vector k̂ onto

k̂ = Rk êz =

cosθk̂cosϕk̂
cosθk̂sinϕk̂

sinθk̂

 . (2.43)

From this definition, we can now introduce a parametric curve, dependent on êz and a
parameter t, which satisfies the Laue-Bragg condition in Equation 2.36

Γ̂(êz, t) =

cosθBcost
cosθBsint

sinθB

 , (2.44)

which geometrically describes a circle representing all possible scattering directions Ĝ.
To obtain Γ̂(k̂, t), we perform a rotation using the same rotation matrix Rk. In this

case, the rotation around the z-axis can be omitted because t (the azimuthal angle ϕ)
appears only within a full-period integral in Equation 2.37, and any shift in t does not
affect the integral. Exploiting this property, the full parametric curve becomes

Γ̂(k̂, t) = Ry(
π

2
− θk̂)Γ̂(êz, t) =

 cos θB sin θk̂ cos t + sin θB cos θk̂
cos θB sin t

− cos θB cos θk̂ cos t + sin θB sin θk̂


=

α(θk̂, t)
β(t)

γ(θk̂, t)

 ,

(2.45)
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where we introduce the scalar functions α, β, γ to simplify the notation [2]. This
parametrization can now be applied to the deflection function κ̂ in Equation 2.39. We
insert the parametric curve Γ̂(k̂, t) in Equation 2.39, yielding

κ̂ = k̂ − 2 sin θB · Γ̂(k̂, t)

= Rk[êz − 2 sin θBΓ̂(êz, t)].
(2.46)

Defining κ̂(êz, t) = êz − 2 sin θBΓ̂(êz, t), we have

κ̂(k̂, t) = Rkκ̂(êz, t) = Rz(ϕk̂)Ry(
π

2
− θk̂)κ̂(êz, t). (2.47)

After applying the rotation around y-axis, the deflection function becomes

κ̂(k̂, t) = Rz(ϕk̂)

cos θk̂ − 2 sin θBα(θk̂, t)
0 − 2 sin θBβ(t)

sin θk̂ − 2 sin θBγ(θk̂, t)

 . (2.48)

Following the derivation in [2], this can be expressed in spherical coordinates as

κ̂(k̂, t) = Rz(ϕk̂)

cos Θ(θk̂, t) cos ∆Φ(θk̂, t)
cos Θ(θk̂, t) sin ∆Φ(θk̂, t)

sin Θ(θk̂, t)

 , (2.49)

where the polar deflection function Θ(θ, t) [2] and azimuthal shift function ∆Φ(θ, t) [2]
are introduced as

Θ(θ, t) = arcsin(sin θ − 2 sin θBγ(θ, t)),

∆Φ(θ, t) = arctan(
−2 sin θBβ(t)

cos θ − 2 sin θBα(θ, t)
).

(2.50)

Since the rotation around z is trivial in spherical coordinates, the complete deflection
function can be written as

κ̂(θk̂, t) =
(

Θ(θk̂, t)
ϕk̂ + ∆Φ(θk̂, t)

)
=

(
θκ̂

ϕκ̂

)
. (2.51)

With this expressions, the block transfer function (Equation 2.37) takes the form

µ(k̂′, k̂) = µ̄cosθB

∫ 2π

0
dtW(Γ̂(k̂, t))δ2(k̂′ − κ̂(k̂, t)). (2.52)

The final component needed for the reflection kernel is the block orientation distribu-
tion W(Ĝ) (or W(Γ̂(k̂, t))). For mosaic crystals, W is usually the same in all directions
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around the crystal normal Ĥ, so it only depends on the angle between Ĝ and Ĥ [2].
In this study, we focus on the 00l reflections, where the scattering occurs along the
direction of the block normals. Therefore, W(Ĝ) can be approximated by a disc-like
distribution, which we model using the Mises-Fisher (MF) distribution [2]

W±(hkl)(Ĝ) =
1

2πη2(1 − exp(−2
η2 ))

exp(− (Ĝ ∓ Ĥ)2

2η2 ), (2.53)

where η is the standard deviation. Defining A = 1
2πη2(1−exp(−2

η2 ))
and inserting the

previous definition to Equation 2.30, we have

W(Ĝ) = A · [exp(
−Ĝ2 − Ĥ2 + 2|Ĝ · Ĥ|

2η2 ) + exp(
−Ĝ2 − Ĥ2 − 2|Ĝ · Ĥ|

2η2 )]. (2.54)

Since Ĝ and Ĥ are normalized (Ĝ2 = Ĥ2 = 1), this simplifies to

W(Ĝ) = A · exp(− 1
η2 )[exp(

|Ĝ · Ĥ|
η2 ) + exp(−|Ĝ · Ĥ|

η2 )]. (2.55)

Neglecting the second term as we assume the overlap between Whkl and Wh̄k̄l̄ is negligi-
ble, the distribution can be approximated as

W(Ĝ) ≈ A · exp(
−1 + |Ĝ · Ĥ|

η2 ). (2.56)

For a normal-oriented mosaic (Ĥ = êz), the distribution depends solely on γ(θk̂, t),
since contributions from other terms vanish in the scalar product. This results with the
following approximation

W(Ĝ) ≈ A · exp(
−1 + γ(θk̂, t)

η2 ). (2.57)

With this approximation, Equation 2.52 takes the form

µ(k̂′, k̂) = Aµ̄cosθB

∫ 2π

0
dt exp(

−1 + γ(θk̂, t)
η2 )δ2(k̂′ − κ̂(k̂, t)). (2.58)

From this formulation of the reflection kernel, the Bragg matrix B can be constructed,
and consequently the attenuation vector A is obtained. The detailed procedure for this
construction is provided in Section 3.2.3.
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2.1.6 Material Parameters

In order to construct a reliable numerical model for the crystals under investigation,
it is necessary to introduce suitable material parameters. The first of these is the Bragg
angle θB, which was previously defined as a fundamental characteristic of the system.
Throughout the computations, θB is treated as a constant, since both the reflection
condition and the wavenumber is fixed. Owing to its central role, it is explicitly retained
as an independent parameter.

To further reduce the number of variables in the model, two additional dimensionless
parameters are introduced. These parameters were originally introduced and derived
in [17] and [2]. For completeness, their definitions are restated here without repeating
the derivations.

The first parameter is the opacity τ, defined as

τ =
d

sinθB
[µ̄G(0) + µa], (2.59)

where d is the crystal thickness, and G(0) = 1√
2πη

. The factor G(0) corresponds to the
central value of the prefactor of the von Mises-Fisher distribution in Equation 2.53,
apart from the normalization factor (1− exp(−2

η2 )). Physically, the opacity quantifies the
effective thickness of the crystal, incorporating both scattering and absorption effects:
a larger τ corresponds to thicker crystal and stronger attenuation of the transmitted
beam.

The second dimensionless parameter is the relative reflectivity ρ, defined as

ρ =
µ̄G(0)

µ̄G(0) + µa
. (2.60)

The ratio characterizes the balance between coherent reflection and absorption. A
higher value of ρ indicates that reflection dominates over absorption.

For later convenience, these definitions can be inverted to express the effective
coefficients µ̄ and µa in terms of τ and ρ as

dµ̄ = sin θB
ρτ

G(0)
dµa = sin θB(1 − ρ)τ.

(2.61)

The advantage of this formulation is that neither µ̄ nor µa are fixed material constants;
both depend on the wavelength and can therefore be adjusted. By expressing the
system in terms of the dimensionless parameters τ and ρ, one can assign them arbitrary
values and directly compare different cases without explicitly specifying additional
material parameters.
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As an illustrative example, consider two crystals of identical compositon but different
thickness. If the thinner crystal is assigned τ = 1, then the opacity of a crystal with
double the thickness would be τ = 2, while ρ remains unchanged. This parametrization
therefore provides a compact and flexible framework for analyzing the influence of
geometry and absorption on reflectivity.

2.2 Reflection Model for a Stack of Tilted Mosaic Crystals

Up to this point, we have established the numerical model for a single thick mosaic
crystal, following the theoretical framework outlined in [2]. Building on this foundation,
we now extend the model to describe a stack of normally oriented crystals, guided
in part by the approach discussed in [18]. Subsequently, we introduce the effect of
crystal tilting, incorporating the formulation developed in Section 2.1.5. Although this
study is motivated by the PST chopper of a third-generation neutron backscattering
spectrometer, we begin with the general case of a stack of Ntot crystals. The subsequent
implementation, however, will be carried out explicitly for N = 3.

2.2.1 Stack of Normal Oriented Mosaic Crystals

We consider a system consisting of three back-to-back crystals with identical orienta-
tion, Ĥ0 = êz. Each crystal is characterized by the same Bragg matrix B and attenuation
factor A, such that the crystals are equivalent.

Compared with the single-crystal case, the most significant modification lies in the
implementation of the spectral collocation method. Previously, a coordinate transfor-
mation was applied to the depth coordinate z, as defined in Equations 2.13,2.14,2.15,
leading to the discretized form given in Equation 2.16. For multi-crystal case, however,
it is necessary to establish an approach that is both suitable for extended geometry and
consistent with the single-crystal framework.

A conceivable approach would be to treat the entrie stack as a single effective crystal,
such that the system is formally identical to the single-crystal case, while allowing
the matrices B and A to vary depending on the depth coordinate z. However, this
method encounters serious limitations due to the choice of collocation points (Equation
2.18). In particular , an equal distribution of collocation points across each region is not
achievable, and the boundary conditions at the interfaces are not properly enforced.

This issue is illustrated in Figure 2.1, where a total of 50 collocation points distributed
over three regions of equal length results in the central region being populated with
fewer points, while the boundaries remain unrepresented. Such an unequal distribution
can lead to numerical inaccuracies, and the lack of collocation points at the boundaries
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Figure 2.1: Distribution of 50 collocation points across three regions. Collocation points
in different regions are indicated by distinct colors, while the red horizontal
lines mark the interior boundaries between the regions. The number of
collocation points assigned to each region is specified in the legend. Notably,
no collocation points coincide with the boundary positions.

directly violates the imposed boundary conditions. For these reasons, this approach is
deemed unsuitable and is therefore avoided.

Taking inspiration from [18], we adopt an inverse approach. Rather than dividing
the single-crystal model into separate regions, we treat the system as consisting of
Ntot coupled single-crystal models, connected through interior periodic boundary
conditions. To extend the model in this manner, the indices of the original formulation
must first be redefined so that the single-crystal description can be consistently adapted
to the stack model.

The first assumption underlying this approach is that each crystal in the stack has
an effective thickness of d

Ntot
. Based on this assumption, we introduce an extended

transformation for the angular flux, analogous to Equation 2.14,

JNm (ζ) = Im

([
N +

1 + ζ

2

]
· d
Ntot

)
, (2.62)
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where N = 0, 1, 2, ...,Ntot − 1 denotes the crystal index. This formulation enables the
angular flux histograms to be represented separately for each crystal region.

As in the single-crystal case, the spectral collocation method is then employed to
approximate the functions JNm (ζ) with polynomials PN

m (ζ). To avoid ambiguity, we
introduce a global notation,

ypm = PN
m (ζn), (2.63)

where p = 0, 1, 2, ..., (N · N) is the global index of spatial discretization across the
entire system, while m and n denote the previously introduced angular and spatial
discretization indices, respectively. The index n now becomes a local spatial index
within each crystal. The points ζi correspond to the extrema of Chebyshev polynomials,
as defined in Equation 2.18.

The interior boundary conditions between adjacent regions can now be expressed as

PN
m (+1) = PN+1

m (−1) ⇔ yp,m = yp+1,m for p mod N · N = 0, (2.64)

where the modulo operator ensures the correct selection of boundary indices. The main
boundary conditions from Equation 2.19 are correspondingly extended as

y0m = Iin,m for k̂m,z > 0,

y(Ntot·N),m = 0 for k̂m,z < 0.
(2.65)

With these boundary conditions in place, we can formulate the system of equations
for the stack model in analogy with Equation 2.24. Since the number of collocation
points is identical in each crystal, the differentiation matrix Dnj is the same for all
subregions. The only differences arise from the Bragg matrix B and the attenuation
factor A. Although we assume here that B and A are identical for all crystals, they are
nevertheless indexed to allow for generalization.

For a single crystal within the stack, Equation 2.24 is therefore rewritten as

N

∑
j=0

2k̂m,zDnjypm + dAN
m ypm − d

M

∑
s=0

BN
msyps = 0, (2.66)

where the relation p = N · N + n connects the global index p to the local spatial index
n. As in Equations 2.25 and 2.26, we now define the matrix L for a single crystal as

LN
nmjs = (2k̂mzDnj + dAN

m δnj)δms − dBN
msδnj, (2.67)

which differs from the single-crystal case only by the inclusion of the indices for B and
A. Finally, the full equation system for the stack model can be written in analogy with
Equation 2.26 as

∀N = 0, ...,Ntot − 1; ∀n = 0, ..., N; ∀m = 1, ..., M :
N

∑
j=0

M

∑
s=1

LN
nmjsyps = 0. (2.68)
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This formulation ensures that ech crystal in the stack is modeled in complete analogy to
the single-crystal case, while simultaneously maintaining consistency across the entire
system.

To proceed, we must now introduce the boundary conditions. In the single-crystal
case, the main boundary conditions were formulated in 2.27. There, the histogram bins
were separated into forward- and backward-propogating components, such that the
vanishing terms in pNs were discarded, and the nonzero terms in p0s were shifted to
the right-hand side of the equation.

In the stack case, this procedure still guarantees the validity of the main boundary
conditions given in Equation 2.65. However, in addition, the presence of multiple
interfaces between crystals requires the introduction of the interior boundary conditions,
which provide continuity of the solution across neighboring regions. From this point
onward, we will refer the ability to enforce continuity between adjacent regions as
reflection-coupling or transmission-coupling, depending on the propogation direction.

To solve the stack model, we construct the complete system of equations. For clarity,
we illustrate the case with Ntot = 3. In matrix form, using Equation 2.68, the system
can be written as L0 0 0

0 L1 0
0 0 L2

y0

y1

y2

 =

0
0
0

 , (2.69)

where, for readibility, we have omitted the full subscripts in the matrices Lnmjs and yps,
while superscripts denote to which crystal they belong.

In order to incorporate boundary conditions into the system, two key modifications
are introduced.

First, the boundary conditions are implemented directly in the matrix formulation in
a simplified bur systematic manner. To achieve this, two additional rows are appended
to the expanded matrix L, accompanied by two new unknowns at the end of the vector
y, and two zeros appended to the null vector. These additional rows correspond to
coupling operators, denoted as I1 and I2.

As an example, for the first boundary condition, the operators are defined as 1 × M
vectors with entries

I1
p =

{
1, for p = N − 1 ∨ p = N · N − 2

0, otherwise
, I2

p =

{
1, for p = N ∨ p = N · N − 1

0, otherwise
,

(2.70)
where the index conditions depend on the specific boundary condition being applied.

The introduction of the additional conditions ensures that the diagonal structure of
the full matrix L is preserved, preventing the occurrence of empty columns that would
otherwise result in a zero determinant. The inclusion of two zeros at the end of the
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null vector guarantees that the boundary conditions take the form y0
N−1 = y1

0. The new
entries at the end of the vector y can be interpreted as coupling strenghts, since in the
complete equation form the last two equations are given by

λ1(y0
N−1 − y1

0) = 0,

λ2(y1
N−1 − y2

0) = 0.
(2.71)

For the moment, the auxiliary unknowns λ1 and λ2 can be omitted. This straightforward
implementation provides a consistent enforcement of the boundary conditions defined
in Equation 2.65.

In its complete form, for the system matrix Ntot = 3 takes the block-structured form
L0 0 0 0 0
0 L1 0 0 0
0 0 L2 0 0
I1 −I2 0 1 0
0 I1 −I2 0 1




y0

y1

y2

λ1

λ2

 =


0
0
0
0
0

 . (2.72)

This formulation incorporates the boundary equations while maintaining the square
structure of the total matrix and ensuring a non-vanishing determinant.

Second, the right-hand side of the system must be constructed in analogy with
Equation 2.27, where the forward and backward propogating channels are separated
in order to correctly enforce flux continuity across regions. For each crystal, the
corresponding equation is reconstructed as(

N

∑
j=1

forward

∑
s

+
N−1

∑
j=0

backward

∑
s

)
LN

nmjsy
N
js = −

forward

∑
s

LN
nm0syp,s, (2.73)

where the index p = 0, N, 2N denotes the first collocation point of each crystal, hence
yps becomes the incoming flux Jin,s for each crystal in the system.

In the single-crystal case, the right-hand side of Equation 2.27 already incorporates
the boundary conditions of Equation 2.2. There, the first boundary condition is
explicitly present, while the second is trivial since it assumes zero reflection at the
crystal boundary. This assumption, however, does not hold for the stack case. At
each internal boundary, a backward-propogating contribution arises from the adjacent
crystal. Since these terms were absent in the single-crystal case, a new formulation is
required to consistently describe the reflection coupling between neighboring regions.

Moreover, this raises follow-up considerations regarding transmission coupling as
well. While the external boundary conditions can be directly set by the incoming
beam, as shown in Equation 2.65, the central challenge lies in defining the interior
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boundary conditions: how should the forward- and backward-propogating components
be coupled across the interfaces between regions?

For the transmission coupling, we adopt a simplifying assumption. Specifically, the
incoming beam at the first crystal is treated as if it were propogating through a single
crystal with identical properties. In other words, the transmitted beam at the first
interior boundary is taken to be equal to the transmitted beam of an isolatad crystal.
This assumption is then applied successively at each crystal interface in the system.

The limitation of this approach lies in the neglect of possible re-reflections at the
internal interfaces. These re-reflected components could, in principle, contribute to the
forward-propogating distribution. However, for the present treatment we assume that
their effect is negligible and falls within the margin of the numerical deviations already
inherent to the computation.

The implementation of the forward-propogating boundary conditions is performed
using a reference system: an identical incoming beam is sent to a single crystal, and its
transmitted distribution is extracted. This distribution is then employed in the stack
model to represent the forward transmission at each subsequent interface.

In contrast, the formulation of the reflection coupling is not yet fully developed, as a
rigorous derivation is still required. For the moment, while the explicit reflected beam
cannot be obtained within the current scheme, the total reflection can nonetheless be
determined in directly. This is achieved through the relation between transmission and
reflection, assuming no absorption in the system, i.e. ρ = 1 (equivalently, µa=0), while
accounting for numerical deviations.

A natural extension of the present formalism would be the incorporation of reflection
coupling, which can be initiated based on the framework already established in Equa-
tion 2.27. In addition to the separation of the incoming beam at the first collocatiopn
point of the crystal, one may also extract the reflected beam in an analogous manner.
This modification leads to an expansion of the current interface formulation, which can
be expressed as(

N

∑
j=1

forward

∑
s

+
N−1

∑
j=0

backward

∑
s

)
LN

nmjsy
N
js = −

forward

∑
s

LN
nm0syp,s −

backward

∑
s

LN+1
nm0s JN+1

ref,s , (2.74)

where JN+1
ref,s denotes the outgoing flux reflected from the crystal N + 1.

This formulation provides a consistent starting point for defining reflection coupling
through the explicit treatment of the interior boundary conditions. By embedding
the reflected contributions within the interface relations, one obtains a more com-
plete description of multi-layer scattering, which in turn lays the groundwork for
future implementations of a fully coupled forward- and backward-propogating beam
formalism.
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2.2.2 Tilted Crystal Formulation

Finally, we will introduce a reformulation for the tilted crystals with respect to the
original crystal normal Ĥ0 = êz. Tilting of the crystals in the general model only effects
the Bragg matrix B and attenuation vector A depending on in which depth coordinate
z the beam is travelling. This means the only needed modification to extend the model
for a stack of tilted crystal is to redefine the matrix B and vector A for each region
differently, which will change the matrix LN depending on how deep the beam is.

We begin by redefining the crystal normals in the presence of a tilt. Introducing a
tilt to the crystal modifies the crystal normal Ĥ. To account for this effect, we define
the tilting angle χ as a rotation around the y-axis. Consequently, the crystal normal
transforms as

Ĥ′ = Ry(χ)Ĥ0 = Ry(χ)êz =

 cos χ 0 sin χ

0 1 0
− sin χ 0 cos χ

0
0
1

 =

sin χ

0
cos χ

 . (2.75)

This transformation is applied both to the parametric curve Γ(k̂, t) and the deflection
function κ̂(k̂, t). For the parametric curve defined in Equation 2.45, which is expressed
in terms of scalar functions α(θ, t), β(t) and γ(θ, t), together with the rotation matrix
around the y-axis given in Equation 2.40, the transformation expression reads

Γ̂′(k̂, t) = Ry(χ)Γ̂(k̂, t) =

cos χ · α(θ, t) + sin χ · γ((θ, t))
β(t)

cos χ · γ(θ, t)− sin χ · α((θ, t))

 . (2.76)

Analogously, the deflection function transforms as

κ̂′(k̂, t) = Ry(χ)κ̂(k̂, t) =

cos(θ − χ)− 2 sin θB(cos χ · α(θ, t) + sin χ · γ(θ, t))
−2 sin θBβ(t)

sin(θ − χ)− 2 sin θB(cos χ · γ(θ, t)− sin χ · α(θ, t))

 ,

(2.77)
where the trigonometric identities cos χ · sin θ − sin χ · cos θ = sin(θ − χ) and cos χ ·
cos θ + sin χ · sin θ = cos(θ − χ) were used. The polar deflection function Θ(θ, t) and
the azimuthal shift function ∆Φ(θ, t), defined in Equation 2.49, then transform as

Θ′(θ, t) = arcsin(sin(θ − χ)− 2 sin θB(cos χ · γ(θ, t)− sin χ · α(θ, t))),

∆Φ′(θ, t) = arctan(
−2 sin θB · β(t)

cos(θ − χ)− 2 sin θB(cos χ · α(θ, t) + sin χ · γ(θ, t))
).

(2.78)

This construction ensures that the incoming angle θ remains invariant, thereby
preserving angular consistency across the discretization grid, particularly important in
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the case of stacked crystals. Maintaining this consistency prevents unphysical scattering
outside the angular domain and reduces numerical errors.

Next, we verify whether the von Mises-Fisher distribution in Equation 2.57 remains
valid for tilted crystals. Since the scalar product is invariant under rotations, i.e
Ĝ′ · Ĥ′ = Ĝ · Ĥ, the distribution should remain unaffected. Explicitly,

Ĝ′ · Ĥ′ =

cos χ · α(θ, t) + sin χ · γ(θ, t)
β(t)

cos χ · γ(θ, t)− sin χ · α(θ, t)

 ·

 sin χ

0
cos χ,


= sin χ · cos χ · α(θ, t) + sin2 χ · γ(θ, t) + cos2 χ · γ(θ, t)− cos χ · sin χ · α(θ, t),

= γ(θ, t) = Ĝ · Ĥ,
(2.79)

thereby confirming that no modification of W(Γ̂(k̂, t)) is required. With the trans-
formed functions Θ(θ, t), ∆Φ(θ, t), and Γ̂(k̂, t), the Bragg matrix B can be constructed
analogously to Section 3.2.3.

26



3 Computational Methodology

In this section, we detail the implementation of the model introduced in Chapter
2, along with the relevant computational considerations. The implementation builds
upon the software framework written with C++ developed in [2], which was originally
designed for the single-crystal case. This framework includes a dedicated library,
MultiBragg, providing a numerical solver for the transport equation. In the present
study, this software has ben extended to accomodate the stack-crystal configuration,
enabling the simulation of multiple coupled crystals within a unified computational
framework.

3.1 Numerical Tools

To solve the system of equations in the standard form L · x = y, a sparse LU solver is
employed. The implementation utilizes components from the numerical library Trilinos
[19, 20], in particular: the sparse compressed row matrix class from the Epetra package,
the ILU(0) preconditioner from the Ifpack package [21], and the generalized minimal
residual block solver from the Belos package [22].

3.2 Structure of the Model

In this section, we outline the general structure of the code and introduce the key
variable names that will be used throughout the formulation of the problem. The
implementation is primarily based on distributed sparse matrices and distributed dense
vectors, realized through classes Epetra_CrsMatrix and Epetra_Vector from the Epetra
package of the [Trilinos] library.

The unknown solution vector as well as the right-hand side of the governing equation
are represented as distributed dense vectors, whereas the operator matrix L is defined as
a distributed sparse matrix. This distinction is essential, as it reflects the requirements of
the solver employed in this work. Nevertheless, the assembly of both the matrix L and
the right-hand side vector is performed using relatively straightforward computations
based on the standard vector class, prior to their transfer into the distributed Epetra
structures.
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3 Computational Methodology

In the following, we discuss in greater detail the relevant aspects of this setup, includ-
ing the dimensionality of the matrices, the indexing conventions, and the separation
of contributions corresponding to the forward and backward directions. It should be
emphasized that the computational structure presented here corresponds to the core
design of the MultiBragg framework [2]. The extensions developed in the course of
this work are fully compatible with this design and rely on the same fundamental
principles.

3.2.1 Key Components of the Model

To initialize the simulation, a set of core parameters must be specified for the model.
These parameters are primarily material-dependant and include the opacity τ, the
relative reflectivity ρ, the Bragg angle θB, and the standard deviation η of the von
Mises-Fisher distribution. In addition, it is necessary to define a discretized grid on the
unit sphere k̂, which serves as the basis for the histogram bins introduced in Equation
2.6.

For this purpose, two grid parameters are introduced, denoted as ni and nj, which
correspond to the polar (θ) and azimuthal (ϕ) subdivisions of the unit sphere, respec-
tively. The grid is implemented as a one-dimensional array of size M = ni · nj, where
each entry represents a unique direction on the discretized sphere. To account for
both forward and backward scattering channels, this grid is duplicated, resulting in a
total size of 2M. In this extended grid, the first M elements correspond to the forward
channel (k̂z > 0), while the remaining M elements represent the backward channel
(k̂z < 0). The discretization is constructed in such a way that no element is located at
k̂z = 0. Additionally, although the azimuthal angle ϕ is defined over the full range
[−π, π], the polar angle θ is typically restricted to a specific interval. As a result, the
grid represents a partial solid angle rather than covering the entire unit sphere.

Additionally, while the grid is defined for azimuthal angle ϕ from −π to π, the
definition of polar angle is in most cases limited to a certain interval, meaning grid
returns a solid angle instead of the entire unit sphere.

With the angular grid for the scattering directions established, we can now construct
the Bragg matrix B and the attenuation vector A. To this end, a crystal class introduced,
which combines the material parameters with the discretized grid in order to compute
both B and A. The detailed computational procedures for these quantities will be
provided in Section 3.2.3; here, we restrict ourselves to the description of their structural
properties.

The Bragg matrix B is represented as a vector of objects of type BColumn. Each
BColumn contains two arrays: one specifying the indices of the bins from which scat-
tering originates, and the other containing the corresponding scattering probabilites.
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Once these columns are computed for all bins in the grid, the full matrix B is obtained,
having dimensions M × M.

For the attenuation vector A, the grid must be extended to properly account for
losses within the system. This is achieved by appending three additional elements
to the grid. The first element corresponds to absorption losses, parametrized by dµa

as defined in Equation 2.61, while the remaining two represent approximation and
cutoff losses introduced during the numerical computations. Following this extension,
the attenuation vector A attains the size M + 3. Consistently, the Bragg matrix B also
expends to dimensions (M + 3)× (M + 3) to reflect the augmented grid structure.

The incoming beam is likewise represented on the discretized grid. It is modeled
as a perfectly collimated beam, localized to a single direction specified by the incident
angles θin and ϕin.

To obtain the complete solution of the system, it is necessary to construct the full
computational mesh, including the collocation points along the propogation direction.
Denoting the number of collocation points by nz, the mesh is generated by extending
the previously defined angular grid. The resulting mesh thus contains a total of
(2M + 3) · nz degrees of freedom.

For the numerical implementation, a class named MatrixTask is employed. This class
takes as the input the crystal parameters, the mesh, and the incident beam definition.
From these, it constructs both the operator matrix L and the right-hand side vector of
the governing equation. The resulting linear system is then solved using the solver
introduced earlier.

The MultiBragg library also provides an iterative refinement scheme in which nz is
progressively increased until the change between successive solutions falls below a
specified tolerance. In the present work, however, we prefered to use the main function
with fixed nz, as this approach allows for more systematic control when comparing
different numerical cases. An overview of the components described in this section is
given in Table 3.1.

3.2.2 Computing Matrix L

The computation of the matrix L follows the definition introduced in Equation
2.25. The differentiation matrix D is constructed according to the procedure outlined
in Section 2.1.4, using the definitions provided in Equations 2.21, 2.22, and 2.23,
respectively. The calculation of the Bragg matrix B and the attenuation vector A is
described in detail in Section 3.2.3; for the present discussion, both structures are
treated as having arbitrary entries within physically plausible ranges. In numerical
implementation, the Kronecker deltas δij appearing in Equation 2.25 act as operators
that extract the diagonal elements from their respective matrices, thereby ensuting
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Table 3.1: Overview of the key components of the model.

Component Notation Input Parameters

Grid size in θ ni -
Grid size in ϕ nj -
Grid G ni,nj
Number of collocation points nz -
Mesh M G,nz

Crystal crystal τ,ρ,θB,η,G
Incoming Beam Iin G, θin, ϕin

consistency of matrix dimensions throughout the computations. Finally, since the
resulting matrix L is sparse due to the Kronecker deltas, it is implemented using the
Epetra_CrsMatrix class. An illustration of the matrix L, highlighting its structure
under the chosen angular and collocation discretization scheme, is presented in Figure
3.1.

For the stack case, it is necessry to compute a total matrix Ltot that represents the
entire system. To this end, the matrix L is first calculated for each crystal. In this
configuration, the only differences between crystal arise from the Bragg matrix B and
the attenuation vector A; hence, the computation for each crystal proceeds analogously
to the single-crystal case. Once the individual matrices LN have been obtained, they
are assembled into a block-diagonal matrix, with each LN placed along the diagonal
in the appropriate order. Finally, the coupling vectors are appended to the system
matrix, yielding the complete equation system with the boundary conditions specified
in Equation 2.69.

3.2.3 Computing Bragg Matrix and Attenuation Vector

By combining Equations 2.8 and 2.52, the Bragg matrix element Bms is obtained as

Bms = µ̄ cos θB

∫ 2π

0
dtW(Γ̂(k̂, t)) for κ̂(k̂s, t) ∈ ∆Ωm. (3.1)

For a fixed k̂s and t, the deflection function κ̂(k̂s, t) describes a one-dimensional-
manifold on the two-dimensional unit sphere [2]. As a result the Bragg matrix B
acquires a sparse structure. Moreover, the restriction imposed by the condition at the
end of the formulation ensures that the integral only accounts for deflections that fall
within the corresponding grid element. While this does not pose a problem for normal
oriented crystals, it leads to certain deflections falling outside the predefined grid space
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3 Computational Methodology

Figure 3.1: Visualization of the matrix L. The discretization employs five collocation
points, ten bins for θ ∈ [60◦, 80◦], and thirty six bins for ϕ ∈ [−180◦, 180◦].
The material parameters are set to θB = 70◦, ρ = τ = 1 and η = 2.5◦. As
certain matrix entries assume negative values, the absolute values |Lnm,js|
are depicted..
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in the case of tilted crystals, since the tilting angle χ causes an additional angular shift
in the grid. These numerical losses, however, are accounted for through the second loss
channel mentioned in Section 3.2.1.

To evaluate the integral in Equation 3.1, the integration domain is subdivided into
intervals using a recursive bisection method. The points t0 = 0 < t1 < ... < tl1 < tl =

2π are determined such that, for each t ∈ [t f , t f+1], all values of the deflection function
κ̂(k̂s, t) fall within a single bin ρs f . This subdivision is continued until the interval
length becomes smaller than η

5 . With this discretization, Equation 3.1 reduces to

Bms = µ̄ cos θB

l−1

∑
f=0

∫ t f+1

t f

dtW(Γ̂(k̂, t)) for ρs f = m. (3.2)

Since the integration intervals are now very small, each integral is efficiently approxi-
mated using Gauss-Legendre three-point quadrature [2]. The deflection function κ̂(k̂s, t)
is evaluated at the midpoint t =

t f+1− fl
2 , allowing the corresponding bin ρs f to be

identified and incremented appropriately to determine the correct deflection mapping.
As an example, Figure 3.2 depicts the Bragg matrix B, illustrating the variation of

its columns with respect to different scattering angles. This figure serves to clarify the
structure of the matrix and its role in representing the angular-dependent scattering
behavior in the model.

To further increase the sparsity of B, the matrix entries below a prescribed tolerance
are set to zero. Specifically, Brs is discarded whenever

Brs < ϵK max(Brs/M), (3.3)

where tolerance is defined as ϵK = 10−5 [2]. The numerical losses resulting from this
truncation are consistently recorded in the third loss channel.

In the case of vanishing absorption, i.e. µa = 0, the total current along the êz-direction
is conserved,such that

∂z

M

∑
m=1

k̂m,z Im(z) = 0. (3.4)

To preserve the condition even in the presence of non-diffractive losses, an additional
grid element is introduced, denoted as the loss channel Ia(z). Numerical experiments
indicate that the preferred propogation direction of this channel is backwards, i.e.
k̂a = −êz, which leads to the boundary condition Ia(d) = 0 [2]. The inclusion if this
channel modifies the Bragg matrix B by introducing the entries

Bas = µa for s ̸= a,

Bma = 0 for all m.
(3.5)
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θ=65°

θ=70°

θ=75°

Figure 3.2: Bragg matrix B visualized for three scattering angles, θs = 65◦, 70◦, 75◦, with
ϕs = 0◦. The three bands indicate the matrix columns corresponding to
the respective θs values. The Bragg angle is θB = 70◦, standart deviation is
η = 2.5◦, and ρ = τ = 1 is used for simplicity. The angular grid comprises
180 bins for ϕ over [−180◦, 180◦] and 100 bins for θ over [60◦, 80◦].
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such that the attenuation vector is no longer explicitly dependent on µa, but instead
becomes

Am =
M

∑
s=1

Bsm. (3.6)

In addition to the absorption channel, two further loss channels, Ib(z) and Ic(z),
are introduced to account for numerical losses incurred during the discretization
and approximation procedures described in Section 3.2.1. The second channel, Ib(z),
represents deflections that fall outside the angular grid. This occurs due to the finite
resolution in the polar angle θ, which renders the integral in Equation 2.7 inexact,
such that for certain s there exists a probability Bbs of diffraction into direction k̂′ not
represented in the grid [2]. The third channel, Ic(z), collects losses arising from the
sparsification of the Bragg matrix, where entries Bms below a given tolerance are set to
zero. In this case, the deleted entries are summed, and the corresponding contribution
is assigned to Bcs for the given s.

The computation of the Bragg matrix B and the attenuation vector A for tilted
crystals is carried out within the same general framework as outlined above, with the
only modification being the application of the reformulations introduced in Section
2.2.2, in place of the single-crystal case. However, the current implementation leads
to substantial increase in the loss channel Ib(z). Specifically, crystal tilting results in a
significant portion of the flux being deflected outside of the discretized grid. This effect
also obscures the distinction between whether the losses originate from transmission
or reflection processes. At present, we restrict ourselves to noting this limitation and
proceed with the analysis while carefully accounting for its impact on the results. A
more refined treatment or corrective strategy will be left as a subject for future work.

3.3 Hyperparameters and Tolerances

While the present work primarily focuses on extending the existing single-crystal
model [2] to the case of stacked crystals, its accuracy is assessed qualitatively by
comparison with the single-crystal results. For completeness, potential sources of error
are briefly discussed here, together with the relevant hyperparameters and numerical
tolerances, without providing further derivations. More detailed explanations can be
found in [2].

The numeric solution is governed by hyperparameters and tolerances:

1. Angular discretization: Bounds of θ and ϕ, and the number of bins used for the
directional grid.
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2. Collocation points: In the original single-crystal model, the initial number of
collocation points and the increment for the iterative scheme were treated as
hyperparameters. In the present work, however, we employ a fixed number of
collocation points, chosen consistently with the single-crystal model to allow
direct comparison. Thus, in the stack case, the number of collocation points can
be regarded as a hyperparameter. The chosen value corresponds to the optimal
number determined in its corresponding single-crystal model.

3. Auxiliary parameters for the computation of B: Bisection accuracy δt = 10−15,
maximum step size ∆t

η = 0.2, and the kernel cutoff ϵK = 10−5.

4. Collocation tolerance: In the single-crystal model, the iterative scheme includes a
collocation tolerance ϵC = 10−5 to determine convergence. Although this tolerance
does not directly apply to the stack model, it is retained here for completeness, as
the number of collocation points in the stack case was chosen on the basis of the
single-crystal model with this tolerance.

5. Solver tolerance: ϵS = 10−7 for the sparse equation solver provided by Trilinos.

6. Numerical integrity checks: A noise level ϵN = 10−5 , stricter limit ϵF = 10−4, and
cutoff tolerances ϵB = ϵC = 10−4 are applied to ensure the numerical consistency
of the obtained solutions with respect to the loss channels.

3.4 Chosen Parameters for the Model

The material parameters, along with the selected hyperparameters employed in
this model, are summarized in Table 3.2. The number of collocation points nz, was
determined by performing single-crystal simulations using the iterative scheme to
identify the optimal discretization. Based on the analysis, nz = 12 was selected. For the
stack case, in order to explore different configurations, we tested nz = 4 and nz = 12
per crystal, corresponding to a total of nz,tot = 12 and nz,tot = 36, respectively. The
number of bins in the angular grid is chosen according to the specific type of calculation
being performed and is specified individually for each result, whereas the range of the
polar domain is fixed and given in Table 3.2. All remaining parameters were kept the
same unless otherwise specified.
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Table 3.2: Summary of the material parameters and their corresponding values em-
ployed in the model.

Parameter Value

Grid G [θB − 4η, θB + 4η]

Number of collocation points nz 12
Opacity τ 1
Relative reflectivity ρ 1
Standard deviation η 2.5◦

Bragg angle θB 70◦

Incoming Beam Iin θin = θB , ϕin = 0◦

Tilting angle χ 2.5◦

Number of crystals in stack case Ntot 3
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4 Results and Discussion

In this section, we present and analyze the results obtained from the extended model
for the stack case, in comparison with the previously established single-crystal model.
We begin by verifying the effect of crystal tilting through an initial analytical analysis.
Subsequently, we examine the numerical results produced by the developed model,
highlighting its performance as well as the sources and implications of numerical errors
wherever possible. Following this, we present the test results for the current stack
crystal implementation. As noted previously in Section 2.2, the present stack model
lacks a proper reflection coupling mechanism, which leads to significant deviations
from the behavior predicted by the equivalent single-crystal model. Based on these
observations, we provide suggestions for improvements and potential refinements to
address the limitations identified in the current results.

4.1 Crystal Tilting

4.1.1 Polar Deflection and Azimuthal Shift Functions

Before proceeding with the full simulations, it was essential to validate the newly
developed transformation of the polar deflection function Θ(θ, t) and the azimuthal
shift function ∆Φ(θ, t), as defined in Equation 2.78, by comparing them with their
counterparts in the normal-oriented case given in Equation 2.50. This validation step
ensures that the tilting transformation is consistent with the Bragg matrix formalism
introduced in Section 2.1.5, where the scattering geometry was described using rotation
matrices. Since the Bragg matrix inherently describes how the incident wavevector is
mapped onto the scattered one under the Bragg condition, any modification of the
crystal orientation must consistently manifest in the resulting scattering functions.

We begin by examining the polar deflection function Θ(θ, t). Figure 4.1 presents a
comparison between Θnormal(θ, t) and Θtilted,2.5◦(θ, t) for five different incident angles
θin with ϕin = 0◦. In the normal orientation, one observes that the difference between
scattering angle Θ(θ, t) and the Bragg angle θB increases as the incident angle θin moves
further away from the Bragg angle θB. This behavior is consistent with the Bragg
condition, where deviations from the exact Bragg angle shift the scattering vector and
lead to a larger deflection angle. The Bragg matrix calculations performed earlier
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already indicated this sensitivity of the scattering geometry to deviations in θin, and
the present comparison confirms the expected trend on a functional level.

Once the crystal is tilted by χ = 2.5◦, a systematic shift in the scattering directions
appears. Physically, this tilt alters the reflection condition in the crystal’s local reference
frame relative to the laboratory frame. The Bragg matrix formalism predicts that such
a rotation introduces additional misalignment term, effectively reducing the polar
scattering angle in the laboratory frame. Indeed, the comparison shows that, across
all incident angles, the scattered rays are deflected by approximately 5◦ less compared
to the normal oriented case. Additionally, difference between each incoming angles
θin is around 2.5◦ in the normal oriented case, while in the tilted case this difference
becomes less than 2.5◦. This reduction is not uniform across the azimuthal domain,
which emphasizes that tilting does more than just inroduce a constant offset, it reshaps
the angular dependence in Θ(θ, t).

The relative change between the normal and tilted cases is quantified in Figure 4.2.
The curves demonstrate that while the difference is minimal in the outer azimuthal
regions t ∈ [−180◦,−90] ∪ [90◦, 180◦], the effect is most pronounced in the central
region t ∈ [−60◦, 60◦]. From the standpoint of the Bragg matrix formulation, this is
precisely the regime where the azimuthal contributions are most strongly coupled
to the polar deflection. Importantly, this central domain coincides with the region
weighted by the Mises-Fisher distribution W(Γ̂(k̂, t)), which enters directly into the
integral formulation of the scattering probability in Equation 3.2. Hence, the observed
modification due to tilting is not a marginal effect but one that significantly alters the
effective contribution of the scattering process to physically measurable quantities.

Another point worth noting is the interplay between the tilt and the dependence
on the incident angle θin. For incident angles close to the Bragg angle, the difference
between the normal and tilted cases is significant, while for larger deviations from
θB, the reduction in Θ(θ, t) becomes negligible. This observation reinforces the role of
tilting as a perturbation to the Bragg condition: while the Bragg angle itself remains
the reference point, the effective angular acceptance of the reflection is reshaped. Such
reshaping is consistent with the predictions from the Bragg matrix formulation, where
the introduction of an additional rotational degree of freedom shifts the directions of
the scattering transformation.

In summary, the comparison between the normal and tilted orientations confirms
consistency of the newly developed transformation with the Bragg matrix framework.
The results show that tilting does not simply shift the scattering angle uniformly
but inroduces a structured modification that primarily affects the physically relevant
azimuthal region. This finding has two important implications for the simulations to
follow: (i) the angular redistribution caused by tilting must be explicitly accounted for
in order to obtain accurate predictions of the scattering intensities, and (ii) regions of
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negligible difference, such as the outer azimuthal domains, can be disregarded.
A brief investigation was conducted to assess the effect of crystal tilting on the

azimuthal shift function ∆Φ(θ, t). Similar to the analysis of the polar deflection function
Θ(θ, t), we compared the shift functions for a normal oriented crystal and a tilted crystal
with χ = 2.5◦. The results, shown in Figure 4.3, indicate that crystal tilting has no
significant effect on ∆Φ(θ, t), as anticipated. This outcome is consistent with the fact
that the tilt angle χ = 2.5◦ lies within the small -angle approximation regime, where
cos χ ≈ 1 and sin χ can be neglected. The only potential source of non-negligible
change arises from the cos(θ − χ) term in Equation 2.78; however, this contirbution
remains minor. Figure 4.4 illustrates the relative difference between the normal and
tilted cases. The maximum deviation occurs at ±180◦, while the difference is nearly
zero within the interval t ∈ [−60◦, 60◦], which corresponds to the region where the
dominant scattering events occur. In summary, these results demonstrate that the
azimuthal shift is effectively invariant under crystal tilting, thereby confirming that the
symmetry of the angle ϕ is practically preserved.

4.1.2 Bragg Matrix under Crystal Tilting

Having verified the consistency of the tilted crystal formulation, we now turn to
the construction of the Bragg matrix B under crystal tilting. For this purpose, two
otherwise identical crystals are considered, each tilted by opposite angles χ± = ±2.5◦,
with the material parameters specified in Table 3.2. Their results are then directly
compared to the corresponding case of a normal-oriented crystal with identical param-
eters. This comparison allows us to assess how the tilt is incorporated into the Bragg
matrix formalism and to confirm that the transformation remains consistent with the
underlying symmetry relations.

Figures 4.5, 4.6 and 4.7 present the Bragg matrices for the normal oriented crystal
and for the crystals tilted by χ+ = +2.5◦ nd χ− = −2.5◦, respectively. In all three
cases, the scattering directions are correctly represented within the angular grid, and
the weighting distribution W(Γ̂(k̂, t)) is applied consistently relative to the normal
oriented reference case shown in Figure 4.5. A particularly instructive validation of this
consistency is given by the proper reproduction of Bragg reflections under tilting. For
the positively tilted crystal, an incoming angle of θin = 72.5◦ is scattered into the Bragg
angle θB = 70◦. Conservely, for the negatively tilted crystal, the Bragg condition is
fulfilled at θin = 67.5◦. This behavior follows directly from the angular transformation
into the local crystal reference frame: in the positive tilt case, θin = 72.5◦ is shifted to
an effective θ′in = 70◦, thereby satisfying the Bragg condition, while the opposite occurs
for the negative tilt.

An important observation, however, emerges during the construction of the Bragg
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Figure 4.1: Comparison of the polar deflection function Θ(θ, t) in the normal orientation
(top) and with a crystal tilt of χ = 2.5◦ (bottom) for five different incident
angles θin with ϕin = 0◦. In the normal case, the angular difference θout − θB

grows as θout deviates from the Bragg angle θB. Tilting systematically
reduces the scattering angle by 5◦ and reshapes the angular dependence,
with the strongest deviations occurring in the azimuthal domain around
t = 0◦.
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Figure 4.2: Relative change of the polar deflection function Θ(θ, t) between the normal-
oriented case Θnormal(θ, t) and the tilted case Θtilted,2.5◦(θ, t) for five different
incident angles θin with ϕin = 0◦. The curves demonstrate that the effect of
tilting is negligible in the outer azimuthal regions, while the central range
t ∈ [−60◦, 60◦] exhibits a pronounced modification of the scattering angles.
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Figure 4.3: Comparison of the azimuthal shift function ∆Φ(θ, t) in the normal orien-
tation (top) and with a crystal tilt of χ = 2.5◦ (bottom) for five different
incident angles θin with ϕin = 0◦. Both cases show the characteristic disconti-
nuity at t = 0◦, which reflects the branch cut in the azimuthal transformation.
While the overall functional form is preserved under tilting, negligible devi-
ations appear across the azimuthal domain.
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Figure 4.4: Relative change of the azimuthal shift function between the tilted case
and the normal orientation, (∆Φtilted.∆Φnormal)/∆Φnormal, for five different
incident angles θin with ϕin = 0◦. The alrgest deviations occur in outer
azimuthal regions t ≈ ±180◦, while the central domain around t = 0◦ is
largely unaffected by tilting. The magnitude of the relative change depends
weakly on θin.
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matrices for the tilted crystals. Despite the correct reproduction of the scattering
geometry, matrix elements associated with the normal oriented case appear in the tilted
matrices. This results in additional, spurious scattering probabilites in angular regions
where no scattering events should occur. The presence of such duplicate contributions
violates probability conservation, which is a critical condition for obtaining physically
consistent results. These artificial scattering channels are visible in Figures 4.6 and 4.7,
where the tilted cases exhibit redundant reflection entries.

Given the earlier verification of the deflection and shift functions in Section 4.1.1,
where no inconsistencies were found, the origin of this problem is most likely related to
the computational implementation rather than the theoretical framework. Specifically,
the issue appears to arise in the numerical construction of the Bragg matrix, particularly
in the implementation of the reflection and bisection procedures described Section 3.2.3.
Possible causes include erroneous bin assignments of scattering directions in the reflect
function or inaccuracies in the evaulation of the angular integrals for tilted crystals
within the bisection method.

The implications of this violation of conservation are non-negligible, as they directly
affect the physical plausibility of the resulting scattering intensities. A detailed discus-
sion of the consequences of these inconsistencies, as well as their effect on the total
reflectivity of tilted crystals, is provided in Section 4.1.3.

4.1.3 Total Reflectivity and Violation of Probability Conservation

Having constructed the Bragg matrices for the tilted crystal cases, we now turn
to a simple but illustrative example: the calculation of the total reflectivity of tilted
crystals compared to the normal-oriented reference case, with particular attention to
the consequences of the violated probability conservation observed earlier.

For this analysis, the incident angle θin is swept over the range 65◦ ≤ θin ≤ 75◦ with
an increment of 0.25◦. The results for the normal orientation, as well as for tilts of
χ+ = +2.5◦ and χ− = −2.5◦, are presented in Figures 4.8, 4.9 and 4.10, respectively.
The normal oriented case (Figure 4.8) serves as a reference: as expected, the total
reflectivity reaches its maximum at the Bragg angle θB, while the total transmission
simultaneously reaches a minimum. The attenuation is negligible in this configuration,
confirming that probabilty is conserved within the Bragg matrix and that all flux is
properly partitioned into reflection and transmission channels.

The situation changes markedly for the tilted cases. As discussed in Section 4.1.1,
the construction of the tilted Bragg matrices introduces duplicate entries, which gener-
ate unphysical scattering channels. These additional contributions break probability
conservation, thereby leaading to artificial losses in the system. The effect is visible in
Figures 4.9 and 4.10. Under ideal conditions, one would expect the reflectivity curve of
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𝜃=65°    

𝜃=72.5°    

𝜃=75°    

𝜃=70°    

𝜃=67.5°    

Figure 4.5: Bragg matrix B of the normal oriented crystal, visualized for five scattering
angles, θs = 65◦, 67.5◦, 70◦, 72.5◦, 75◦, with ϕs = 0◦. The bands indicate the
matrix columns corresponding to the respective θs values. The used material
parameters are given in Table 3.2. The angular grid comprises 180 bins for
ϕ over [−180◦, 180◦] and 160 bins for θ over [60◦, 80◦].
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𝜃=65°      

𝜃=67.5°      

𝜃=70°      

𝜃=72.5°      

𝜃=75°      

Duplicate     

Figure 4.6: Bragg matrix B of the crystal with tilting χ+ = +2.5◦, visualized for five
scattering angles, θs = 65◦, 67.5◦, 70◦, 72.5◦, 75◦, with ϕs = 0◦. The bands
indicate the matrix columns corresponding to the respective θs values. The
used material parameters are given in Table 3.2. The angular grid comprises
180 bins for ϕ over [−180◦, 180◦] and 160 bins for θ over [60◦, 80◦]. The
duplicate entries are shown with the red label.
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Duplicate

𝜃=65°     

𝜃=67.5°     

𝜃=70°     

𝜃=72.5°     

𝜃=75°     

Figure 4.7: Bragg matrix B of the crystal with tilting χ− = −2.5◦, visualized for five
scattering angles, θs = 65◦, 67.5◦, 70◦, 72.5◦, 75◦, with ϕs = 0◦. The bands
indicate the matrix columns corresponding to the respective θs values. The
used material parameters are given in Table 3.2. The angular grid comprises
180 bins for ϕ over [−180◦, 180◦] and 160 bins for θ over [60◦, 80◦]. The
duplicate entries are shown with the red label.
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a tilted crystal to resemble the normal oriented case, but shifted such that the maximum
reflectivity occurs around θin ≈ θB + χ. Instead, the computed results exhibit strong
attenuation and distorted curve shapes, which deviate significantly from the expected
shifted profile.

The attenuation visible in both tilted cases indicates that a large fraction of the flux
that should contribute to the reflection maximum is instead registered as losses. In
addition, part of the transmitted flux is also misclassified as attenuation. While the
computational framework tracks these losses through the second loss channel Ib(z), it
does not retain information about whether the lost flux originates from reflection or
transmission outside the angular grid. As a result, a detailed physical interpretation of
the attenuation is not possible. Nonetheless, a residual shift of the reflectivity curves
can still be discerned, albeit in the wrong direction, further underscoring the presence
of numerical inconsistencies.

The underlying cause of this anomalously high attenuation lies in the duplicate
entries within the Bragg matrix. As shown in the attenuation calculation of Equation
3.6, the attenuation vector is obtained directly from the Bragg matrix elements as the
sum over all scattering entries. In the normal oriented case, the largest element of
this vector remains on the order of 10−1, consistent with physically acceptable loss
levels. In contrast, for the tilted crystals the presence of duplicate entries causes certain
attenuation elements to exceed unity, which is unphysical and corresponds to unrelistic
losses. As a result, redundant scattering directions originating from the normal oriented
case persist in the tilted matrices, leading to a missallocation of flux. This faulty
construction of the attenuation vector directly violates probability conservatin for the
scattering events and prevents the extraction of physically meaningful reflectivity data.

4.2 Stack Model

We now turn our attention to the stack model. Owing to the issues identified for
tilted crystals, the following discussion is restricted to stacks composed of normal
oriented crystals. As previously emphasized, one of the principal shortcomings of the
current framework is the abscence of a suitable reflection-coupling element that would
allow backward-propogating flux to be transferred consistently to the top of the first
crystal. In its present form, this omission prevents the total reflectivity of the stack
from being properly captured.

A secondary but closely related consequence arises from this limitation: since internal
reflections within the stack are not correctly represented, their contribution to the
overall transmission is also missing. This leads to a systematic underestimation of both
reflection and transmission, thereby compromising the physical reliability of the model.
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Figure 4.8: Total reflectivity, transmission, and attenuation as a function of the incom-
ing angle θin for the normal-oriented crystal. The maximum reflectivity
and minimum transmission occur at the Bragg angle θB, indicated by the
vertical red line. Attenuation remains negligible, confirming probability
conservation in this case. Number of bins chosen as ni = 91 and nj=1.
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Figure 4.9: Total reflectivity, transmission, and attenuation as a function of the incoming
angle θin for the crystal tilted by χ+ = +2.5◦. The Bragg angle θB is
indicated by the vertical red line. In contrast to the normal-oriented case,
the reflectivity curve does not simply shift towards θin ≈ θB + χ, but instead
exhibits strong attenuation due to the violation of probability conservation
caused by duplicate entries in the Bragg matrix. Number of bins chosen as
ni = 91 and nj=1.
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Figure 4.10: Total reflectivity, transmission, and attenuation as a function of the in-
coming angle θin for the crystal tilted by χ = −2.5◦. The Bragg angle θB

is indicated by the vertical red line. Similar to the positively tilted case,
the reflectivity curve does not simply shift to θin ≈ θB + χ, but instead
shows pronounced attenuation arising from the violation of probability
conservation due to duplicate entries in the Bragg matrix. Number of bins
chosen as ni = 91 and nj=1.
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The coupling vectors introduced in Section 2.2 partially address the problem by
ensuring continuity of the flux between the interfaces. However, in the abscence of a
reflection condition at the interfaces, the model implicitly assumes that no reflection
occurs at the termination of each crystal. This assumption disrupts the natural pro-
pogation of reflected waves through the stack and effectively cancels the fluidity of
reflection across the entire system. A proper implementation of reflection-coupling at
each interface is therefore required to achieve a physically consistent description of
stacked crystal systems.

Nevertheless, we presented the results of the stack model in comparison to its
corresponding single-crystal case, as shown in Figure 4.11. In particular, a stack of
three crystals of thickness d, each with an opacity of τ = 1, should ideally correspond
to a single crystal of thickness 3d and total opacity τ = 3. However, when comparing
the two cases, the total reflectivity of the systems do not match, while the curve shape
is same for both cases. The primary reason for this discrepancy lies in the abscence of a
reflection coupling mechanism, as discussed earlier.

A further comparison between the stack model and a single crystal with τ = 1 shows
exact agreement, which comfirms that the contributions from reflections within the
additional two crystals of the stack are not accounted for the current implementation.
This finding reinforces the interpretation of the abscence of the reflection processes
across crystal interfaces.

We also investigated the effect of the number of collocation points nz on the accuracy
of the computation, as illustrated in the bottom-right panel of Figure 4.11. It is evident
that increasing nz improves accuracy only up to a certain threshold, beyond which
further refinement yields negligible benefits. This suggests that an iterative scheme,
analogous to the single crystal implementation, could provide a more efficient and
stable approach for the stack case in future developments.

The insufficiency of the current method to enforce proper boundary conditions likely
originates from the treatment of coupling vectors. In the current formulation, cou-
pling vectors are applied simultaneously to both forward- and backward-propogating
channels within the same equation. This approach effectively locks the system into a
constrained approximation together with the usage of predetermined incoming beams
that fails to reproduce the necessary reflection dynamics. A more promising strat-
egy would be to decouple the forward and backward channels, enforcing boundary
conditions separately for each. Such a modification would allow for a consistent descrip-
tion of reflection coupling across multiple interfaces and could resolve the observed
discrepancies.

With this revised strategy, the matrix formalism given in Equation 2.72 generalizes to

52



4 Results and Discussion

Figure 4.11: Total reflectivity at the Bragg condition θin = θB for different crystal config-
urations. The left panels show the results for a single crystal with τ = 3
(top left) and τ = 1 (bottom left). The right panels display the corre-
sponding results for a stack of three crystals with τ = 1 and discretization
parameter nz,tot = 12 (top right). For comparison, the relative change in
reflectivity between the stack cases with nz,tot = 12 and nz,tot = 36 is shown
in the bottom right panel. Number of bins chosen as ni = 91 and nj=1.
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the following form 

L0 0 0 0 0 0 0
0 L1 0 0 0 0 0
0 0 L2 0 0 0 0
I1

f −I2
f 0 1 0 0 0

0 I1
f −I2

f 0 1 0 0
I1
b −I2

b 0 0 0 1 0
0 I1

b −I2
b 0 0 0 1





y0

y1

y2

λ1

λ2

λ3

λ4


=



0
0
0
0
0
0
0


. (4.1)

This extended formulation introduces explicit separation of the forward (I f ) and back-
ward (Ib) coupling vectors, ensuring that boundary conditions are properly enforced at
each interface. Such an approach represents a promising pathway toward resolving
the reflection coupling problem and achieving a physically consistent description of
mosaic crystal stacks.
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In this work, we have developed and tested a framework for modeling scattering in
the stack of mosaic crystals based on a Bragg matrix formalism, with particular focus
on the effects of crystal tilting.

The transformation of the polar deflection and azimuthal shift functions was derived
and validated, demonstrating consistency with the expected scattering geometry. For
tilted crystals, these functions correctly reproduced the angular redistribution of scat-
tered beam, especially in the physically relevant azimuthal regime weighted by the von
Mises-Fisher distribution.

the construction of Bragg matrices for tilted crystals further confirmed that the
formalism reproduces the correct Bragg reflection conditions in the local reference
frame. However, an important limitation was identified: duplicate entries in the tilted
Bragg matrices introduced unphysical scattering channels, which violated probability
conservation and led to spurious attenuation. Thus issue was clearly manifested in the
reflectivity calculations. While the normal oriented crystal showed physically consistent
reflectivity and transmission with negligible attenuation, the tilted cases exhibited
strong artificial losses, preventing a reliable extraction of physically meaningful results.
The analysis traced these problems back to the computational implementation of
the Bragg matrix, particularly the reflection and bisection routines, rather than the
theoretical framework itself.

Finally, a preliminary study of stacked crystals highlighted the importance of reflec-
tion coupling across interfaces. The current model, which lacks an explicit reflection
coupling element, cannot capture the full reflectivity of the stack and underestimates
transmission by neglecting internal reflections. Although coupling vectors ensured
partial continuity within each crystal, the abscence of interfacial reflection conditions
effectively blocked the propogation of reflected flux through the entire system.

Future work should address these limitations along two main directions. First, the
implementation of the Bragg matrix for tilted crystals must be revised to eliminate
duplicate entries and enforce probability conservation. A practical starting point would
be the introduction of assertion checks to verify matrix normalization at each step,
combined with a systematic investigation of the origin of duplicate values within the re-
flection kernel routine. Second, the reflection coupling element should be incorporated
into the stack model to ensure continuity of backward-propogating flux across inter-
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faces. This improvement will enable a physically consistent description of multi-layer
crystal systems, which is essential for modeling PST chopper in spectrometers such as
SPHERES at FRM II. Finally, the two components, the tilted crystal formalism and the
stack model, should be unified into a single framework to enable realistic simulations
of a static PST chopper. Such a framework would then provide the foundation for the
more challenging task of simulating the rotating PST chopper, thereby bringing the
model closer to direct experimental application.

In conclusion, while the present study has identified important challenges in the
implementation, it has also established the theoretical consistency of the tilted crystal
formalism and clarified the requirements for extending the Bragg matrix approach to
stacked crystal systems. These developments provide a solid foundation for future
refinement of the model and its eventual application to quantitative predictions of
neutron scattering experiments.
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