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We study the problem of estimating frequency response functions of systems of coupled, classical harmonic
oscillators using a quantum computer. The functional form of these response functions can be mapped to a
corresponding eigenproblem of a Hermitian matrix H, thus suggesting the use of quantum phase estimation. Our
proposed quantum algorithm operates in the standard s-sparse, oracle-based query access model. For a network
of N oscillators with maximum norm ||H ||.x, and when the eigenvalue tolerance ¢ is much smaller than the
minimum eigenvalue gap, we use O(log(N's||H ||max/€) algorithmic qubits and obtain a rigorous worst-case query
complexity upper bound O(s||H ||max/(8%€)) up to logarithmic factors, where § denotes the desired precision on
the coefficients appearing in the response functions. Crucially, our proposal does not suffer from the infamous
state preparation bottleneck and can as such potentially achieve large quantum speedups compared to relevant
classical methods. As a proof-of-principle of exponential quantum speedup, we show that a simple adaptation
of our algorithm solves the random glued-trees problem in polynomial time. We discuss practical limitations as
well as potential improvements for quantifying finite-size, end-to-end complexities for application to relevant

instances.
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I. INTRODUCTION

It is part of the experience of scientists and engineers that
many relevant problems appearing in nature can be formulated
as the problem of finding the eigenvalues and eigenvectors of
a matrix. Consequently, a natural question to ask is whether
quantum computers can provide some advantages in solving
eigenproblems, compared to standard classical algorithms.
The answer to this question is the subject of active research,
but it is highly nontrivial and depends on the fine details of the
problem itself.

In this paper, we focus on a particular category of eigen-
problems, namely those associated with a system of N
coupled harmonic oscillators. Needless to say, systems of
coupled harmonic oscillators are ubiquitous in nature, as they
can be used to effectively model the low energy dynamics
of apparently very different physical systems, from electrical
circuits to the vibration of molecules. In essence, our goal is
to perform a modal analysis of the system, focusing on the
calculation of response functions in frequency (or Laplace)
domain. Response functions describe how much an external
perturbation applied to a certain oscillator, influences the dy-
namics of another oscillator in the system. These functions
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have an analytical functional form that is related to an eigen-
problem defined on the system of coupled oscillators. We thus
focus on the question of how these response functions can be
extracted using a quantum algorithm and in which cases we
might expect significant quantum speedups.

A. Related work

The idea of using a quantum computer for eigenproblems
dates back to the early days of quantum algorithm devel-
opment [1]. In the quantum chemistry setting, where one is
typically interested in characterizing the low-lying eigenval-
ues and eigenstates of a molecular Hamiltonian, it is in fact
considered one of the most promising applications of quantum
computers [2—4].

Broadly speaking, one can distinguish between two cate-
gories of quantum algorithms for eigenproblems, namely al-
gorithms based on the variational quantum eigensolver [5,6],
which lack rigorous scaling guarantees, and those based on
the quantum phase estimation (QPE) subroutine [7-9]. In
this work, we focus on the latter, and in particular on a
formulation of standard QPE for eigenvalue estimation that
relies on the block-encoding of the matrix of interest in a
(larger) unitary [4,10-16]. A key feature of the problem that
we exploit is that to estimate the response functions, we do
not need to invoke a state preparation subroutine that pre-
pares a desired eigenvector as a quantum state, for instance
via controlled rotations [17], reject sampling method [18],
eigenvalue transform [19] or adiabatic state preparation (see
discussion in Ref. [4]). These kinds of state preparation
subroutines hide additional complexity and can ruin potential
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quantum speedups when properly taken into account. Instead,
as we will show, in our case the omnipresent state preparation
problem in QPE reduces to the preparation of a product state,
from which we need to determine the relevant eigenvalues and
associated weights via importance sampling. The simultane-
ous estimation of multiple eigenvalues using either QPE or
other quantum subroutines has been studied in the literature
using different approaches [20-23].

The works that are most related to ours on resolving
coupled harmonic oscillators on a quantum computers are
Refs. [24,25]. Reference [24] analyzes the problem of ob-
taining the classical time-evolution of a system of coupled
harmonic oscillators. To do this, the authors employ a particu-
lar encoding of the positions and momenta of the oscillators in
the amplitudes of an n-qubit quantum system. On this system,
a Hamiltonian can be defined that mimics the time-evolution
of the system of coupled oscillators at any time. With this
approach, while one cannot efficiently access the full solution,
it is possible to estimate efficiently relevant quantities such
as the kinetic energy of a subset of oscillators. Moreover,
Ref. [24] also shows that the random glued-trees problem
originally studied in Ref. [26] can be mapped to a problem on
coupled oscillators and solved efficiently using the quantum
approach. We complement this result by showing that the
glued-trees problem can also be solved efficiently with our
QPE approach by a simple adaptation of the algorithm for the
estimation of response functions. An interesting open question
is whether response functions can also be estimated using the
time-evolution approach of Ref. [24].

Reference [25] instead focuses on a normal mode analysis
of systems of coupled oscillators, in the same spirit as our
work, and essentially using the same kind of embedding of
the problem in quantum systems. However, Ref. [25] does not
discuss the application to the estimation of response functions
and assumes that a good approximation of the eigenvectors
can be prepared in a quantum system. While this would also
allow to estimate response functions in principle, we show that
it is not necessary for this task.

Finally, our work is also connected to quantum approaches
to solve the wave equation [27] or more generally for finite
element simulations of solid structures [28,29]. In fact, as we
detail in the next section, once discretized, these problems can
be mapped to a system of coupled harmonic oscillators.

B. Background on applications

The solution of ordinary and partial differential or inte-
gral equations describing technical and physical processes,
such as the deformation of components under given loads
or heat conduction in solids, is rarely successful analytically
and must be solved numerically. The necessary transfer to a
finite-dimensional equivalent problem requires a discretiza-
tion process using methods such as the finite element or finite
volume method [30]. In our work, we are particularly inter-
ested in problems for which this discretization step leads to
an effective model of coupled harmonic oscillators. A promi-
nent example of these problems are those that emerge in the
manufacturing industry as we detail below.

Due to their time efficiency, finite element models are
often used in practice to simulate machining processes, such
as milling. Milling is a metal cutting manufacturing process
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FIG. 1. In-process-workpiece (IPW) of a single blade demon-
strator (left) and the detailed representation of the finite element
mesh. The cutting tool is shown in blue. With the cutter location-
dependent IPW, material properties (density, Young’s modulus,
Poisson’s ratio), and boundary conditions as input, the finite element
modal analysis can be conducted and the frequency response func-
tion (FRF) calculated by solving the corresponding eigenproblem.
Typical solvers used for this task are based on the QR algorithm and
have complexity O(N?) [31-33].

that uses the circular cutting motion of a tool, usually with
multiple cutting edges, to produce a vast variety of surfaces on
a workpiece (see Fig. 1).In all milling processes, in contrast to
other processes, such as turning and drilling for instance, the
cutting edges are not constantly engaged. Still, at least one
cutting interruption per cutting edge occurs with each revolu-
tion of the tool [34]. Due to the constant cutting interruptions,
depending on the milling cutter speed, a dynamic excitation
of the workpiece and the tool can occur, which can have a
negative effect on the surface quality in the form of vibration
marks. Dynamic process stability simulations are carried out
to analyze the vibrations and to improve the process design for
the milling of thin-walled components [35-39]. The ultimate
goal of these simulations is to obtain response functions over
a certain frequency range, i.e., the typical frequency range of
the cutting tool, that provide information about the effect that
the cutting tool at a certain location has on the workpiece at
other, possibly different, locations. For this particular case,
the response function is a so-called compliance (with units
m/N) as a function of the frequency of the cutting edge, as
shown in Fig. 1, which effectively quantifies the vibration of
the workpiece caused by the cutting tool.

Reference [40] analyzed a workflow for milling dynamics
simulation, examining computational time and identifying nu-
merical problems that can be suited for quantum algorithms.
The milling dynamics workflow considers the dynamic
behavior of the workpiece, which continuously varies due to
changes in the stiffness and mass of the workpiece caused
by the material removal and the position-dependent force
excitation by the milling tool [41]. This analysis highlighted
the fact that finite element modal analysis is typically a
computationally intensive simulation application in milling of
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FIG. 2. Representation of coupled oscillators. Pointlike masses
m, in blue are connected by springs with spring constant «,,,. The
force f, applied to mass v yields a displacement x,, at mass u.

thin-walled aerospace components, and as such could benefit
from possible advantages that quantum algorithms could offer
for this task.

C. Structure

The rest of the paper is structured as follows. In Sec. II,
we discuss the connection between the computation of the
response function of coupled oscillators and the solution of
an eigenproblem. We further describe briefly our quantum
algorithm and its scaling behavior, which is summarized in
Theorem 1. We finish the section with a critical assessment
of the limitations and possible improvements of our quantum
approach. In Sec. III, we describe our proposed quantum
algorithm in more detail, for which a pseudocode is provided
in Algorithm 1. Section IV discusses how the random-glued
trees problem can be solved using the QPE subroutine. We
then summarize our results and provide an outlook in Sec. V.
The Appendixes contain a more in-depth derivations of the
analytical form of the response function (Appendix A), de-
scriptions of the quantum subroutines used in the algorithm
(Appendix B), a detailed error analysis (Appendix C), a mod-
ified version of the algorithm for nonlocal response functions
(Appendix D), and a scaling analysis of the algorithm applied
to the random glued-trees problem (Appendix E).

II. PROBLEM STATEMENT AND MAIN RESULTS
A. Linear response functions as an eigenproblem

Let us consider a system of masses coupled by spring con-
stants as shown in Fig. 2 and let G = (V, £) be a graph with
V the set of vertices and £ the set of edges, that describes the
network of oscillators. With each vertex u € }V we associate
a harmonic oscillator with mass m, > 0 and a coupling to
a common wall with spring constant x,, > 0. We denote by
N = |V| the number of oscillators. With each edge (1, v) € €
in the graph, instead, we associate a coupling spring constant
Kuw > 0. In what follows, we implicitly assume an ordering
of the vertices, i.e., we associate with each u € V a number
between 1 and N. For notational simplicity, we also denote
this number by u, since its meaning is clear from the context.
Additionally, we denote by Ng[u] the closed neighborhood
of u € V, i.e., the set of vertices connected to u by an edge
plus u itself. We call s, = |Ng[u]| and define the sparsity s as

ALGORITHM 1. Calculation of the local response function
G,,(v) on a quantum computer. The first part estimates classically
the register and sample size required by the quantum circuit fol-
lowing in the loop over t. The classical postprocessing in the end
is required to extract the response function from the measurements.

Data:
e Oscillator u
o Mass my,

e Renormalization s||H ||

e Minimum eigenvalue gap A{"
e Tolerances ¢, 9,

e Controlled quantum walk operator ¢V which
contains the oracles Oy and Op

e Number of oscillators N

e Number of distinguishable eigenvalues N,
Result: Local response function Gy (v)
begin
m, n, a + | < compute the required register sizes

Ns < compute the required sample size
for t € {1,...,Ns} do
regphase A E?:071 |Z>
regstate — |u>
Tegancilla A |0>®a+l
for i€ {0,...,m —1} do
\\ Cvzl to [regggasmregstate7regancilla]
QFT‘L 60 reg hace
(¢ < measure reg,; ...
define P(p) = 37,55 8(p — 1) /Ns
@ <« identify N, peaks in P(y)
for j€{j:¢; € ¢} do
Aj = S| H || o €08 (2" 05)
Wei <232, P([e;] +q)

Guu(v) = my S0 Wi /() +0°)

§ = max,cySs,. For later convenience, we also define the set of
vertices Ng[u] such that Ng[u] C Ng[u] and |Ng[u]| = s. Ba-
sically, Ng[u] is the neighborhood of u enlarged with dummy
vertices to ensure that the total number of elements in the set
is s.

1. Unperturbed dynamics

We can compactly write the dynamical equations that gov-
ern the motion of the coupled oscillator systems, by defining
two N x N matrices, namely a diagonal mass matrix M with
matrix elements

My = md,y, ey

and a stiffness matrix K with matrix elements

Kut DpeNgluw Kou I u=0,
Ko = { —ku if (w,v)el&, 2
0 otherwise.
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Additionally, we denote by x the N-dimensional column vec-
tor whose elements are the oscillator positions x, with respect
to the equilibrium state.

The system evolves according to the dynamical equation

d’x

M-

dr?

To transform this problem into an eigenproblem, let us first
define the matrix

= —Kx. 3)

H=M""KM'?, )

which, as we will see, will play the role of a Hamiltonian in
our quantum algorithm. Note that since M is positive definite,
also /M is positive definite and thus invertible. The matrix
H is Hermitian and positive-semidefinite and we denote its
eigenvalues by A; > 0 for j € {1,..., N}. We now show that
solving the dynamical equation Eq. (3) is equivalent to diago-
nalizing the matrix H. We denote by W an orthogonal matrix
that diagonalizes H,

A=WTHW, %)

where A is a diagonal matrix with the eigenvalues of H on the
diagonal, i.e., Aj; = A;. Defining the vector of normal mode
variables y as

y=WTM'"x, (6)
we get an uncoupled system of harmonic oscillators satisfying
d%y d?y;

Since A; > 0 they are usually denoted as A; = a)? with w; the
resonance frequency of the normal mode j. Note that Eq. (6)
implies that

Xy =

N

1

\/m_ E Wujyj' (8)
u =1

2. Adding an external force

Let us now add an external force to Eq. (3). In particular,
we assume that a time-dependent force f,(¢) is applied to
the oscillator v € V and we gather all the forces in an N-
dimensional column vector f(¢). Including the forcing term,
the dynamical equation reads

d’x
M ol —Kx + f. C))
Equation (9) gives rise to a convolution relation between f ()
and x(1),

+00
x(1) = / dtg(t — 1)f (1), (10)
—0o0
where g(t) is an N x N matrix that we call the matrix response
function. The matrix elements g, (¢) can simply be interpreted
as the response of the oscillator # when a forcing term on the
oscillator v, f,(t), is a Dirac delta function, i.e., f,(t) = 6(¢),
while no force is applied to the other oscillators.' This inter-

!The response function is also called the Green’s function for the
system of coupled oscillators.

pretation also suggests that causality implies g(t) = 0ifr < 0
(i.e., we consider a retarded response function). Thus, we can
simply take the upper limit of the integral in Eq. (10) to be ¢
rather than +oo. Equation (10) is the defining equation of a
linear time-invariant system [42].

Now, let us introduce the bilateral Laplace transform of a
generic function z(¢) as

400
Z(v) = / dte™V'z(t), v=o0+iweC. (11)
The Laplace transform is defined only in the region of con-
vergence, that is the complex domain where the integral in
Eq. (11) converges. From the convolution theorem for the
Laplace transform Eq. (10) in Laplace domain becomes

X () = G)F(v), 12)

with G(v) the Laplace transform of the response function in
time domain g(¢), while X (v) and F (v) the Laplace transform
of the position vector x(¢) and the vector of forces f(z),
respectively.

In the main text, we focus on a quantum algorithm to
determine the diagonal elements of G(v) that take the form

1 N 2
Guu(v) = — Z )Lj _:jvz’ (13)

m
u j=1

which we call the local response functions. However, it is
also possible to obtain the off-diagonal elements of G(v) or
nonlocal response function at the price of adding a Hadamard
test, as we show in Appendix D. We provide a derivation of
Eq. (13), as well as the more general definition for local and
nonlocal response, in Appendix A.

Equation (13) shows that the response function G,,(v) is
completely determined once we solve the eigenproblem asso-
ciated with H. In fact, all we need to compute the response
function is the eigenvalues A; and the coefficients Wuzj, with
W,; the matrix elements of the orthogonal matrix W that
diagonalizes H. As discussed in Sec. I B, the response func-
tion is the relevant quantity to study in practical applications.
State-of-the-art classical algorithms that are used in practice
for the eigenproblem at hand, such as the QR algorithm, need
at least O(N?) arithmetic operations. In fact, most of the
fastest classical algorithms for eigenvalue computation rely on
the Householder transformation which transforms an N x N
matrix into the Hessenberg form (almost triangular). This
transformation needs 4N3 /3 operations (see Chap. 11, p. 474
in Ref. [32]) and dominates the scaling of the QR algorithm.
The sparsity of H reduces the runtime to O(N2s).

The quantum algorithm proposed in this manuscript is
designed to compute all eigenpairs of a sparse matrix. How-
ever, we will give a bief outlook on the scaling of advanced
classical eigenpair solvers that compute only a small subset
of all eigenpairs. Both the power and the more advanced
Lanczos method [43,44] allows us to approximate the k largest
eigenvalues of H in O(Nk(s + k)) arithmetic operations if
H has well-separated eigenpairs [45,46]. Combined with the
inverse power method and a shifted matrix, this yields an
approximation to an eigenvalue close to any chosen point [47].
However, the response function computed with those methods
are only accurate at extremes of the full spectrum. Its runtime

023264-4



CALCULATING RESPONSE FUNCTIONS OF COUPLED ...

PHYSICAL REVIEW RESEARCH 7, 023264 (2025)

scales worse for matrices with small eigenvalue gaps and its
memory requirements with O(N (s + k)) storage registers is
also not small [45].

In the following quantum treatment, we refer to the H
matrix in Eq. (4) as the Hamiltonian. From now on we avoid
using the bold symbols, simply denoting the Hamiltonian as
H, and do the same for the other matrices.

B. Main idea

In this work, we describe a quantum algorithm that com-
putes the local and nonlocal response functions of a system of
coupled oscillators. We start by providing the basic intuition
behind the algorithm for the case of the local response func-
tion in Eq. (13), while we refer to Sec. III and the Appendixes
for more technical details. To compute G,,(v), we need to
determine the eigenvalues A; and the coefficients Wuzj. In our
approach, each vertex u € V is associated with a bitstring |u)
of length n in the computational basis, where the number
of qubits is n = [log, N. For simplicity, from now on we
assume that N is a power of two, i.e., N = 2". Since, W is
the orthogonal transformation that diagonalizes H, we can
express the bitstring |u) as a linear combination of the eigen-
states |2 ;) of H:

N
lu) = Wajlr;). (14)
j=1

Thus, we can interpret W,,; as weights in the previous decom-
position. Equations (13) and (14) convey the core idea behind
the algorithm. If we prepare the bitstring |u) and perform
measurement in the eigenbasis |A;) of H, then we will get
the eigenvalues A; with probability Wuzj. By repeating this
procedure many times we can estimate the coefficients W,fj
via statistical averages and obtain an estimate for the response
function G,,(v). Note that there is an implicit importance
sampling in this procedure: the eigenstates that contribute the
most to G, (v) are also those whose eigenvalue will be mea-
sured more often. To implement the measurement in the eigen-
basis we use QPE. The full algorithm is described in detail in
Sec. I11.

For the implementation of the quantum algorithm, we as-
sume that we have oracle access to the matrix elements of H
and that H is s-sparse, i.e., that each row has at most s nonzero
elements. In particular, we assume that we have access to two
matrix oracles. The first one is the position oracle Op, that acts
on the 2n-qubit state |u)|0)®" as

Oplu)|0)®" = —

> ). (15)

veNg [u]

Op stores in the second register a linear superposition of all the
column indices that correspond to nonzero matrix elements at
row u and the additional dummy indices in Ng[u] if necessary.

The second oracle is the angle oracle Oy which contains
information about the matrix elements of H. It encodes the
angle

|Hyo|

¥, = arccos | —————
IH | max

(16)

and the sign of H,, in an (» + 1)-qubit ancilla register
Oy lu, v)|0)*! = |u, V) [P, O(=H,)),  (17)

with ®(-) the Heaviside step function and r the number of bits
used to represent v,,. We renormalize H,, in Eq. (16) with
|H || max = maxy,, |H,y|. Specifically, since 0 < 9, < /2,
we assume the following r-bit representation of 1,

j'[ r
D = = Y D27 18
5 Z:Zl a (18)
with 195{)) € {0, 1}. Thus, when we write |9,,) in an r-qubit
register, this means

19w) = [0))[02). .. 190). (19)

v

Finally, we assume that we have a quantum adder ADD
available, which adds the information in one quantum register
to another, defined as

ADD|a)|b) = |a)|b+a mod 2"), (20)

where 7 is the number of qubits in the second register.” The in-
verse of this operation is a quantum subtractor ADD' = SUB.
Circuit realizations of the quantum adder are well known in
the literature [48—51]. Together with the matrix oracles Op and
Oy, the quantum adder ADD is needed for the implementation
of the block-encoding described in detail in Appendix B (see
Fig. 5 in particular) and used in Sec. III.

The computational cost of the quantum adder will be ne-
glected in the following query complexity analysis. This is
because the implementation of the oracle Oy usually requires
multiple queries to the quantum adder. Hence, the additional
use of one ADD per oracle is negligible in terms of required
qubit number and computation time.

C. Complexity analysis

We now summarize the main results in terms of scaling
with respect to relevant parameters. We start by defining the
additional parameters that enter in the scaling analysis. First,
we define the minimum, positive gap in the eigenvalue spec-
trum as

A)L = Hlll’l{l)»l _)”j| . l,] (S {1, ...,N}, |)»l _)\jl > 0}
@1
Additionally, we define the minimum, positive eigenvalue gap
at oscillator u as

A =min{|x; — 4| 14,7 € {l,...,N},
2 = sl > 0, Wi > 0. W5 > 0),

uj
with W,; and W,,; being the coefficients in Eq. (14). This is the
parameter that matters in our algorithm since, in the presence
of degeneracies, weights associated with the same eigenvalue
would just be gathered together in Eq. (13) and eigenvectors
that have no support at oscillator u give zero contribution.
Obviously, Ag”) > A,. The scaling further depends on the
required, additive tolerances ¢ and 6 for the eigenvalues A;

(22)

2The number of qubits in the first register does not need to be equal
to the one in the second register.
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TABLE 1. Parameters used in the complexity analysis.

Symbol Meaning

N Number of rows or columns of H

s Sparsity of H

1 H || max Maximum absolute value of the entries of H
A(A") Minimum eigenvalue gap at oscillator u

e Additive eigenvalue tolerance

8 Additive weight tolerance

¢ Probability of failure

N, Number of nonzero W,; at oscillator u

and weights Wuzj, respectively, which we treat as independent
parameters of our choice.? Moreover, we define the parameter
N, to be the number of eigenvectors that have support at oscil-
lator u, that is for which W,fj > 0. Note that in the worst-case
scenario N, = N from the true value. Finally, we denote by
¢ the probability that the estimate of Wuzj deviates by more
than 8. All the parameters used in the complexity analysis are
summarized in Table I.

Our main result is described by the following theorem.

Theorem 1. Let H be a N x N Hermitian matrix that de-
scribes a system of coupled oscillators as in Eq. (4) and
let G = (V, &) be the graph associated with the network of
oscillators. Let H be s-sparse with maximum norm ||H || .-
Given an oscillator u € V, there exists a quantum algorithm
that approximates the eigenvalues A; of H and the weights
Wuzj in Eq. (13), with additive error ¢ and §, respectively, that
requires

1 1
Nt = O 10g2 NS”H”max max g’ W (23)

qubits and

(tot) SIH || max N, 1 1
Noeries =0<—52m“ In 7 ) max NG (24)

total queries of the matrix oracles Op and Oy in Egs. (15)
and (17), respectively.

A detailed error analysis of the QPE-based algorithm be-
hind Theorem 1 is presented in Appendix C. In what follows,
we provide further comments on the complexity of our result.

First, we note that Eq. (23) implies that ¢ should be taken
at least ¢ < A(A”), since § < 1, to use the full potential of
qubits. Moreover, in Eq. (23), we are not considering the an-
cilla qubits necessary to implement the oracles Op, Oy, since
these are problem-dependent. If we use r bits to represent the
matrix elements, then the required number of bits in classical
algorithms is usually O(rN?), while for s-sparse matrices it
can be O(rsN) in the best case. The gate complexity of our
quantum algorithm depends on the complexity of implement-
ing the oracles Op and Oy, which are, as mentioned above,
problem-dependent. Generally, as long as the matrix elements

3The smaller the error on the eigenvalues, the smaller the error on
the weights, and vice versa. However, for our analysis it is easier to
think about them as independent tolerances.

of a matrix can be accessed efficiently classically, this should
also hold on a quantum computer, although at the price of
having several ancillas to make the computation reversible.
As an example, for the case of a linear chain of oscillators,
we provide a full compilation of the oracles into elementary
gates in the code available in the repository associated with
this manuscript (see the “Data Availability” section). As such,
we choose to present the complexity of our algorithm in terms
of the number of oracle queries Nyyeries- The query complexity
of a single run of QPE is (see Appendix C 1c¢)

1 1
Nqueries = O(S”H”max max (g, w)) . (25)

This is mostly due to the repetition of the controlled V op-
erator in the core of the phase estimation (cf. Fig. 3 and
Algorithm 1).

QPE is a probabilistic algorithm from which we sample
multiple times to estimate the eigenvalues and the associated
probabilities. As we show in Appendix C2, the number of
samples Ng needed to estimate each weight Wuzj via empirical
averages with error § and failure probability ¢ scales as

1 N,

In the worst-case scenario when N, = N = 2", the scaling
would be logarithmic with the size of the matrix N, i.e., linear
with the number of qubits n. We highlight the fact that this
is not equivalent to requiring that the probability distribution
Wuzj is estimated with error § in total variation distance. Using
the definition of total variation distance and Hoeffding’s in-
equality similarly to Appendix C 2, one can show that in this
case the scaling would be linear, and not logarithmic, with N,,.
Moreover, we are not requiring to find all the N, eigenvalues
that contribute in the response function at oscillator u. This
would require a number of samples scaling at least as N, but
what matters for us is the evaluation of the weights ij with
error §, since the weights appear at the numerator in Eq. (13).
This leads to the inverse quadratic scaling in § in Eq. (26).

Combining Egs. (25) and (26), we obtain the total number
of queries as in Eq. (24).

D. Critical assessment
1. Limitations of the algorithm
Neglecting § for a moment, the computational cost [cf.
Egs. (23) and (24)] contains the inverse of
min (8, A(A”))

27)
S|1H || max

Assuming the worst-case scenario in which, A;") = A,, and
we want to guaranty a separation of all eigenvalues, the de-
sired tolerance ¢ is required to satisfy ¢ < A;. We further

know that the 1-norm ||H ||, = max, ), |H,,]| is smaller than
S||H || max- Thus, we have
in (e, A A A A
min (e, Ay) < x 2 A ’ (28)

< <
SIHmax — SIHmax  THI A

where we used the upper limit for the maximum eigenvalue
Amax < ||H||;. Hence, the number of oracle queries scales
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Phase: [0)®™ {

QFT'

— |
=

I
I

State: [0)®"

Ancilla: |0) @+

V2

2m71

FIG. 3. QPE circuit for the computation of the local response function. The state preparation is realized by a series of NOT gates. QPE is
performed using the walk operator V defined in Eq. (36) followed by the inverse quantum Fourier transform (QFT") [7]. Sampling from the

phase register and repeating many times allows us to estimate the relevant eigenvalues A ; and the weights

with the ratio between the smallest eigenvalue gap and the
maximum eigenvalue. This, in the general case, increases
polynomially with the number of eigenvalues that have to fit
between 0 and Anax, and accordingly it increases polynomially
with the number of oscillators N.

The kinds of problems for which we can expect a polyloga-
rithmic scaling in N of the total query complexity necessarily
need to satisfy Amax/ A;”) = O(polylog(N)) in our rigorous
worst-case scaling analysis. On the one hand, the random
glued-trees problem we discuss in Sec. IV has this property,
which ultimately originates from its very large degeneracy.
This shows that there exists well-defined problems for which
a large exponential speedup is possible. However, the task
there is not the determination of response functions. On the
other hand, if we simply consider a 1D periodic chain with
N oscillators and unit spring constants and masses, then the
eigenvalues can be obtained analytically and are given by [52]

Aj= 2(1 — CosS <M)),

N

for j e {l,...,N}. For this problem s|H]||,,« is bounded,
namely s||H || .« = 6, but for large N the gap for this problem
scales as A, = O(N~?), yielding eventually a polynomial
scaling of the number of queries with N. Notice that these con-
siderations have no influence on the scaling with the tolerance
on the weights §, which is 1/83 if we take it as an independent
parameter [see Eq. (24)].

2. Possible improvements

Possible improvements in the scaling in the § parameter
could be achieved combining our algorithm with the quantum
amplitude estimation subroutine [53]. Additionally, in the pre-
vious discussion, we have not restricted the domain of interest
of the eigenvalues that are in general between 0 and Apx.
However, in practice we might be interested in evaluating the
response function only in a certain frequency range for which
only eigenvalues A ; € [A,4, Ap] matter. In fact, we might know
in advance the typical frequency spectrum of the forcing term,
as it happens in the milling case discussed in Sec. I B. In this

WZ

uj

in Eq. (13).

case, we can approximate the response function as

Gulv) ~ — >

“jeg

for Im(v) € [Aq, Ap] and J = {j : X € [Aq, Apl}. Thus, it

might be beneficial to apply a filter to the quantum state |u) to

remove all the contributions from eigenvalues that are outside

the interval of interest [A,, A»], and produce an initial, filtered
state |uy) such that

ug) ~ Y Wajlhg).

Aj€lha,hp)

2
W

A+ 2 @)

(30)

Quantum eigenvalue filtering has been already studied in the
literature [13,54,55] and could find an application in our prob-
lem. We note that also for classical algorithms it is possible to
restrict the eigenvalue search in a specific range using filter
diagonalization methods [56-59].

Needless to say, our algorithm relies on the efficient imple-
mentation of the matrix oracles. As discussed in Sec. I C, this
usually requires the implementation of reversible, coherent
arithmetic that comes at the cost of additional ancilla qubits.
Alternatively, one could adapt state preparation techniques
that avoid the need of coherent arithmetic [19,60] to this
task.* In case the matrix elements are already stored in a
classical memory, these data would need to be accessed by
the oracle using a QRAM [61], which can lead to severe
overheads destroying any exponential speedup (see discussion
in Refs. [4,62]). For the milling use case discussed in Sec. I B,
this would mean that the discretization of the problem would
either need to happen in the quantum computer or it must
be given in a format that the quantum computer can access
efficiently. Rather than an intrinsic limitation, we believe that
this is an interesting scientific question and underexplored
area of research.

“In fact, the oracles are ultimately used to prepare the state in
Eq. (BS).
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Finally, we point out that our algorithm has some connec-
tion with the vector fitting algorithm [63], where the goal is,
given K observations of G,,(v) at v = iw®, k € {1, ..., K},
to output the best estimate of the weights Wuzj, usually called
residues, and the eigenvalues A;. In our case, we want to
achieve the same task, but using the data obtained from run-
ning QPE multiple times to estimate the weights and the
eigenvalues.

III. QUANTUM ALGORITHM

In this section, we detail how the local response function
G, (v) in Eq. (13) can be obtained using QPE. In particular,
we describe the algorithm, and study its scaling, using the
standard QPE [7,9], that makes use of the inverse quantum
Fourier transform. A similar analysis can also be performed
using other versions of QPE that use a single ancilla qubit for
the phase register [8,13,64,65] or coherent QPE with fewer
qubits [66]. As we have seen in Sec. I A, to obtain the re-
sponse function, we need to solve the eigenproblem associated
with the Hermitian matrix in Eq. (4).

A. Matrix encoding

The algorithm is based on the use of QPE as eigenvalue
estimator [1]. In our analysis, we focus on a version of QPE
inspired by quantum walks [67,68] and similar to the one of
Refs. [15,16]. The basic idea of this method is that if we
want to estimate the eigenvalues A of a Hamiltonian H, we
could as well estimate a function f(A) as long as the function
is invertible. In particular, in our case instead of performing
QPE with unitary e/, we perform it using a unitary V with
eigenvalues eT@°°3(®%) with ¢ a normalization factor. The
appeal of this method is that V can be implemented exactly
using the standard oracles, which simplifies the error analysis.
The full QPE is shown in Fig. 3. In what follows, we briefly
describe the method in the language of block-encoding and
qubitization [4,10,12—14,69].

Let us assume that we have a unitary Uy acting on a + n
qubits that realizes an («, a, 0)-block-encoding of our n-qubit
Hamiltonian H. Mathematically, this translates into the re-
quirement

(01%Up|0)® = aH, (€29

where a is the number of additional ancilla qubits used for
the block-encoding. The eigenstates of H with eigenvalue A
will be denoted by |A) in braket notation. Without loss of
generality, we assume that Uy is Hermitian, i.e., Uy = U:,,
which implies U} = I,1,.> We define the operator IT as the
projector onto the subspace with all ancillas in the zero state

T = [0){01* ® I, (32)

where I, denotes the n-qubit identity.
The crucial property that qubitization uses is that the action
of a Hermitian block-encoding Uy on the state |0)®¢|A) can be

STf Uy is not Hermitian, then one can add one ancilla qubit and
define the Hermitian unitary Uy = |4+)(—| ® Uy + |—){+| ® U},
which is a («, a + 1, 0)-block-encoding of H.

written as (see Sec. 10.4 in Ref. [4])

Un|0)®%) = arl0)®9(n) + v/ 1 — a222|0x"h), (33)

where |OA1) is a state such that ((0|®¢(y¥])|0AL) =0V n-
qubit state |y) and (OA'~|0AL) = 8, . Additionally,

Uy|OAt) = /1 — a222|0)®90) — ar|0At).  (34)

Eq. (33) and Eq. (34) imply that VA we can identify a qubitlike
subspace H™ = span{|0)®“|A), |0A1)}, so that the action of
Uy onto this subspace can be represented by a 2 x 2 matrix
U;,A) given by

il (35)

U(A) _ oA
B \V1 —a2)2
However, the eigenvalues of this matrix are %1, since Uy is
a reflection and thus, they do not carry information about the
eigenvalues A of H. To remedy this issue we define the “walk”
operator V that we use in the QPE subroutine depicted in
Fig. 3 as

V = Up QI = Iotn). (36)

In fact, the operator 2IT — I,,, also preserves the subspaces
H™ and its action on H™ is simply represented by a Pauli Z
matrix:

QI = Lpp)* = (é _01) 37)

Consequently, the action of V on H™ is given by

ar —+/1 —a2)2
VO = U N~ )™ = <v1 —a2A2 ar )

(38)

The matrix V® has eigenvalues

fe = ak+ lm — eiiarccos(ot)»)’ (39)

with corresponding eigenvectors
le+) ]

Ht) = —=

V2

Thus, if we start from a state [¢) = ), ¢;]0)®“|1) and per-
form “ideal” phase estimation using the operator V, then the
system will collapse in either |y ) or |;«_) and the value
+ arccos(a)) or — arccos(aA), respectively, can be read out in
the phase register. In either case, a subsequent measurement
of the ancilla register in the computational basis would give
all zeros with probability 1/2 and thus, prepare the eigenstate
0)®¢[2).

The procedure we have just described works for an arbi-
trary Hermitian block-encoding of Uy. In Appendix B, we
show for completeness how such a block-encoding can be
realized if we have access to the oracles in Eqgs. (15) and (17).
In this case, a = n + 2 and the parameter « is given by

1
0=—"",
S| [l max

(10)®“|A) F i|0A1)). (40)

(41)

where s denotes the sparsity of the matrix H.
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B. Obtaining the response function

In this section, we describe the full quantum algorithm to
obtain the diagonal response function in Eq. (13). As we see
from Fig. 3, we have three main registers:

(1) An m-qubit register that, at the end of the circuit, stores
the information about the eigenphase;

(2) An n-qubit register that represents the Hilbert space
associated with the Hamiltonian H;

(3) An (a + I)-qubit ancilla register, which includes the a
ancillas for the block-encoding described in Sec. IIT A as well
as [ ancilla qubits needed for the implementation of the oracles
(see Appendix B).

We start by preparing a state |u) associated with one of
the vertices u € V in the state register (cf. Fig. 3) by using a
product of single-qubit Pauli-X gates

n—1
]_[ X"10)®
i=0

where X; denotes the Pauli-X gate on qubit i. This is equivalent
to an amplitude encoding of the weights W,; in the basis of
the eigenstates |A;) of H. The choice of u affects the set of
weights W,; and with it the probability to collapse into the
corresponding eigenstate |A ;) upon measurement in this basis.

Including the a ancilla qubits needed for the block-
encoding, we can rewrite the state in Eq. (42) in the eigenbasis
of the unitary V given in Eq. (40) as

N
= lu) =) Wi;l2)), (42)
Jj=

10)#|u) =

= fzwu,uu‘” R 1T DR )

After the execution of QPE with V' as unitary operator con-
trolled by the m qubits of the phase register [7], we get

M—1

Z (I) (j)) +a(])|,u(])))|x) (44)

where M = 2™ and a(j ) is the amplitude applied by the QPE
subroutine

ah) = % Z o (=) (45)
z=0
with
M Aj
;= o arccos (—S”H”max>' (46)

The coefficients a(’ ) are peaked around x = £¢; mod M,

respectively. This tells us that the probability P(x) to measure
x in the phase register will peak around ¢; mod M for all

je{l,...,N}, and it is given by
Wl g Lo
P@) =) —H(al)lP + a2 ), (47)

J=1
where we used the orthonormality of | ,u(’ )).
After sampling multiple times from the phase register, we
can obtain an estimate of the probabilities Eq. (47), from
which we need to extract the eigenvalues A; and the weights

ENTRANCE EXIT

FIG. 4. Example of random glued-trees with n. = 3.

Wuzj. Here, we assume that we have sufficient resolution to de-
termine the peaks and their centers. Possible practical methods
to determine the eigenvalues are discussed in Refs. [20,65,70],
and could be tested in practice for our problem. The center @;
of the peak can be translated into the eigenvalues by inverting
Eq. (46). The probability to sample from a certain eigenstate
is proportional to the weight Wuzj of interest. The last can be
estimated by adding the probabilities of the 2Q values closest

to ¢j’
0-1

W ~2 " P(ei] +q). (48)
q=—0

where we assumed that @; € [|¢; ], [¢;1]. The additional fac-
tor of 2 is due to the 1/2 in Eq. (47). The necessary size of
Q is further discussed in Appendix C 1 b. The full routine is
gathered in Algorithm 1.

In Appendix D, we discuss a more general method which
uses a modified Hadamard test to estimate the nonlocal re-
sponse function G, (v).

IV. SOLVING THE RANDOM GLUED-TREES PROBLEM

In this section, we show that a straightforward adaptation
of the algorithm presented in Sec. III can be used to solve the
random glued-trees problem first studied in Ref. [26] in the
context of quantum walks. This problem is a well-known ex-
ample for which quantum algorithms give a provable, oracular
exponential speedup compared to classical methods. Recently,
Ref. [24] also formulated the problem in terms of coupled
harmonic oscillators showing that it can be solved in time
polylogarithmic in the problem size, by using a particular
encoding and Hamiltonian simulation. We here complement
this result by showing that the problem can also be solved in
polylogarithmic time using QPE. In what follows, we describe
the problem and give our main results, while we provide the
details in Appendix E.

The basic setup of the random glued-trees problem is
shown in Fig. 4. It consists of a graph G = (V, £) with two
balanced trees each with n,. columns, where the n.th column
of the right tree is glued randomly to the n.th column of the
left tree. In this way, each vertex in the n.th column of the right
tree is connected to exactly two vertices of the n.th column of
the left tree, and vice versa. Let us denote by A the adjacency
matrix of a random glued-trees graph. As we see in Fig. 4, we
denoted the root of the left tree as the ENTRANCE vertex,
and the root of the right tree as the EXIT vertex. Access to
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the adjacency matrix A allows us to identify the ENTRANCE
and EXIT vertices, since they are the only two vertices with
two neighbors. This allows us to define the following random
glued-trees problem.

Problem 1. (Random glued-trees problem) Consider a ran-
dom glued-trees graph with N = 2(2" — 1) vertices and n,
the number of columns in each tree. Let A denote its adjacency
matrix. Let deg(i) be the function that given the row i returns
the degree of the associated vertex, i.e., the number of vertices
connected to it. We assume that the vertices are randomly
ordered, but we are given the index of the ENTRANCE vertex,
i.e., the row associated with it. Assuming oracle access to the
adjacency matrix A and to the function deg(i) the goal is to
find the index of the EXIT vertex.

Note that the function deg(i) is merely used to identify
the ENTRANCE and EXIT vertices, since they are the only
vertices of degree 2. Problem 1 has an immediate mapping to a
system of coupled oscillators as discussed in Ref. [24]. In fact,
we can associate with each vertex u € V a unit mass so that
the mass matrix is simply the identity matrix Iy. Moreover,
we add a unit spring constant to each edge in the graph and an
additional unit spring constant to the ENTRANCE and EXIT
masses attached to a wall. In this way, according to Eq. (4), the
Hamiltonian H coincides with the stiffness matrix and is given
by H = 3Iy — A. Thus, the eigenvalues and eigenvectors of H
are in one-to-one correspondence with those of the adjacency
matrix A. In what follows, we assume that we have a block-
encoding of A, which is 3-sparse and has ||A||max = 1.

The mapping of the problem to a quantum computer is the
same as the one described in Sec. II B for any coupled oscilla-
tor problem. To solve it using QPE, we start by preparing the
computational basis string associated with the ENTRANCE
vertex (known to us) that we denote as |[ENTRANCE). The
idea is now to perform QPE as in Fig. 3, using a block-
encoding of the adjacency matrix A. The glued-trees problem
enjoys an effective, exponential dimensionality reduction and
under the action of the adjacency matrix the evolution of
the system is confined to the column subspace H., (see
Appendix E for more details). Following Ref. [26], one can
obtain an estimate for the minimum eigenvalue gap A, of
the adjacency matrix projected onto the column subspace Ao
defined in Eq. (E8):¢

2
A, = % + O(%). (49)
Equation (49) holds for any random glued-trees graph. Thus,
we see that, despite the fact that the size of the adjacency
matrix increases exponentially with the number of columns
n., i.e., with the number of qubits n needed to encode it, the
relevant, minimum gap scales only inverse polynomially. This
is exactly one of the features needed for a possible exponential
quantum advantage. The idea now is to take the number of
qubits m in the phase register large enough to resolve the

Reference [26] gives the result in a slightly different form, namely
stating that the eigenvalue spacing is larger than % + O( ﬁ).
However, adapting the derivation one can show that Eq. (49) also
holds.

minimum eigenvalue gap A,. From Eq. (C8), we require

3 3n?
oo ()] = o ()} o

with y a constant, integer factor of our choice such that y >
1. Accordingly, the number of oracle queries for a single run
of QPE will be of order

Nqueries = O(ng) (51)

c

If Eq. (50) is satisfied, then the QPE subroutine described
in Sec. III, followed by measurement of the ancilla register
with post-selection on the |0)®¢ outcome, behaves de facto
as a measurement in the eigenbasis of A projected onto the
column subspace. Thus, after one run of QPE followed by
post-selection on |0)®?, we have prepared an eigenstate of
the adjacency matrix A projected onto the column subspace in
the n-qubit register. A final measurement in the computational
basis on this register gives a vertex u € V. We are interested
in the probability Prob(EXIT) that this procedure outputs the
EXIT vertex. In Appendix E, we obtain an analytical lower
bound for this probability [see Eq. (E19)], from which we
conclude that

1
Prob(EXIT) = O(—), (52)
which finally proves the overall polynomial scaling of the
algorithm in the number of columns n., i.e., polylogarith-
mic in the size of A, complementing the results obtained in
Refs. [24,26] with time-evolution-based algorithms.

V. CONCLUSIONS

We have presented a quantum algorithm for obtaining re-
sponse functions on systems of coupled harmonic oscillators.
These kinds of problems also effectively emerge in the study
of mechanical, vibrating structures, after discretization, as
well as other areas of interest. The particular analytical struc-
ture of these functions makes them suitable for a quantum
computer. The algorithm is based on the QPE subroutine,
that we use as an eigenvalue solver. Importantly, the state
preparation at the input of the algorithm just amounts to the
preparation of a product state. This allows us to analyze the
scaling of the algorithm in terms of space and queries of
the matrix oracles. While the algorithm achieves an expo-
nential saving in space, the scaling of the total number of
oracles queries is problem-dependent and can be polynomial
in the number of qubits only when very specific conditions
are met. We identify such a list of sufficient conditions lead-
ing to a rigorous worst-case guarantee, but also leave open
the possibility for improved practical scaling when a priori
information about the structure of the problem is available.
In addition, the scaling is mostly limited by statistical error
coming from the estimation of the weights of the response
functions. Possible improvements of the algorithm can be ob-
tained by combining the algorithm with quantum eigenvalue
filtering techniques, as well as quantum amplitude estimation.
Finally, we have shown that the algorithm can be adapted to
efficiently solve the random-glued trees problems, similarly to
other approaches based on Hamiltonian simulation.
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While we performed a basic scaling analysis, we believe
that a deeper understanding of our algorithm and its potential
can be obtained by studying its performances in practice.
This could be simply understood via basic classical simula-
tions that aim at obtaining the minimum, relevant eigenvalue
gap for some class of oscillator problems. Such analysis
would also shed light on the kinds of problems for which
large advantages are possible. Additionally, a practical study
of the algorithm performances using methods developed for
the estimation of multiple eigenvalues [20,65,70] tailored to
our problem, would be beneficial. Finally, an open question
is whether estimates of the response functions can also be
obtained using time-evolution based algorithms for coupled
harmonic oscillator as in Ref. [24].
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DATA AVAILABILITY

The algorithm presented in this manuscript were tested
for the example of linearly coupled oscillators. For this
case, it was implemented and emulated from end-to-end in
Qiskit [71], including compilation of the matrix oracles. The
corresponding repository containing all the required packages
and a demonstration notebook can be found at Ref. [72].

APPENDIX A: ANALYTICAL FORM OF THE RESPONSE
FUNCTIONS

In this Appendix, we show that for a system of coupled har-
monic oscillators the matrix elements of the response function
G,»(v) in Laplace domain can be written as

Gu(v) = — 5~ MW (A1)
wlV) = - .
N e Aj+ 02

We remark that this is a well-known fact in the study of har-
monic systems, in particular in the theory of electrical circuits,
where it appears in various forms [73-75]. Also, it is the base
for the black-box quantization method for quantum electrical
circuits [76]. Here we provide a derivation for our problem
adapted from Ref. [77].

Let us consider the case in which we apply to oscillator
v an impulse f,(t) = f,8(¢), while no force is applied to the

other oscillators, i.e., f,/(t) =0 for v’ # v. In terms of the
normal mode variables in Eq. (6), the dynamical equation in
time domain Eq. (9) reads

it LT Y (A2)
ar Y T, v s
which in Laplace domain gives
Fiw) =~ +sz,,, (A3)

for j € {1,...,N}. From Eq. (8), we get that the Laplace
transform of x,(¢) can be written as

WMJWUj

- A

Xu(U) =

s
(A4)

ujtj
from which Eq. (A1) follows.

APPENDIX B: HERMITIAN BLOCK-ENCODING
FROM THE MATRIX ORACLES

Here we detail how a Hermitian (e, a, 0)-block-encoding
Uy of a Hamiltonian H can be constructed using the matrix
oracles Op and Oy defined in Egs. (15) and (17), respectively.
In particular, we limit ourselves to the case when H isreal, i.e.,
symmetric, and all its diagonal elements are positive, which is
the case for the matrix in Eq. (4) we are interested in. We start
by considering a 2(n + 1)-qubit register, where the first a =
n + 2 qubits will be the ancilla qubits needed for the block-
encoding. We take the block-encoding unitary Uy to be of the
following form:

Uy = U;SWAP, Uy, (BI)

where SWAP,; swaps two (n+ 1)-qubit registers, i.e.,
SWAP, .1 |¥) @) = |p)|) for any (n+ 1)-qubit states
[¥), |@). Thus, Egs. (31) and (B1) imply that

H = (0""2USSWAP,,,Ur|0)®"+2, (B2)

We further assume that the map Ur|0)®"*2, which maps an
n-qubit quantum state to a 2(n + 1)-qubit quantum state can
be written as (N = 2")

UT |0 ®n+2

wau,o u) (B3)

where |1,) denotes an (n + 1)-qubit state to be determined,
|0) the single-qubit zero state and |u) an n-qubit computational
basis state. Plugging Eq. (B3) into Eq. (B2), we obtain that the
states |y, ) need to satisfy

aHuv = (wm 07 M|O, v, wv> (B4)
A possible solution is to set « as in Eq. (41) and take

) = —= D (isgn(u— )

vENg [u)

HMU
g|1) lv), (BS)

I1H [l max I [l max
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matrix encoding

superposition

|0)

complex sign

FIG. 5. Circuit for the state transformation Ur. It consists of
three parts. The preparation of the superposition with Op, the matrix
encoding in the amplitude and the multiplication with the complex
sign. The order of the registers in here is chosen for a compact circuit
layout. The first and fourth register combine into |y,) of Eq. (B3).
The fifth register is |u) in Eq. (B3). The second, third, and last
registers (in blue) are of auxiliary nature and will be reinitialized
after the full block-encoding of H. In the second register we store
the intermediate angle [Eq. (16)]. The third register is used for the
binary sign ®(—H,,) and the last for ®(sgn(u — v)).

where sgn(-) is the sign function.” Note that Eq. (B5) requires
the diagonal elements to be nonnegative to give a valid block-
encoding. If this is not the case, then one can always enforce
this property by adding a suited matrix proportional to the
identity to H.

Given the form of the block-encoding in Eq. (B1), all we
need to show is how to construct a unitary Uy that satisfies
Eq. (B3) with states |y,) given in Eq. (B5). The imple-
mentation of Ur consists of three parts. First preparing a
superposition of all states |v) with nonzero matrix entries H,, .
Second, encoding the matrix entries in the amplitudes, and
last, preparing the corresponding signs. All these steps are
shown in Fig. 5 as a quantum circuit that involves the matrix
oracles Op and Oy.

We now describe in detail each transformation. As we see
from Fig. 5 we have a total of six different registers. The three
register highlighted in blue are additional ancilla registers
needed for the implementation of the oracles, namely:

(1) an r-qubit ancilla register to store the value of the
angles v, given in Eq. (16);

(i) an ancilla qubit to store the value of the sign of the
matrix elements H,,,;

(iii) an ancilla qubit (bottom one) to store the value of the
sign of u — v.

The remaining registers form a (2n + 1)-qubit register that
together with an additional qubit (not shown in the figure) will
be used to implement the 2(n + 1)-qubit block-encoding we
described at the beginning of this Appendix.

"We set ®(0) = 0 and sgn(0) = 1.

The system starts in the state |0)®*2+"|4)|0). After, the
application of the position oracle Op defined in Eq. (15) the
state becomes

or 1 -
== D 0 ) o), (B6)
veNg [u]
and after the oracle Oy given in Eq. (17)
0, 1
- — Z [0} [Py, O(—Hyw)) v, u}]0).  (BT)

\/E veNg [u]

We continue by reading the angle ¢, in the ancilla register
with a series of controlled y-rotations cR, = 1—[;:1 c R},(Z’kn)
with target the ancilla qubit on the top of Fig. 5 and control
the kth qubit in the binary representation of |9,,) in Eq. (19).2
This gives

CRy 1 |Huv | |Huv |
— — 0) + /1 — [1)
Vs , Z \/I|H||max \/ 1H Il max

eNg[ul

® |ﬂuv» @(—Hm}))h), M)|0)

(B8)

It remains to implement the coefficient isgn(u — v) for
j©(—Hw) can be realized with an S

negative H,,. The phase i
14 1l max

gate to the sign-qubit |©(—H,,)):
(B9)

s, L Y e |Huwo|
s < 1 H [l max
veNg[u]

®[Fuv, O(=Huw)) v, u)]0).

For the relative sign, we subtract the |v) register from the |u)
for which we need to increase the target register by one qubit
to store the sign

SUB

[0)|u, 0) == [v)|u —v mod 2"*1). (B10)

Notice that the most significant bit of u — v mod 2"*!, which
is a (n 4 1)-bit number, encodes the sign of the regular sub-
traction u — v, since both « and v are n-bit numbers. Thus, we
can write

mod 2") = [y — v mod 2")|®( — u)), (B11)

|lu—v

where the register associated with |u — v mod 2") is an n-
qubit register. The subtraction gives the state

ol o0 [y
1 e

mod 2")|®(v — u)). (B12)

|HMU |

sup 1 \O(—H,y)
N i v
s 2 1 1l max

NG

® |§uvs ®(_Huv)>|vv u—v

1)

vel\?.; [u]

A controlled Z gate with control the qubit in the state
|®(—H,,)) and target the one in the state |®(v — u)) (repre-
sented by the qubit at the bottom in Fig. 5) yields the desired

8We use the standard definition for the y-rotation in here R,(¥) =

€79/ where o, is the second Pauli matrix.

023264-12



CALCULATING RESPONSE FUNCTIONS OF COUPLED ...

PHYSICAL REVIEW RESEARCH 7, 023264 (2025)

coefficient
z 1 ; O(~Hu)
— — isgn(u — v
- Z (isgn(u — v))
veNg[u]

|Hy | |Ho |
0)+,/1 = 1)
\/IlHllmaX 1 [l max

® [Puw, O(=Huw)) v, u —v  mod 2)[O(v — u)). (B13)
At last we invert the subtraction SUB using the adder ADD

app 1 . O(~Huw)
it _ v
= ) Gsgn(u—v))

UENg [u]

|Hyo | |Ho|
10+ 1 = ———1)
1H 1l max 1H [l max

® [Py, O(—Hyy)) v, u)]0), (B14)
and the oracle O using O},
0, 1 . O(—H,y)
—_ — uv
~ Z (isgn(u — v))
veNg[u]
Hunl o0y [yl
| H || max 1 H || max
® 10)*"* v, u)|0), (B15)

and thus, we have effectively prepared the state [¢,) in
Eq. (BS). Notice that in this procedure the r 4 1 ancilla qubits
needed for the implementation of Oy and the ancilla qubit that
stores the sign of # — v return to the zero state, and this is also
the case for the full block-encoding in Eq. (31). This is why
we should not count them among the a ancilla qubits of the
block-encoding, which are thus a = n + 2.

The circuit implementation of Uy in the block-encoding
Eq. (B1) is shown in Fig. 6. Note that the total number of
qubits was increased by one. This is the last one of the a =
n 4+ 2 ancilla qubits necessary for the Hilbert-space extension.
The operator in front is reflecting around |0)®"*2 and trans-
forms Uy into the quantum walk operator defined in Eq. (36).
It consists of a multi-controlled and a regular Z gate. The QPE
demands a controlled version which is why we have another
qubit which controls the CNOT gate in the reflection and the
SWAP gates in Uy.

Qubit requirements

The full QPE estimation is applied to three registers. The
m-qubit phase register, the n-qubit state register and the (a +
l)-ancilla register used by the controlled walk operator cV.
We will focus on the n 4+ a+ 1+ 1 qubits required for the
implementation of cV. For this we start with Ur described
in Fig. 5. The total number of qubits ny, required for the state

transformation is given by
ny, =2n+ 1+ max(ap, r+ 1 4+ay, r+2+aapp), (B16)

where (r 4 1) is the number of qubits used by Oy to store
the angle ¥, and the sign of H,,. Similar to m it effects the

Control: j—@ *
0) ' -

|
T

1
1
1
:
1
==
1
1
g e
| 1
|w) : E=
1
L
1
1

block-encoding Ug

FIG. 6. Controlled V operator with V defined in Eq. (36). The
circuit starts with a controlled reflection around |0)®"*2 that is im-
plemented by a multi-controlled and a normal Z gate to the control
qubit. After this we see the controlled version of the block-encoding
Uy = U/SWAP,  Ur.

accuracy of the results. Moreover, the number of ancilla qubits
necessary for the position and angle oracles, and the quantum
adder are given by ap, ay and aapp, respectively. In Eq. (B16),
we used that the ancilla qubits used in Op can be reused in Oy,
while the ancilla qubits used there can be used again in Oapp.

The state transformation Uy appears twice in the circuit for
cV (cf. Fig. 6). The circuit is further extended by a control
qubit and the last qubit necessary for the block-encoding.
Hence, we have a total number of n.y qubits necessary for
the controlled quantum walk, which is

ney =2n+ 3 +max(ap,r+ 1 +ay, r + 2+ aapp, n).
(B17)

Here we see additional n ancilla qubits, that are required for
the Toffoli gates in the mutli-controlled Z gate in Fig. 6. Those
can be reused again. In total we have m repetitions of ¢V with
varying control qubit which leads to the scaling described in
Eq. (23). There we replaced m with the scaling Eq. (C34)
described in Appendix C.

APPENDIX C: DETAILED ERROR ANALYSIS

In this Appendix, we discuss the effect of discretization
and statistical errors on the estimated eigenvalues 1; and
weights Wuzj and how one can control the maximum error by
increasing the size of the phase register. This analysis proves
the statement of Theorem 1.

In particular, we analyze the effect of the discretization of
the phase when it is stored as binary number in the m-qubit
register with focus on the eigenvalue in Appendix C 1a and
the weights in Appendix C 1 b. The size of the phase register
determines the number of oracle queries necessary to imple-
ment the controlled-V'2' operations in Algorithm 1 shown in
Fig. 3. We discuss this connection in Appendix C 1 c. We point
out that the number of oracle queries constitutes the main
limitation of the algorithm in most practical cases (see discus-
sion in Sec. IID). At last, in Appendix C2, we describe the
connection between the sample size and the statistical
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accuracy of the estimated weights. In the following, for
notational simplicity, we focus on the nondegenerate systems,
but the results carry over to the degenerate case as discussed
in Sec. II B.

1. Phase register size for given tolerances
a. Eigenvalue approximation

The following analysis is more easily understood by con-
sidering the case in which we perform QPE using the operator
V as in Fig. 3, but taking as initial state in the n-qubit register
a single eigenstate of H |A). When we measure the m-qubit
phase register at the end of QPE we get a bitstring that repre-
sents an integer number between 0 and M — 1 with M = 2™.
This gives an estimate of £¢ mod M € [0, M) with ¢ [cf.
Eq. (46)] given by

M < A ) 1)
¢ = — arccos [ ——— .
27 S|1H [l max
Accordingly, there exists a @ € {0, 1, ..., 2m=1 _ 1} such
that®
lo — @l < 3, (C2)

to which we can associate an estimated eigenvalue i by
inverting Eq. (C1). The phase stored in the ancilla register
corresponds to the estimated A as follows:

M < X ) ©3)
@ = —arccos | ——— .
27 S| [l max

Thus, we get

A A 1
arccos (—) — arccos (—)‘ <= (CH
2w SIH |l max SIH |l max 2

The mean value theorem for the arc-cosine function states that
for x > X, Ixy € (%, x) such that

|arccos x — arccos X| 1

V=0
Applying the mean value theorem to our case we get that
dro € (A, A)if A > Aordrg € (A, A)if & < A, such that

(C5)

lx — X|

276008 (i) = arccos (i)
max |)\' _ X|
1
=721 (C6)

2
1- (Slll';\‘(‘)mmx)

where the last inequality holds since 0 < Ao < S||H ||max-
Combining Eq. (C4) and Eq. (C6), we get

7)< TSI
M

which tells us that the error of the estimated eigenvalue is
below ¢ if the number of qubits in the phase register satisfies

Hllm
m>mh) = ’710g2 (Mﬂ (C8)
&

9The first bit in the phase register just represents the sign of ¢
mod M, so ¢ is represented with m — 1 bits.

; €N

/N

b. Weight approximation

We analyze the error on the estimated weights Wuzj of the
local response function defined in Eq. (48) due to the finite
size of the phase register. In our analysis we assume that our
estimated peak @; satisfies [¢;] = [¢;] with ¢; associated
with the true eigenvalue A; as in Eq. (46).!° Accordingly, our
estimator for the weight W, is

0-1
Wo =2 P(le;1+9) (C9)
q=—0

with the range Q to be determined.
The parameter Q should be taken large enough to guarantee

W, — w2 | <8 (C10)

uj

An increase in Q prevents two things. First, it limits the
probability we miss by adding only over the 20 probabilities
for values closest to the center of a peak. This is connected to
the lower bound of Wuzj — Wuzj. The second is that we need to
increase the distance between two peaks to fit 2Q between
them which prevents probability “leakage” between them.
This is connected to the upper bound of Wuz. - WMZ».

For the lower limit we need to study the probability to
measure x in the phase register defined in Eq. (47) and focus
only on one contribution

2

W= .
P(x) > %@Q 2, (C11)
We will now further develop |afcﬁz|2 by using its definition

Eq. (45) and the geometric series

M

M—1
= 1—x

. (C12)

Thus, we have

(2 = 1| 1= erriten 2

=

1 — eZm‘(w,—x)/M

_ L [ sin( () — X)) T> [sin(n(go.,-—x»T
= M2 | sin(r (g, — x)/M) w(pj—x) ]’
(C13)

where we used |[sinx| < |x|. Using Egs. (C9), (Cl1),
and (C13), we get

2
] , (C14)

w2 - [Sin(ﬂ(‘pj —l9j1 =)
oL e —Tejl—a)

p—
which is minimal for [¢;] — ¢; = 1/2. Hence,

0-1 1 2 (9] 1 2
W2 > w2 [—} =2W?2 [—}
uj = "uj uj !
w(1/2+q) w(g—1/2)

q9=—0 g=1
(C15)

10An analogous derivation is possible if we assume |@;] = |¢;].
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Now, we introduce the trigamma function

400 1
v =y —— C16
© Z (z+9q)° (1o
g=0
which for half integer values takes the form
1 w2 & 1
\I/(l)< +_> = _ _ C17
¢*3)=73 ; (g —1/2) ©n
with Q € N. w(D(z) satisfies
12
wh() < Zt <Z, vzso. (C18)
Z Z

More details about the trigamma function and a deriva-
tion of Eq. (C18) can be found in Ref. [78]. Combining
Egs. (C15), (C17), and (C18) leads to

72 2 _£(1>< l)) ) P
(C19)

Since, Wuzj < 1, this tells us that our estimation Wuz] is at most
6 less than Wuzj if we choose a Q such that

4

— <4, C20
72(Q+1/2) (€20)
or
0ol == -1 1)
= min 77.’28 2 N
For the upper limit, let us consider
N-1 0-1 , ,
72 2 _ 2 0) (@) 2
W =W =3 Wi - (el + lafy g -[) = Wi
i=0 9=—0
(C22)
Since Zg:__lQ |a([{p),]+q,+|2 < 1, we obtain
0-1
&2 2 2 (i) 2 0) 2
Wi = Wi < D Wi 3 (aggq| + a1 L)
i#  q=—0
0-1
2 0] 2
+Wuj Z |aw/1+q,—} : (€23)
9=—0

Let us consider the coefficients |a([’;zﬂ +q, +|2. We can rewrite

them as

0 |2 _ L|: sin(w (yi+Tei1 — [o;1 — ) :|2
loj1+q.+ M? | sin(r (vi+Teil — To 1 —q)/M) ]’
(C24)
with v = ¢; — [¢;] € (—1,0]. We assume that |[¢;] —
[@;1>2Q Vi# j, ie., that the peaks are separated by at

lest 2Q. Using the fact that |a((2ﬂ +q +|2 decreases by increas-

ing |[ei] — [¢;]1 — ¢q| for integer values for any fixed y; €
(—1, 0], we get

o 1 |: sin(mw (y;i+0+1))

2
2 2
< — - .
Cl’—(ﬂj“+qv+| M2 SIH(JT()/,+Q+1)/M):| |ay,+Q+l|

(C25)

The function |a, 141 |> has exactly one local maximum for
y € (—1, 0], which coincides with the global maximum in the
interval. We simply denote by y € (—1, 0] the point where
|y +0+1 | is maximal. The same analysis can be repeated for

@) 2
|awﬂ+qﬁ| . Thus, we get
0-1 0-1
2 2 Z 2 2 2 Z ) 2
Vvuj - Vvuj g Q’VVM |a)7+Q+1| + Wuj |a|'goj‘|+q_—| .
i#] 9=—0 =0

(C26)

We will further assume that Q < | & ¢;| < M/2 — Q, which
guarantees that the two peaks ¢; and —¢; are also 2Q away
from each other and Eq. (C25) is satisfied for i = j. The
previous condition fails only for A; ~ s||H||, where ¢; ~ 0.
This can be prevented by further reducing H with the renor-
malization factor cos(2r QM ™1).

Now, we replace the amplitude in the last term of Eq. (C26)
as well and have

01
Wo = Wa < | Y 2w+ W2 | > lagonl’. (C27)
i#] 9==0
At last, we replace the amplitudes using Eq. (C13) and use the

normalization of the eigenvalues Y, W = 1 to find

_ 40
2 2
Wi =W <55

2

sin(w(y + Q0+ 1)) (28)

sin(zw (y + Q + 1)/M)
Now we use |sinx| <1 and |sinx| > |2x/7]|, Vx| < /2
and obtain that our estimation is less than § larger than the
exact weight W7, if

- 2 0 1
‘/Vuj_vvuj< - 12<_\5»
y+0+1)3* "0

if 20 < M — 1. This yields another lower limit for Q,

which is
1
@ _ |2
Qmin - ’78 —‘ .

A comparison between Egs. (C21) and (C30) shows that the
latter is larger and therefore sufficient to fulfill both condi-

tions. Thus, we set
0> !

The previous analysis depends on the fact that we have a
sufficient number of qubits m in the phase register, so that we
can distinguish between two neighboring phases. Mathemati-
cally, this translates into the condition

M > 20, (C32)
278 ||H || max

(C29)

(C30)

(C31)

min |¢; — ¢;| > min

where we used the results obtained in Appendix C 1 a. We can
guarantee this if we take the number of qubits in the phase
register m such that

4 s||H ||
2
m > mfm)n = lrlog2 ——_max

(C33)
sAL
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with Af\”) is defined in Eq. (22). Combining the results of
Egs. (C8) and (C33), we obtain

@® 2 )

min> Mmin

7S||H | max 4705 (| H [| max
= [ | 10g, 220 tmax | ] oo 22T Mmax 1) o3y
(’7 ng c —‘ ’7 ng SAE\M) —‘> ( )

which justifies Eq. (23) in the main text.

m > max(m

¢. Oracle queries for a single run of QPE

The number of qubits m in the phase register determines
the number of oracles queries in the algorithm in Fig. 3. As
we can see from Fig. 6, the implementation of a controlled V
operator requires to use once Ur and once U;. The circuit for
Ur is shown in Fig. 5 and uses once the position oracle Op,
once the angle oracle Oy and once its inverse 01';. Thus, for
each Ur we have three oracle calls and a controlled V requires
six oracle calls. In order, to perform a single run of QPE with
m qubit on the phase register we would need

m—1

szzzm—l,

k=0

(C35)

controlled V operations, which yields the number of oracle
queries:

Nqueries = 6(2m = 1. (C36)

Using the result of Eq. (C34) yields the scaling result in
Eq. (25) in the main text.

2. Sample size for given tolerances

We now turn our attention to the scaling of the number of
samples Ns. Our aim here is to perform a simplified analysis
that should capture the asymptotic behavior of the scaling,
while the details will eventually depend on the procedure used
to infer eigenvalues and weights from measured data in the
phase register (see Ref. [20] for instance). In particular, we
work with the assumption that the number of qubits m in the
phase register is taken large enough to resolve all the peaks.
From Eq. (C8) this means

m> lrlogz (C37)

s
If this holds, then we can unambiguously identify the eigen-
value peaks and neglect possible errors in the assignment of
the samples to the eigenvalues. In this regime, QPE de facto
behaves as a measurement in the eigenbasis of H, where
each eigenvalue A ; appears with probability p(j) = ij.“ By
performing QPE many times, we obtain samples from which
we can reconstruct the probability distribution Wuzj.

Let A, be the set of eigenvalues A ; that have “support” on
the oscillator u, i.e.,

Ay ={x;: W) >0}, (C38)

"In our version of QPE we have two peaks associated with each
eigenvalue, but we can simply sum the probability of each peak to
2
get W,..

and N, = |A,| the number of elements of A, (N, < N). Wu2j
is a probability distribution over the finite alphabet A ,.

Let p(1) be a generic probability distribution over the finite
alphabet A,. With each A; € A, we can associate a Bernoulli
random variable X; (1) defined VA € A, as

1, =1
X, () = {0, AL

Notice that E[X;,] = p(;). By drawing Ns samples from

(C39)

p(A), we get samples x(ii), i€{l,...,Ns} for X, . By taking
the arithmetic average of these samples we can construct the
empirical estimator for p(A;):

Ns

1 4
5 - (@)
PO = 5 ;x/\j. (C40)
Our aim is to understand how many samples Ng we have to
draw from p(A) to have, with probability 1 — ¢, that each
P(Aj), &; € Ay estimated p(A;) with accuracy §. Mathemat-
ically, this means

Prob( | (Ip(r)) — 50l > 8} | <¢.

AjEA,

(C41)

Thus, our aim is to obtain bounds for the left-hand side of
Eq. (C41). First, using the union bound we get

Prob( | (Ip(r)) = 0] = 5)
AjEN,

< D Prob(Ip(h)) = pGj)I| > 9).

AJEA,

(C42)

Now, an application of Hoeffding’s inequality [79,80] to each
random variable X; ; yields

Prob(|p(4;) — p(%;)[ = 8)

Ns
1 .
= Prob| |E[X;.. ——§ (@
( [X,] Ny & X

Plugging Eq. (C43) into Eq. (C42) and enforcing Eq. (C41)
we get

> 5) < 207N (C43)

Prob| | J {Ip(i) — Bl > 8} | < 2N,e™™ < ¢,
AjEA,

(C44)
which holds if

Ne > —In (2N (C45)
S = 282 n C .

Equation (C45) justifies Eq. (26) in the main text.

APPENDIX D: MODIFICATION FOR NONLOCAL
RESPONSE

In this Appendix, we describe how to modify our algorithm
to compute nonlocal entries G, (v) of the response function
whose analytical form is given in Eq. (Al). For the local
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[ ]
L] —17
[ ] .
H A
Phase: \O)®m 4 L= /] QFTT
[ 7]
L} —~]
Ancilla: [0)®" [ =
Vv V2 et
n—1 n—1
State: [0)*" = [] X" =5 [] X" = — ... —
i=0 i=0
Hadamard: |0) E @ EI

FIG. 7. Modified circuit for the computation of the nonlocal response function. One can see two additions compared to Fig. 3. The first is
an additional qubit and the second is a modified Hadamard test which we use to prepare the state |u) next to |v).

contributions the preparation of the computational basis state
|u) is crucial to extract the weights Wuz; The disadvantage of
this method is that we can only extract the absolute square of
those weights, which does not contain the relative sign and
makes this method not suited to evaluate the terms W, ;W,;
that appear in Eq. (A1).

A way around this is to add another qubit and still prepare
|u) in the state register as shown in Fig. 7. We will now use the
modified Hadamard test to “add” |v) to this state. At first we
apply a Hadamard gate to the additional ancilla qubit starting
in |0) (bottom qubit in Fig. 7). Thus, we have

g 1
%_

V2
We now apply a series of CNOT gates with the ancilla qubit
as control and the qubits in the n-qubit register as target. The
CNOT will be only applied to target qubit i for which v; @
u; = 1. This brings the state |u) to |v) when the control qubit
is in |1). Accordingly, after this series of CNOTs we get

(10) + [1))u). (D1

CNOTSs L
V2

At last we apply another Hadamard gate to the ancilla qubit
and obtain

(10} [u) + 11)[v)). (D2)

% 310)(Ju) + [v)) + 11)(Ju) = [v))).

Measuring the additional qubit results in either the sum or
difference of those two states

1 1
— —= ) (W £ Wy)l2). (D4)
j=1

(D3)

+ =
ﬁ(lm [v) 2L

If we proceed now as before with the local version of the
algorithm, depending on the ancilla being in O or 1, we would
extract the square of those amplitudes

Wy £W,)* = 3W,. + sW £ Wi W, (D3)

where we used that W,; and W,; are real. Let P(0, x), P(1, x)
the probability of measuring the bitstring x in the phase regis-

ter given that the ancilla is measured in 0 and 1, respectively.
By adapting Eq. (48) with the new amplitudes we find
0-1

1 /
SWoj + W) ~2 37 PO, [9)1+q).  (D6a)
q=—0
1 “
SWoj =Wy ~2 37 P(L Tgj1+q).  (D6b)
q=—0Q
or, equivalently,
0-1
Wy Wy = Y (PO, [9}1 +q) — P(1, T¢[1+ ). (D7)
q=—0

APPENDIX E: DETAILS OF THE GLUED-
TREES PROBLEM

In this Appendix, we provide the necessary details of the
glued-trees problem. We consider a random glued-tree graph
G = (V, £) shown in Fig. 4 and described in Sec. IV. We work
directly with the quantum formalism so that, with each vertex
u € V, we associate an element in the computational basis |u).

First, we note that, by definition, the action of an adjacency
matrix A on a vertex |u) reads

2

veNg [ul\(u}

Alu) =

[v). (ED)

As we see from Fig. 4 the vertices in the glued-trees graph
can be organized in 2n, columns. Let us denote by col(j) the
set of vertices in the jth columns starting from the left of the
random glued tree graph with j € {1,...,2n.}. We define
the “column” states

1
col()) = ———= Y v}, je{l.....n}.  (E2a)
V2! vecol(j)
1
col(j)) = —=—= D> v}, jefn+1,....2n}
22%71 vecol(j)
(E2b)

023264-17



SVEN DANZ et al.

PHYSICAL REVIEW RESEARCH 7, 023264 (2025)

Notice that ENTRANCE and EXIT vertices correspond to
|col(1)) and |col(2n.)), respectively. We denote by H., the
column subspace:

Heot = span{|col(j)) : j € {L,...,2n.}}. (E3)
The projector onto H is

2n,

Meo = Y [col(f)) {col (/)] (E4)

j=1

The crucial fact is that if the system starts in the column
subspace, then an application of the adjacency matrix A will
give a state in the column subspace. In fact, the action of the
adjacency matrix A of the random glued-trees graph on the
column states reads

Alcol(j)) = v2|col(j + 1)) + +/2[col(j — 1)),  (ES)

forjef{2,...,n.—1}U{n.+1,...2n, — 1}, and

Alcol(1)) = v/2|col(2)), (E6a)

Alcol(2n.)) = x/§|col(2nC — 1)), (E6b)
Alcol(n.)) = ~/2[col(n. — 1)) + 2|col(n. + 1)), (E6¢)
Alcol(n. + 1)) = 2|col(n.)) + «/§|col(nc + 2)). (E6d)

For notational simplicity we will denote the column states
|col(j)) as |j) from now on:

|col(j)) = 1j)- (E7)

Since in Problem 1 the system starts at the ENTRANCE,
i.e., in |[ENTRANCE) = |j = 1), we can effectively restrict
to the column subspace and consider the projected adjacency
matrix

—1
Acol _ 1—IcolAHcol n

- =Y (i) j+11+He)

+ V2(|n.) (ne+1]+H.c.)

2n.—1

+ > (U)+H+He),  (E8)
Jj=n.+1

as the effective Hamiltonian of the system. Equation (E8) is
the Hamiltonian of a quantum walk on one line with 25, sites
with a “defect” in the middle. Note that from a matrix point of
view Ao 18 a tridiagonal symmetric matrix.

As shown in Ref. [26], Ao/ /2 has eigenvalues of the form

A; =2cosz, (E9)

where z=p+iq € C, p,q € R, satisfies the quantization
condition

sin(z(n. 4+ 1)) 4+

sin(zn,) (E10)

n,=
T 1 1 X X e 1 1
i i i ¥ x i i
1 1 1 1 X 1 1
V2 fmmmee- Lk ! S SRS, SRR S
1 1 1 1 Ix Ie 1 1
i i i i i % K i
1 1 1 1 1 1% 1 1
i i i i i Xoor
1 1 1 1 1 1 X 1
= i i i i i i oo
Ne | i i i i i X i
120 1 i i i i i i i
EE 2 I TR AR N U O
i IR e 1 NI B U W O
Rt TN B U W
TR 1 T T B
X I I I I I
B Tt T (N I L L
x X xi i i i i i
- U (.
L
8 ] 3 B 3 3 B
p
FIG. 8. Quantization condition Eq. (E10) for n. = 8.
The corresponding eigenvector is of the form
1 -
Aoy = e D sin(zj)l)
VNG 1) \ ‘5
2n,
+ Y sin@@ne+ 11— D) | (E11)
j=n.+1

with N(z, n.) a normalization factor. We denote by Z the
set of solutions of Eq. (E10) that are associated with a dis-
tinct eigenpair. Thus, | Z| = 2n.. The quantization condition
Eq. (E10) has exactly 2n, — 2 real solutions z = p (see Fig. 8
for an example). We denote by P the set of these solutions.
The two remaining eigenpairs can be obtained by setting
z =1iq and z = 7 + ig, but we do not need them to show our
result.

In terms of the eigenvectors |X;), the [ENTRANCE) state
reads

[ENTRANCE) = } _sinz (E12)
€Z V: (z,nc) .

We now assume that the number of qubits in the phase reg-
ister is taken to satisfy Eq. (50) in the main text. With this
assumption, the probability of obtaining the eigenstate |A;)
after applying QPE to [ENTRANCE), as described in Sec. III,
and measurement on the ancilla register with post-selection on
the |0)® state, is

2
sin
Prob(i..|ENTRANCE) = —-5n2l”
2N (z, ne)
Once we obtained one of the |A;), the probability of finding
the EXIT after measurement in the computational basis is

(E13)

Prob(EXIT|2..) Jsinz|? (E14)
TO = —,
T N(z,ne)
Thus, the total probability of finding the EXIT is
| sin z|*
Prob(EXIT) = §  ——— El5
rob(EXIT) ZZN(z,nc)z (E15)

€2
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We now want to study analytically the scaling of this prob-
ability Prob(EXIT). First, we restrict the sum over the real
solutions z = p of Eq. (E10). In this case, the normalization
factor M (p, n.) reads

ne 2n,
N(p.ne) =) sin’(pj)+ Y sin’(pQ2nc +1— j))
j=I Jj=n.+1
1 i 14 2n,
- _[1 +on. — w] <2n.. (E16)
2 sin p
Thus, we get
s 4
sin” p 1 . 4
Prob(EXIT — > — . (E17
rob( )>ZZN(p’nC)2>8n%Zsmp (E17)
peP peP

As discussed in Ref. [26] the real solutions concentrate around
wfl/n. with £ € {1,...,n. — 1}, with corrections of order

O(1/n?). This is also visible in the example shown in Fig. 8
for n, = 8. In particular, we see that there are two solutions
around 7 ¢ /n.. Thus, for large n., we can write

ne—1
4 g (e _ 3n,
> sintp =2 sin (nc>+0(1)_ 1 +0(1).
peP =1

(E18)

We finally obtain

Prob(EXIT) > (E19)

3 1
ol =)
32n, + <nf)

which justifies Eq. (52) in the main text.
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