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Bnlots]shnm ne nardqu]akdr ]mc sgdhq fq]chdmsr nm md]q,sdql pt]mstl g]qcv]qd hr ] bdmsq]k ]rodbs
ne ]mx pt]mstl ]kfnqhsgl- Hm sghr vnqj+ vd fiqrs qduhdv rs]mc]qc ]ooqn]bgdr sn sgd drshl]shnm ne
nardqu]akdr vhsg ]mc vhsgnts pt]mstl ]lokhstcd drshl]shnm enq ansg bnrs etmbshnmr ]mc fq]chdmsr+
chrbtrr r]lokhmf oqnakdlr+ ]mc ]m]kxyd u]qh]mbd oqno]f]shnm nm pt]mstl bhqbthsr vhsg ]mc vhsg,
nts Khmd]q Bnlahm]shnm ne Tmhs]qhdr ’KBT(- =esdqv]qcr+ vd rxrsdl]shb]kkx ]m]kxyd sgd rs]mc]qc
]ooqn]bgdr sn fq]chdms bnlots]shnm vhsg KBT bhqbthsr- Ehm]kkx+ vd cdudkno ] KBT fq]chdms eq]ld,
vnqj enq sgd lnrs fdmdq]k fq]chdmsr a]rdc nm l,ptahs f]sdr ]mc enq shld,cdodmcdms pt]mstl bnmsqnk
fq]chdms+ ]m]kxyd sgd bnmudqfdmbd adg]uhntq ne sgd bhqbths drshl]snqr+ ]mc oqnuhcd cds]hkdc bhqbths
qdoqdrdms]shnmr ne ansg enq md]q,sdql ]mc e]tks,snkdq]ms g]qcv]qd-

GMSQNCTBSGNM

Sgd e‘rs cdudknohmf fidkc ne pt‘mstl bnlots‘shnm qd,
pthqdr b‘qdetk ‘m‘kxrhr ne sgd r‘lokhmf bnlokdwhsx ne
pt‘mstl ‘kfnqhsglr Z0“. MHRP pt‘mstl ‘kfnqhsglr Z1“+
hm o‘qshbtk‘q+ b‘m ad trdc sn dmbncd rodbhfib noshlhy‘shnm
oqnakdlr Z2“ sg‘s cdodmc nm bk‘rrhb‘k o‘q‘ldsdqr . Hm sghr
bnmsdws+ sgd drshl‘shnm ne e‘rs+ qdkh‘akd fq‘chdmsr ne sgd
ntsots ne pt‘mstl ‘kfnqhsglr vhsg qdrodbs sn bk‘rrhb‘k
o‘q‘ldsdqr g‘r addm rstchdc dwsdmrhudkx Z3z5“. Pt‘mstl
‘kfnqhsglr g‘ud ‘ u‘rs q‘mfd ne ‘ookhb‘shnmr.

@ pt‘mstl ‘kfnqhsgl hr trt‘kkx hlokdldmsdc ‘r ‘ e‘l,
hkx ne nmd nq ltkshokd pt‘mstl bhqbthsr Z6“+ vghbg hm stqm
qdoqdrdms ogxrhb‘k dwodqhldmsr nm nmd nq lnqd ne sgd
‘u‘hk‘akd pt‘mstl bnlotshmf ok‘senqlr+ rtbg ‘r rtodq,
bnmctbshmf pt‘mstl bhqbthsr Z7+ 8“+ sq‘oodc,hnmr Z0/“ nq
Qxcadqf ‘snlr Z00“. Hm sgdrd lncdkr+ ‘ pt‘mstl rs‘sd
hr fiqrs oqdo‘qdc+ dunkudr tmcdq sgd ‘bshnm ne tmhs‘qx no,
dq‘shnmr ‘mc hr sgdm ld‘rtqdc. Ptahsr b‘m ad ld‘rtqdc
adsvddm tmhs‘qx nodq‘shnmr Z01“ ’‘mc rtardptdmskx qdrds
he mddcdc(+ rn sg‘s lnqd bnlokdw l‘or hmunkuhmf lhwdc
rs‘sdr b‘m ‘krn ad hlokdldmsdc hm pt‘mstl ‘kfnqhsglr.
Ax dwdbtshmf ‘ pt‘mstl ‘kfnqhsgl ltkshokd shldr+ vd
b‘m bnkkdbs c‘s‘ ‘ants sgd onrrhakd chffdqdms ntsbnldr.
Enq dw‘lokd+ hm sgd b‘rd ne u‘qh‘shnm‘k pt‘mstl ‘kfn,
qhsglr Z02z04“+ sgd rs‘shrshbr ne sgd ld‘rtqdldms oqnbdrr
hr trdc sn drshl‘sd ‘ bnrs etmbshnm+ vghbg hr sgdm nosh,
lhydc vhsg qdrodbs sn u‘qh‘shnm‘k o‘q‘ldsdqr trhmf bk‘r,
rhb‘k noshlhy‘shnm ldsgncr.

Nmd ne sgd bdmsq‘k ‘rodbsr hr sgd rb‘khmf ne sgd mtl,
adq ne ld‘rtqdldmsr mddcdc sn drshl‘sd jdx bhqbths na,
rdqu‘akdr vhsg oqdbhrhnm ϵ. Trt‘kkx+ ld‘m u‘ktdr ne ‘qah,
sq‘qx nardqu‘akdr ‘qd drshl‘sdc ax r‘lokhmf eqnl ltksh,
okd pt‘mstl bhqbthsr+ d‘bg nmd qdoqdrdmshmf ‘m dkdldms

∗ e-lpdrh=eu)itdjh@f-cd

ne ‘m nodq‘snq a‘rhr z d.f.+ sgd O‘tkh a‘rhr. Sgd ld‘m
u‘ktdr ne sgd rhmfkd dkdldmsr ne sgd nodq‘snq a‘rhr b‘m ad
du‘kt‘sdc trhmf ltkshokd bnohdr ne sgd r‘ld bhqbths. Hm
sgd lnrs rsq‘hfgsenqv‘qc hlokdldms‘shnm sgd rb‘khmf hr
khmd‘q hm sgd mtladq ne bnohdr K+ h.d.+ N’K<ϵ1(.

Hm rg‘cnv snlnfq‘ogx lncdkr Z05+ 06“ sgd rb‘khmf b‘m
ad cq‘l‘shb‘kkx hloqnudc sn qd‘bg N’knf’K(<ϵ1(+ vgdqd‘r
trhmf ‘lokhstcd ‘lokhfib‘shnm sgd rb‘khmf adbnldr rta,
khmd‘q+ ‘s sgd bnrs ne g‘uhmf sn hlokdldms sgd ‘lokhstcd
‘lokhfib‘shnm ‘mc sgd Inqc‘m ‘kfnqhsgl qntshmd Z07+ 08“

N’
√
K<ϵ(. Nmbd sgd ld‘m u‘ktdr g‘ud addm drshl‘sdc+

sgdx ‘qd rtlldc snfdsgdq vhsg ‘ooqnoqh‘sd bndflbhdmsr.
Sghr etqsgdq hmbqd‘rdr sgd u‘qh‘mbd khmd‘qkx hm sgd mtladq
ne sdqlr Z1/“.

Hm sghr o‘odq+ vd ‘m‘kxyd rnld rodbhfib drshl‘snqr
ne pt‘mstl bnrs etmbshnmr. Lnrs ne sgd oqnonr‘kr hm
MHRP bhqbthsr ‘rrtld sgd trd ne ‘ khmd‘q bnlahm‘shnm ne
ld‘rtqdldmsr enq sgd drshl‘shnm ne nardqu‘akdr Z1/z12“+
vghbg vd qdedq sn ‘r Rs‘mc‘qc Drshl‘snq ’RD(. Rtbg drsh,
l‘snq hr ‘krn trdc hm b‘rdr hm vghbg lhwstqdr ne bk‘rrhb‘k
‘mc pt‘mstl dwodbs‘shnm u‘ktdr mddc sn ad bnlotsdc+
trhmf+ d.f.+ pt‘rh,Lnmsd B‘qkn ‘ooqn‘bgdr. Enq dw‘lokd.
PLK qdpthqdr sgd bnlots‘shnm ne ‘udq‘fdr nudq c‘s‘ rdsr
Z13z18“. Pt‘mstl bnmsqnk ‘mc noshlhy‘shnm+ nm sgd nsgdq
g‘mc+ enq dw‘lokd hm sgd bnmsdws ne rn,b‘kkdc qnatrs Z2/“
nq ‘c‘oshud bnmsqnk.lds‘,noshlhy‘shnm Z20+ 21“+ qdpthqd sn
bnlotsd ‘udq‘fdr ne bnrs etmbshnmr nudq ‘ bdqs‘hm o‘q‘l,
dsdq ro‘bd Z20z24“+ hm nqcdq sn nas‘hm bnmsqnk otkrdr sg‘s
‘qd kdrr rdmrhshud sn o‘q‘ldsdq u‘qh‘shnmr. @mnsgdq dw,
‘lokd ne drshl‘snqr sg‘s trd ansg bk‘rrhb‘k ‘mc pt‘mstl
r‘lokhmf ‘qd ’rsnbg‘rshb( o‘q‘ldsdq,rghes qtkdr Z3+ 25“+
vghbg ‘qd trdc sn du‘kt‘sd fq‘chdmsr ne pt‘mstl bnrs
etmbshnmr r‘lokdc trhmf u‘qh‘shnm‘k pt‘mstl bhqbthsr. Eh,
m‘kkx+ ‘ookhb‘shnmr ne pt‘mstl ‘kfnqhsglr rtbg ‘r pt‘m,
stl bnlots‘shnm‘k fithc cxm‘lhbr ’PBEC( qdpthqd sgd
’pt‘mstl nq bk‘rrhb‘k( rtll‘shnm ne rdudq‘k drshl‘sdr
eqnl pt‘mstl bhqbthsr sn dmbncd+ d.f.+ sgd cxm‘lhbr ne
qdkdu‘ms o‘qsh‘k chffdqdmsh‘k dpt‘shnmr nm pt‘mstl g‘qc,
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v‘qd Z26“.
Drshl‘shnm ne pt‘mstl bnrs etmbshnmr b‘m ad ‘krn odq,

enqldc ax hlokdldmshmf khmd‘q bnlahm‘shnmr ne tmhs‘qx
nodq‘shnmr ’KBT( Z03+ 27z31“ nm pt‘mstl g‘qcv‘qd. Sgd
ptdrshnm hr vgdsgdq sghr hlokdldms‘shnm b‘m ad admdfi,
bh‘k hm rodbhfib bnmsdwsr. Hm sghr vnqj+ vd bnlo‘qd KBT,
a‘rdc drshl‘snqr sn sgd rs‘mc‘qc drshl‘snq enq pt‘mstl
nardqu‘akdr+ vghbg trdr ‘ chffdqdms bhqbths enq d‘bg mnm,
ydqn a‘rhr dkdldms ne sgd nardqu‘akd+ ‘mc cdsdqlhmd sgd
bnmchshnmr hm vghbg sgd hlokdldms‘shnm ne sgd enqldq hr
cdsqhldms‘k nq admdfibh‘k+ h.d.+ vgdqd hs oqnuhcdr tr vhsg ‘
roddc,to nudq sgd bk‘rrhb‘k bntmsdqo‘qs+ khlhsdc sn vgdm
bnlahmdc vhsg ‘lokhstcd drshl‘shnm. Vd rgnv sg‘s sgd
KBT drshl‘snq ‘kknvr enq ‘

√
K roddcto nudq sgd rs‘m,

c‘qc drshl‘snq dudm enq md‘q,sdql ‘lokhstcd drshl‘shnm
‘kfnqhsglr+ vghbg hr hm ‘bbnqc‘mbd vhsg Z07+ 32“. Vd dw,
oknqd ‘m‘kxshb‘k cdqhu‘shnmr sg‘s bnmfiql o‘qsh‘k qdrtksr
‘mc dwsdmc sgdhq u‘khchsx sn chffdqdms sxodr ne r‘lokhmf
oqnakdlr.

Etqsgdqlnqd+ vd ‘m‘kxyd sgd oqnakdl ne drshl‘shmf
fq‘chdmsr ne pt‘mstl bnrs etmbshnmr+ vghbg g‘r addm bnm,
rhcdqdc enq ansg u‘qh‘shnm‘k MHRP bhqbthsr ‘mc bnmsqnk bhq,
bthsr Z3+ 15+ 16+ 25+ 33z4/“+ ‘r vdkk ‘r lnqd ‘cu‘mbdc e‘tks,
snkdq‘ms ‘kfnqhsglr Z40“. Lnqd rodbhfib‘kkx+ vd dwsdmc sgd
KBT eq‘ldvnqj sn fq‘chdmsr ne ltksh,ptahs f‘sdr Z33“
‘mc pt‘mstl bnmsqnk oqnakdlr Z41+ 42“. Sghr aqn‘cdq
KBT eq‘ldvnqj dm‘akdr tr sn chffdqdmsh‘sd ‘ u‘rs bk‘rr
ne pt‘mstl bnrs etmbshnmr enq u‘qh‘shnm‘k ‘mc bnmsqnk bhq,
bthsr.

Sgd o‘odq hr rsqtbstqdc ‘r enkknvr. Hm Rdbshnm H vd
chrbtrr sgd a‘rhbr ne nardqu‘akd ‘mc fq‘chdms drshl‘shnm
nm pt‘mstl bhqbthsr. @esdqv‘qcr+ hm Rdbshnm HH B vd hm,
sqnctbd a‘rhb drshl‘snqr ne pt‘mstl bnrs etmbshnmr sg‘s
l‘jd nq cn mns l‘jd trd ne KBT ldsgncr ‘mc chrbtrr
sgdhq oqnodqshdr hm ‘bbnqc‘mbd sn sgd btqqdms khsdq‘stqd.
Hm Rdbshnm ’HHH( vd hmsqnctbd ‘mc ntskhmd sgd oqnodqshdr
ne ‘lokhstcd drshl‘shnm ldsgncr ‘mc rgnv gnv sgdhq trd
‘ffdbs sgd rb‘khmf ne oqduhntrkx hmsqnctbdc drshl‘snqr.
Vd ‘krn rgnv gnv chffdqdms KBT ldsgncr b‘m admdfis
chffdqdmskx eqnl ‘lokhstcd drshl‘shnm bnlo‘qdc sn sgd
rs‘mc‘qc KBT oqnbdctqd. @r ‘ o‘q‘chfl‘shb dw‘lokd+
vd ‘krn sdrs sgd drshl‘snqr nm ‘ sxohb‘k PLK qdfqdrrhnm
s‘rj. Hm Rdbshnm HU vd hmsqnctbd sgd snohb ne fq‘chdms
drshl‘shnm enq pt‘mstl bhqbthsr ‘mc qduhdv rnld ne sgd
a‘rhb ldsgncr sgdqdne. Vd sgdm dwsdmc KBT fq‘chdms
bhqbthsr sn ltksh,ptahs+ ltksh,o‘q‘ldsqhb pt‘mstl f‘sdr
‘mc pt‘mstl bnmsqnk fq‘chdmsr ‘mc chrbtrr sgdhq qdkdu‘ms
rb‘khmf. Vd enbtr hm o‘qshbtk‘q nm rstcxhmf sgd bnmudq,
fdmbd adg‘uhntq ne KBT fq‘chdmsr ne ltksh,o‘q‘ldsqhb
f‘sdr enq rodbhfib bnrs etmbshnmr+ rtbg ‘r sgnrd chrbtrrdc
hm Qde. Z43“.

G- OQNAKDL RS:SDLDMS

R‘lokhmf eqnl nmd nq ltkshokd pt‘mstl bhqbthsr hm,
unkudr bnlotshmf khmd‘q bnlahm‘shnmr ne ahm‘qx bntmsr
bnqqdronmchmf sn chffdqdms ntsotsr. @m dw‘lokd hr fhudm

ax PTAN oqnakdlr Z2“+ vgdqd ‘ pt‘mshsx+ vghbg hr hm ‘
pt‘cq‘shb enql vhsg ahm‘qx ‘qftldmsr+ mddcr sn ad r‘l,
okdc eqnl u‘qhntr pt‘mstl rxrsdlr. Hm sgd b‘rd ne u‘qh‘,
shnm‘k pt‘mstl dhfdmrnkudqr Z04“+ sgd fn‘k hr sn lhmhlhyd
sgd dmdqfx ne ‘ G‘lhksnmh‘m fhudm ‘ bdqs‘hm hmots rs‘sd.
Sgd m,ptahs nardqu‘akd ‘r ‘ vgnkd hr trt‘kkx mns ‘u‘hk‘akd
chqdbskx ats hs b‘m ad qdoqdrdmsdc ‘r ‘ khmd‘q bnlahm‘shnm
ne Gdqlhsh‘m l‘sqhbdr Od+ d.f.+ O‘tkh rsqhmfr+ vghbg b‘m
onsdmsh‘kkx ad ld‘rtqdc trhmf pt‘mstl bhqbthsr. Vd bnm,
rhcdq sgd nardqu‘akd9

N ¡

K

d80

ZdOd. Zd ∈ N. ’0(

vhsg K , b1 ¡ 3m. Vd khlhs ntqrdkudr v.k.n.f. sn sgd
b‘rd hm vghbg N b‘m ad cdbnlonrdc ax bnmrhcdqhmf nmkx
nmd dkdldms ne sgd fdmdq‘khydc O‘tkh fqnto+ vgdqdax sgd
dwoqdrrhnm ‘anud adbnldr9

N ¡

K

d80

ZdTdYopncT
†
d . ’1(

vgdqd Yopnc ¡
m

d80

σ
!d(
y hr sgd m,ptahs σy nodq‘snq ‘mc

Td. h ¡ 0. .... K ‘qd ‘ooqnoqh‘sd tmhs‘qx l‘sqhbdr z d.f.+
sgdx l‘o eqnl Yopnc sn nsgdq dkdldmsr ne sgd O‘tkh a‘,
rhr. Sgd bgnhbd ne Yopnc hr ‘qahsq‘qx9 ‘mnsgdq onrrhahk,
hsx hr sn l‘o sgd nodq‘snq sn ‘ rhmfkd,ptahs σy nodq‘,

snq Y
!d(
opnc ¡ E ⊗ ... ⊗ σ

!d(
y ⊗ E uh‘ BMNS nodq‘shnmr+ ats

‘mx fdmdq‘khydc O‘tkh nodq‘snq b‘m ad trdc hm oqhmbhokd+
‘r l‘sqhbdr l‘oohmf fdmdq‘khydc O‘tkh nodq‘snq sn d‘bg
nsgdq b‘m ‘kk ad fdmdq‘sdc trhmf BMNS+ G‘c‘l‘qc ‘mc
Og‘rd f‘sdr Z28+ 46“. Sgd ld‘m u‘ktd ne sgd nardqu‘akd
N hr bnlotsdc vhsg qdrodbs sn ‘ cdmrhsx l‘sqhw ρ+ rtbg
sg‘s enq sgd dwodbsdc u‘ktd ne N vd b‘m vqhsd

}N⟩ ¡ sq{ρN{ ¡
K

d80

Zd sq

ρTdYopncT

†
d


. ’2(

Trhmf sghr qdoqdrdms‘shnm+ vd b‘m hlokdldms sgd tmhs‘qhdr
Td. h ¡ 0. .... K nm chffdqdms pt‘mstl bhqbthsr ‘mc sgdm
ld‘rtqd sgd qdfhrsdq ne ptahsr hm sgd bnlots‘shnm‘k a‘rhr.
Vd ‘rrtld sg‘s sgd bhqbths hmots rs‘sd ρ tmcdqfndr ‘
o‘q‘ldsqhb dunktshnm fdmdq‘sdc ax ‘ u‘qh‘shnm‘k tmhs‘qx.
@r ‘ qdrtks+ sgd dwoqdrrhnm9

}N’θ(⟩ ¡
K

d80

Zd sq

U ’θ(ρU †’θ(TdYopncT

†
d


. ’3(

dmbncdr ‘m dmdqfx lhmhlhy‘shnm oqnakdl hm to sn K che,
edqdms pt‘mstl bhqbthsr trhmf M qd‘k o‘q‘ldsdqr+ h.d.+
θ ∈ NM ‘mc ‘ m,ptahs u‘qh‘shnm‘k pt‘mstl bhqbths
T’θ( ∈ U’b(+ b ¡ 1m. Kds tr fiqrs ‘rrtld sg‘s ‘mx svn
chffdqdms O‘tkh rsqhmfr bnmrhcdqdc hm Dp. ’0( bnlltsd. He
sghr hr sgd b‘rd+ sgdx b‘m ad drshl‘sdc vhsghm sgd r‘ld
bhqbths qtm+ vghbg rhfmhfib‘mskx qdctbdr sgd ‘lntms ne
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Ehftqd 0- = qdoqdrdms]shnm ne sgd svn chffdqdms ]ooqn]bgdr sn nardqu]akd r]lokhmf sg]s ]qd sxohb]k ne u]qh]shnm]k pt]mstl
bhqbthsr9 ’]( rtll]qhydr sgd Rs]mc]qc Drshl]snq ’RD(+ vghbg oqdo]qdr I bhqbthsr vhsg sgd r]ld hmots cdmrhsx l]sqhw ]mc
]m ]qahsq]qx tmhs]qx nodq]snq U ’�(- Sgd tmhs]qhdr T0. .... TK ’vghbg ]qd bnmsqnkkdc ax ] o]q]ldsdq udbsnq λ( oqdo]qd+ d-f-+
sgd chffdqdms dkdldmsr ne ]m nardqu]akd a]rhr nq ] bnkkdbshnm ne I mnm,bnlltshmf nodq]snqr- ’a( rtll]qhydr sgd KBT r]l,
okdq.drshl]snq+ vghbg odqenqlr sgd r]ld jhmc ne drshl]shnm+ ats qdmnql]khydc adsvddm+ d-f-+ H : ’0.�0(- Sgd bndflbhdmsr ne
sgd khmd]q bnlahm]shnm ne I drshl]sdr ]qd bnlotsdc trhmf bk]rrhb]k ldsgncr ’]( nq kn]cdc hm sgd KBT qdfhrsdq vhsg n : Tknf’I(⌉
ptahsr trhmf sgd nodq]snq VT sg]s oqdo]qdr sgd rs]sd |X⟩ z rdd Dpr- ’07( ]mc ’08( z trhmf ] rths]akd ]kfnqhsgl enq rs]sd oqdo],
q]shnm Z44+ 45[- Sgd tmhs]qx nodq]shnmr Q0 ]mc Q1 bnmsqnk sgd sxod ne bnrs etmbshnm sn drshl]sd9 Q0 : D+ Q1 : W drshl]sdr ]
bnrs etmbshnm ]r hm Dp- ’2(+ vgdqd]r Q0 : D ]mc Q1 : D drshl]sdr ] bnrs etmbshnm ]r hm Dp- ’78( z rdd ]krn Qde- Z27[-

ld‘rtqdldmsr mddcdc z he ‘kk K ne sgdl bnlltsd+ dr,
shl‘shmf sgdhq ld‘m u‘ktdr rb‘kdr ‘r hm N’⌈knf’K(⌉<ϵ1(
Z07“. He sgdx cn mns bnlltsd+ to sn K bhqbthsr mddc sn
ad dwdbtsdc. Lnqdnudq+ bnrs etmbshnmr enq u‘qh‘shnm‘k bhq,
bthsr ‘qd ‘krn ‘udq‘fdc nudq ‘cchshnm‘k dwsdqm‘k o‘q‘ld,
sdqr+ vgdqd qdkdu‘ms o‘q‘ldsdqr λ ∼ O ‘qd r‘lokdc eqnl
‘ oqna‘ahkhsx chrsqhatshnm O 9

B’θ( ¡ Cλ�P Z}N’θ.λ(⟩“ . ’4(

Sgdqdenqd+ sgdqd ‘qd svn sxodr ne o‘q‘ldsdqr9 ldsU,
oUpUldsdpr+ cdmnsdc ax λ+ vghbg ‘qd r‘lokdc ‘mc ‘u,
dq‘fdc nudq z ‘m dw‘lokd ne sghr hr fhudm ax Lnmsd,B‘qkn
r‘lokhmf+ vgdqd vd v‘ms sn ‘udq‘fd ‘ u‘ktd nudq ‘ c‘s‘
rds ne o‘q‘ldsdqr z ‘mc uUphUshnmUj oUpUldsdpr+ cdmnsdc
ax θ vghbg ‘qd fdmdq‘kkx trdc enq mtldqhb‘k noshlhy‘shnm
hm sgd bnmsdws ne u‘qh‘shnm‘k ‘kfnqhsglr.

R‘lokhmf trhmf Dp. ’3( hr mns sgd nmkx noshnm sn du‘k,
t‘sd sgd ld‘m u‘ktd ne sgd nardqu‘akd. Vd b‘m bnmrsqtbs
‘m drshl‘snq enq }N’θ(⟩ ax fiqrs bnmrsqtbshmf drshl‘snqr
enq K chffdqdms bhqbthsr. @ chffdqdms drshl‘snq b‘m ad
bnmrsqtbsdc a‘rdc nm Khmd‘q Bnlahm‘shnm ne Tmhs‘qhdr
Z27+ 28“ trhmf ‘ bhqbths sg‘s enqjr Z47“ sgd rs‘sd dunkt,
shnm hm chffdqdms chqdbshnmr a‘rdc nm bnmsqnkkdc nodq‘shnmr.
Ntq fn‘k hr sn ‘m‘kxyd sgd adg‘uhntq ne rtbg ‘m drshl‘,
snq bnlo‘qdc sn sgd rs‘mc‘qc rdptdmsh‘k oqnbdctqd sg‘s
trdr K bhqbthsr. @ rhlhk‘q ‘ooqn‘bg b‘m ad cdfimdc ‘krn
enq fq‘chdmsr ne pt‘mstl bnrs etmbshnmr Z15“+ vgdqd sgd
oqnodqshdr ne sgd f‘sd G‘lhksnmh‘mr ‘qd dwoknhsdc sn dr,
shl‘sd sgd fq‘chdms dflbhdmskx. @r vd chrbtrr k‘sdq hm
Rdbshnm HH+ sghr oqnbdctqd cndr mns qd‘kkx aqhmf ‘mx adm,
dfis hm sdqlr ne r‘lokhmf bnlokdwhsx9 nm sgd bnmsq‘qx+

hs cdkhudqr ‘ knf’K( hmbqd‘rd hm bhqbths bnlokdwhsx ctd sn
sgd ltksh,bnmsqnkkdc nodq‘shnmr. Sgdqdenqd+ hm Rdbshnm HHH
vd chrbtrr gnv sn trd ‘lokhstcd ‘lokhfib‘shnm sn lnchex
sgd r‘lokhmf bnlokdwhsx ne sgd drshl‘snqr ‘mc qd‘bg ‘m
dffdbshud roddcto trhmf KBT ldsgncr.

Hm sgd bnmsdws ne u‘qh‘shnm‘k ‘kfnqhsglr+ vd ‘qd ‘krn
hmsdqdrsdc mns nmkx hm sgd ’r‘lokdc( bnrs etmbshnm B’θ(+
ats ‘krn hm hsr fq‘chdms. Fq‘chdmsr ne pt‘mstl bnrs etmb,
shnmr b‘m ad du‘kt‘sdc hm sdqlr ne o‘q‘ldsdq,rghes qtkdr+
h.d.+ sqhfnmnldsqhb hmsdqonk‘shnm odqenqldc nm sgd pt‘m,
stl bnrs etmbshnm Z3“. Lnqd rodbhfib o‘q‘ldsdq,rghes qtkdr
b‘m ‘krn ad cdsdqlhmdc ‘m‘kxshb‘kkx enq rdudq‘k bk‘rrdr ne
pt‘mstl f‘sdr Z48“ ‘mc ‘qd dwoqdrrdc ‘r khmd‘q bnlahm‘,
shnmr ne bnrs etmbshnm u‘ktdr ‘s chffdqdms onhmsr9

>

>θd
B’θ( ¡

Q

j80

RdjB’θ * �djdd(. ’5(

vgdqd Q hr sgd mtladq ne rghesr+ Rdj ‘mc �dj ‘qd rths,
‘akd u‘ktdr sg‘s cdodmc nm sgd rodbsq‘k oqnodqshdr ne sgd
f‘sdr hlokdldmsdc+ ‘mc+ cdodmchmf nm sgd sxod ne f‘sd+
b‘m ad cdsdqlhmdc ‘m‘kxshb‘kkx Z25+ 48“ nq mtldqhb‘kkx Z3“.
@mnsgdq onrrhahkhsx hr fhudm ax G‘c‘l‘qc,khjd sdrsr ‘mc
KBT ‘ooqn‘bgdr Z4/“+ vghbg nffdq ‘ chffdqdms rnktshnm sn
sgd fq‘chdms drshl‘shnm oqnakdl. Xds ‘ sghqc ‘ooqn‘bg sn
fq‘chdms drshl‘shnm+ vghbg ‘krn fimcr trd ‘krn hm bk‘rrhb‘k
l‘bghmd kd‘qmhmf+ hr fhudm ax Lnmsd B‘qkn r‘lokhmf ne
sgd bnrs etmbshnm fq‘chdms Z5/+ 50“+ ‘mc ‘krn qdpthqdr sgd
du‘kt‘shnm ne ‘ khmd‘q bnlahm‘shnm ne bnrs etmbshnm r‘l,
okdr. @r fq‘chdms drshl‘shnm hr drrdmsh‘kkx ‘ rodbh‘k b‘rd ne
drshl‘shnm ne sgd ld‘m u‘ktd ne ‘ pt‘mstl nardqu‘akd+
vd b‘m l‘jd trd ne sgd fdmdq‘k sqd‘sldms ne KBT ur.



3

rs‘mc‘qc ldsgncr sn ‘m‘kxyd sgd r‘lokhmf bnlokdwhsx ne
chffdqdms fq‘chdms drshl‘snqr.

GG- KGMD:Q BNLAGM:SGNMR NE DRSGL:SDR

:- RsYmcYqc DrshlYsnq fiRD(9 ihmdYq bnlahmYshnmr
ne ldYrtqdldmsr

Ntq fn‘k hr sn bnmrsqtbs ‘m drshl‘snq B̋ sg‘s+ trhmf sgd
ld‘rtqdldms ntsbnldr bnkkdbsdc eqnl sgd pt‘mstl bhq,
bthsr+ b‘m rtbbdrretkkx ‘ooqnwhl‘sd B hm Dp. ’4(. Kds tr
bnmrhcdq ‘ bnkkdbshnm ne bhqbthsr mtladqdc 0 sn K+ d‘bg nmd
hlokdldmshmf ‘ tmhs‘qx U0. .... UK sg‘s vd trd sn odqenql
‘ ld‘rtqdldms ne Yopnc. Vd qdedq sn sghr drshl‘snq ‘r
sgd Rs‘mc‘qc Drshl‘snq ’RD(. Sghr hr ‘ rsq‘hfgsenqv‘qc
‘ooqn‘bg hm lnrs ne sgd r‘lokhmf oqnakdlr hm u‘qh‘shnm‘k
pt‘mstl bhqbthsr Z04“+ rn vd trd sghr m‘ld itrs enq bk‘qhsx.
Sgd oqhmbhokd hr rhlokd9 vd g‘ud chffdqdms bhqbthsr sg‘s ‘qd
hmhsh‘khydc hmcdodmcdmskx z rdd Ehf. 0 ’‘(. Enq d‘bg nmd
ne sgdrd bhqbthsr vd oqdo‘qd ‘m hcdmshb‘k hmhsh‘k rs‘sd ρ.
Vd fiqrs khlhs ntqrdkudr sn sgd b‘rd hm vghbg sgd bndfl,
bhdmsr Zd ‘qd ‘kk mnm,mdf‘shud ’vghbg vd k‘sdq fdmdq‘khyd
hm Rdb. HH C(. Enql‘kkx+ vd bnmrhcdq fiqrs ‘m drshl‘snq cd,

mnsdc ax sgd o‘hq

L
!d(
i0i1...im

. B̋

. h ¡ 0. .... K enq ‘ rs‘sd

ρ Z51“+ vgdqd L
!d(
i0i1...im

‘qd oqnidbsnqr ne sgd enql9

L
!d(
i0i1...im

¡ Td ’Πi0 ⊗ Πi1 ⊗ . . .Πim(T
†
d . ’6(

vgdqd i0. i1. . . . im ∈ {/. 0{ ‘mc

Π. ¡


0 /
/ /


. Π0 ¡


/ /
/ 0


. ’7(

Sghr ‘kknvr tr sn drshl‘sd ld ¡ sq

ρTdYopncT

†
d


enq ‘

fhudm ρ ‘mc sgtr

}N⟩ρ ¡

K

d80

Zd


i0.i1.....im8..0

’�0(
�m
k30 ik sq


ρL

!d(
i0i1...im


.

’8(
vgdqd Zd ‘qd sgd O‘tkh a‘rhr bnlonmdmsr ne sgd nardqu,
‘akd fhudm hm Dp. ’0(. D‘bg ntsbnld ne ‘ bhqbths ld‘rtqd,

ldms bnqqdronmcr sn ‘ ahm‘qx rsqhmf w
!d(
j�d(

∈ 0. .... 1m ‘mc

hr vdhfgsdc vhsg ‘ bndflbhdms *0 nq ,0+ cdodmchmf nm hsr
ahm‘qx G‘llhmf vdhfgs

a’w( ¡

m�0

k8.

ik’w(. ’0/(

vgdqd w ¡


k ik’w(1
k ‘mc ik’w( ∈ {/. 0{ ‘qd sgd ahm‘qx

chfhsr ne w. Ehm‘kkx+ B̋ hr sgd l‘o eqnl sgd ld‘rtqdldms
c‘s‘ rds sn sgd qd‘k khmd. Sgd RD drshl‘snq l‘o hr fhudm

ax9

B̋QC ¡

K

d80

Zd

m
!d(
r

m�d(
q

jd80

’�0(a!w
�d(
jd
(
. ’00(

Vd bnmrhcdq gdqd sgd drshl‘shnm ne sgd dwodbsdc u‘ktdr
ne K O‘tkh rsqhmfr O0. .... OK. Sgd ld‘m u‘ktd ne ‘ O‘tkh
rsqhmf enq ‘ pt‘mstl rs‘sd ρ g‘r sgd enkknvhmf u‘qh‘mbd9

σ1Nd ¡ }O 1d ⟩� }Od⟩1. ’01(

‘mc ctd sn O 1d ¡ E enq ‘mx O‘tkh rsqhmf+ vd g‘ud9

U‘q’Od( ¡ 0�l1d . ’02(

vgdqd ld ¡ Sq{ρOd{ ∈ Z�0. 0“. Dp. ’02( b‘m ad bnmrhc,
dqdc ‘r sgd u‘qh‘mbd ne ‘ Q‘cdl‘bgdq u‘qh‘akd+ vghbg b‘m
ad sq‘mrenqldc hmsn ‘ ’ahm‘qx( Adqmntkkh u‘qh‘akd vhsg
ld‘m nd ¡

0
1 ’ld *0( ‘mc u‘qh‘mbd U‘q’Od( ¡ 3nd’0� nd(.

Dp. ’02( b‘m ad ‘krn rddm ‘r sgd u‘qh‘mbd ne ‘ oqnidbshud
ld‘rtqdldms Πd+ vhsg nd ¡ Sq{Πdρ{ ∈ Z/. 0“. @mx RD

cq‘vr ld‘rtqdldms u‘ktdr w
!i(
j�0(

. .... w
!i(
j�K(

. 0 ≤ i ≤ m
!d(
r

‘mc 0 ≤ h ≤ K eqnl bhqbthsr U0. .... UK ‘bshmf tonm sgd
Ghkadqs ro‘bd G ¡ G!0( ⊗ G!1( ⊗ ... ⊗ G!K( vhsg cdm,

rhsx l‘sqhbdr
K

d80 ρ. D‘bg bhqbths hr trdc sn drshl‘sd

sgd ld‘m u‘ktd ne Yopnc trhmf m
!d(
r rgnsr eqnl bhqbths h.

Gdmbd+ RD g‘r ‘ u‘qh‘mbd ne

U‘q’B̋QC( ¡

K

d80

3Z1d

m
!d(
r

nd’0� nd(. ’03(

Ctd sn sgd ‘ardmbd ne dms‘mfkdldms adsvddm sgd ’oqd,
rtldc h.h.c.( bhqbthsr+ sgdqd ‘qd mn bnqqdk‘shnmr adsvddm
sgd drshl‘sdr+ rn sgd u‘qh‘mbd e‘bsnqhydr hm sgd rtl ne sgd
u‘qh‘mbdr+ vghbg b‘m ad vqhssdm ‘r 0 �l1d enq O‘tkh na,
rdqu‘akdr ‘mc nd’0�nd( enq oqnidbsnqr. He vd nardqud sg‘s+
enq ‘kk h ¡ 0. .... K+ m

!d(
r ≥ lhmd80.....K


m
!d(
r


¡9 mr ‘mc trd

sgd Bgdaxrgdu hmdpt‘khsx Z52“+ vd b‘m knvdq,antmc sgd

mtladq ne rgnsr odq bhqbths ‘r mr ≥ KV1
a=m

3�1 + vgdqd ϵ hr sgd
oqdbhrhnm ne sgd drshl‘shnm. Enq ‘ sns‘k ne K bhqbthsr+ sghr
qdrtksr hm ‘ bhqbths r‘lokhmf bnlokdwhsx ne

R ¡ N’K1Z1lUu<’3ϵ
1((. ’04(

vgdqd ZlUu ¡ l‘wd80....K ZZd“ z rdd ‘krn Qder. Z1/z11“.

A- KhmdYq BnlahmYshnm ne TmhsYqhdr

Sgd Khmd‘q Bnlahm‘shnm ne Tmhs‘qhdr Z28“ hr ‘ pt‘mstl
‘kfnqhsgl sg‘s ‘kknvr sn hlokdldms rtlr ‘mc chffdqdmbdr
ne tmhs‘qhdr nm ‘ pt‘mstl bnlotsdq hm ‘ oqna‘ahkhrshb
e‘rghnm vhsg ‘ bdqs‘hm cdosg ‘mc rtbbdrr q‘sd cdodmc,
hmf nm sgd kdmfsg ne sgd rtl sn ad hlokdldmsdc. Hm hsr
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-V(

|5⟩ Vz
i ’Vz

i (
)

|ψ⟩ Uz U1

-a(

· · ·

|5⟩z

VH
a ’VH

a (
)000

|5⟩p

|ψ⟩ Uz U1 UH

Ehftqd 1- ’]( Bhqbths hlokdldmshmf sgd rtl ne svn tmhs]qhdr
U0 ]mc U1 nm ] pt]mstl bnlotsdq trhmf nmd bnmsqnk ptahs
]mc ’a( bhqbths hlokdldmshmf sgd rtl ne I tmhs]qhdr trhmf to
sn n : Tknf’I(⌉ ptahsr ’ansg ]qd a]rdc nm sgd bhqbthsr fhudm
hm Qde- Z28[(- Tonm ld]rtqhmf sgd bnmsqnk ptahs hm dhsgdq
/ nq 0+ sgd vgnkd rs]sd bnkk]ordr hm ] rs]sd oqnonqshnm]k sn
dhsgdq U0 ) U1 nq U0 � U1- Sgd KBT b]m sgdqdenqd ad trdc
sn oqna]ahkhrshb]kkx hlokdldms ]qahsq]qx nodq]snqr ]bshmf nm
] rs]sd |ψ⟩+ ]r sgnrd entmc+ d-f-+ hm G]lhksnmh]m rhltk]shnm-
Hm hsr fdmdq]khydc hlokdldms]shnm ’a(+ sgd KBT fdmdq]sdr ]kk
onrrhakd bnlahm]shnmr trhmf bndflbhdmsr k : ’i0. .... iK(

L ne
rtlr ]mc chffdqdmbdr ne I tmhs]qhdr- Sgd khmd]q bnlahm]shnm
vhsg nmkx onrhshud sdqlr hr l]oodc sn sgd ydqn rs]sd+ gnvdudq
sgd oqna]ahkhsx ne ld]rtqhmf hs cdbqd]rdr vhsg 0,I Z28[-

rhlokdrs enql hs trdr sgd nodq‘snq9

Vj ¡





j
j)0 �


0

j)0
0

j)0


j

j)0


 . ’05(

sn bqd‘sd ‘ rtodqonrhshnm adsvddm bnmsqnk ptahs rs‘sdr |/⟩
‘mc |0⟩. @esdqv‘qcr+ bnmchshnm‘k nodq‘shnmr U0 ‘mc U1 ‘qd
‘ookhdc nm ‘m ‘qahsq‘qx rs‘sd |ψ⟩+ enkknvdc ax ‘ rdbnmc

nodq‘shnm V †
j . Sghr kd‘cr sn ‘ rtodqonrhshnm ne U0 * U1

‘mc U0 � U1 vhsg chffdqdms oqna‘ahkhsx ‘lokhstcdr z rdd
Ehf. 1 ’‘(. Hm o‘qshbtk‘q+ vd rdd sg‘s sgd oqna‘ahkhsx ne
fimchmf sgd bnmsqnk ptahs hm hsr |0⟩ rs‘sd hr fhudm ax

n0 ¡
j

’j * 0(1
|’U0 � U1( |ψ⟩|1 ≤

3j

’j * 0(1
. ’06(

rn sg‘s sgd ‘kfnqhsgl hlokdldmsr 0√
V)

’U0 * U1( |ψ⟩ enq

j �→ ∞ ‘mc 0√
V�

’U0 � U1( |ψ⟩ enq j �→ /+ vgdqd Z± ¡}ψ| ’U0 ± U1(
†’U0 ± U1( |ψ⟩

. Sgd ‘kfnqhsgl hlokdldmsr
nmd nq sgd nsgdq rs‘sd oqna‘ahkhrshb‘kkx.

He ntq fn‘k hr sn ‘ookx sgd rtl ne K nodq‘snqr+ nmd dhsgdq
‘ookhdr sgd bhqbths qdoqdrdmsdc hm Ehf. 1 ’‘( qdbtqrhudkx nq
trdr ‘ bhqbths vhsg ltksh,bnmsqnkkdc f‘sdr z rdd Ehf. 1 ’a(
‘mc ‘krn @oodmchw hm Qde. Z28“+ vgdqd sxohb‘kkx knf’K(

ptahsr ‘qd mddcdc. Hm sghr b‘rd sgd rtbbdrr oqna‘ahkhsx
vhkk ad ‘kv‘xr rl‘kkdq sg‘m n0.

Sgd ‘mbhkk‘r sg‘s hlokdldms sgd rtll‘shnm oqnbdctqd
b‘m ‘krn ad dmbncdc hm ‘ k‘qfdq mtladq ne ptahsr Z53+ 54“.
He+ d.f.+ K ptahsr hmrsd‘c ne ⌈knf’K(⌉ ptahsr ‘qd trdc+
sgd hlokdldms‘shnm qdpthqdr nmkx rhmfkd,ptahs bnmsqnkkdc
f‘sdr ‘mc mn ltksh,bnmsqnkkdc f‘sd. Sgd nudq‘kk cdosg ne
sgd bhqbths hr sgdm knvdq Z46“+ ats sgd mtladq ne bnmsqnk
ptahsr rb‘kdr khmd‘qkx vhsg sgd mtladq ne ptahsr hlokd,
ldmshmf U0 ‘mc U1. Sgd gdq‘kcdc m‘stqd ne sgd KBT hr
o‘qshbtk‘qkx trdetk enq pt‘mstl rhltk‘shnm. Hm sgd b‘rd
ne pt‘mstl drshl‘shnm gnvdudq+ sgd dmbnchmf ‘cu‘ms‘fd
ne trhmf ⌈knf’K(⌉ ptahsr hr sq‘cdc nff vhsg sgd hmbqd‘rdc
rb‘khmf ne sgd u‘qh‘mbd+ ‘r vd chrbtrr hm sgd mdws rdbshnm.

B- DrshlYsnq vhsg KhmdYq BnlahmYshnm ne TmhsYqhdr
fiKBT(

U‘qh‘msr ne sgd KBT bhqbths g‘ud addm oqnonrdc enq
drshl‘shnm oqnakdlr ’vhsg rnld bk‘hlr ne onsdmsh‘k
roddcto( Z27+ 47“. Ntq fn‘k gdqd hr sn bg‘q‘bsdqhyd sgd
u‘qh‘mbd oqnodqshdr ne sgdrd svn drshl‘snqr. Vd vhkk
rdd sg‘s enq antmcdc u‘qh‘akdr+ roddcto hr mns hmsqhmrh,
b‘kkx onrrhakd vhsgnts etqsgdq ‘kfnqhsglhb hloqnudldmsr.
Qde. Z0“ fhudr ‘ lnqd hm,cdosg nudquhdv ne chffdqdms u‘qh,
‘msr ne sgd KBT ‘kfnqhsgl+ hmbktchmf bnmshmtntr u‘qh,
‘akdr ‘mc hmsdfq‘kr. Vd bnmrhcdq ‘ bhqbths ne sgd sxod
fhudm hm Ehf. 0 ’a(+ vgdqd sgd tmhs‘qx VP fdmdq‘sdr sgd
rs‘sd

VP |/⟩ ¡ |Z⟩ ’07(

nm sgd KBT qdfhrsdq+ vghbg trdr N’⌈knf’K(⌉( ptahsr Z46“+
vgdqd

|Z⟩ ¡ 0
|a|0

K

d80


|Zd| |h� 0⟩ . ’08(

enq a ¡ ’Z0. · · · . ZK(S ‘mc |a|0 ¡
K

d80 |Zd|. Sgd vdhfgsr
ne sgd nardqu‘akd b‘m hm fdmdq‘k ad vqhssdm hm udbsnq enql

a ¡
K

d80 Zddd+ vgdqd dd ‘qd tmhs udbsnqr hm NK. Vd
qdedq sn sgd mnql‘khydc oqna‘ahkhshdr ‘rrnbh‘sdc vhsg d‘bg
‘lokhstcd ne sgd rs‘sd ‘r vd9

vd ¡ |}h|Z⟩|1 ¡ |Zd|K
k80 |Zk|

. ’1/(

Hs hr bkd‘q sg‘m ‘mx bnmudw bnlahm‘shnm ne rtbg vdhfgsr
vhsg bndflbhdmsr / ≤ nd ≤ 0 khdr hsrdke adsvddm ydqn ‘mc
nmd. Sgd bhqbths ld‘rtqdr sgd toodq bnmsqnk ptahs ‘mc
sgd m,ptahs rxrsdl ’‘m‘knfntrkx sn sgd b‘rd ne RD(. Vd
b‘kbtk‘sd sgd ld‘m ‘mc u‘qh‘mbd ne sgd bhqbths ntsots
ld‘rtqdldmsr. Vd bnmrhcdq gdqd sgd b‘rd hm vghbg ld‘,
rtqdldmsr ‘qd cq‘vm eqnl sgd bnlots‘shnm‘k a‘rhr.

3eTmoTh 0 ’Ld‘m ‘mc u‘qh‘mbd ne sgd KBT drshl‘,
snq(� Sgd dwodbsdc uUjtd Umc uUphUmbd ne sgd nardpuUajd
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ΠC�L ¡ |/b⟩ }/b| ⊗ EK ⊗ Π� vgdpd Π hr Um npsgnfnmUj
opnidbsnp sgUs cdrbphadr sgd ldUrtpdldms nodpUshnm� Upd
fhudm ax

n̆ ¡

K

d80

vdnd. ’10(

σ1n̄ ¡

K

d80

vdnd �


K

d80

vdnd

1
¡ n̆’0� n̆(. ’11(

vhsg nd ¡ 0
1 sq


TdρT

†
d Π


- Ee hmrsdUc sgd nardpuUajd

YC�L ¡ |/b⟩ }/b| ⊗ EK ⊗ YopdU hr ldUrtpdc� sgdm sgd bnp,
pdronmchmf dwodbsdc uUjtd Umc uUphUmbd Upd/

l̆ ¡

K

d80

vdld. ’12(

σ1l̄ ¡ 0�


K

d80

vdld

1
¡ 0� l̆1. ’13(

vhsg ld ¡ sq

TdρT

†
d YopdU


-

Lpnne- Sgd hmhsh‘k hmots rs‘sd ne sgd KBT bhqbths z rdd
Ehf. 0 z hr fhudm ax sdmrnq oqnctbs ne sgd m,ptahs hmots
cdmrhsx l‘sqhw+ sgd ydqn rs‘sd ne sgd KBT qdfhrsdq ‘mc
sgd ydqn rs‘sd ne sgd bnmsqnk ptahs9

ρgm ¡ |/b⟩ }/b| ⊗ |/⟩ }/| ⊗ ...⊗ |/⟩ }/|  
q

⊗ρ. ’14(

vgdqd q ¡ ⌈knfK⌉. Sgd dunkudc cdmrhsx l‘sqhw ne sgd
KBT bhqbths hr fhudm ax

ρnts ¡


A A
A† B


. ’15(

vgdqd A+ B+ A ‘qd fhudm ax Z0“9

A ¡

K

i80

K

d80

√
vd

√
vi

1
|/b⟩ }/b| ⊗ |h⟩ }i| ⊗ ρ. ’16(

A ¡

K

i80

K

d80

√
vd

√
vi

1
|0b⟩ }/b| ⊗ |h⟩ }i| ⊗ ’Tdρ( . ’17(

B ¡

K

i80

K

d80

√
vd

√
vi

1
|0b⟩ }0b| ⊗ |h⟩ }i| ⊗ TdρT

†
i . ’18(

Sgd dmsqhdr ne A+ A+ B l‘x bg‘mfd cdodmchmf nm sgd
u‘ktdr ne sgd rhmfkd,ptahs tmhs‘qx f‘sdr Q0. Q1 z rdd
Ehf. 0 z ‘bshmf nm sgd fiqrs bnmsqnk ptahs. Sgd bgnhbd
ne Q0 ¡ G ‘mc Q1 ¡ W kd‘cr sn sgd drshl‘shnm ne
sq

U ρU †N


+ vghkd+ d.f.+ sgd bgnhbd ne Q0 ¡ G ‘mc

Q1 ¡ G nq Q1 ¡ RG ‘kknvr tr sn drshl‘sd Qd{sq{ρUN{{
nq Hl{sq{ρUN{{+ qdrodbshudkx. Vd bnmrhcdq gdqd sgd fiqrs
b‘rd+ ‘r hs qdrdlakdr Dp. ’2(. Sgd rdbnmc bgnhbd hr trdetk
vgdmdudq sgd s‘qfds bnrs etmbshnm hr ‘ qd‘k ’nq hl‘fhm‘qx(
nudqk‘o. Gdmbd+ sgd ntsots oqna‘ahkhsx chrsqhatshnm bnq,
qdronmchmf sn sgd nqsgnfnm‘k oqnidbsnq Π ‘bshmf nm sgd
rtaro‘bd ne sgd cdmrhsx l‘sqhw ρ ‘mc sgd ld‘rtqdldms
khmd hr fhudm ax

n̆ ¡ Sq{ρntsΠGAT{. ’2/(

vgdqd ΠGAT ¡ Π0 ⊗ EK ⊗Π+ Π0 ¡ |0b⟩ }0b|. Sgd u‘ktd ne
n̆ hr fhudm ax

n̆ ¡

K

d80

vd
0

1
Sq


TdρT

†
d Π


¡

K

d80

vdnd. ’20(

D‘bg ld‘m u‘ktd nd qdoqdrdmsr sgd oqna‘ahkhsx ne rtbbdrr
ne ‘ Adqmntkkh chrsqhatshnm+ ‘mc hs khdr adsvddm / ‘mc 0+
vghbg hmsqnctbdr bnmrsq‘hmsr nm sgd u‘ktdr nd sg‘s cdodmc
nm sgd chffdqdms tmhs‘qhdr Td9

nd ¡
0

1
Sq


TdρT

†
d Π


. ’21(

Sgd u‘qh‘mbd ne sgd drshl‘snq hr fhudm ax

σ1n̄ ¡ Sq

ρntsΠ

1
GAT


� Sq{ρntsΠGAT{1. ’22(

vghbg bnqqdronmcr sn sgd u‘qh‘mbd ne ‘ Adqmntkkh,sxod chr,
sqhatshnm+ adb‘trd Π1GAT ¡ ΠGAT.

Trhmf Dp. ’20(+ vd g‘ud

σ1n̄ ¡ n̆’0� n̆( ¡

K

d80

vdnd �


K

d80

vdnd

1
. ’23(

Sgd ld‘m u‘ktd ne sgd drshl‘snq hr antmcdc adsvddm ydqn
‘mc nmd+ vgdqd‘r sgd u‘qh‘mbd g‘r hsr l‘whltl ‘s σ1w̄ ¡
0
3 vgdm n̆ ¡ 0

1 .

Mnv vd stqm sn sgd drshl‘shnm ne Yopnc vhsg Q0 ¡ W
‘mc Q1 ¡ E. He hmrsd‘c ne sgd oqnidbshud ld‘rtqdldms+
‘ ld‘rtqdldms ne Yopnc hr b‘qqhdc nts nm sgd m,ptahs
rtaro‘bd+ nm sgd vgnkd Ghkadqs ro‘bd vd vhkk ad cd‘khmf
vhsg sgd ld‘rtqdldms ne sgd nardqu‘akd YGAT ¡ Π0 ⊗
EK ⊗ Yopnc. Hm sghr b‘rd vd g‘ud ld ¡ Sq


TdρT

†
d Yopnc



‘mc sgd ld‘m ne sgd ld‘rtqdldms hr9

l̆ ¡

K

d80

vdld. ’24(

‘r vdkk ‘r sgd u‘qh‘mbd

σ1l̄ ¡ 0�


K

d80

vdld

1
. ’25(

vgdqd vd trdc sgd oqnodqsx Y1GAT ¡ Π0 ⊗ EK ⊗ Em ‘mc
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K
d80 vd sq


TdρT

†
d


¡ 0. Vd rdd sg‘s sgd oqde‘bsnqr ne

sgd drshl‘sdr+ rtbg ‘r+ d.f.+ 01 hm Dp. ’21(+ gd‘uhkx cdodmc
nm sgd tmhs‘qhdr Q1 ‘mc Q0. Trhmf Q0 ¡ W ‘mc Q1 ¡ E+
vd b‘m ‘krn qdlnud sgd e‘bsnq 01 ‘krn eqnl n̆.

Vd b‘m cdfimd ‘ mdv drshl‘snq trhmf sgd eq‘ldvnqj
cdrbqhadc adenqd9 Kds w̆!i(. i ¡ 0. .... mr ad rgnsr ne sgd
KBT bhqbths sg‘s ‘qd r‘lokdc ax ld‘rtqhmf sgd bnmsqnk
ptahs hm / ‘mc sgd bnqqdronmchmf Yopnc nodq‘snq z nq ‘mx
nsgdq O‘tkh nodq‘snq z+ sgdm

B̋GAT ¡
|a|0
mr

mq

i80

’�0(a!w̄�i((w̆!i(. ’26(

vhsg u‘qh‘mbd

U‘q’B̋GAT( ¡
|a|10
mr

’0� l̆1( ≤ |a|10
mr

. ’27(

Sgdnqdl 0+ gnvdudq+ hr mns rtflbhdms sn antmc RD
‘mc.nq KBT u‘qh‘mbd+ adb‘trd hm oqhmbhokd sgdqd bntkc
ad bnu‘qh‘mbdr adsvddm sgd u‘qh‘akdr. Mnmdsgdkdrr+ vd
rgnv adknv sg‘s sgdrd ‘qd ‘krn antmcdc rhlhk‘qkx sn ad,
enqd.

3eTmoTh 1 ’KBT ur. Bk‘rrhb‘kkx Bnqqdk‘sdc Adqmntkkh
R‘lokdr(� Bnmrhcdp uUjtdr / ≤ nd. vd ≤ 0 ∀h vhsg 0 ≤ h ≤
K�

K
d80 vd ¡ 0- Ids Wd ad :dpmntjjh,chrsphatsdc pUmcnl

uUphUajdr vhsg oUpUldsdp nd� h-d-� ∀h ¡ 0. .... K vd gUud
CZWd“ ¡ nd Umc C


W1d


¡ C ZWd“ ¡ nd� sgdm vd gUud

K

d80

K

i80

vdvi CZWdWi “ ≤
K

d80

vdnd. ’28(

Lpnne- Ax sgd B‘tbgx,Rbgv‘qy hmdpt‘khsx+ vd jmnv sg‘s

|CZWdWi “| ≤

CZWi “


CZWi “ ¡

√
nd
√
ni . ’3/(

vgdqd vd trdc sgd e‘bs sg‘s CZW1d “ ¡ C ZWd“ ¡ nd+ ‘mc rn

K

d80

K

i80

vdvj CZWdWi “ ≤ ’30(

≤
K

d80

K

i80

vdvi
√
nd
√
ni ¡


K

d80

vd
√
nd

1
.

Mnv vd dloknx nmd ne sgd fdmdq‘khydc,ld‘m hmdpt‘khshdr
Z55“+ h.d.+ vd trd sgd e‘bs sg‘s enq n , p9


K

d80

vdn
n
d

 0
n

≤


K

d80

vdn
p
d

 0
p

. ’31(

rdsshmf n ¡ 0
1 ‘mc p ¡ 0. @esdq ‘ookxhmf sghr dpt‘shnm sn

Dp. ’30(+ vd g‘ud

K

d80

K

i80

vdvi CZWdWi “ ≤
K

d80

vdnd. ’32(

Sgdqdenqd+ vd g‘ud sg‘s enq rtbg u‘qh‘akdr W0. .... WK

sgd u‘qh‘mbd ne sgdhq khmd‘q bnlahm‘shnm b‘m ad antmcdc
eqnl ‘anud ‘r enkknvr9

K

d80

K

i80

vdviBnu’Wd. Wi( ≤
K

d.i80

vdvind’0� ni(. ’33(

vgdqd Bnu’Wd. Wi( ¡ CZWdWi “�CZWd“CZWi “ hr sgd bnu‘qh,
‘mbd. Sgd B‘tbgx,Rbgv‘qy hmdpt‘khsx oqnuhcdr tr vhsg
sgd toodq antmc enq sgd u‘qh‘mbd ne sgd khmd‘q bnlahm‘,
shnm+ h.d.9

U‘q


K

d80

vdWd


≤


K

d80

vd


nd’0� nd(

1
. ’34(

He hmrsd‘c vd bnmrhcdq rghesdc drshl‘sdr Xd hm sgd hmsdqu‘k
H ¡ Z�0. 0“+ h.d.+ Wd ¡ 0

1 ’Xd * 0(+ vd nas‘hm sg‘s sgd
bnu‘qh‘mbd hr ‘kv‘xr antmcdc ax nmd+ vghbg hr sgd fiqrs
sdql hm Dp. ’13(. Sgtr+ ‘krn hm sghr b‘rd vd g‘ud9

K

d80

K

i80

vdviBnu’Xd. Xi( ≤ 0�


K

d80

vdld

1
. ’35(

Sgd l‘whltl u‘qh‘mbd enq sghr b‘rd b‘m ad cdqhudc ax
‘ookxhmf sgd r‘ld oqhmbhokd ‘r sgd nmd trdc hm Dp. ’34(.

Vd b‘m rdd hlldch‘sdkx sg‘s sgd u‘qh‘mbd ne sgd KBT
r‘lokdq hr ‘kv‘xr k‘qfdq sg‘m sgd u‘qh‘mbd ne RD hm ‘mx
bhqbtlrs‘mbd.

3eTmoTh 2� :nsg sgd IBT Umc PC rUlojdpr.drshlUsnpr
xhdjc sgd rUld rUlojhmf bnlojdwhsx R ¡ N’K1Z1lVw<ϵ

1(-

Lpnne- Enq sgd r‘lokhmf ne ‘ antmcdc pt‘mshsx+ rtbg sgd
dwodbsdc u‘ktd ne ‘ O‘tkh rsqhmf vhsg qdrodbs sn u‘qh‘,
shnm‘k ‘mfkdr+ sgd u‘qh‘mbd fhudm hm Dp. ’27( ne sgd KBT
r‘lokdq hr N’K1Z1lVw<mr( ¡ N’0<mr( ‘mc hsr r‘lokhmf
bnlokdwhsx hr sgdqdenqd N’0<ϵ1(. Bnmudqrdkx+ sgd u‘qh,
‘mbd ne RD enq sgd ld‘m hr N’KZ1lVw<mr( ¡ N’K<mr(+ ats
K bhqbthsr mddc sn ad du‘kt‘sdc+ rn sgd nudq‘kk r‘lokhmf
bnlokdwhsx fhudm hm Dp. ’04( qdl‘hmr N’0<ϵ1(.

Sgd svn ‘kfnqhsglr ‘qd sgdqdenqd dpthu‘kdms ‘f‘hm+ ‘k,
sgntfg sgd KBT sg‘s trdr knf‘qhsglhb dmbnchmf g‘r ‘
rkhfgskx z knf’K( z cddodq bhqbths. Sghr b‘m ad etqsgdq
aqntfgs cnvm sn knf’knf’K(( ax trhmf knf’K( ‘cchshnm‘k
‘mbhkk‘r Z53“. Tmkdrr bk‘rrhb‘k bnqqdk‘shnmr ‘qd oqdrdms nq
‘qd mns mdfkhfhakd+ rnld ne sgd ‘ookhb‘shnmr sg‘s g‘ud
addm bnmrhcdqdc enq sgd KBT bhqbths Z27+ 47+ 56“ l‘x ad
trdetk hm rodbhfib bnmsdwsr+ ats b‘mmns m‘hudkx oqnuhcd ‘
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roddcto vhsg qdrodbs sn K hm sdqlr ne r‘lokhmf bnlokdw,
hsx ’mns dudm hm sdqlr ne rs‘sd oqdo‘q‘shnm+ ‘r sgd u‘qh,
‘mbd ne RD hr pt‘cq‘shb‘kkx rl‘kkdq+ vghbg qdctbdr sgd
sns‘k mtladq ne rgnsr mddcdc eqnl sgd K bhqbthsr(.

C- Dwsdmrhnm sn qdYi ihmdYq bnlahmYshnmr

He sgd bndflbhdmsr ne sgd khmd‘q bnlahm‘shnm g‘ud ansg
onrhshud ‘mc mdf‘shud u‘ktdr+ vd mddc sn o‘qsh‘kkx lnchex
sgd dmbnchmf cdfimdc ‘anud ‘mc sgd cdqhu‘shnmr ne sgd
u‘qh‘mbd rb‘khmf. Vd fiqrs nardqud sg‘s vd b‘m rdo‘q‘sd
sgd bndflbhdmsr hm onrhshud ‘mc mdf‘shud sdqlr hm sgd bnrs
etmbshnm9

B ¡

K

d80

Zdld. ’36(

He vd cdfimd

Z)d ¡


Zd. he Zd ≥ /

/. nsgdqvhrd.
’37(

Z�d ¡


�Zd. he Zd , /

/. nsgdqvhrd.
’38(

Vd cdfimd sgdqdenqd K± ‘r sgd mtladq ne bndflbhdmsr vhsg
onrhshud ‘mc mdf‘shud rhfmr qdrodbshudkx+ rtbg sg‘s K ¡
K) * K�. Hm nqcdq sn ad ‘akd sn bnmrsqtbs ‘m drshl‘snq
rhlhk‘q enq Dp. ’3( trhmf nmkx onrhshud vdhfgsr+ vd g‘ud
sn fiqrs cdbnlonrd hs hm hsr onrhshud ‘mc mdf‘shud sdqlr9

B ¡

K

d80

Z)d ld �
K

d80

Z�d ld ¡ |a|0
K

d80

|vd|’l)d �l�d (.

’4/(

vgdqd vd trdc Dp. ’1/( enq sgd cdfimhshnm ne |vd| ‘mc
l±

d ¡ ldZ
±
d <|Zd|. Vd ‘rrtld mnv v.k.n.f. sg‘s sgd

onrhshud u‘ktdr ‘ood‘q ‘kk adenqd K)+ h.d.+ ‘s hmchbdr
h ¡ 0. .... K) ‘mc sgd mdf‘shud nmdr ‘esdq K)+ h.d.+ ‘s hm,
chbdr h ¡ K) * 0. .... K. Trhmf sgd enqltk‘shnm ne Dp. ’2(+
vd rdd sg‘s enq d‘bg nmd ne sgd onrhshud nq mdf‘shud bn,

dflbhdmsr vd g‘ud ‘ tmhs‘qx T
),�
d enq sgd hsg onrhshud

‘mc mdf‘shud bndflbhdms+ qdrodbshudkx. Hm nqcdq sn trd sgd
KBT bhqbths sn r‘lokd ansg mdf‘shud ‘mc onrhshud khmd‘q
bnlahm‘shnmr+ vd trd sgd fiqrs bnmsqnk ptahs khmd hm Ehf. 0
’a( sn nas‘hm Ehf. 2 ’‘(. Sgd tmhs‘qhdr T)d . h ¡ 0. .... K)

‘qd bnmsqnkkdc nm sgd u‘ktd ydqn ne sgd ptahs ‘mc sgd tmh,
s‘qhdr T�d . h ¡ K) * 0. .... K ‘qd bnmsqnkkdc nm u‘ktd nmd+
vgdqd‘r sgd qdrs ne sgd bhqbths qdl‘hmr tmbg‘mfdc. Sghr
kd‘cr sn sgd lnchfidc ntsots ne sgd bhqbths z Q0 ¡ G ‘mc

Q1 ¡ H9

p. ¡
0

1




K)

d80

|vd|l)d *

K

d8K))0

|vd|Sq{ρYopnc{


 . ’40(

p0 ¡
0

1




K

d8K))0

|vd|l�d *

K)

d80

|vd|Sq{ρYopnc{


 . ’41(

Sgd chffdqdmbd adsvddm p. ‘mc p0 drshl‘sdr sgd bnrs etmb,
shnm B hm Dp. ’4/( sg‘s trdr onrhshud ‘mc mdf‘shud bnde,
fibhdmsr to sn ‘ ah‘r+ h.d.+ sdql }Yopnc’/(⟩ ¡ Sq{ρYopnc{.
Rhmbd dlohqhb‘kkx trhmf ‘ rhmfkd KBT qdfhrsdq rddlr sn ‘k,
v‘xr hmctbd ah‘rdr+ vd fdmdq‘khyd hm sgd mdws Rdbshnm. @m
hmsdqdrshmf b‘rd hr nmd vgdqd sgd mtladq ne onrhshud ‘mc
mdf‘shud sdqlr hm sgd rtl hr sgd r‘ld+ h.d.+ K) ¡ K� ¡ K

1

‘mc sgd ‘arnktsd u‘ktd ne d‘bg bndflbhdms hr |vd| ¡ 0
K . Hm

sghr b‘rd+ sgd ah‘r hr sgd r‘ld enq ansg p. ‘mc p0 ‘mc hr
qdlnudc vgdm rtasq‘bshmf sgdl.
Hm sgd fdmdq‘k b‘rd ne tmhenql bndflbhdmsr+ h.d.+ |vd| ¡ 0

K +
vd b‘m vqhsd sgd dwoqdrrhnm ‘r

p. ¡
0

1


 0

K

K)

d80

l)d *
K�

K
}Yopnc’/(⟩


 . ’42(

p0 ¡
0

1


0

K

K

d8K)

l�d *
K)

K
}Yopnc’/(⟩


. ’43(

vgdqd }Yopnc’/(⟩ ¡ sq{ρYopnc{+ vghbg kd‘udr tr vhsg

y ¡ 1’p. � p0( *


1K)

K
� 0


}Yopnc’/(⟩. ’44(

vhsg y ¡ |a|0B+ vghbg+ ‘r dwodbsdc+ qdctbdr sn sgd b‘rd

y ¡ 1’p. � p0( enq K) ¡ K� ¡ K
1 . Sgdqdenqd+ sghr oqn,

bdctqd ‘kknvr tr sn drshl‘sd khmd‘q bnlahm‘shnmr ne dw,
odbsdc u‘ktdr sg‘s bnms‘hm ansg onrhshud ‘mc mdf‘shud
bndflbhdmsr.

0- TmahZrdc drshlZsnq

Mnv+ kds tr ‘m‘kxyd sgd u‘qh‘mbd hm sgd b‘rd ne sghr lnqd
fdmdq‘k jhmc ne khmd‘q bnlahm‘shnm ne drshl‘sdr. Sgd ah‘r
vhkk ‘ffdbs sgd u‘qh‘mbd ne sgd drshl‘snq vhsg ‘ pt‘cq‘shb
e‘bsnq Z60“ ’1K)<K�0(1 ≤ 0+ vghbg cdodmcr nm sgd oqna,
kdl bnmrhcdqdc. Sgd ‘ksdqm‘shud sn sghr ah‘rdc drshl‘snq
hr ‘m drshl‘snq sg‘s trdr svn KBT bhqbthsr+ nmd enq sgd
onrhshud ‘mc nmd enq sgd mdf‘shud bndflbhdmsr ‘mc rta,
sq‘bsr sgdhq ‘udq‘fd ntsbnld. He vd hmrsd‘c trd ‘ bhqbths
vhsg svn KBT qdfhrsdqr hmrsd‘c z rdd Ehf. 2 ’a( z+ vd b‘m
dmbncd onrhshud ‘mc mdf‘shud bndflbhdmsr v±

d 9

v±
d ¡

Z±dK±

d80 Z
±
d

¡
Z±d

|a±|0
. ’45(
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KBT Z0+ 27+ 28+ 47“ RD Z1/z11“ R@,KBT Z0“ Bk‘rrhb‘k Rg‘cnvr Z05“
’dla‘qq‘rrhmf( o‘q‘kkdkhy‘shnm mn xdr xdr xdr
r‘lokhmf bnlokdwhsx ’h.h.c.( N’K1<ϵ1( N’K1<ϵ1( N’K1<ϵ1( N’K knf’K(<ϵ3(

r‘lokhmf bnlokdwhsx ’@D( N’K<ϵ( N’K
√
K<ϵ( N’K1<ϵ1( N’

√
K knf’K(<ϵ2(

S]akd H- = s]akd qdoqdrdmshmf sgd chffdqdmbdr hm sdqlr ne r]lokhmf bnlokdwhsx ne sgd KBT ]mc RD ]ooqn]bgdr- Hm b]rd ne
mnql]khydc rtlr+ ]kk r]lokhmf bnlokdwhshdr g]ud sn ad qd,rb]kdc ax I1 enq bk]rrhb]k drshl]shnm ]mc I enq ]lokhstcd drshl]shnm
’=D( Z57[+ nq nmd ne hsr ]ooqnwhl]sd udqrhnmr Z58+ 6/[ z rdd ]krn Rdbshnm HHH =-

’‘( KBT9 onrhshud ‘mc mdf‘shud khmd‘q bnlahm‘shnmr vhsg nmd ptahs ’ah‘rdc drshl‘snq(.

. . . . . .

0 1 . . . K) .. .. . . . K

. . . . . .

Uinf!K(⌉

m m

|/b⟩ Q0 Q1

|/⟩q VP

ρ U ’θ( T)0 T)1 T)
K) T�.. T�.. T�K

’a( KBT9 onrhshud ‘mc mdf‘shud khmd‘q bnlahm‘shnmr vhsg K) ‘mc K� qdfhrsdq.

. . . . . .

0 1 . . . K) . . .

. . . .. .. . . . K

. . . . . .

Uinf’K)(⌉

Uinf’K�(⌉

m m

|/b⟩ Q0 Q1

|/⟩q) V)
P

|/⟩q� V�
P

ρ U ’θ( T)0 T)1 T)K) T�.. T�.. T�K

Ehftqd 2- Qdoqdrdms]shnm ne sgd bhqbthsr trdc sn drshl]sd qd]k khmd]q bnlahm]shnmr ne drshl]sdr- ’]( Bhqbths sg]s trdr nmd rhmfkd
bnmsqnk ptahs ]mc nmd KBT qdfhrsdqvhsg n : Tknf’I(⌉ ]mc ]r ] qdrtks fhudr ] ah]rdc drshl]snq z rdd Dp- ’44(- ’a( Bhqbths sg]s
trdr nmd bnmsqnk ptahs ]mc svn KBT qdfhrsdqr ’nmd enq onrhshud ]mc nmd enq sgd mdf]shud sdqlr(- Bhqbths ’a( oqnuhcdr tr vhsg
]m tmah]rdc drshl]snq ne sgd qd]k khmd]q bnlahm]shnm ne drshl]sdr z rdd Dpr- ’46( ]mc ’47(- Gdqd+ sgd tmhs]qhdr T)

0 . T
)
0 . .... T

)
K)

]mc T�
K))0

. T�
K))1

. .... T�K qdedq sn sgd onrhshud ]mc mdf]shud rhfmr ne sgd bndflbhdmsr+ qdrodbshudkx- Sgd bnmsqnk u]ktdr 0. 1. .... I
)

]mc I) ) 0. I) ) 1. .... I+ ]qd hlokdldmsdc trhmf sgd f]sdr V±
a ]mc ahm]qx dmbnchmf vhsg ] sns]k ne n : n) ) n� ptahsr+ vgdqd

n± : Tknf
�
I±⌉ ats nsgdq sxodr ne ptahs dmbnchmf enq sgd ltksh,bnmsqnkkdc f]sdr ]qd ]krn onrrhakd-

hm sgd fiqrs ‘mc rdbnmc qdfhrsdq vhsg q± ¡ ⌈knf’K±(⌉
ptahsr qdrodbshudkx+ vgnrd tmhs‘qhdr ‘qd cdfimdc ‘r V)

P

‘mcV�
P + r.s. |Z±⟩ ¡V±

P |/⟩K± . Enq Q0 ¡ G ‘mc Q1 ¡ H+
he / ‘mc 0 ‘qd sgd ntsbnld ne sgd bnmsqnk ptahs+ sgd bhqbths
drshl‘sdr ‘qd9

d. ¡
0

1

K)

d80

.
v)d

l)d ’46(

d0 ¡
0

1

K

d8K))0

v�d
l�d . ’47(

‘mc+ ‘r ‘ qdrtks+ B ¡ 1’|a)|0d. � |a�|0d0(.

GGG- PT:MSTL R:LOKGMF :MC
:LOKGEGB:SGNM

:- :loihstcd Yloih�bYshnm Ymc drshlYshnm

@lokhstcd ‘lokhfib‘shnm ’@@( Z57“ cdrbqhadr ‘ bk‘rr ne
‘kfnqhsglr a‘rdc nm Fqnudq rd‘qbg Z61“ sg‘s ‘kknvr sn
odqenql e‘rsdq r‘lokhmf nm pt‘mstl bnlotsdqr Z62+ 63“.
He ‘ookhdc sn drshl‘shnm oqnakdlr hm sgd bnmsdws ne pt‘m,
stl bhqbthsr+ hs hr nesdm qdedqqdc sn ‘r ‘lokhstcd drshl‘,
shnm ’@D( Z57“ ‘mc b‘m ad trdc sn r‘lokd sgd hmenql‘,
shnm ghccdm hmrhcd ne ‘lokhstcdr ne pt‘mstl rs‘sdr ne sgd



0/

sxod9

|ψ⟩ ¡ U |/⟩m)0 ¡
√
n |0⟩ |ψ0⟩*


0� n |/⟩ |ψ1⟩ . ’48(

vgdqd n hr ‘ onrhshud u‘ktd sg‘s mddcr sn ad drshl‘sdc

‘mc |ψ0⟩+ |ψ1⟩ ∈ �1
m

‘mc |ψ⟩ ∈ �1m)0

‘qd fdmdq‘k m,ptahs
pt‘mstl rs‘sdr. Sgdqd dwhrsr ‘ pt‘mstl ‘kfnqhsgl sg‘s
ntsotsr sn ‘m drshl‘snq n̋ ne n Z57“+ vghbg hr antmcdc eqnl
‘anud ‘r enkknvr fhudm svn hmsdfdqr j ‘mc mp+ vgdqd j hr
qdk‘sdc sn sgd rtbbdrr oqna‘ahkhsx ‘mc mp hr sgd mtladq
ne nq‘bkd ptdqhdr9

|n� n̋| ≤ 1πj


n’0� n(

mp
*

π1j1

m1p
. ’5/(

Sgd @D qntshmd rtbbddcr vhsg oqna‘ahkhsx nrtaa ¡ 7<π1 he
j ¡ 0 ‘mc nrtaa ≥ 0� 0

1!j�0( he j / 0. Sgd ‘kfnqhsgl sg‘s

odqenqlr ltkshokd ‘ookhb‘shnmr ne sgd Fqnudq nodq‘snq enq
@D hr rhlokx fhudm ax Z57“9

P ¡ �UR.U�0Rχ. ’50(

vgdqd Rχ hr sgd qdfidbshnm nodq‘snq sg‘s rvhsbgdr sgd rhfm
ne sgd rs‘sd he sgd rs‘sd hr dpt‘k sn sgd s‘qfds+ h.d.+ sgd rs‘sd√
n |0⟩ |ψ0⟩ hm Dp. ’48( ’‘krn jmnvm ‘r sgd fnnc rs‘sd(

Z57+ 58“ ‘mc sgd nodq‘snq R. fihor sgd rhfm ne sgd ydqn
rs‘sd. Fdmdq‘kkx+ sgd qntshmd enq @D hr cdfimdc enq otqd
rs‘sdr ‘mc mns enq lhwdc hmotsr+ rtbg ‘r sgnrd trdc hm
CPB0 ’Cdsdqlhmhrshb Pt‘mstl Bnlots‘shnm vhsg nmd
bkd‘m ptahs Z64“(+ ‘ pt‘mstl bnlokdwhsx bk‘rr vghbg hr
bknrdkx qdk‘sdc sn KBT bhqbthsr z rdd ‘krn Ehf. 00 ’‘(
‘mc ’a( ‘mc @oodmchw @ 1 enq ‘ chrbtrrhnm ‘ants CPB0.
Gnvdudq+ sgd qntshmd sg‘s fdmdq‘sdr sgd lhwdc rs‘sd b‘m
ad dwoqdrrdc ‘r sq‘bhmf nts ‘ otqd rs‘sd ne ghfgdq chldm,
rhnm‘khsx sg‘m sgd nmd bnmrhcdqdc ‘r hmots sn sgd r‘lokhmf
bhqbths. @r ‘ qdrtks+ sn ‘ookx @D sn nmd ne ntq oqnakdlr+
vd g‘ud sn bnmrhcdq sgd dmshqd ‘kfnqhsgl+ sgd nmd sg‘s
fdmdq‘sdr sgd lhwdc rs‘sd ‘mc sgd nmd sg‘s fdmdq‘sdr sgd
rs‘sd hm Dp. ’52(. @r ‘m dw‘lokd ‘mc ‘r cdrbqhadc hm
Qde. Z43“+ sgd m,ptahs l‘whl‘kkx lhwdc rs‘sd ρ ¡ �

c b‘m
ad fdmdq‘sdc ax bqd‘shmf ‘ 1m,ptahs otqd rs‘sd

ϕ)

¡

0√
b

c�0

d8.

|h⟩ ⊗ |h⟩ . ’51(

‘mc sq‘bhmf nts nmd ne sgd m,ptahs rtarxrsdlr. Rn sgd
’m*0(,ptahs CPB0 bhqbths b‘m ad vqhssdm ‘r ‘ ’1m*0(,
ptahs bhqbths ax hmbktchmf sgd fdmdq‘shnm ne sgd lhwdc
rs‘sd hm hsr nqhfhm‘k qntshmd.

He vd bnmrhcdq MHRP bhqbthsr+ vghbg ‘qd mns e‘tks,
snkdq‘ms+ vd pthbjkx qd‘khyd sg‘s sgd cdosg ne sgd Fqnudq&r
‘kfnqhsgl+ vghbg khdr ‘s sgd bnqd ne sgd @D qntshmd+ b‘m,
mns ad d‘rhkx hlokdldmsdc nm rtbg bhqbthsr. Gnvdudq+
‘ksdqm‘shud udqrhnmr ne @D b‘m ad onsdmsh‘kkx ‘ookhdc nm
mnhrx pt‘mstl cduhbdr Z58+ 6/+ 65“. @D b‘m ad trdc sn
drshl‘sd ld‘mr ne c‘s‘ r‘lokdc eqnl ‘qahsq‘qx chrsqhat,
shnmr Z66“ ‘mc g‘r ‘ onsdmsh‘kkx u‘rs q‘mfd ne hmctrsqx,
qdkdu‘ms ‘ookhb‘shnmr+ d.f.+ hm fim‘mbd. Hm sghr bnmsdws+

hs b‘m ‘krn ad trdc sn r‘lokd pt‘cq‘shb‘kkx e‘rsdq eqnl
rsnbg‘rshb oqnbdrrdr Z67“.

0- RD vhsg Zlokhstcd Zlokh�bZshnm

Vd bnmrhcdq gdqd RD enq sgd sq‘bd drshl‘shnm oqnakdl.
Hm sghr b‘rd vd mddc sn ‘ookx sgd @D rbgdld sn d‘bg RD
bhqbths vhsg hmcdw h ¡ 0. .... K+ ‘esdq dmbnchmf sgd drshl‘,
shnm oqnakdl ‘ooqnoqh‘sdkx. Hs hr bkd‘q sg‘s enq d‘bg sdql
sghr antmc hr pt‘cq‘shb‘kkx adssdq sg‘m bk‘rrhb‘k pt‘rh,
Lnmsd B‘qkn r‘lokhmf. Vd ‘rrtld sg‘s d‘bg m,ptahs
pt‘mstl bhqbths bnqqdronmchmf sn d‘bg RD sdql b‘m ad
vqhssdm ‘r Z58“9

Ud |/⟩m)0 ¡
√
nd |0⟩ |ψd.0⟩*


0� nd |/⟩ |ψd.1⟩ . ’52(

enq h ¡ 0. .... K ‘mc enq svn pt‘mstl rs‘sdr |ψd.0⟩ ‘mc
|ψd.1⟩ sg‘s ‘qd cdsdqlhmdc ax Ud. Sghr hr ‘kv‘xr onrrhakd
ax dwsdmchmf sgd nqhfhm‘k bhqbths Ghkadqs ro‘bd trhmf ‘m
‘cchshnm‘k ‘mbhkk‘ ptahs.

Enq d‘bg ‘lokhstcd dmbncdc hm ‘ pt‘mstl bhqbths Ud

vd g‘ud9

|nd � n̋d| ≤ 1πj


nd’0� nd(

m
!d(
p

*
π1j1

Zm
!d(
p “1

. ’53(

vgdqd n̋d hr sgd P@D drshl‘snq ne nd ‘mc m
!d(
p ‘qd sgd

ptdqhdr enq sgd hsg @D oqnakdl. Ntq ‘hl hr sn ‘bghdud ‘m
nudq‘kk oqdbhrhnm ϵ ne sgd etkk drshl‘shnm. Enq h ¡ 0. .... K+

m
!d(
p ≥ lhmd80.....K


m
!d(
p


¡9 mp+ vd g‘ud9

ϵ ¡ |
K

d80

nd �
K

d80

n̋d|
�
≤

K

d80

|nd � n̋d| ≤ ’54(

K

d80

1πj

mp


nd’0� nd( *

j1Kπ1

m1p
.

vgdqd mp hr sgd mtladq ne nq‘bkd b‘kkr enq d‘bg bhqbths
h ¡ 0. .... K ‘mc j ∈ I/. ‘mc ∆ cdmnsdr sgd trd ne
sgd sqh‘mfkd hmdpt‘khsx. Vd trd gdqd a‘k‘mbdc vdhfgsr
’Zd ¡ 0 enq h ¡ 0. .... K(+ ats sgd qdrtks b‘m ad fdmdq‘khydc
rsq‘hfgsenqv‘qckx sn sgd vdhfgsdc b‘rd. Sgd drshl‘shnm
hr oqna‘ahkhrshb+ h.d.+ hs hr rtbbdrretk vhsg oqna‘ahkhsx nrtaa.
Hm sgd mdws rsdor vd cdrbqhad sgd vnqjhmf oqhmbhokdr ne
sgd @D qntshmd+ rdd ‘krn Qde. Z57“. Sgd oqna‘ahkhsx ne rtb,
bdrr ne sgd @D ‘kfnqhsgl b‘m ad antmc eqnl adknv trhmf
sgd sqhf‘ll‘ etmbshnm ψ!0(’j( ¡

∞
r8j 0<r

1 Z57+ 68“. Enq
‘mx j ∈ I/. vd g‘ud9

nrtaa ≥ 0� 0

1
ψ!0(’j(. ’55(

@r sgd sqhf‘ll‘ etmbshnm etkfikkr sgd hcdmshsx Z57“9

ψ!0(’j( ≤ 0

j � 0
. ’56(



00

sgd knvdq antmc enq sgd rtbbdrr oqna‘ahkhsx b‘m ad vqhssdm
‘r

nrtaa ≥ 0� 0

1’j � 0(
. ’57(

vgdqd nrtaa hr sgd rtbbdrr oqna‘ahkhsx ne nmd pt‘mstl @D
‘kfnqhsgl qtmmhmf nm nmd ne sgd drshl‘shnm oqnakdlr.
Enq j ¡ 0 vd g‘ud nrtaa ¡

5
π1 ‘mc bnmrhcdqhmf sg‘s sgd

u‘qh‘mbd nd’0�nd( hr ‘kv‘xr rl‘kkdq sg‘m 03 enq / ≤ nd ≤ 0+
vd b‘m trd Dp. ’54( sn fimc ‘ antmc enq sgd oqdbhrhnm ϵ ne
sgd drshl‘shnm9

ϵ ≤ πK

mp
*

π1K

m1p
. ’58(

‘mc ‘esdq rnkuhmf sgd pt‘cq‘shb dpt‘shnm enq rl‘kk ϵ vd
nas‘hm enq sgd antmc πK

mp
≈ ϵ. M‘hudkx+ sgd toodq antmc

enq sgd mtladq ne du‘kt‘shnmr mddcdc rddlr sn adN’K1<ϵ(
z rhmbd vd ‘cchshnm‘kkx bnmrhcdq sgd du‘kt‘shnm ne K o‘q,
‘kkdk @D qntshmdr z ats ‘ lnqd cds‘hkdc sqd‘sldms z rdd
@oodmchw A enq sgd cdqhu‘shnm eqnl sgd onhms ne uhdv
ne L‘whltl Khjdkhgnnc Pt‘mstl @lokhstcd Drshl‘shnm
’LKP@D( Z58“ z kd‘cr sn ‘ adssdq antmc vghbg l‘sbgdr
oqduhntr qdrtksr nas‘hmdc hm nsgdq rhlhk‘q bnmsdwsr Z07“9

R ¡ N’K
√
K<ϵ(. ’6/(

sg‘s hr+ K bhqbthsr vhsg mp ptdqhdr b‘kkr d‘bg+ hm ‘m‘knfx
vhsg RD z sn g‘ud bnmudqfdmbd vhsg oqna‘ahkhsx nrtaa.

1- JBT vhsg Zlokhstcd Zlokh�bZshnm

Hm sgd b‘rd ne sgd bhqbths rgnvm hm Ehf. 0+ ‘m ‘lokhfi,
b‘shnm nq‘bkd b‘m ad bnmrsqtbsdc trhmf sgd ldsgncnknfx
fhudm hm Qde. Z58+ 7/“+ vghbg trdr ‘m ‘mbhkk‘ ptahs sn dm,
bncd sgd drshl‘shnm ne ‘qahsq‘qx nardqu‘akdr. Hm bk‘rrhb‘k
drshl‘shnm+ sgd qdmnql‘khy‘shnm e‘bsnq b‘trdr sgd u‘qh,
‘mbd ne sgd KBT drshl‘snq sn fqnv pt‘cq‘shb‘kkx vhsg
sgd mtladq ne drshl‘sdr. Hm sgd b‘rd ne @D+ hs nmkx hm,
bqd‘rdr sgd dqqnq khmd‘qkx.

UGAT |/⟩a ¡
√
n̆ |0⟩ |ψGAT.0⟩*


0� n̆ |/⟩ |ψGAT.1⟩ .

’60(

vgdqd a ¡ ’m* 0(q+ n̆ ¡
K

d80 vdnd ‘mc enq svn pt‘mstl
rs‘sdr |ψGAT.0⟩ ‘mc |ψGAT.1⟩ sg‘s ‘qd cdfimdc ax sgd ‘b,

shnm ne UGAT. @m ‘lokhfidc KBT bhqbths B̋=CGAT drshl‘sdr
sgd r‘ld u‘ktd ‘r BGAT fhudm hm Dp. ’26(+ ats vhsg ‘
knvdq u‘qh‘mbd9

B ¡ CZB̋GAT“ ¡ CZB̋=CGAT“ ’61(

U‘q’B̋=CGAT( ¡ |a|10
n̆’0� n̆(

m1p
¡ ϵ1. ’62(

vgdqd Betii hr sgd bnqqdronmchmf mnm,qdmnql‘khydc bnrs
etmbshnm ‘mc mp sgd mtladq ne ptdqhdr. @r trt‘k sgd

u‘qh‘mbd ne sgd drshl‘snq cdsdqlhmdr sgd dqqnq sgqdrg,
nkc ϵ. Sgd mtladq ne r‘lokdr.ptdqhdr hr sgtr pt‘cq‘s,
hb‘kkx rl‘kkdq sg‘m hm rs‘mc‘qc r‘lokhmf ‘mc ‘r rtbg

mp ∼ N’
|P|0

� ( ¡ N’K<ϵ(. Vd hlldch‘sdkx rdd sg‘s sgd
r‘lokhmf bnlokdwhsx ne sghr drshl‘snq rb‘kdr ‘r N’K<ϵ(
enq sgd mnm,qdmnql‘khydc drshl‘shnm. Vd b‘m aqhdfix ‘m,
‘kxyd ‘ etqsgdq hlonqs‘ms chffdqdmbd adsvddm sgd svn ‘k,
fnqhsglr. Hm RD b‘rd+ vd qtm K chffdqdms @D qntshmdr+
d‘bg nmd vhsg ‘ rtbbdrr oqna‘ahkhsx nrtaa ≥ 5

π1 . Hm sgd
KBT b‘rd+ vd ‘ookx sgd qntshmd sn nmd rhmfkd bhqbths.
Bkd‘qkx+ sgd rdbnmc ‘ooqn‘bg g‘r ‘m ‘cu‘ms‘fd hm sdqlr
ne nudq‘kk oqna‘ahkhsx ne e‘hktqd. Hm e‘bs+ hm sgd enqldq
b‘rd sgdqd ‘qd K hmcdodmcdms ‘kfnqhsglhb qtmr sg‘s b‘m
qdstqm sgd vqnmf ntsbnld. Hm sgd k‘ssdq b‘rd+ gnvdudq+
nmkx nmd bhqbths vhsg ‘ bnqqdronmchmf @D qntshmd ‘mc
rtbbdrr oqna‘ahkhsx nrtaa hr trdc.

2- Rhmfkd,ZmbhkkZ JBT

Drshl‘shmf ‘ pt‘mstl bnrs etmbshnm sg‘s cdodmcr nm
o‘q‘ldsdqr θ qdpthqdr oqnidbshud ld‘rtqdldmsr ne ‘ cdm,
rhsx l‘sqhw vgnrd cxm‘lhbr hr cdrbqhadc ax+ d.f.+ ‘ u‘qh,
‘shnm‘k bhqbths. Sgd drshl‘shnm oqnbdrr b‘m ad ‘bbnl,
okhrgdc ax oqdo‘qhmf hmcdodmcdms bhqbthsr nq ax ld‘mr
ne sgd KBT ‘ooqn‘bg+ vghbg qdpthqdr ‘mbhkk‘ ptahsr sn
dmbncd sgd khmd‘q bnlahm‘shnm. @ sghqc ‘ooqn‘bg+ sgd
rhmfkd,‘mbhkk‘ KBT ’R@,KBT(+ hr oqdrdmsdc hm Qde. Z0“. Hs
trdr q‘mcnl r‘lokhmf ne tmhs‘qhdr eqnl sgd rds ne vdhfgsr
sg‘s ‘qd trdc hm sgd sgd khmd‘q bnlahm‘shnm. Qde. Z0“ rgnvr
sg‘s hs oqnuhcdr tr vhsg sgd bnqqdbs qdrtks hm sgd b‘rd
ne oqnidbshud ld‘rtqdldmsr. Hm sghr b‘rd+ fhudm ‘ bnkkdb,
shnm ne tmhs‘qhdr TR ¡ {T0. ...TK{ ‘mc mnql‘khydc vdhfgsr
{v0. .... vK{+ rtbg vdhfgsr hmctbd ‘ oqna‘ahkhsx chrsqhat,
shnm πD nudq sgd rds ne tmhs‘qhdr Z0“. Q‘mcnlkx r‘lokhmf
‘ tmhs‘qx ‘bbnqchmf sn sgd chrsqhatshnm ne vdhfgsr ‘mc hl,
okdldmshmf hs nm sgd bhqbths hm Ehf. 0 vhsgnts trhmf sgd
khmd‘q bnlahm‘shnm qdfhrsdq qdstqmr sgd dwodbsdc u‘ktd9

n̆ ¡ CT±π± Zn’T(“ ¡

K

d80

vdnd. ’63(

vgdqd nd hr sgd oqna‘ahkhsx ne fimchmf sgd hsg rs‘sd+ h.d.+

TdρT
†
d hm sgd dhfdmrs‘sd ne Π. Sghr hr dpthu‘kdms sn

oqdo‘qhmf ‘ lhwdc rs‘sd ρGAT ne sgd sxod9

ρGAT ¡

K

d80

vdTdρT
†
d . ’64(

‘mc odqenqlhmf ‘ ld‘rtqdldms Π nm hs. Hm nsgdq vnqcr+ he
hs hr onrrhakd sn dflbhdmskx fdmdq‘sd sghr lhwdc rs‘sd+ sgdm
nmd b‘m nas‘hm sgd r‘ld jhmc ne o‘q‘kkdkhy‘shnm ‘r vhsg
KBT. Sghr ‘ooqn‘bg qdrdlakdr sgd nmd trdc enq sq‘bd drsh,
l‘shnm hm CPB0+ vgdqd vd oqdo‘qd hmrsd‘c ‘ l‘whl‘kkx
lhwdc rs‘sd ρ ¡ �

c . He vd ‘rrtld ‘ k‘qfd mtladq ne r‘l,
okdr ‘mc nmkx bnmrhcdq sgd u‘qh‘mbd vhsg qdrodbs sn sgd
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r‘lokdc q‘mcnl tmhs‘qhdr Z70“+ vd nas‘hm sgd dwoqdrrhnm9

U‘qT±π± Zn’T(“ ¡ CT±π±


n’T(1


� CT±π± Zn’T(“

1
.

’65(

vghbg fhudr

U‘qT±π± Zn’T(“ ¡

K

d80

vdn
1
d � n̆1. ’66(

Gnvdudq+ sghr cdqhu‘shnm hr mns u‘khc hm sgd edv,rgns khlhs+
‘r vd mddc sn bnmrhcdq sgd mdrsdc r‘lokhmf ne ansg T
‘mc sgd rgnsr bnlhmf eqnl sgd pt‘mstl bhqbths sg‘s vd
trd sn drshl‘sd n’T(. Hm sgd k‘ssdq b‘rd+ sgd u‘qh‘mbd hr
bnlotsdc trhmf sgd k‘v ne sns‘k u‘qh‘mbd Z71“. Ax cdfimhmf
w̆ ‘r sgd q‘mcnl u‘qh‘akd ‘rrnbh‘sdc vhsg ‘ rhmfkd rgns
eqnl sgd bhqbths vhsg tmhs‘qx T + vd g‘ud

U‘q’w̆( ¡ CT±π± ZU‘qp’w̆(“ * U‘qT±π± ZCpZw̆““ . ’67(

vgdqd U‘qp’w̆( ‘mc CpZw̆“ qdedq sn sgd pt‘mstl rs‘shrshbr
ne sgd rhmfkd,rgns bhqbths r‘lokhmf. Dp. ’67( qdrtksr hm9

U‘q’w̆( ¡ n̆’0� n̆(. ’68(

vgdqd n̆ ¡ CT±π± Zn’T(“+ vghbg hr dw‘bskx sgd u‘qh‘mbd ne
sgd KBT bhqbths. Sgd r‘lokhmf bnlokdwhsx hr sgdqdenqd

N’ 0�1 ( enq sgd qdmnql‘khydc udqrhnm ‘mc N’K
1

�1 ( enq sgd

mnm,qdmnql‘khydc nmd. Vd nardqud sg‘s ctd sn n1d ≤ nd+
Dp. ’66( hr ‘kv‘xr rl‘kkdq sg‘m Dp. ’65(.

Kds tr mnv bnmrhcdq sgd r‘ld oqnakdl eqnl sgd onhms
ne uhdv ne ‘lokhstcd drshl‘shnm+ sg‘s hr+ vd hlokdldms
sgd R@,KBT drshl‘snq fhudm hm Dp. ’63( ‘mc odqenql
‘lokhstcd ‘lokhfib‘shnm nm hs. Hm sghr b‘rd+ sgd roddc
to rddlr mns sn ad oqdrdms+ ctd sn sgd adg‘uhntq ne sgd
u‘qh‘mbd ctd sn sgd k‘v ne sns‘k u‘qh‘mbd Z71+ 72“. Vd
cdfimd sgd sns‘k mtladq ne ptdqhdr mp enq @D ‘mc sgd
mtladq ne q‘mcnl tmhs‘qx r‘lokdr MT mddcdc ax sghr
‘ooqn‘bg sn qd‘bg ‘ bdqs‘hm oqdbhrhnm ϵ. Sghr hr mns sgd
r‘ld ‘r sgd etkk KBT+ ‘r sgd r‘lokhmf ne sgd tmhs‘qhdr
eqnl πD hr odqenqldc bk‘rrhb‘kkx. Sgd drshl‘snq n̋Q= vhsg
CT Zn̋Q=“ ¡ n̆ enq sgd ‘lokhfidc ‘mbhkk‘,eqdd KBT sg‘s nts,
otsr sgd ‘lokhfidc u‘ktd n=C’T( fhudm ‘ tmhs‘qx T ∼ πD
g‘r ‘ u‘qh‘mbd ne9

U‘q ’n̋Q=( ¡
0

MT


CT Zn=C’T(“


0

m1p
� CT Zn=C’T(“


*

’7/(

*


0� 0

m1p


CT Zn=C’T(1“


≤ CT Zn=C’T(1“

MT
.

Enq sgd b‘rdL ¡ 0 vd qdsqhdud sgd u‘qh‘mbd ne sgd ‘mbhkk‘,
eqdd ‘mc ‘mbhkk‘,a‘rdc KBT drshl‘snq. Hs hr sgdqdenqd
bkd‘q sg‘s sgdqd hr mn ‘cu‘ms‘fd hm hmbqd‘rhmf sgd mtladq
ne r‘lokdr eqnl sgd @D drshl‘snq+ ‘r sgd qdctbshnm hm sgd
u‘qh‘mbd hr otqdkx bk‘rrhb‘k ‘mc bnmsqnkkdc ax sgd mtladq
ne tmhs‘qhdr r‘lokdc eqnl sgd bnqqdronmchmf chrsqhatshnm
q‘sgdq sg‘m sgd bhqbths rgnsr. Hmsdqdrshmfkx+ sghr ld‘mr

sg‘s ‘mx ‘udq‘fd ne ‘lokhfidc pt‘mstl bnrs etmbshnmr qd,
s‘hmr sghr oqnodqsx. @r ‘ bnmrdptdmbd+ rtbg drshl‘shnm
oqnakdlr b‘m ad s‘bjkdc+ hm sgdnqx+ ax trhmf dwbktrhudkx
rhmfjd,rgns drshl‘shnm.
Nm sgd nsgdq g‘mc+ sgd drshl‘snq sg‘s dmbncdr sgd rtl ne
tmhs‘qhdr nm sgd pt‘mstl bhqbths b‘m ad ‘lokhfidc sn sgd
Gdhrdmadqf khlhs. @r sgd ‘mbhkk‘,eqdd KBT b‘m hlokdldms
sgd ld‘m u‘ktd ne ‘mx nardqu‘akd+ vd bnmbktcd sg‘s enq
‘mx ‘udq‘fd u‘ktd ne ‘m nardqu‘akd Cλ±N Z}N’λ(⟩“ ’enq dw,
‘lokd+ sgd ‘udq‘fd nudq ‘ c‘s‘rds hm PLK(+ rhmfkd,rgns
drshl‘snqr ‘qd ‘ adssdq bgnhbd+ oqnuhcdc sgd mtladq ne
c‘s‘ onhmsr ‘u‘hk‘akd hr ghfg dmntfg. Sghr hr sqtd enq ansg
‘lokhfidc ‘mc mnm,‘lokhfidc mdrsdc drshl‘shnm oqnakdlr
Z72“.

A- DwYloid9 PtYmstl lYbghmd idYqmhmf

Pt‘mstl l‘bghmd kd‘qmhmf ’PLK( qdedqr sn sgd bk‘rr ne
‘kfnqhsglr sg‘s ‘kknv sn ‘ooqnwhl‘sd etmbshnmr nm pt‘m,
stl bnlotsdqr trhmf ‘ooqnoqh‘sd e‘lhkhdr ne pt‘mstl
bhqbthsr fhudm ‘ c‘s‘ rds. Sgd fn‘k hr sn odqenql s‘rjr
rtbg ‘r bk‘rrhfib‘shnm+ bktrsdqhmf ‘mc qdfqdrrhnm vhsg ‘
bdqs‘hm roddcto bnlo‘qdc sn sgd bk‘rrhb‘k b‘rd Z17+ 73“.
Hm sghr bnmsdws+ vd chrshmfthrg svn l‘hm ‘ooqn‘bgdr9 ’0(
@kfnqhsglr sg‘s l‘jd trd ne jmnvm pt‘mstl qntshmdr+
rtbg ‘r sgd GGK ‘kfnqhsgl Z74“ ‘mc Fqnudq rd‘qbg Z61“
‘mc ’1( u‘qh‘shnm‘k ‘kfnqhsglr sg‘s dmbncd ‘ oqnakdl tr,
hmf pt‘mstl bhqbthsr ‘mc u‘qh‘shnm‘k e‘lhkhdr ne tmhs‘qhdr
sg‘s ‘qd sgdm noshlhydc ‘bbnqchmfkx. Sgd k‘ssdq bk‘rr ne
‘kfnqhsglr hr sgdm bnllnmkx rta,chuhcdc hm dwokhbhs ‘mc
hlokhbhs lncdkr Z75“. Hm sgdrd lncdkr+ vd sqx sn bnmrsqtbs
‘m ‘ooqnwhl‘snq eθ vhsg o‘q‘ldsdqr θ ∈ NM z rdd ‘krn
Dp. ’82(. Dwokhbhs lncdkr ‘qd cdfimdc ax ‘ l‘oohmf vhsg
hmots w ∈ Nl9

e’θ.w( ¡ sq{ρ’w(N’θ({. ’70(

vhsg N’θ( ¡ U ’θ(NU ’θ(†+ vghkd hlokhbhs lncdkr ‘qd
fhudm ax ‘ khmd‘q bnlahm‘shnm ne etmbshnmr ne sgd c‘s‘

onhmsr w0. ....wL ∈ Nl9 e�.D’w( ¡
L

l80 �lj’w.wl(
vgdqd sgd jdqmdk hr cdfimdc ‘r j’w.wl( ¡ sq{ρ’w(ρ’wl({
‘mc α hr ‘ udbsnq ne o‘q‘ldsdqr. Ansg pt‘mshshdr b‘m
ad r‘lokdc trhmf sgd KBT bhqbths z rdd Ehf. 0 ’a(. @r
‘m hkktrsq‘shud dw‘lokd+ vd bnmrhcdq sgd oqnakdl ne qd,
fqdrrhnm enq pt‘mstl bnrs etmbshnmr. Vgdm cd‘khmf vhsg
’pt‘mstl( rtodquhrdc kd‘qmhmf+ vd ‘qd trt‘kkx fhudm ‘
c‘s‘rds C l‘cd ne o‘hqr ne hmotsr w0 ∈ Nl. ....wK ∈ Nl

‘mc bnqqdronmchmf k‘adkr x0 ∈ Z/. 0“ . .... xK ∈ Z/. 0“+ h.d.+
C ¡ {’wd. xd(. h ¡ 0. .... K{. Vd bnmrhcdq gdqd nmkx svn
onrrhakd k‘adk noshnmr+ h.d.+ sgd oqnakdl bnqqdronmcr sn
ahm‘qx bk‘rrhfib‘shnm ‘mc qdpthqdr svn ntsots ptahsr. Sgd
fdmdq‘khy‘shnm sn sgd j,m‘qx bk‘rrhfib‘shnm oqnakdl b‘m ad
‘bghdudc ax bnmrhcdqhmf ‘ udbsnq x ∈ {�0. 0{j ‘mc trhmf
knf’j( ptahsr+ vgdqd j hr sgd mtladq ne chffdqdms onrrhakd
k‘adkr hm sgd c‘s‘. Vd ‘rrtld sg‘s sgdqd dwhrsr ‘ etmb,
shnm e 9 NM · Nl → Z/. 0“. ’θ.w( �→ x′ ¡ e’θ.w( sg‘s
cdodmcr nm o‘q‘ldsdqr θ sg‘s s‘jdr wd ‘r hmotsr ‘mc nts,
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CVsV dmbnchme Vmc VudpVehme

CVsVrds C

�k∼C Z�’θ: k(“ ¡ z
H �

H
k¡z �’θ: kk( †

�’θ: kz( * �’θ: k1( * �’θ: k2( * 000

kz
k2

k1

�D NL,NEE

AiVrrhbVi noshlhyVshnm

=�:∇θ
=� -FAT np OD(

TocVsdc oVpVldsdpr
θ� �∇θ

=�

Ehftqd 3- = qdoqdrdms]shnm ne c]s] dmbnchmf ]mc r]lokhmf
enq ] PMM Z56[ ’dwokhbhs lncdk(- Bk]rrhb]k c]s] mddcr sn ad
kn]cdc nm sgd pt]mstl r]lokdq.drshl]snq- Sghr oqnbdctqd
b]m ad pthsd dwodmrhud ctd sn sgd hmots c]s] rhyd ]mc l]x
qdpthqd rnld bk]rrhb]k oqd,oqnbdrrhmf Z75[+ ats hs b]m ad qd]k,
hydc vhsg ansg KBT ]mc RD ]ooqn]bgdr- Hm ]cchshnm sn sgd
svn drshl]snqr+ ’md]q,sdql( =D qntshmdr b]m ad bnmrhcdqdc
Z57z6/+ 76[- Sgd bnrs etmbshnm hr bnmsqnkkdc ax u]qh]shnm]k o],
q]ldsdqr � sg]s ]qd noshlhydc bk]rrhb]kkx trhmf fq]chdms,a]rdc
Z4/+ 77+ 78[ nq fq]chdms,eqdd Z8/+ 80[ ]kfnqhsglr- Chffdqdms sxodr
ne bnrs etmbshnmr+ rtbg ]r sgd nmd fhudm hm Dp- ’71(+ b]m ad
drshl]sdc trhmf sgd KBT ldsgnc fhudm hm Dp- ’4/( nq u]qh]msr
sgdqdne-

otsr ftdrr u‘ktdr x′d. Sgd qdfqdrrhnm oqnakdl hr trt‘kkx
rnkudc ax lhmhlhyhmf sgd ld‘m,rpt‘qdc,dqqnq knrr Z60“+
sg‘s hr ax lhmhlhyhmf sgd enkknvhmf bnrs etmbshnm vhsg
qdrodbs sn sgd lncdk o‘q‘ldsdqr θ9

BLG’θ( ¡
0

1K

K

d80

’xd � e’θ.wd((
1. ’71(

Sgd rnktshnm θ∗ sn sgd lhmhlhy‘shnm oqnakdl hr fhudm ax
θ∗ ¡ ‘qflhmθ BLG’θ( ‘mc b‘m ad entmc trhmf chffdqdms
noshlhy‘shnm oqnbdctqdr Z81“. Kds tr mnv bnmrhcdq sgd
b‘rd hm vghbg sgd lncdk hr fhudm ax ‘ PMM bhqbths. Hm sghr
b‘rd+ sgd etmbshnm ‘ooqnwhl‘snq e hr fhudm ax ‘ e‘lhkx ne
o‘q‘ldsqhydc pt‘mstl bhqbthsr z rdd Dp. ’70( z vgdqd
sgd hmots,cdodmcdms cdmrhsx l‘sqhw ρ’w( hr bnmrsqtbsdc
ax ‘ookxhmf ‘ rn,b‘kkdc ed‘stqd l‘o Uϕ’w( z ϕ ‘qd rod,
bhfib ed‘stqd dmbnchmf o‘q‘ldsdqr z nm sgd hmhsh‘k pt‘m,

stl rs‘sd ρ rtbg sg‘s ρ’w( ¡ Uϕ’w(ρU
†
ϕ’w(. Bnlo‘qdc

sn sgd rs‘mc‘qc bnrs etmbshnmr ne bk‘rrhb‘k l‘bghmd kd‘qm,
hmf+ sghr bnrs etmbshnm hr bnlotsdc ‘r ‘m ‘udq‘fd nudq

ld‘rtqdldms ntsbnldr. Sghr sxod ne dmbnchmf g‘r addm
trdc dwsdmrhudkx hm PLK ‘mc hs hr ‘u‘hk‘akd hm Qde. Z56“. He
vd bnmrhcdq ‘m nardqu‘akd N ¡ Yopnc ‘mc ld‘rtqd sgdqd,
enqd sgd o‘qhsx ne sgd bhqbths ntsots ‘r ‘ etmbshnm ne sgd
hmots c‘s‘+ vd rdd sg‘s vd b‘m rhlokhex sgd bnrs etmbshnm
hm Dp. ’71( trhmf sgd e‘bs sg‘s sgd rpt‘qdc sdqlr rtl sn
nmd vd ‘qd kdes vhsg sgd dwoqdrrhnm Z17“9

BLG’θ( ¡
0

1
� B0’θ( * B1’θ(. ’72(

B0’θ( ¡
0

K

K

k80

e’θ.wd(xd ’73(

B1’θ( ¡
0

1K

K

k80

e’θ.wd(
1. ’74(

Hs hr bkd‘q sg‘s sghr hr mnsghmf dkrd sg‘m ‘ khmd‘q bnlahm‘,
shnm ne drshl‘sdr sg‘s bnms‘hmr ansg onrhshud ‘mc mdf‘shud
bndflbhdmsr. Hs b‘m sgdqdenqd ad bnlotsdc trhmf ansg ne
sgd ldsgncnknfhdr ntskhmdc hm HH@ ’rs‘mc‘qc ‘ooqn‘bg+
RD( ‘mc HHB ’KBT(+ qdrodbshudkx. @ rbgdl‘shb ch‘fq‘l
ne ‘ PLK r‘lokhmf oqnbdrr ‘mc noshlhy‘shnm qntshmd hr
fhudm hm Ehf. 3.
Sgd drshl‘shnm ne rtbg pt‘mshsx qdoqdrdmsr ‘ onrrhakd ‘o,
okhb‘shnm ne sgd KBT ‘ooqn‘bg. Hm ntq b‘rd+ vd l‘jd trd
ne sgd rhlokhfidc bnrs etmbshnm9

B0’θ( ¡ 0� 0

K

K

d80

e’θ.wd(xd. ’75(

Sgd rdbnmc o‘qs ne sgd bnrs etmbshnm b‘m ad r‘lokdc ax
dhsgdq ‘cchmf ‘ bnmsqnk nodq‘shnm sn sgd KBT bhqbths nq
ax r‘lokhmf vhsg svn chffdqdms bhqbthsr. Sgd fiqrs hr ‘
KBT bhqbths sg‘s hlokdldmsr Dp. ’75(. Sgd rdbnmc ‘ hr
‘ bhqbths sg‘s hlokdldmsr B1’θ(. Sgd k‘ssdq b‘m ad qd‘k,
hydc ax oqdo‘qhmf sgd sdmrnq oqnctbs ne sgd PMM tmhs‘qx
sg‘s hr trdc sn o‘q‘ldsdqhyd e’θ.w( bnmchshnmdc nm sgd
KBT qdfhrsdq. Sgd KBT qdfhrsdq hlokdldmsr sgd rtll‘,
shnm oqnbdrr ‘mc sgd sdmrnq oqnctbs ‘kknvr tr sn drshl‘sd
e’θ.w(1.

0- RZlokhmf bnrs etmbshnmr eqnl cZsZrdsr

Vd sdrs sgd hlokdldms‘shnm ne KBT ‘mc RD nm ‘
PLK oqnakdl. Vd dloknx sgd Pt‘mstl Mdtq‘k Mds,
vnqj ’PMM( fhudm hm phqjhs Z56“+ vghbg hr bnlonrdc ne
‘ YY ed‘stqd l‘o enq dmbnchmf sgd hmots c‘s‘ w r‘l,
okdc eqnl sgd c‘s‘ rds ‘mc ‘ u‘qh‘shnm‘k bhqbths U ’θ(. Hm
sghr bnmsdws+ vd ‘qd hmsdqdrsdc hm rhlokx du‘kt‘shmf sgd
‘udq‘fd bnrs etmbshnm nudq sgd ’wd. xd( hmots u‘ktdr enq
h ¡ 0. .... K ‘mc drshl‘shmf hsr u‘qh‘mbd trhmf sgd dwoqdr,
rhnmr hmsqnctbdc hm Dp. ’00( enq RD ‘mc Dp. ’13( enq sgd
KBT drshl‘snq ‘ookhdc nm sgd bnrs etmbshnm hm Dp. ’75(.
Rhmbd sgd khmd‘q bnlahm‘shnm bnms‘hmr ansg onrhshud ‘mc
mdf‘shud u‘ktdr+ vd trd sgd dwoqdrrhnm fhudm hm Dp. ’44(
‘mc lnchex sgd u‘qh‘mbd ‘bbnqchmfkx. @r adenqd+ hm sghr
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bnmsdws vd g‘ud sgd hmmdq dwodbs‘shnm u‘ktd+ bnqqdronmc,
hmf sn sgd ‘udq‘fd nudq sgd pt‘mstl rs‘shrshbr ‘mc sgd
dwsdqm‘k nmd+ bnqqdronmchmf sn sgd ‘udq‘fd nudq sgd bk‘r,
rhb‘k r‘lokhmf.
Enq sgd oknsr hm Ehf. 4 vd trd entq chffdqdms c‘s‘rdsr9 ’H(
mnql‘kkx chrsqhatsdc u‘qh‘akdr w ∼ M ’.c. Ec(+ enq vghbg

vd g‘ud xd ¡ e’wd( ¡ 1 · rhfm’i w
i
d ( � 0+ h.d.+ sgd rhfm

ne sgd rtl ne udbsnq bnlonmdmsr+ z ’HH( z ‘tsnbnqqdk‘sdc
u‘qh‘akdr+ vgdqd d‘bg u‘qh‘akd wd hr cdfimdc ax sgd enkknv,
hmf qdk‘shnm9

∀h ¡ 1. .... K 9 wd ¡ h · w.. w. ∼ M ’.c. Ec(. ’76(

‘mc ‘f‘hm xd ¡ e’wd( ¡ 1 · rhfm’i w
i
d ( � 0. Sgd ‘t,

snbnqqdk‘sdc c‘s‘ hr trdc sn ‘m‘kxyd sgd adg‘uhntq ne
RD u‘qh‘mbd hm oqdrdmbd ne bnqqdk‘shnmr adsvddm chffdqdms
bhqbthsr. ’HHH( c‘s‘ r‘lokdc eqnl sgd HQHR Z82“ c‘s‘rds
z ’HU( z c‘s‘ r‘lokdc eqnl sgd LMHRS c‘s‘ rds Z83“
‘esdq odqenqlhmf ‘ OB@ sq‘mrenql‘shnm Z84“ sn ‘bghdud
chldmrhnm‘khsx qdctbshnm Z75“. Sgd qdrtksr ne ntq rhlt,
k‘shnmr ‘qd rgnvm hm Ehf. 4. Vd trdc 0//// rgnsr enq
d‘bg bhqbths du‘kt‘shnm+ ‘mc ‘ mtladq q‘mfhmf eqnl 1 sn
0// ne drshl‘sdr ne bk‘rrhb‘k c‘s‘ sg‘s ‘qd rtlldc sn,
fdsgdq. Hm sgdrd oknsr vd rgnv chffdqdms sxodr ne r‘l,
okdc c‘s‘9 hm sgd fiqrs qnv vd okns sgd u‘ktdr ne sgd
bnrs etmbshnmr ‘r ‘ etmbshnm ne sgd mtladq ne r‘lokdr
enq sgd entq c‘s‘rdsr ’‘tsnbnqqdk‘sdc+ tmbnqqdk‘sdc+ ANAR
‘mc JMARS+ qdrodbshudkx( enq ansg KBT ‘mc RD. Sgd
u‘ktdr enq c‘s‘rdsr H+ HH ‘mc HU ‘qd ‘krn ‘udq‘fdc nudq 4/
chffdqdms r‘lokhmf qtmr. Rg‘cdc qdfhnmr rgnv sgd rs‘m,
c‘qc cduh‘shnm ‘mc sgd entqsg lnldms ne sgd drshl‘sdr.
Vd rdd sg‘s sgd rs‘mc‘qc cduh‘shnm enq sgd KBT drshl‘,
snq hr ‘kv‘xr k‘qfdq sg‘m sgd nmd ne RD. Sgd rdbnmc qnv
ne oknsr rgnvr sgd u‘qh‘mbd ne sgd KBT drshl‘snqr+ RDr
‘mc ‘krn sgd l‘whltl onrrhakd u‘qh‘mbd sg‘s gxonsgdshb
bk‘rrhb‘kkx bnqqdk‘sdc ’Q‘cdl‘bgdq( u‘qh‘akdr W0. .... WK

vhsg sgd r‘ld ld‘m u‘ktdr ‘r sgnrd trdc enq RD. @r vd
rgnvdc ‘kqd‘cx+ sgd l‘whltl ne rtbg pt‘mshsx b‘mmns
dwbddc sgd KBT u‘qh‘mbd+ vghbg hr bnmfiqldc ax sgd qd,
rtks hm d‘bg okns.

Rhmbd sgd bnrs etmbshnmr ‘qd hmhsh‘kkx qdmnql‘khydc+ hm
nqcdq sn nas‘hm sgd r‘lokhmf bnlokdwhsx vd mddc sn ltk,
shokx sgdl vhsg ‘m ‘ooqnoqh‘sd qd,rb‘khmf o‘q‘ldsdq K1

enq sgd KBT drshl‘snq ‘mc K2 enq RD z adb‘trd vd mddc
sn ‘bbntms enq sgd r‘lokhmf ne K chffdqdms bhqbthsr+ ‘r
rgnvm hm Dp. ’04(. @r ‘ qdrtks+ vd rdd sg‘s sgd r‘l,
okhmf bnlokdwhshdr ne sgd svn drshl‘snqr ‘qd ‘rxlosns,
hb‘kkx sgd r‘ld. Sgd l‘whltl onrrhakd u‘qh‘mbd sg‘s
RD b‘m ‘bghdud hr ctd sn sgd B‘tbgx,Rbgv‘qy hmdpt‘khsx
z rdd ‘krn Dp. ’3/( ’‘rrtlhmf bk‘rrhb‘k bnqqdk‘shnmr ad,
svddm sgd r‘lokdr ‘qd onrrhakd(. Hm sghr b‘rd+ gnvdudq+
vd g‘ud sn bnmrhcdq sg‘s ‘r ‘ qdrtks ne sgd bnqqdk‘shnmr+
rnld nodq‘shnmr l‘x bnlltsd+ vghbg vntkc qdctbd sgd
sns‘k mtladq ne bnohdr mddcdc sn drshl‘sd sgdhq u‘ktdr.
Sgd dwsqdld b‘rd hr sgd drshl‘shnm ne sgd r‘ld ’O‘tkh(
nardqu‘akd ltkshokd shldr9 hm sghr b‘rd sgd KBT ‘mc RD
adbnld sgd r‘ld drshl‘snq. Hmsdqdrshmfkx+ sghr hr ‘krn sgd
’bk‘rrhb‘k( b‘rd hm vghbg sgd rn,b‘kkdc Onhrrnm,Ahmnlh‘k

oqna‘ahkhsx chrsqhatshnm Z85“ ‘mc hsr Ahmnlh‘k ‘ooqnwhl‘,
shnm ‘qd sgd r‘ld z rdd sgd chrbtrrhnm hm @oodmchw @ 2.
Sghr ‘rodbs gdkor tr rgdc khfgs nm sgd chffdqdms oqnodq,
shdr ne KBT ‘mc RD ‘mc gnv sgdrd chffdqdmbdr ‘ffdbs sgd
rb‘khmf ne drshl‘shnm nm pt‘mstl bhqbthsr. Hs ‘krn rgnvr
sg‘s etkk KBT hr lnrskx hmchb‘sdc enq r‘lokhmf ‘mc drsh,
l‘shnm s‘rjr vgdqd etkk nq ‘s kd‘rs md‘q,sdql ‘lokhstcd
‘lokhfib‘shnm ‘kfnqhsglr b‘m ad hlokdldmsdc.

GU- FQ:CGDMSR NE PT:MSTL BNRS
ETMBSGNMR

Hm sghr Rdbshnm+ vd bnmrhcdq sgd oqnakdl ne r‘lokhmf
‘mc drshl‘shmf fq‘chdmsr ne pt‘mstl bnrs etmbshnmr. Sghr
oqnakdl g‘r addm chrbtrrdc hm rdudq‘k oqduhntr vnqjr
Z3+ 15+ 16+ 25+ 33z4/+ 48“+ ansg eqnl sgd onhms ne uhdv
ne KBT,sxod ‘ooqn‘bgdr ‘mc RD. Gdqd+ vd v‘ms sn enbtr
hm o‘qshbtk‘q nm sgd bhqbths rgnvm hm Ehf. 5 ’a( ‘mc ‘ookx
hs sn sgd enkknvhmf oqnakdlr9 sgd drshl‘shnm ne cdqhu‘,
shudr vhsg enqv‘qc oqno‘f‘shnm Z88“+ rdd Rdbshnm HUB+ hsr
‘ookhb‘shnm hm sgd b‘kbtk‘shnm ne fdmdq‘k RT’b( fq‘chdmsr
Z33“+ rdd Rdbshnm HUC ‘mc Ehf. 7+ ‘mc hsr ‘ookhb‘shnm hm
pt‘mstl bnmsqnk Z0//“+ rdd Rdbshnm HUD. Sgdrd ‘ksnfdsgdq
bnlokdsd sgd cdrbqhoshnm ne fq‘chdms drshl‘shnm bhqbthsr
trhmf KBT ‘ooqn‘bgdr ‘mc ‘kknv enq sgd drshl‘shnm ne
‘qahsq‘qx fq‘chdmsr ne tmhs‘qx nodq‘shnmr.

:- PtYmstl bhqbths fqYchdmsr

Enq fdmdq‘k fq‘chdmsr ne pt‘mstl bnrs etmbshnmr z rdd
Dp. ’3( z vd b‘m vqhsd9

∇θ}N’θ(⟩ ¡ Qd

sq
�
∇θU ’θ(ρU †N


. ’77(

vghbg+ ‘r rgnvm hm Ehf. 6+ b‘m ad ‘f‘hm hlokdldmsdc ax
bnlahmhmf KBT ‘mc ‘ G‘c‘l‘qc sdrs Z4/“. Kds tr bnm,
rhcdq sgd ntsbnld ne sgd rn,b‘kkdc Onvdq,ne,Svn,Ptahsr
bhqbths nq ONSP Z43“ bhqbths+ ‘ rodbhfib sxod ne G‘c‘l‘qc
sdrs sg‘s ntsotsr sgd enkknvhmf nudqk‘o adsvddm tmhs‘qhdr
U ’θ( ‘mc TS ‘mc vghbg hr rgnvm hm Ehf. 6 ’‘(9

n±’θ( ¡
0

1


0± 0

b
Qd


sq

U ’θ(T †


. ’78(

vgdqd n±’θ( ‘qd sgd oqna‘ahkhsx ne fimchmf sgd bnmsqnk
ptahs hm sgd rs‘sd 0 nq /+ qdrodbshudkx. Sgd bnrs etmb,
shnm bnqqdronmchmf sn sgd qd‘k sq‘bd nudqk‘o b‘m sgdm
ad drshl‘sdc ‘r BOMSP’θ( ¡ 0 � n)’θ( � n�’θ( ¡
0 � 0

c Qd

sq

U ’θ(T †. Sgd fq‘chdms ne sghr bnrs etmb,

shnm hr fhudm ax9

∇θBOMSP’θ( ¡ �
0

b
Qd


sq

∇θU ’θ(T †. ’8/(

Dp. ’8/( b‘m ad drshl‘sdc trhmf ‘f‘hm ‘ ONSP bhqbths
vgdqd sgd tmhs‘qx fq‘chdms ∇θU ’θ( hr hlokdldmsdc.

Vd fiqrs bnmrhcdq sgd rodbhfib b‘rd hm vghbg sgd tmhs‘qx
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RD+ ‘tsnbnqqdk‘sdc

KBT+ ‘tsnbnqqdk‘sdc

RD l‘w+ ‘tsnbnqqdk‘sdc

RD+ h.h.c.

KBT+ h.h.c.

RD l‘w+ h.h.c.

RD+ Hqhr

KBT+ Hqhr

RD l‘w+ Hqhr

RD+ LMHRS

KBT+ LMHRS

RD l‘w+ LMHRS

RD+ ‘tsnbnqqdk‘sdc

KBT+ ‘tsnbnqqdk‘sdc

RD l‘w+ ‘tsnbnqqdk‘sdc

RD+ h.h.c.

KBT+ h.h.c.

RD l‘w+ h.h.c.

RD+ Hqhr

KBT+ Hqhr

RD l‘w+ Hqhr

RD+ LMHRS

KBT+ LMHRS

RD l‘w+ LMHRS

u‘qh‘mbd ne rs‘mc‘qc KBT e’K( ¡ K1 u‘qh‘mbd ne ‘lokhfidc KBT ‘mc rs‘mc‘qc RD e’K( ¡ K

Ehftqd 4- =m dw]lokd ne drshl]shnm odqenqldc vhsg ’rhltk]sdc( pt]mstl bhqbthsr hm phqjhs Z56[ enq sgd qdfqdrrhnm bnrs etmbshnm
/0’�( hm Dp- ’75(+ vgdqd vd trd 0//// rgnsr odq bhqbths ]mc eqnl 1 sn 0// drshl]sdr- Sgd u]ktdr enq c]s]rdsr H+ HH ]mc HU

]qd ]krn ]udq]fdc nudq 4/ chffdqdms r]lokhmf qtmr- ’Sno khmd( Ld]m u]ktdr ]mc r]lokhmf bnlokdwhsx ne sgd drshl]snq –/0’�( ne
/0’�( enq ] q]mcnl � ∼ N ’.L . EL ( z rdd Dp- ’75(- Sgd r]lokhmf bnlokdwhsx hr cdfimdc ]r sgd ]rxlosnshb]k sns]k mtladq ne
ptdqhdr mddcdc sn drshl]sd ] pt]mshsx to sn ] fiwdc oqdbhrhnm ϵ- ’Anssnl khmd( r]lokhmf bnlokdwhshdr ne drshl]snqr ]bbnqchmf
sn Dpr- ’03( ]mc ’13( enq chffdqdms sxodr ne c]s]rdsr trdc ]r hmotsr sn sgd PMM enq ansg RD ’aktd khmd( ]mc sgd KBT ’nq]mfd
khmd( drshl]snqr- Hm ]cchshnm+ sgd l]whltl onrrhakd RD u]qh]mbd hr ]krn rgnvm ’fqddm khmd(+ ]mc+ ]r dwodbsdc eqnl Dp- ’3/(+
hs ]kv]xr khdr adknv sgd KBT u]qh]mbd- Rg]cdc qdfhnmr rgnv sgd tmbdqs]hmsx enq ansg ld]m ’rs]mc]qc cduh]shnm( ]mc u]qh]mbd
’gdqd vd trd ]m ]ooqnwhl]sd drshl]sd ne sgd entqsg lnldms enq RD ]mc KBT+ vghkd enq sgd l]whltl ne RD vd trd sgd entqsg
lnldms ne KBT ]r ]m toodq antmc(- Bnktlm ’H( rgnvr sgd qdrtksr ne r]lokhmf ]tsn,bnqqdk]sdc pt]mshshdr ]r rgnvm hm Dp- ’76(-
’HH( rgnvr sgd qdrtksr enq r]lokhmf h-h-c- F]trrh]m u]qh]akdr- ’HHH( rgnvr sgd qdrtksr ne r]lokhmf eqnl sgd HQHR c]s]rds ]mc
’HU( eqnl sgd LMHRS c]s]rds ’vgnrd chldmrhnm]khsx hr qdctbdc fiqrs vhsg ] OB= sq]mrenql]shnm+ rdd ]krn sgd oqnbdctqd trdc
hm Qde- Z75[(- Vd nardqud sg]s hm ]kk b]rdr sgd u]qh]mbd fqnvr khmd]qkx bnlo]qdc sn sgd u]qh]mbd ne sgd KBT+ vghbg hr ]kv]xr
pt]cq]shb- Hm sgd ]tsn,bnqqdk]sdc b]rd+ sgd o]qshbtk]q rsqtbstqd ne sgd c]s] rddlr sn hmctbd ] rtodqkhmd]q adg]uhntq+ lnrs khjdkx
ctd sn sgd e]bs sg]s drshl]sdr sg]s ]qd etmbshnmr ne sgd r]ld tmhs]qhdr ’nq ghfgkx bnqqdk]sdc tmhs]qhdr( ]qd bnmrhcdqdc+ rdd ]krn
sgd chrbtrrhnm hm =oodmchw = 2-

U ’θ( g‘r ‘ rhmfkd o‘q‘ldsdq θ+ h.d.+ U ’θ( ¡ dwo{�hθG{
enq ‘ G‘lhksnmh‘m G . @rrtlhmf sgd G‘lhksnmh‘m b‘m ad
vqhssdm ‘r G ¡


d80 gdOd Z15+ 16“+ sghr fq‘chdms b‘m ad

hlokdldmsdc trhmf sgd bhqbths fhudm hm Ehf. 0 ’a(+ rhmbd

Û ’θ( ¡ �hGU ’θ(. Enq ‘ pt‘cq‘shb bnrs etmbshnm+ rtbg ‘r
sgd rs‘mc‘qc f‘sd hmficdkhsx z rdd Ehf. ’6( ‘mc Qde. Z43“9

H’θ( ¡ 0� 0

b1

sq

U ’θ(T †1. ’80(

vd g‘ud hmrsd‘c ‘ fq‘chdms ne sgd sxod9

∇θH’θ( ¡ �
1

b1
Qd


sq
�
U ’θ(T †⊗

�
∇θU ’θ(T †.

’81(

vghbg b‘m ad r‘lokdc ax lnchexhmf sgd ONSP bhqbths
vhsg ‘ qdfhrsdq ne 3m ptahsr ‘mc dmbnchmf sgd fq‘chdms ne
sgd tmhs‘qx nodq‘shnm nm sgd bhqbths ‘ooqnoqh‘sdkx Z4/“.

A- OYqYldsdq)rghes qtidr

Kds tr mnv bnmrhcdq sgd bhqbths oqnctbs ‘mr‘sy9

UA=’θ( ¡

M

d80

Ud’θd(. ’82(

vhsg θ ∈ NM . Hm rhltk‘shnm+ sgd fq‘chdms ne sghr bhqbths
b‘m ad dffdbshudkx bnlotsdc trhmf sgd FQ@OD ‘kfnqhsgl
Z0//“. Gnvdudq+ hsr du‘kt‘shnm nm ‘ qd‘k pt‘mstl cduhbd
rddlr bg‘kkdmfhmf+ ‘r hs hr mns onrrhakd sn m‘hudkx rsnqd
sgd qdrtksr ne hmsdqldch‘sd tmhs‘qhdr nm pt‘mstl dwodq,
hldmsr ‘r vd cn hm bk‘rrhb‘k rhltk‘shnmr+ sgntfg rnld
oqnonr‘kr enq a‘bj,oqno‘f‘shnm nm pt‘mstl bhqbthsr cn
dwhrs Z4+ 5“. Hm sgd b‘rd vgdqd Dp. ’82( hr u‘khc+ vd rdd
sg‘s sgd fq‘chdms ne sgd bnrs etmbshnm fhudm hm Dp. ’77(
rhlokhfidr sn9

>

>θd
}N’θ(⟩ ¡ hSq


NU !d(!0( ’θ(ZGd. ρ̋d’θ(“U

!d(†
!0( ’θ(


. ’83(
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θ

’‘( Bnrs etmbshnm B’θ(

. . .m mρ U0’θ0( U1’θ1( UM ’θM ( B’θ( ¡ sq{Nρ’θ({

>B!θ(
>θ0

>B!θ(
>θ1

>B!θ(
>θ2

...

>B!θ(
>θK

’a( Bhqbths sg‘s b‘kbtk‘sdr khmd‘q bnlahm‘shnmr ne fq‘chdms bnlonmdmsr B’θ(

. . . . . . . . .

0 . . . Q . . . ... . . . MQ

. . . . . . . . .

Uinf!MQ(⌉

m m

|/⟩ Q0 Q1

|/⟩q VR.u

ρ U0’θ0( U0’�00( U0’�0Q( U1’θ1( UM ’θM ( UK’�M0( UM ’�MQ(

Ehftqd 5- Rbgdl]shb qdoqdrdms]shnm ne sgd enqv]qc cdqhu]shud bhqbths enq ] fdmdq]k pt]mstl bnrs etmbshnm fhudm hm Dp- ’2(-
Sgd bnrs etmbshnm bhqbths hr ohbstqdc hm ’](- Hm sgd b]rd ne o]q]ldsdq,rghes qtkdr+ sgd bnrs etmbshnm hr du]kt]sdc ltkshokd
shldr ax rgheshmf sgd o]q]ldsdq udbsnq ]knmf sgd cdqhu]shud ]whr enq hmrs]mbd ]bbnqchmf sn Dp- ’84(+ ]mc vgdqd �an. d :
0. .... L. n : 0. .... Q qdoqdrdms sgd rghesr hm sgd qdrodbshud ]mfkdr- Sgd fq]chdms bhqbths Z27[ ’a(+ hmrsd]c+ trdr ] KBT qdfhrsdq
’nq svn qdfhrsdqr enq onrhshud,mdf]shud bndflbhdmsr( vhsg bnmsqnkkdc nodq]shnmr sn odqenql dhsgdq o]q]ldsdq,rghes qtkdr nq fimhsd,
chffdqdmbdr Z3+ 25+ 36+ 86+ 87[+ nq sn dmbncd sgd fq]chdms nodq]snq hsrdke Z15+ 4/[- Sgd fq]chdms bhqbths trdr ltksh,bnmsqnkkdc f]sdr
nm sgd u]ktdr 0. .... LQ ’]rrtlhmf v-k-n-f- sg]s d]bg f]sd U0. .... UL qdpthqdr ] sns]k ne Q rghesr(- Bnmsqnkkdc nodq]shnmr nm sgd
u]ktdr 0. .... LQ b]m ad hlokdldmsdc trhmf ahm]qx dmbnchmf ]mc Tknf’LQ(⌉ ptahsr- Sgd KBT tmhs]qx VN,u dmbncdr ansg sgd
bndflbhdms l]sqhw R hm Dp- ’84( ]mc sgd enqv]qc cdqhu]shud bndflbhdmsr k hm Dp- ’85(- Sn nas]hm sgd rs]mc]qc fq]chdms ne sgd
pt]mstl bnrs etmbshnm sgd bhqbths ntsots mddcr sn ad du]kt]sdc L shldr vhsg L chffdqdms ahm]qx hmots udbsnqr- Sgd enqv]qc
cdqhu]shud+ hmrsd]c+ b]m ad du]kt]sdc chqdbskx ax dmbnchmf ] udbsnq k hm sgd KBT qdfhrsdq vhsg n : Tknf’LQ(⌉ ptahsr ’vd ]rrtld
gdqd enq sgd r]jd rhlokhbhsx nmkx onrhshud khmd]q bnlahm]shnmr(- Sgd enqv]qc fq]chdms b]m ad drshl]sdc ax trhmf ] q]mcnl hmots
k ∼ P+ vgdqd P hr ] rths]akd oqna]ahkhsx chrsqhatshnm+ rdd Qde- Z88[-

vgdqd ρ̋d’θ( ¡ U
!M(
!d)0(’θ(ρU

!M(†
!d)0(’θ( ‘mc U i

j ’θ( ¡
K

k8M Uk’θk(. Ax fimchmf ‘ooqnoqh‘sd bndflbhdmsr Rd
j ‘mc

o‘q‘ldsdq rghesr �dj+ vd b‘m trd sgd hmsdqonk‘shnm ‘mr‘sy
Z3“9

>

>θd
}N’θ(⟩ ¡

Q

j80

Rdj}N’θ * �djdd(⟩. ’84(

vgdqd Q hr sgd mtladq ne o‘q‘ldsdq rghesr ’hm Qde. Z3“
hs hr rds ‘r svhbd sgd mtladq ne chrshmbs dhfdmu‘ktd che,
edqdmbdr bnms‘hmdc hm sgd rodbsqtl ne sgd f‘sd fdmdq,
‘snq( ‘mc dd. h ¡ 0. .... M ‘qd tmhs udbsnqr ne sgd o‘,
q‘ldsdq ro‘bd NM z rdd Dp. ’82(. Vd b‘m rtarshstsd
rxlankhb‘kkx ‘mx sxod ne oqnctbs ‘mr‘sy hmsn Dp. ’84(
sn fimc ‘ rths‘akd enqltk‘ enq sgd o‘q‘ldsdq,rghes udb,
snqr α0 ¡ ’�00. .... �0Q(

S. .... ’�M0. .... �MQ(
S ‘mc sgd

bndflbhdms l‘sqhw Rdj. Sghr dwoqdrrhnm hr sgd fdmdq‘k
o‘q‘ldsdq,rghes qtkd enq pt‘mstl fq‘chdmsr Z3“+ vqhssdm
trhmf ‘ chffdqdms mns‘shnm. Lnqdnudq+ dudm hm sgd mnhrd,
kdrr b‘rd+ nmd mddcr N’Q1M<ϵ1( bhqbths du‘kt‘shnmr sn
bnlotsd dudqx o‘q‘ldsdq u‘qh‘shnm. Sgd r‘ld hr sqtd he
sgd fq‘chdms hr bnlotsdc sgqntfg+ d.f.+ fimhsd,chffdqdmbd
ldsgncr Z87“+ vhsg sgd mns‘akd dwbdoshnm sg‘s sgd rb‘khmf
enq nmd fimhsd,chffdqdmbd rghes hr N


M<’ϵ1δ1(


Z37“+ vghbg

hr fdmdq‘kkx tme‘unq‘akd ctd sn sgd rl‘kk rhyd ne δ. Hm sghr
b‘rd+ ‘ rghes δ ∼ N’0( hr nesdm sgd noshl‘k bgnhbd Z33+ 87“.

Hs hr bkd‘q sg‘s Dp. ’84( b‘m ‘krn ad hlokdldmsdc tr,
hmf sgd KBT r‘lokdq z rdd Dp. ’44(. O‘tkh f‘sdr ‘qd ‘
rhlokd ‘ookhb‘shnm+ ‘r sgdx nmkx g‘ud svn chrshmbs dhfdm,
u‘ktdr Z25“. Sgd m,ptahs WX f‘sd nq Lœkldq,Rœqdmrdm
f‘sd nffdq ‘ lnqd hmsdqdrshmf trd b‘rd vhsg m * 0 ‘mc
⌈m<1⌉*0 chrshmbs dhfdmu‘ktdr Z12+ 48“ qdrodbshudkx+ vghbg
bnqqdronmc sn NZknf’m(“ bnmsqnk ptahsr hm sgd KBT qdf,
hrsdq. Gnvdudq+ enq ‘qahsq‘qx fdmdq‘snqr sgd dhfdmu‘ktd
rsqtbstqd l‘x ‘krn rb‘kd lnqd tme‘untq‘akx.

Enq ‘qahsq‘qx fdmdq‘snqr vhsg o‘qsh‘kkx jmnvm rodbsq‘+
rdudq‘k ldsgncr ne qdbnmrsqtbshmf sgdhq k‘mcrb‘od g‘ud
addm oqnonrdc. Nesdm+ sgdrd ldsgncr qdpthqd odqenql,
hmf khmd‘q sq‘mrenql‘shnmr ne ‘ udbsnq ne drshl‘sdr+ rtbg
‘r bnlotshmf sgdhq Chrbqdsd Entqhdq Sq‘mrenql ’CES(. Hm
sghr b‘rd+ gnvdudq+ sgd bndflbhdmsr mddc sn ad cdsdqlhmdc
eqnl sgd drshl‘sdr bk‘rrhb‘kkx+ vghbg ld‘mr sg‘s kn‘chmf
sgdl nm sgd KBT qdfhrsdq hr kdrr admdfibh‘k sg‘m ‘ooqn‘bg,
hmf sgd oqnakdl trhmf sgd ldsgnc fhudm hm Qde. Z15“.

B- ChqdbshnmYi cdqhuYshudr Ymc enqvYqc oqnoYfYshnm

@mnsgdq ‘ookhb‘shnm ne KBT hr qdoqdrdmsdc ax enqv‘qc
oqno‘f‘shnm Z88“. Vghkd a‘bj,oqno‘f‘shnm rddlr sn ad
bg‘kkdmfhmf sn hlokdldms nm pt‘mstl bnlotsdqr Z4+ 5“+
enqv‘qc oqno‘f‘shnm nm pt‘mstl bhqbthsr b‘m hmrsd‘c ad
‘bghdudc ax trhmf sgd bhqbths rgnvm hm Ehf. 0/ ’c( nq ax
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’‘( Qd‘k nudqk‘o adsvddm tmhs‘qhdr ’ONSP(

m m

m m

|/⟩ G G

|ϕ)⟩
U ’θ(

TS

’c( Ehcdkhsx adsvddm tmhs‘qhdr ’GRS(

m m

m m

|/⟩m
Tϕ)

U ’θ(

T †
ϕ)

|/⟩m TS

Ehftqd 6- Qdkdu]ms sdrs bhqbthsr enq pt]mstl bnlohk]shnm hm,
sqnctbdc hm Qde- Z43[9 ’]( Onvdq,ne,Svn,Ptahsr ’ONSP( bhq,
bths ’sgd nqhfhm]k ]qshbkd trdr nmd ptahs lnqd+ ats sgd qdrtks
hr ]m]knfntr( ]mc ficdkhsx nq Ghkadqs,Rbglhcs sdrs bhqbths ’a(-
Sgd nodq]shnm T�) Z43[ oqdo]qdr sgd 1l,ptahs fdmdq]khydc Adkk

rs]sd
ϕ)


fhudm hm Dp- ’51( rs]qshmf eqnl |/⟩±1m- Rdd Qde- Z4/[

enq ] fdmdq]k qduhdv ne fq]chdmsr a]rdc nm G]c]l]qc sdrsr hm
sgd bnmsdws ne o]q]ldsqhydc bhqbthsr-

hlokdldmshmf hs vhsg sgd RD. Sgd enqv‘qc cdqhu‘shud ne
‘ bnrs etmbshnm B sg‘s cdodmcr nm o‘q‘ldsdqr θ ∈ NM hr
cdfimdc ‘r9

∇uB’θ( ¡

M

d80

ud
>B’θ(

>θd
. ’85(

enq ‘ udbsnq u ∈ NM . @mc sgd bnqqdronmchmf enqv‘qc fq‘,
chdms b‘m ad nas‘hmdc ax r‘lokhmf hm q‘mcnl chqdbshnmr
Z0/0+ 0/1“9

∇θB’θ( ¡ Cu±P Z∇uB’θ(u“ . ’86(

vgdqd u ∼ P hr ‘ q‘mcnl udbsnq vhsg ld‘m ydqn ‘mc
antmcdc u‘qh‘mbd r‘lokdc eqnl ‘ oqna‘ahkhsx chrsqhat,
shnm P. Hm Qde. Z0/1“ P hr ‘rrtldc sn ad ‘ Q‘cdl‘bgdq
chrsqhatshnm9 u‘ktdr r‘lokdc eqnl sghr chrsqhatshnm b‘m
ad hlokdldmsdc hm sgd KBT qdfhrsdq trhmf q‘mcnl fq‘og
rs‘sdr Z0/2“. Rhmbd u b‘m g‘ud ansg onrhshud ‘mc mdf‘shud
u‘ktdr+ sgd bhqbthsr fhudm hm Ehf. 2 ‘qd mddcdc. Cdrohsd hsr
rsq‘hfgsenqv‘qc bhqbths,bdmsqhb hlokdldms‘shnm+ sgd rb‘k,
hmf ne enqv‘qc oqno‘f‘shnm nm pt‘mstl bnlotsdqr hr rhf,
mhfib‘mskx vnqrd sg‘m sgd bnqqdronmchmf rb‘khmf nm bk‘r,
rhb‘k cdsdqlhmhrshb bnlotsdqr Z88“. Vd bnmrhcdq gdqd sgd
oqnctbs ‘mr‘sy bhqbths fhudm hm Dp. ’82(. Vd ‘rrtld sg‘s
d‘bg f‘sd b‘m ad vqhssdm ‘r Ud’θd( ¡ dwo{�hθdGd{ ¡

dwo

�hθd

K
j80 ZdjOdj


+ vgdqd Odj ‘qd ‘qahsq‘qx O‘tkh

nodq‘snqr ‘mc Zdj sgd bndflbhdmsr ne sgd G‘lhksnmh‘m ne
sgd hsg f‘sd hm sgd O‘tkh a‘rhr Z15“. Sgd qdkdu‘ms rb‘khmf
o‘q‘ldsdqr ne enqv‘qc oqno‘f‘shnm ‘qd sgd mtladq M ne
f‘sdr hm sgd oqnctbs ‘mr‘sy ‘mc sgd mtladq ne O‘tkh bn,
dflbhdmsr I hm d‘bg f‘sd ‘bbnqchmf sgd KBT ‘ooqn‘bg z
rdd Dp. ’0(. Sgdqdenqd+ sgd KBT bhqbths b‘m drshl‘sd9

fu ¡ �1
M

d80

ud

H

j80

Zdj Hl{sq{OdjρBA’θ(N{{. ’87(

∇θB’θ( ¡ Ct±PZfu“. ’88(

enq ρBA’θ( ¡ UBA’θ(ρU
†
BA’θ(. Dp. ’87( hr sgd enqv‘qc

cdqhu‘shud hm Dp. ’85( ne sgd bnrs etmbshnm hm Dp. ’3( sg‘s
trdr sgd bhqbths cdfimdc hm Dp. ’82(. Ctd sn oqno‘f‘,

shnm ne tmbdqs‘hmsx+ vd nas‘hm ‘ N’M
1H1

�1 ( rb‘khmf enq sgd
enqv‘qc fq‘chdms+ vghbg hr vnqrd sg‘m sgd ORQ ‘mc KBT,
fq‘chdms rb‘khmf vhsg qdrodbs sn M . Dp. ’87( b‘m ad dr,
shl‘sdc ax bnlahmhmf ‘ooqnoqh‘sd o‘q‘ldsdq rghesr ‘mc
enqv‘qc oqno‘f‘shnm z rdd Ehf. ’5( ’a( z+ h.d.+ vhsg ‘ r‘l,

okhmf bnlokdwhsx ne N’M
1Q1

�1 (. @m ‘lokhfidc udqrhnm ne
enqv‘qc oqno‘f‘shnm bnlotsdc nm sgd KBT bhqbths vntkc
qdctbd sgd r‘lokhmf bnlokdwhsx ne enqv‘qc oqno‘f‘shnm
sn N’MH

� (. Hm sghr b‘rd+ vd qd‘bg sgd r‘ld rb‘khmf ‘r
sgd ORQ ‘ooqn‘bg hm M ‘mc pt‘cq‘shb‘kkx adssdq rb‘khmf
hm K. Sghr ‘m‘kxrhr+ gnvdudq+ cndr mns bnudq sgd sns‘k
u‘qh‘mbd ne sgd drshl‘shnm oqnakdl ctd sn sgd mtladq ne
rgnsr ‘mc sgd u‘qh‘mbd vhsg qdrodbs sn u ∼ P. Hm e‘bs+
enqv‘qc oqno‘f‘shnm rtffdqr eqnl rknvcnvmr hm sgd nosh,
lhy‘shnm ctd sn ‘ btqrd ne chldmrhnm‘khsx sg‘s khlhsr hsr
dffdbshuhsx dudm hm bk‘rrhb‘k rdsshmfr Z0/1“.

C- Lnrs fdmdqYi KBT fqYchdms9 RTfia( fqYchdms
bhqbths

Hm sghr b‘rd sgd bhqbths hr ‘ rhmfkd ltksh,ptahs bhqbths
o‘q‘ldsqhydc ax9

U ’θ( ¡ d�dF!θ( ¡ dwo


�h

H�0

j8.

θjGj


. ’0//(

Sgd bhqbths sg‘s oqnuhcdr ‘m tmah‘rdc drshl‘snq enq sgd
‘cinhms hr fhudm hm Qde. Z4/“ ‘mc Ehf. 7. Mnv vd mddc sn
bnlahmd sghr bhqbths vhsg sgd KBT hsrdke. Hm sgd b‘rd ne
‘ fdmdq‘k RT’b( f‘sd+ Dp. ’8/( adbnldr Z33“9

∇θBOMSP’θ( ¡ �
0

b
Qd


Sq


Ω’θ(U ’θ(T †. ’0/0(

vhsg sgd nodq‘snq

Ω’θ( ¡

∞

k8.

’�h(k
’k * 0(!

|θ|k0‘ck
F̄!θ(

�
∇̆θG’θ(


. ’0/1(
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vgdqd ‘ck
F̄!θ(

�
∇̆θG’θ(


cdmnsdr sgd mdrsdc bnllts‘snq

ne ksg nqcdq

‘ck
F̄!θ(

�
∇̆θG’θ(


¡


Ğ’θ(. ....


Ğ’θ(.

�
∇̆θG’θ(


  

k)0 didldmsr

.

‘mc Ğ hr sgd qdmnql‘khydc udqrhnm ne sgd G‘lhksnmh‘m+

h.d.+ Ğ’θ( ¡ G’θ(<|θ|0 vhsg |θ|0 ¡
H�0

j8. |θj|+ ‘r cd,
fimdc hm Dp. ’0//(. Sgd dwoqdrrhnm ∇̆θ ¡ 0

|θ|0
∇θ hr ‘

qdrb‘kdc m‘ak‘ nodq‘snq. @r rtbg+ sgd cdqhu‘shud ne sgd
tmhs‘qx enq j ¡ /. .... I � 0 fhudm hm Dp. ’0//( b‘m ad
vqhssdm ‘r ‘m hmfimhsd rtl ne l‘sqhbdr9

>

>θj
U ’θ( ¡

∞

k8.

Vk’θ(. ’0/2(

vgdqd Vk’θ( ¡ !�d(k

!k)0(¯|θ|
k
0‘c

k
F̄!θ( ’Gj(U ’θ(. He vd bnl,

ahmd sgd drshl‘snq bhqbths fhudm hm Dp. ’44( vhsg sgd bhq,
bths fhudm hm Qde. Z4/“+ vghbg ‘kknvr enq sgd bnlots‘shnm
ne mdrsdc bnllts‘snqr z rdd Ehf. 7 z vd b‘m bnlotsd
‘mx tmhs‘qx fq‘chdms vhsg ‘ etkk pt‘mstl bhqbths to sn
‘ cdrhqdc ‘ooqnwhl‘shnm nqcdq. @ rdbnmc KBT qdfhrsdq
hr mdbdrr‘qx sn dmbncd Ğ’θ( bngdqdmskx nm sgd pt‘mstl
bhqbths. Ax hmrdqshmf sgd dwo‘mrhnm fhudm hm Dp. ’0/1(
hmsn ntq fq‘chdms Dp. ’0/0(+ vd nas‘hm

∇θBOMSP’θ( ¡

∞

k8.

Sk. ’0/3(

vhsg

Sk ¡
’�0(

’k * 0(!
|θ|k 0

b
Qd


’�h(k Sq


U ‘ck

F’F(T †. ’0/4(

vgdqd F ¡ 0
|θ|0

∇θG’θ( ¡ ’G.. .... GH�0(S hr ‘ udbsnq ne

l‘sqhbdr ‘mc sgd sq‘bd ‘mc l‘sqhw ltkshokhb‘shnmr nodq,
‘shnmr hm Dp. ’0/4( ‘qd b‘qqhdc nts hm ‘ udbsnqhydc enql.
Enq ‘m Ksg nqcdq dwo‘mrhnm

∇θBOMSP’θ( ≈
K

k8.

Sk. ’0/5(

sgd qdl‘hmcdq hr sgdm fhudm ax QK ¡
∞

k8K)0 Sk. Gdqd
vd enbtr rodbhfib‘kkx nm sgd ONSP bnrs etmbshnm. Gnv,
dudq+ rhlhk‘q dwoqdrrhnmr b‘m ad cdqhudc enq ‘qahsq‘qx bnrs
etmbshnmr ne sgd sxod fhudm hm Dp. ’3(+ vgnrd fq‘chdms hr
fhudm ax Dp. ’77(+ ‘r vdkk ‘r enq sgd hmficdkhsx fq‘chdms
fhudm hm Dp. ’81(. Vd mnv stqm sn rodbhfib dw‘lokdr ne
ltksh,o‘q‘ldsdq+ ltksh,ptahs f‘sdr vgdqd Dp. ’0/5( b‘m
ad hlokdldmsdc trhmf KBT ldsgncr. Hm o‘qshbtk‘q+ vd
‘m‘kxyd sgd adg‘uhntq ne sgd RT’b( fq‘chdms ‘ooqnwhl‘,
shnm fhudm hm Dp. ’0/5( nm bnmsqnk oqnakdlr vhsg fiwdc
‘mc shld,cdodmcdms bnmsqnk o‘q‘ldsdqr.

’‘(

. . .

0 1 . . . K)0

. . .m m

|/⟩ Q0 Q1

|/⟩q VGAT

ρ B
!.(
F+

’G0( B
!0(
F+

’G0( B
!K(
F+

’G0(

’a( ksg bnllts‘snq bhqbths B
!k(
F+

’G0(

k ¡ /
k ¡ 0

k ¡ K

k

. . .

...
...

...
...

. . .

. . .

. . .m m

|/⟩ W G R† G

|/⟩ W G R† G

|/⟩ W G R† G

ρ G0 G. G.

Ehftqd 7- Qdoqdrdms]shnm ne sgd RT’a( fq]chdms bhqbths Z33[ tr,
hmf sgd mdrsdc bnllts]snq bhqbths eqnl Qde- Z4/[ enq ] bnmsqnk

oqnakdl vhsg O]tkh f]sdr D+ ]mc D0- Sgd bhqbths /
�j(
H+
’D0(

rgnvm hm ’a( bnlotsdr sgd dwodbsdc u]ktd ne sgd ]cinhms
]cjH+

’D0(+ h-d-+ sgd mdrsdc bnllts]snq sdql ne nqcdq k- D]bg
bnllts]snq sdql ne nqcdq k : / ’vghbg hr rhlokx D0(+ k : 0
’vghbg hr ZD+. D0[(+ dsb- hr l]oodc sn sgd bnqqdronmchmf dmsqx
hm sgd KBT qdfhrsdq vhsg n : Tknf’I(⌉ ptahsr- Sgd KBT rs]sd
hr oqdo]qdc ax sgd tmhs]qx VC=T- Sgd bhqbths hm ’]( b]m ad
rhlokhfidc etqsgdq ctd sn sgd qdctmc]mbhdr hm sgd bnlonrhshnm
ne I ltkshokx,bnmsqnkkdc bhqbthsr ne sxod ’a(+ d]bg nmd vhsg ]
mtladq ne G]lhksnmh]m sdqlr sg]s fqnvr eqnl 0 sn I ]r hm
Dp- ’0/5(-

0- DwZlokd

Vd bnmrhcdq mnv ‘ rhlokhfidc tmhs‘qx nodq‘shnm sg‘s hr
sxohb‘k ne bnmsqnk oqnakdlr Z0/3“+ h.d.9

Ub’θ( ¡ dwo{�h’θ.G. * θ0G0(∆s{ ’0/6(

U. ¡ dwo{�hθ.G.∆s{. ’0/7(

vgdqd G. ‘mc G0 ‘qd cqhes ‘mc bnmsqnk G‘lhksnmh‘mr qd,
rodbshudkx+ θ0 hr ‘ bnmsqnk o‘q‘ldsdq ‘mc ∆s hr ‘ shld
hmsdqu‘k. Sghr hr ‘ rodbh‘k b‘rd ne Dp. ’0//(+ vgdqd θj ¡ /
enq j ¡ 0. .... I � 0 ‘mc ‘m ‘cchshnm‘k cxm‘lhb‘k dunkt,
shnm ne shld ∆s hr ‘ookhdc. Vd cdfimd sgdqdenqd sgd udbsnq
o‘q‘ldsdq θ ¡ ’θ.. θ0(

S . Vd b‘m bnlotsd sgd bnmsqnk

fq‘chdms ne Dp. ’0/6( ax du‘kt‘shmf >UT!θ(
>θ0


θ8!0..(M

trhmf

Dp. ’0/1(9

>Ub’θ(

>θ0


θ8!0..(M

¡

∞

k8.

Vb
k . ’0/8(

vhsg Vb
k ¡ !�d�s(k

!k)0(¯ ‘c
k
F+

’G0(U.. Sgd bhqbths fhudm hm

Ehf. 7 b‘m ad trdc sn bnlotsd sgd cdqhu‘shud ax hlokd,
ldmshmf G. ‘mc G0 trhmf sgd KBT ldsgnc he sgd G‘lhk,



08

snmh‘mr ‘qd fhudm ax rtlr ne O‘tkh nodq‘snqr Z15+ 28“.

1- JBT hlokdldmsZshnm

Vd fiqrs bnmrhcdq nmkx svn O‘tkh nodq‘snqr+ h.d.+ G. ¡
O. ‘mc G0 ¡ O0. Sghr gdkor tr hkktrsq‘sd sgd rsqtbstqd ne
sgd pt‘mstl bhqbths sg‘s vd fdmdq‘khyd k‘sdq sn ‘qahsq‘qx
G‘lhksnmh‘mr trhmf rs‘mc‘qc KBT ldsgncr. Hm sghr b‘rd+
sgd bhqbthsr fhudm hm Ehf. 7 b‘m ad hlokdldmsdc trhmf
’ltksh,bnmsqnkkdc( rhmfkd,ptahs qns‘shnmr Qw. Qx ‘mc Qy

‘mc ’ltksh,ptahs( Snffnkh f‘sdr.
Sgd mtladq ne ltksh,bnmsqnkkdc f‘sdr mddcdc sn hlokd,

ldms ‘ fq‘chdms ‘ooqnwhl‘shnm bhqbths ne nqcdq K rb‘kdr
‘r NZK1 knf’K(“. Enq fdmdq‘k G‘lhksnmh‘mr G. ‘mc G0
fdmdq‘sdc ax I O‘tkh nodq‘snqr+ sgd nudq‘kk cdosg hr
NZI1K1 knf’I( knf’K(“. Mnsd ‘r adenqd sg‘s sgd e‘bsnq
ne knf’K( b‘m ad etqsgdq aqntfgs cnvm sn knf’knf’K(( ax
trhmf knf’K( ‘cchshnm‘k ‘mbhkk‘r Z53“. Vd nardqud etq,
sgdq sg‘s vd cn mns mddc ‘kk ltksh,bnmsqnkkdc ahsr enq sgd
’ltksh,bnmsqnkkdc( O‘tkh f‘sdr sg‘s hlokdldms sgd bnm,
sqnkkdc nodq‘shnmr O0. O.. .... O. 9 sgd fiqrs nmd+ O0+ ‘bsr
nm ‘kk dmsqhdr ne sgd KBT rs‘sd ‘mc cndr mns mddc bnm,
sqnkr nm sgd KBT qdfhrsdq+ ats nmkx nm sgd fiqrs ptahs.
Sgd nsgdq f‘sdr ‘qd ltksh,bnmsqnkkdc nm K � 0+ K � 1+...+
0 dmsqhdr+ qdrodbshudkx+ rn sgdx qdpthqd nmkx 0+ 0+ 1+ ...+
K ltksh,bnmsqnkkdc ahsr d‘bg. Sghr ‘ooqn‘bg qdctbdr sgd
mtladq ne f‘sdr ax ‘ bnmrs‘ms e‘bsnq+ dudm sgntfg sgd
‘rxlosnshb bhqbths cdosg qdl‘hmr sgd r‘ld.

Vd mnv stqm sn sgd hlokdldms‘shnm ne sgd KBT qdf,
hrsdq. D‘bg bnllts‘snq bhqbths ’k ¡ /. .... K( hm Ehf. 7
’‘( ‘kknvr enq sgd drshl‘shnm ne sgd ’qdmnql‘khydc( ld‘m
u‘ktd z rdd Dp. ’04( hm Qde. Z4/“9

fk ¡


�0

1

k

Qd

’�h(k sq


‘ck

F0
’G.(ρU+

N


. ’00/(

vgdqd ρU+
¡ U.ρU

†
. z rdd Dp. ’0/7(. @r ‘ bnmrdptdmbd+

sgd KBT bhqbths hm Ehf. 7 ’‘( drshl‘sdr sgd pt‘mshsx9

FK ¡

K

k8.

vk’∆s(fk. ’000(

vgdqd vk’∆s( ‘qd ‘ooqnoqh‘sd ∆s,cdodmcdms KBT
vdhfgsr sg‘s qdoqnctbd sgd bndflbhdmsr fhudm hm Dp. ’0/8(.
Ax bnlo‘qhmf Dp. ’00/( vhsg Dp. ’0/8(+ vd rdd sg‘s sgd
rs‘sd vd mddc sn oqdo‘qd hm sgd KBT qdfhrsdq hr mnsghmf
dkrd sg‘m ‘ bngdqdms rs‘sd vhsg o‘q‘ldsdq dpt‘k sn

√
1∆s

hlokdldmsdc ax sgd nodq‘snq VGAT rgnvm hm Ehf. 7 ’‘(9

VGAT’∆s( |/⟩K ¡

√
1∆s


. ’001(


√
1∆s


¡ d�}�s}

∞

k8.

’
√
1∆s(k
’k(!

|k⟩ . ’002(

Sgd onrhshud vdhfgsr ‘qd fhudm ax vk’∆s( ¡
!1�s(k

k¯ d�1}�s}.
Vd nardqud sg‘s bnlo‘qdc sn Dpr. ’0/1( ‘mc ’0/8(+ tr,

hmf sghr rs‘sd vntkc kd‘c sn ‘ k! bndflbhdms q‘sgdq sg‘m
’k*0(!. Sgd cdqhu‘shnm ne sghr fq‘chdms dmbnchmf rbgdld
hr oqnuhcdc hm @oodmchw A 0. @ fdmdq‘khy‘shnm sn sgd b‘rd
hm vghbg sgd fq‘chdms hr mns bnlotsdc ‘s θ0 ¡ / ‘mc sgd
G‘lhksnmh‘mr ‘qd mns itrs m,ptahs O‘tkh nodq‘snqr ’enq
dw‘lokd adb‘trd sgdqd ‘qd ltkshokd bnmsqnk G‘lhksnmh‘mr
sg‘s ‘qd jdos fiwdc vghkd odqenqlhmf sgd cdqhu‘shud vhsg
qdrodbs sn θ0( b‘m ad nas‘hmdc trhmf sgd KBT ‘ooqn‘bg
sn hlokdldms sgd cqhes G‘lhksnmh‘m ‘mc ax dmbnchmf bn,
dflbhdmsr oqnonqshnm‘k sn ’∆s(k hm sgd KBT qdfhrsdq+ rdd
Dp. ’001(.

2- DwodbsZshnm uZktd ne sgd sqtmbZshnm dqqnq

Vd v‘ms sn ‘m‘kxyd sgd bnmudqfdmbd adg‘uhntq ne sgd
fq‘chdms ‘ooqnwhl‘shnm hm Dp. ’0/5( enq ‘ pt‘mstl f‘sd
ne sgd sxod fhudm hm Dp. ’0/6(. Hm o‘qshbtk‘q+ vd bnmrhcdq
gdqd sgd fq‘chdms ne sgd ONSP sdrs fhudm hm Dp. ’8/(.
Sgd rpt‘qd sqtmb‘shnm dqqnq QK hr fhudm ax9

Q1K ¡

 ∞

k8K)0

Sk

1
. ’003(

vgdqd Sk hr fhudm hm Dp. ’0/4(. Gdqd vd trd QK sn cd,
rbqhad sgd rpt‘qd sqtmb‘shnm dqqnq ne sgd ONSP fq‘chdms+
vghkd QK hr cdfimdc ‘m‘knfntrkx enq sgd fq‘chdms ne sgd
hmficdkhsx. Vd b‘m drshl‘sd sgd adg‘uhnq ne sgd dwodbsdc
u‘ktd ne sgd sqtmb‘shnm dqqnq ‘r ‘ etmbshnm ne ‘ q‘mcnl
G‘lhksnmh‘m fdmdq‘snq+ hm nqcdq sn onsdmsh‘kkx cdsdqlhmd
sgd sqtmb‘shnm kdmfsg K sg‘s hr mddcdc sn ‘bghdud ‘ fhudm
s‘qfds oqdbhrhnm hm sgd fq‘chdms ‘ooqnwhl‘shnm. Hm sgd
enkknvhmf rdbshnm+ vd rodbhfib‘kkx bnmrhcdq sgd eq‘ldvnqj
ne pt‘mstl bnmsqnk sn tmcdqrs‘mc sgd adg‘uhntq ne sgd
RT’b( fq‘chdms eqnl sgd odqrodbshud ne sgd KBT hlokd,
ldms‘shnm. Vd dloknx q‘mcnl m,ptahs cqhes ‘mc bnm,
sqnk G‘lhksnmh‘mr G. ‘mc G0 sg‘s ‘qd r‘lokdc eqnl sgd
F‘trrh‘m Tmhs‘qx Dmrdlakd ’FTD( Z0/4“+ qdrodbshudkx.
Vd ‘krn dloknx q‘mcnl s‘qfds tmhs‘qhdr T + fdmdq‘sdc
vhsg ‘ PQ cdbnlonrhshnm. Sgd fq‘chdms hr du‘kt‘sdc
‘s bnmsqnk u‘ktd dpt‘k sn ydqn ’θ0 ¡ /( sn e‘bhkhs‘sd
sgd rhltk‘shnm+ ats sghr ldsgnc b‘m ad ‘ookhdc sn ‘q,
ahsq‘qx bnmsqnk oqnakdlr+ rhmbd vd b‘m ‘kv‘xr qdcdfimd
sgd cqhes G‘lhksnmh‘m sn bnms‘hm bnmsqnk G‘lhksnmh‘mr+
vgnrd otkrd o‘q‘ldsdqr ‘qd mns u‘qhdc.

Sgd enql‘k cdqhu‘shnm ne sgd dw‘bs ‘udq‘fd ne sgd
rpt‘qd sqtmb‘shnm dqqnq vhsg qdrodbs sn Gdqlhsh‘m l‘,
sqhbdr G. ‘mc G0 r‘lokdc eqnl sgd FTD hr fhudm hm
@oodmchw B. Sgd ‘rxlosnshb adg‘uhntq ne sgd rpt‘qdc
sqtmb‘shnm dqqnq hr fhudm ax9

CZQ1K“ ∼ N


Λ10
b1

’|θ|Λ.(1!K)0(

. ’004(

vgdqd b ¡ 1m+ Λ0 ‘mc Λ. ‘qd sgd Cxrnm bndflbhdmsr ne sgd
chrsqhatshnmr ne G. ‘mc G0+ ‘mc θ hr sgd o‘q‘ldsdq udb,
snq ne sgd bnmsqnk oqnakdl ‘r cdfimdc hm Dp. ’0/6(. Sgd
u‘ktd CZQ1K“ b‘m ‘krn oqnuhcd tr vhsg ‘ antmc enq sgd ‘u,
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Ehftqd 8- Qdoqdrdms]shnm ne sgd bnmudqfdmbd ne sgd RT’a( cdqhu]shud fhudm hm Dp- ’0/5(+ trhmf sgd o]q]ldsdqr cdfimdc hm Dp- ’0/8(
]mc ]r rtbg qdoqdrdmsdc trhmf KBT- Vd trd gdqd sgd rpt]qdc ]ooqnwhl]shnm dqqnq Q1

K z ONSP+ Dp- ’8/( z ]mc N1
K z hmficdkhsx+

Dp- ’81( z+ rn sg]s vd b]m bnlo]qd hs d]rhkx vhsg ntq sgdnqdshb]k oqdchbshnmr- Mtldqhb]k rhltk]shnmr ne sgd sqtmb]shnm dqqnq ]qd
rgnvm ]r rsq]hfgs khmdr ]mc sgd sgdnqdshb]k oqdchbshnm ]r c]rgdc khmdr+ vhsg chffdqdms bnkntqr qdoqdrdmshmf chffdqdms �r- Sgd u]ktdr
]qd ]udq]fdc nudq 4/ q]mcnl G]lhksnmh]mr D+ ]mc D0 r]lokdc eqnl sgd FTD Z0/4[ vhsg Cxrnm bndflbhdms Λ+ : Λ0 : 0- ’](+
’a( rgnv sgd fq]chdms ]ooqnwhl]shnm ne sgd tmhs]qx ne ] 5,ptahs G]lhksnmh]m enq sgd ONSP bnrs etmbshnm ]mc sgd ficdkhsx bnrs
etmbshnm+ qdrodbshudkx+ ]mc enq chffdqdms u]ktdr ne θ ]r ] etmbshnm ne sgd nqcdq ne ]ooqnwhl]shnm+ l+ hm sgd dwo]mrhnm I- Cnssdc
khmdr qdoqdrdms sgd rxlldsqhb N’0( fimhsd,chffdqdmbd ’EC( ]ooqn]bg vhsg ] rghes ne δ : /.64- Sgd N’0( ]ooqn]bg hr sgd adrs
bgnhbd vgdm r]lokhmf bk]rrhb]kkx eqnl pt]mstl bhqbthsr ctd sn sgd rb]khmf ne sgd u]qh]mbd vhsg δ z N’0,δ1(+ rdd ]krn Qde- Z33[-
’b( rgnvr sgd l]whltl mnql ne sgd chffdqdmbd adsvddm sgd sqtd fq]chdms bnlotsdc vhsg I=W ]mc sgd fq]chdms ]ooqnwhl]shnm
]r ] etmbshnm ne θ z rdd Dp- ’005(- ’c( rgnvr sgd oqdbhrhnm hm sgd ]ooqnwhl]shnm ne sgd fiqrs nqcdq hm sgd dwo]mrhnm enq sgd
ONSP bnrs etmbshnm+ vghbg enq sghr b]rd bnqqdronmcr sn sdqlr hm sgd KBT sg]s ]qd oqnonqshnm]k sn D0 ’I : /( ]mc ZD+. D0[
’I : 0(- Vd rdd sg]s enq rdudq]k bnrs etmbshnmr+ ] qdk]shudkx rgnqs bhqbths ]kqd]cx oqnctbdr ] ghfg,pt]khsx ]ooqnwhl]shnm ne sgd
RT’a( cdqhu]shud-

dq‘fd dqqnq hsrdke rhmbd |CZQK“| ≤

CZQ1K“. Vd rhltk‘sd

sgd qdrtks ax bnlotshmf sgd fq‘chdms ‘ooqnwhl‘shnm hm
Dp. ’0/5( vhsg sgd oqnakdl rsqtbstqd fhudm hm Dp. ’0/8(+
h.d.+ vhsg θ0 ¡ / ‘mc θ. ¡ 0. Vd ‘udq‘fd sgd ‘ooqnwh,
l‘shnm dqqnq nudq 4/ q‘mcnl G‘lhksnmh‘mr G. ‘mc G0
r‘lokdc eqnl sgd FTD vhsg Λ. ¡ Λ0 ¡ 0 ’rdd Qde. Z0/4“
‘mc @oodmchw C( enq chffdqdms mtladqr ne ptahsr ‘mc u‘k,
tdr ne sgd o‘q‘ldsdq θ. Sgd qdrtksr ne ntq rhltk‘shnm ne
sgd RT’b( fq‘chdms ‘qd rgnvm hm Ehf. 8 enq chffdqdms sdrs
u‘ktdr ne θ. Sgd fq‘chdms trdc enq bnlo‘qhrnm hr nas‘hmdc
vhsg I�T Z0/5“. Etkk khmdr ‘mc c‘rgdc khmdr qdoqdrdms sgd
rhltk‘sdc ‘udq‘fd ne Q1K z ONSP fq‘chdms z ’‘( ‘mc Q1K
z hmficdkhsx fq‘chdms , ’a( to sn ‘m nqcdq K. Cnssdc khmdr
qdoqdrdms sgd rxlldsqhb fimhsd,chffdqdmbd ’EC( ‘ooqn‘bg
vhsg ‘ rghes δ ¡ /.64 z rdd ‘krn Qde. Z33“. Vd rdd sg‘s sgd
sgdnqdshb‘k oqdchbshnmr l‘sbg sgd ‘udq‘fd u‘ktd ne sgd
rpt‘qdc sqtmb‘shnm dqqnq vhsghm sgd rs‘mc‘qc cduh‘shnm
qdoqdrdmsdc ax sgd rg‘cdc qdfhnmr ‘mc sg‘s sgd ‘ooqnwh,
l‘sd fq‘chdms sn nqcdq K pthbjkx qd‘bgdr sgd oqdbhrhnm ne
‘ rxlldsqhb N’0( EC ‘ooqn‘bg+ vghbg hr bnllnmkx trdc
vgdm r‘lokhmf bk‘rrhb‘kkx eqnl pt‘mstl bhqbthsr Z33“.

Ax rdsshmf ‘m ‘ooqnoqh‘sd l‘whltl dwo‘mrhnm hmcdw
K+ vd b‘m rstcx sgd bnmudqfdmbd ne sgd fq‘chdms ‘ooqnw,
hl‘shnm. Sgd bnmudqfdmbd vhsg qdrodbs sn K hr o‘qshb,
tk‘qkx qdkdu‘ms enq sgd KBT hlokdldms‘shnm+ adb‘trd+ he
sgd hmsdfdq K mddcdc sn qd‘bg ‘ fq‘chdms oqdbhrhnm δ hr qd‘,
rnm‘akx rl‘kk+ rn vhkk ad sgd cdosg ne sgd bnqqdronmchmf
KBT,a‘rdc pt‘mstl bhqbths.

Hm Ehf. 8 ’b( vd rgnv sgd l‘whltl mnql ne sgd tmhs‘qx
fq‘chdms ‘ooqnwhl‘shnm9

b∞K ¡


>U ’θ(

>θ0


θ8!0..(M

�Vb
K


∞
. ’005(

enq sgd l‘whltl hmcdw bnmrhcdqdc+ h.d.+ enq tr K ¡ 03. ‘r
‘ etmbshnm ne sgd o‘qldsdq ∆s. Sghr okns gdkor tr uhrt‘k,
hyd sgd oqdbhrhnm ne sgd tmhs‘qx fq‘chdms hsrdke he bnlo‘qdc
sn sgd oqdbhrhnm ne sgd fq‘chdms ne sgd svn pt‘mstl bnrs
etmbshnmr fhudm hm Ehf. 8 ’‘( ‘mc ’a(. Hm Ehf. 8 ’c( vd rdd
‘r ‘m dw‘lokd sgd bg‘mfd ne Q1K enq K ¡ 0 ‘r ‘ etmbshnm
ne θ9 sgd adg‘uhntq ne sgd etmbshnm qdfidbsr sgd oqdchbsdc
cdodmcdmbd ne CZQ1K“ eqnl θ+ h.d.+ NZθ1!K)0(“+ ‘r rgnvm hm
Dp. ’C03( ‘mc hm lnqd cds‘hk hm Dp. ’C02(.

D- FqYchdmsr ne ptYmstl cxmYlhbr

Hm sgd b‘rd ne otkrd,kdudk noshlhy‘shnm+ sgd oqnakdl
trt‘kkx g‘r ‘ ahkhmd‘q rsqtbstqd vhsg ‘ cqhes G‘lhksn,
mh‘mG. ‘mc bnmsqnk G‘lhksnmh‘mrG0. .... GH�0 z rdd ‘krn
Dp. ’0//( z vhsg bnqqdronmchmf shld,cdodmcdms bnmsqnk

fidkcr t
ϕ0
0 ’s(. .... t

ϕB�0

H�0 ’s(. V.k.n.f.+ vd b‘m ‘rrtld sg‘s
sgdrd bnmsqnk fidkcr ‘qd d‘bg o‘q‘ldsqhydc hmcdodmcdmskx
ax qd‘k udbsnqr ϕ0. ....ϕH�0. Sgd fq‘chdms ne sgd tmh,

s‘qx dunktshnm ne Gϕ’s( ¡ G. *
H�0

j80 t
ϕj
j ’s(Gj+ vgdqd
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ϕ

. . .m mρ Uϕ’∆s0( Uϕ’∆s1( Uϕ’∆sMM (

’‘( Bnrs etmbshnm B’ϕ( ‘mc ’bnmshmtntr( FQ@OD fq‘chdms.

∂C��(
∂ϕai

¡ �h
 N

n+
r�T ’τ(

∂t
ϕi
i ��(

∂ϕai
cτ ≈ �hCS

j1. r
�
T ’sj(

∂t
ϕi
i �nm(

∂ϕai
∆sj..

’a( Bhqbths sg‘s b‘kbtk‘sdr sgd cdqhu‘shud ne B’ϕ( vhsg qdrodbs sn ϕdi .

. . .

0 . . . MM

. . .

inf!MM (

m m

|/⟩ Q0 Q1

|/⟩q VGAT
i�

ρ Uϕ’∆s0( Gi Uϕ’∆sMM ( Gi

Ehftqd 0/- Rbgdl]shb qdoqdrdms]shnm ne sgd KBT,FQ=OD bhqbths enq ] fdmdq]k pt]mstl bnrs etmbshnm noshlhydc vhsg bnmsqnk
otkrdr- Sgd bnrs etmbshnm bhqbths hr ohbstqdc hm ’](- Bnlo]qdc sn sgd oqduhntr dw]lokd+ h-d-+ Ehf- 5+ sgd bhqbths trdr sgd tmhs]qx

dunktshnm Uϕ’r+. S ( : R dwo

�d

 S
r+
Dϕ’τ(aτ


+ vgdqd R hr sgd shld,nqcdqhmf nodq]snq ]mc D’r( : D+ )

H�0
i50 t

ϕj

i ’r(Di sgd

G]lhksnmh]m ne ] ahkhmd]q rhmfkd,bnmsqnk oqnakdl o]q]ldsqhydc ax ] udbsnq ϕ- Sgd KBT,FQ=OD bhqbths rgnvm hm ’a( hr ]m
drshl]snq ne sgd ’qdmnql]khydc( fq]chdms fhudm hm ’]( ]mc sgdqdenqd hlokdldmsr+ nm ] pt]mstl bhqbths+ sgd fq]chdms r]lokhmf
oqnbdctqd ntskhmdc hm Qder- Z41+ 42[- Sgd nodq]shnm VC=T

a� kn]cr sgd KBT qdfhrsdq sg]s trdr n : Tknf’LS (⌉ ptahsr ’vd bnmrhcdq
]f]hm enq sgd r]jd ne rhlokhbhsx nmkx khmd]q bnlahm]shnmr ne onrhshud bndflbhdmsr( vhsg bndflbhdmsr oqnonqshnm]k sn

,ti�rd(

,�di
�ra

]mc b]m sgdqdenqd Sgd cdqhu]shudr vhsg qdrodbs sn sgd rhmfkd shld,rkhbdc bnmsqnk otkrdr b]m ad hlokdldmsdc hm chffdqdms v]x+
dhsgdq vhsg sgd RT’a( fq]chdms bhqbths z rdd Ehf- ’7( ]mc sgd oqnbdctqd ntskhmdc hm Rdbshnm HUC+ nq vhsg ]mnsgdq sxod ne f]sd
fq]chdms drshl]shnm ldsgnc+ cdodmchmf nm sgd rsqtbstqd ne sgd rodbsqtl ne sgd f]sd dkdldms Uϕ’ra(. d : 0. .... LS hsrdke- Vd
]krn rdd sg]s sghr fq]chdms qdrdlakdr sgd rsqtbstqd ne ] enqv]qc cdqhu]shud+ adb]trd d]bg shld,rkhbdc f]sd cdodmcr nm sgd r]ld
rds ne o]q]ldsdqr ϕ+ rn sgd fq]chdms qdrtksr ] rtl ne d]bg bnmsqhatshnm- Nudq]kk+ sghr oqnbdctqd fhudr ] N’S 1,ϵ1( ]mc N’S,ϵ(
r]lokhmf bnlokdwhsx enq mnm,]lokhfidc ]mc ]lokhfidc drshl]sdr+ qdrodbshudkx-

ϕ ¡ ’ϕ0. ....ϕH�0(
S+ sg‘s hr ne Uϕ’s( ¡ S d�d

 M
s+

F!τ(cτ
+

vgdqd S hr sgd shld,nqcdqhmf nodq‘snq+ eqnl sgd hmhsh‘k
shld s ¡ s. sn sgd fim‘k shld s ¡ S vhsg qdrodbs sn sgd
o‘q‘ldsdqr+ hr fhudm ax Z0//“9

>Uϕ
>ϕdi

¡ �h
 S

s8s+

Uϕ’s.. τ(Gi

>t
ϕi
i ’s(

>ϕdi
Uϕ’τ. S (bτ. ’006(

Enq ‘ bnmsqnk bnrs etmbshnm ne sgd sxod ne Dp. ’3(+ h.d.9

B’ϕ( ¡ sq

Uϕ’s.. S (ρU

†
ϕ’s.. S (N


. ’007(

sgd fq‘chdms hr fhudm ax z rdd @oodmchw A 1 ‘mc Qder. Z41+
42+ 0/6“9

>B’ϕ(

>ϕdi
¡ �h

 S

s8s+

rϕi ’τ(
>t

ϕi
i ’s(

>ϕdi
bτ. ’008(

rϕi ’τ( ¡ sq{ρ’S (ZGi’s.. τ(.N“{. ’01/(

Dp. ’008( qdrdlakdr sgd hlokdldms‘shnm ne sgd ‘m‘knf
KBT ‘kfnqhsgl Z0“. Etkk pt‘mstl bnmsqnk fq‘chdmsr ‘qd
trt‘kkx snn bg‘kkdmfhmf sn hlokdldms enq a‘rhb ptahs no,
shlhy‘shnm nm md‘q,sdql cduhbdr. Gnvdudq+ pt‘mstl bnm,
sqnk g‘r addm rtffdrsdc ‘r ‘ onrrhakd ‘mr‘sy sn noshlhyd
u‘qh‘shnm‘k pt‘mstl ‘kfnqhsglr Z0/7“. Hm sgdrd hlokd,
ldms‘shnmr+ sgd trd ne KBT ‘kfnqhsglr b‘m ad bnmrhc,
dqdc admdfibh‘k. Trt‘kkx+ sgd fq‘chdms fhudm hm Dp. ’008(
hr bnlotsdc enq ‘ chrbqdshydc shld cxm‘lhbr+ h.d.+ vgdqd

S ¡
MM

m80∆sm+ hm vghbg b‘rd vd g‘ud9

>B’ϕ(

>ϕdi
≈ �h

MM

m80

rϕi ’sm(
>t

ϕi
i ’sm(

>ϕdi
∆sm. ’010(

vghbg hr sgd chrbqdshydc udqrhnm ne sgd FQ@OD fq‘chdms
Z0//“. Vd qdedq sn sgd bhqbths drshl‘snq enq sghr pt‘m,
shsx ‘r KBT,FQ@OD. @rrtlhmf sgd u‘qh‘mbd ne sgd bnm,
sqnk nodq‘snqr hr antmcdc+ sgd r‘lokhmf bnlokdwhsx ne
sghr ‘ooqn‘bg vhsg ‘ bk‘rrhb‘k r‘lokhmf oqnbdrr rb‘kdr ‘r
N’S 1<ϵ1( ‘mc sgdqdenqd ‘r N’S<ϵ( enq ‘m ‘lokhfidc r‘l,
okhmf. Sgd bhqbths fhudm hm Ehf. 0/ ’KBT,FQ@OD(+ vgdm
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bnlahmdc vhsg ‘lokhstcd drshl‘shnm+ onsdmsh‘kkx ‘kknvr
enq pt‘cq‘shb roddc to hm sgd du‘kt‘shnm ne FQ@OD,
khjd fq‘chdmsr. Gnvdudq+ sgd cdosg ne rtbg KBT bhq,
bthsr ‘mc sgd ‘cchshnm‘k ‘mbhkk‘r l‘jdr sgdl hloq‘bsh,
b‘k nm md‘q,sdql pt‘mstl cduhbdr ‘mc hm sgd bnmsqnk ne
dwodqhldms‘k ptahsr enq f‘sd rxmsgdrhr ‘mc rs‘sd oqdo‘,
q‘shnm Z0/8“. Nm sgd nsgdq g‘mc+ Qde. Z41“ cq‘vr bnm,
mdbshnmr adsvddm ’Nqchm‘qx Chffdqdmsh‘k Dpt‘shnm Mds,
vnqjr( NCDMdsr Z00/“ ‘mc pt‘mstl cxm‘lhbr sxohb‘k ne
bnmsqnk rxrsdlr. Sgd ‘m‘kxrhr bnms‘hmdc sgdqdhm oqnuhcdr
tr vhsg sq‘hmhmf ldsgncr enq NCDMdsr nm pt‘mstl rxr,
sdlr trhmf Dp. ’008( ‘mc rsnbg‘rshb o‘q‘ldsdq,rghes qtkdr
Z34“. @r vd chrbtrrdc ‘anud+ bk‘rrhb‘k drshl‘shnm ne rtbg
‘ cdqhu‘shud hr pt‘cq‘shb hm shld z N’S 1<ϵ1( z ansg hm sgd
b‘rd ne RD ‘mc KBT+ vghkd ‘lokhfidc KBT,FQ@OD b‘m
onsdmsh‘kkx qd‘bg N’S<ϵ(. Enq k‘qfd o‘q‘ldsqhydc pt‘m,
stl lncdkr+ sghr qdoqdrdmsr ‘ rhfmhfib‘ms roddcto. Vghkd
hsr qdkdu‘mbd hr khlhsdc enq MHRP bhqbthsr+ hs vhkk lnrs
oqna‘akx hmbqd‘rd hm sgd mdws xd‘qr ‘r knfhb‘k dqqnq q‘sdr
bnmshmtd sn cdbqd‘rd.

U- RTLL:QW :MC BNMBKTRGNM

Hm sghr vnqj+ vd sgnqntfgkx ‘m‘kxyd sgd r‘lokhmf
bnlokdwhsx ne chffdqdms KBT drshl‘snqr hm chffdqdms
bnmsdwsr. Hm sgd fiqrs o‘qs+ vd enbtrdc nm qduhdvhmf sgd
‘ooqn‘bgdr sn KBT r‘lokhmf ‘mc drshl‘shnm bnlo‘qdc
sn RD. Sgd bnlokdwhsx ne drshl‘shmf nardqu‘akdr trhmf
KBT ‘mc RD vhsgnts ‘mx pt‘mstl @D qntshmd hr
sgd r‘ld+ h.d.+ N’K1<ϵ1( Z0“. Hm sgd b‘rd ne @D+ sgd
r‘lokhmf bnlokdwhsx ne sgd KBT drshl‘snq qdctbdr sn
N’K<ϵ(+ vghbg hr bnmrhcdq‘akx e‘rsdq sg‘m sgd N’K

√
K<ϵ(

rb‘khmf ne RD. Vd ‘krn cq‘v bnmmdbshnmr adsvddm bk‘r,
rhb‘k oqna‘ahkhsx sgdnqx+ bhqbths r‘lokhmf ‘mc CPB0
ax bnmrhcdqhmf sgd R@,KBT ‘ooqn‘bg oqdrdmsdc hm
Qde. Z0“. Hm sgd rdbnmc o‘qs ne sgd vnqj+ vd enbtr nm
sgd rodbhfib ‘ookhb‘shnm sn fq‘chdms drshl‘shnm+ ‘mc
lnqd rodbhfib‘kkx vd chrbtrr gnv KBT b‘m ad trdc sn
qdoqdrdms sgd fq‘chdms ne ‘qahsq‘qx bnrs etmbshnmr sg‘s

cdodmc nm tmhs‘qx dunktshnm nodq‘snqr+ rtbg ‘r sgd
RT’b( fq‘chdms hmsqnctbdc hm Qde. Z33“ ‘mc FQ@OD,khjd
fq‘chdmsr ’KBT,FQ@OD(. Vd oqdrdms ‘mc chrbtrr hm
o‘qshbtk‘q sgd bhqbthsr sg‘s ‘kknv enq sgd drshl‘shnm ne
RT’b( fq‘chdmsr ‘mc bnmsqnk fq‘chdmsr+ ‘mc ‘m‘kxyd sgd
bnmudqfdmbd oqnodqshdr ne sgd fq‘chdms ‘ooqnwhl‘shnm
ansg eqnl ‘ mtldqhb‘k ‘mc ‘m ‘m‘kxshb‘k odqrodbshud
trhmf bnmbdosr eqnl q‘mcnl l‘sqhw sgdnqx. Sgdrd
qdrtksr ‘qd qdkdu‘ms enq ‘cu‘mbdc hlokdldms‘shnmr ne
fq‘chdms,a‘rdc noshlhy‘shnm nm pt‘mstl g‘qcv‘qd sg‘s
l‘jd trd ne dhsgdq mnm,rs‘mc‘qc ltksh,ptahs f‘sdr nq
bhqbths ‘mr‘̃syd a‘rdc nm pt‘mstl noshl‘k bnmsqnk sgdnqx.

UG- BNCD :MC C:S: :U:GK:AGKGSW

Sgd bncd ‘mc c‘s‘ trdc enq sghr vnqj ‘qd ‘u‘hk‘akd ‘s
Qde. Z000“.

:BIMNVKDCFLDMSR

Sghr vnqj v‘r rtoonqsdc ax @HC@R+ Sgd Dtqn,
od‘m Inhms Uhqst‘k K‘a+ ‘m hmhsh‘shud ne Enqrbgtmfrydm,
sqtl It̃khbg ’EYI( ‘mc sgd Eqdmbg @ksdqm‘shud Dmdq,
fhdr ‘mc @snlhb Dmdqfx Bnllhrrhnm ’BD@(+ ax sgd
Fdql‘m Edcdq‘k Lhmhrsqx ne Dctb‘shnm ‘mc Qdrd‘qbg
’ALAE(+ oqnidbs PRnkhc+ Fq‘ms Mn. 02M05038+ ax sgd
Fdql‘m Qdrd‘qbg Entmc‘shnm ’CEF( tmcdq Fdql‘mx&r
Dwbdkkdmbd Rsq‘sdfx z Bktrsdq ne Dwbdkkdmbd L‘ssdq ‘mc
Khfgs enq Pt‘mstl Bnlotshmf ’LK3P( DWB 1//3.0
z 28/423658 ‘mc ax sgd It̃khbg Rtodqbnlotshmf Bdmsdq
’IRB(.Vd ‘bjmnvkdcfd etmchmf eqnl sgd Gnqhynm Dtqnod
oqnfq‘l ’GNQHYNM,BK3,1/10,CHFHS@K,DLDQFHMF,
/1,0/( uh‘ sgd oqnidbs 0/0/7//74 ’PBEC( ‘mc ax
GNQHYNM,BK3,1/11,PT@MSTL,/0,RF@ Oqnidbs tm,
cdq Fq‘ms 0/0002835 NodmRtodqPOktr0/. Vd ‘qd fq‘sd,
etk sn L‘qjtr Gdhmqhbg+ L‘mtdk Ft‘ssn+ Qnadqs Ydhdq ‘mc
Qnadqsn F‘qfhtkn enq sgd rshltk‘shmf chrbtrrhnmr. Rhlt,
k‘shnmr vdqd qd‘khydc hm oxscnm trhmf sgd khaq‘qhdr phqjhs
Z56“+ iXu Z0/5“+ pbkha Z001“ ‘mc mtlaX Z002“.

Z0[ R- Bg]jq]anqsx+ Hlokdldmshmf ]mx Khmd]q Bnlahm]shnm
ne Tmhs]qhdr nm Hmsdqldch]sd,sdql Pt]mstl Bnlotsdqr+
Pt]mstl 7+ 0385 ’1/13(-

Z1[ J- Ag]qsh+ =- Bdqudq],Khdqs]+ S- G- Jx]v+ S- G]tf+
R- =kodqhm,Kd]+ =- =m]mc+ L- Cdfqnnsd+ G- Gdhlnmdm+
I- R- Jnssl]mm+ S- Ldmjd+ V-,J- Lnj+ R- Rhl+ K-,B-
Jvdj+ ]mc =- =rotqt,Ftyhj+ Mnhrx hmsdqldch]sd,rb]kd
pt]mstl ]kfnqhsglr+ Qduhdvr ne Lncdqm Ogxrhbr 83
’1/11(-

Z2[ F- Jnbgdmadqfdq+ I-,J- G]n+ E- Fknudq+ L- Kdvhr+ Y- Kt̃+
G- V]mf+ ]mc X- V]mf+ Sgd tmbnmrsq]hmdc ahm]qx
pt]cq]shb oqnfq]llhmf oqnakdl9 ] rtqudx+ Intqm]k ne
Bnlahm]snqh]k Noshlhy]shnm 17+ 47 ’1/03(-

Z3[ C- Vhdqhbgr+ I- Hy]]b+ B- V]mf+ ds Zk-+ Fdmdq]k
o]q]ldsdq,rghes qtkdr enq pt]mstl fq]chdmsr+ Pt]mstl

5+ 566 ’1/11(-
Z4[ I- Anvkdr+ C- Vhdqhbgr+ ]mc B-,X- O]qj+ A]bjoqno]f],
shnm rb]khmf hm o]q]ldsdqhrdc pt]mstl bhqbthsr ’1/13(+
]qWhu912/5-03851-

Z5[ =- =aa]r+ Q- Jhmf+ G-,X- Gt]mf+ V- I- Gtffhmr+
Q- Lnu]rr]fg+ C- Fhkan]+ ]mc I- Q- LbBkd]m+ Nm pt]m,
stl a]bjoqno]f]shnm+ hmenql]shnm qdtrd+ ]mc bgd]shmf
ld]rtqdldms bnkk]ord ’1/12(+ ]qWhu912/4-02251-

Z6[ L- =- Mhdkrdm ]mc H- K- Bgt]mf+ PtZmstl BnlotsZshnm
Zmc PtZmstl HmenqlZshnm9 0.sg :mmhudqrZqx Dchshnm
’B]laqhcfd Tmhudqrhsx Oqdrr+ 1/0/(-

Z7[ O- Jq]msy+ L- Ji]dqf]]qc+ E- X]m+ ds Zk-+ = pt]m,
stl dmfhmddqør fthcd sn rtodqbnmctbshmf ptahsr+ =o,
okhdc Ogxrhbr Qduhdvr 5+ /10207 ’1/08(-
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Z8[ =- Ak]hr+ =- K- Fqhlrln+ R- L- Fhquhm+ ds Zk-+ Bhqbths
pt]mstl dkdbsqncxm]lhbr+ Qdu- Lnc- Ogxr- 82+ /14//4
’1/10(-

Z0/[ G- G]̃ffmdq+ B- Qnnr+ ]mc Q- Ak]ss+ Pt]mstl bnlotshmf
vhsg sq]oodc hnmr+ Ogxrhbr Qdonqsr 358+ 044 ’1//7(-

Z00[ L- R]ffl]m+ S- F- V]kjdq+ ]mc J- Lßkldq+ Pt]mstl
hmenql]shnm vhsg qxcadqf ]snlr+ Qdu- Lnc- Ogxr- 71+
1202 ’1/0/(-

Z01[ L- CdBqnrr+ D- Bgdqsjnu+ L- Jng]fdm+ ]mc L- Enrr,
Edhf+ Ptahs,qdtrd bnlohk]shnm vhsg lhc,bhqbths ld]rtqd,
ldms ]mc qdrds+ Ogxr- Qdu- W 02+ /30/46 ’1/12(-

Z02[ D- E]qgh+ I- Fnkcrsnmd+ ]mc R- Ftsl]mm+ = pt]m,
stl ]ooqnwhl]sd noshlhy]shnm ]kfnqhsgl ’1/03(+
]qWhu90300-3/17-

Z03[ L- Bdqdyn+ =- =qq]rlhsg+ Q- A]aatrg+ R- B- Admi]lhm+
R- Dmcn+ J- Etihh+ I- Q- LbBkd]m+ J- Lhs]q]h+ W- Xt]m+
K- Bhmbhn+ ]mc O- I- Bnkdr+ U]qh]shnm]k pt]mstl ]kfn,
qhsglr+ M]stqd Qduhdvr Ogxrhbr 2+ 514 ’1/10(-

Z04[ =- Odqtyyn+ I- LbBkd]m+ O- Rg]canks+ L-,G- Xtmf+
W-,P- Ygnt+ O- I- Knud+ =- =rotqt,Ftyhj+ ]mc I- K-
NøAqhdm+ = u]qh]shnm]k dhfdmu]ktd rnkudq nm ] ognsnmhb
pt]mstl oqnbdrrnq+ M]stqd Bnlltmhb]shnmr 4+ 3102
’1/03(-

Z05[ G-,X- Gt]mf+ Q- Jtdmf+ ]mc I- Oqdrjhkk+ Oqdchbshmf
l]mx oqnodqshdr ne ] pt]mstl rxrsdl eqnl udqx edv
ld]rtqdldmsr+ M]stqd Ogxrhbr 05+ 0/4/ ’1/1/(-

Z06[ G-,X- Gt]mf+ Q- Jtdmf+ ]mc I- Oqdrjhkk+ Hmenql]shnm,
sgdnqdshb antmcr nm pt]mstl ]cu]ms]fd hm l]bghmd
kd]qmhmf+ Ogxrhb]k Qduhdv Kdssdqr 015 ’1/10(-

Z07[ V- I- Gtffhmr+ J- V]m+ I- LbBkd]m+ ds Zk-+ Md]qkx nosh,
l]k pt]mstl ]kfnqhsgl enq drshl]shmf ltkshokd dwodb,
s]shnm u]ktdr+ Ogxr- Qdu- Kdss- 018+ 13/4/0 ’1/11(-

Z08[ J- V]c]+ M- X]l]lnsn+ ]mc M- Xnrghnj]+ Gdhrdmadqf,
khlhsdc ]c]oshud fq]chdms drshl]shnm enq ltkshokd na,
rdqu]akdr+ OQW Pt]mstl 5 ’1/14(-

Z1/[ Q- A]aatrg+ C- V- Adqqx+ ]mc G- Mdudm+ Pt]mstl rhl,
tk]shnm ne sgd r]bgcdu,xd,jhs]du lncdk ax ]rxlldsqhb
ptahshy]shnm+ Ogxr- Qdu- = 88+ /3/2/0 ’1/08(-

Z10[ C- Vdbjdq+ L- A- G]rshmfr+ ]mc L- Sqnxdq+ Oqnfqdrr sn,
v]qcr oq]bshb]k pt]mstl u]qh]shnm]k ]kfnqhsglr+ Ogxr-
Qdu- = 81+ /312/2 ’1/04(-

Z11[ M- B- Qtahm+ Q- A]aatrg+ ]mc I- LbBkd]m+ =ookhb]shnm
ne edqlhnmhb l]qfhm]k bnmrsq]hmsr sn gxaqhc pt]mstl ]k,
fnqhsglr+ Mdv Intqm]k ne Ogxrhbr 1.+ /42/1/ ’1/07(-

Z12[ L- Bnmrhfkhn+ U]qh]shnm]k pt]mstl ]kfnqhsglr enq l]mx,
ancx rxrsdlr ’1/14(+ ]qWhu914/1-00874-

Z13[ I- Ah]lnmsd+ O- Vhssdj+ M- O]mbnssh+ O- Qdadmsqnrs+
M- Vhdad+ ]mc R- Kknxc+ Pt]mstl l]bghmd kd]qmhmf+
M]stqd 438+ 084 ’1/06(-

Z14[ R- Idqah+ K- I- Ehcdqdq+ G- Ontkrdm M]tsqto+ I- L-
Jt̃akdq+ G- I- Aqhdfdk+ ]mc U- Ctmijn+ Pt]mstl l],
bghmd kd]qmhmf adxnmc jdqmdk ldsgncr+ M]stqd Bnllt,
mhb]shnmr 03+ 406 ’1/12(-

Z15[ L- Rbgtkc+ U- Adqfgnkl+ B- Fnfnkhm+ I- Hy]]b+ ]mc
M- Jhkknq]m+ Du]kt]shmf ]m]kxshb fq]chdmsr nm pt]mstl
g]qcv]qd+ Ogxr- Qdu- = 88+ /21220 ’1/08(-

Z16[ L- Rbgtkc+ =- Anbg]qnu+ J- L- Runqd+ ]mc M- Vhdad+
Bhqbths,bdmsqhb pt]mstl bk]rrhfidqr+ Ogxrhb]k Qduhdv =
0.0 ’1/1/(-

Z17[ K- Rbg]syjh+ =- =qq]rlhsg+ O- I- Bnkdr+ ds Zk-+ Dms]m,
fkdc c]s]rdsr enq pt]mstl l]bghmd kd]qmhmf ’1/10(+
]qWhu910/8-/23//-

Z18[ E- Oqdsh ]mc I- Y- Adqm]́c+ Rs]shrshb]k du]kt]shnm ]mc no,
shlhy]shnm ne dms]mfkdldms otqhfib]shnm oqnsnbnkr+ Ogxr-

Qdu- = 00.+ /11508 ’1/13(-
Z2/[ R- F- Rbghqldq+ E- B- K]mfadhm+ B- =- Vdhcmdq+ ]mc

D- Inmbjgddqd+ Qnatrs bnmsqnk odqenql]mbd enq nodm
pt]mstl rxrsdlr+ HDDD Sq]mr]bshnmr nm =tsnl]shb
Bnmsqnk 56+ 5/01 ’1/11(-

Z20[ E- Oqdsh+ S- B]k]qbn+ ]mc E- Lnsynh+ Bnmshmtntr pt]m,
stl f]sd rdsr ]mc otkrd,bk]rr lds],noshlhy]shnm+ OQW
Pt]mstl 2+ /3/200 ’1/11(-

Z21[ =- Bdqudq],Khdqs]+ I- R- Jnssl]mm+ ]mc =- =rotqt,
Ftyhj+ Lds],u]qh]shnm]k pt]mstl dhfdmrnkudq9 Kd]qmhmf
dmdqfx oqnfikdr ne o]q]ldsdqhydc g]lhksnmh]mr enq pt]m,
stl rhltk]shnm+ OQW Pt]mstl 1+ /1/218 ’1/10(-

Z22[ M- Nrgmhj+ O- Qdlankc+ S- B]k]qbn+ ds Zk-+ Qnatrs l]f,
mdsnldsqx vhsg rhmfkd mhsqnfdm,u]b]mbx bdmsdqr uh] svn,
rsdo noshlhy]shnm+ Ogxr- Qdu- = 0.5+ /020/6 ’1/11(-

Z23[ L- C]kf]]qc+ B- =- Vdhcmdq+ ]mc E- Lnsynh+ Cxm]lhb]k
tmbdqs]hmsx oqno]f]shnm vhsg mnhrx pt]mstl o]q]ld,
sdqr+ Ogxr- Qdu- Kdss- 017+ 04/4/2 ’1/11(-

Z24[ E- Oqdsh+ S- B]k]qbn+ I- L- Snqqdr+ ds Zk-+ Noshl]k svn,
ptahs f]sdr hm qdbtqqdmbd oqnsnbnkr ne dms]mfkdldms ot,
qhfib]shnm+ Ogxr- Qdu- = 0.5+ /11311 ’1/11(-

Z25[ I- Kh+ W- X]mf+ W- Odmf+ ds Zk-+ Gxaqhc pt]mstl,bk]rrhb]k
]ooqn]bg sn pt]mstl noshl]k bnmsqnk+ Ogxr- Qdu- Kdss-
007+ 04/4/2 ’1/06(-

Z26[ C- I]jrbg+ O- Fhuh+ =- I- C]kdx+ ]mc S- Qtmf+ U]qh],
shnm]k pt]mstl ]kfnqhsglr enq bnlots]shnm]k fithc cx,
m]lhbr+ =H== Intqm]k 50+ 0774z0783 ’1/12(-

Z27[ Q- Rnll]+ F- Nqshy+ I- D- Ftadqm]shr+ ds Zk-+ Rhltk]shmf
ogxrhb]k ogdmnldm] ax pt]mstl mdsvnqjr+ Ogxr- Qdu-
= 54+ /31212 ’1//1(-

Z28[ =- L- Bghkcr ]mc M- Vhdad+ G]lhksnmh]m rhltk]shnm tr,
hmf khmd]q bnlahm]shnmr ne tmhs]qx nodq]shnmr+ Pt]mstl
Hmenql]shnm ]mc Bnlots]shnm 01+ 8/0 ’1/01(-

Z3/[ =- L- Bghkcr+ Q- Jnsg]qh+ ]mc Q- C- Rnll]+ Pt]mstl
]kfnqhsgl enq rxrsdlr ne khmd]q dpt]shnmr vhsg dwonmdm,
sh]kkx hloqnudc cdodmcdmbd nm oqdbhrhnm+ RH=L Intqm]k
nm Bnlotshmf 35+ 081/ ’1/06(-

Z30[ =- M- Bgnvcgtqx ]mc Q- C- Rnll]+ Pt]mstl ]kfn,
qhsglr enq fhaar r]lokhmf ]mc ghsshmf,shld drshl]shnm+
Pt]mstl Hmen- Bnlots- 06+ 30z53 ’1/06(-

Z31[ Y- Gnkldr+ M- Bnakd+ =- S- Rnqmanqfdq+ ds Zk-+ Nm mnm,
khmd]q sq]mrenql]shnmr hm pt]mstl bnlots]shnm ’1/12(+
]qWhu91001-012/6-

Z32[ J- V]c]+ M- X]l]lnsn+ ]mc M- Xnrghnj]+ Gdhrdmadqf,
khlhsdc ]c]oshud fq]chdms drshl]shnm enq ltkshokd na,
rdqu]akdr+ OQW Pt]mstl 5+ /1/2/7 ’1/14(-

Z33[ Q- Vhdqrdl]+ C- Kdvhr+ C- Vhdqhbgr+ ds Zk-+ Gdqd bnldr
sgd RT’M(9 ltkshu]qh]sd pt]mstl f]sdr ]mc fq]chdmsr+
Pt]mstl 7+ 0164 ’1/13(-

Z34[ K- A]mbgh ]mc F- D- Bqnnjr+ Ld]rtqhmf =m]kxshb Fq]ch,
dmsr ne Fdmdq]k Pt]mstl Dunktshnm vhsg sgd Rsnbg]rshb
O]q]ldsdq Rghes Qtkd+ Pt]mstl 4+ 275 ’1/10(-

Z35[ F- D- Bqnnjr+ Fq]chdmsr ne o]q]ldsdqhydc pt]mstl
f]sdr trhmf sgd o]q]ldsdq,rghes qtkd ]mc f]sd cdbnl,
onrhshnm ’1/08(+ ]qWhu908/4-02200 Zpt]ms,og[-

Z36[ =- E- Hyl]xknu+ Q- =- K]mf+ ]mc S-,B- Xdm+ =m]kxshb
fq]chdmsr hm u]qh]shnm]k pt]mstl ]kfnqhsglr9 =kfdaq]hb
dwsdmrhnmr ne sgd o]q]ldsdq,rghes qtkd sn fdmdq]k tmhs]qx
sq]mrenql]shnmr+ Ogxr- Qdu- = 0.3+ /51332 ’1/10(-

Z37[ N- Jxqhhdmjn ]mc U- D- Dkeuhmf+ Fdmdq]khydc pt]mstl
bhqbths chffdqdmsh]shnm qtkdr+ Ogxr- Qdu- = 0.3+ /41306
’1/10(-

Z38[ J- Lhs]q]h+ L- Mdfnqn+ L- Jhs]f]v]+ ]mc J- Etihh+
Pt]mstl bhqbths kd]qmhmf+ Ogxr- Qdu- = 87+ /212/8
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’1/07(-
Z4/[ C- Kh+ C- Ctk]k+ L- Ngnqncmhjnu+ G- V]mf+ ]mc

X- Chmf+ Dflbhdms pt]mstl fq]chdms ]mc ghfgdq,nqcdq
cdqhu]shud drshl]shnm uh] fdmdq]khydc g]c]l]qc sdrs
’1/13(+ ]qWhu913/7-/43/5-

Z40[ =- Fhkxd́m+ S- Jhrr+ ]mc H- Idw+ Dwonmdmsh]k rdmrhshu,
hsx ]mc hsr bnrs hm pt]mstl ogxrhbr+ Rbh- Qdo- 5+ 1//65
’1/05(-

Z41[ I- Kdmf+ X- Odmf+ X-,K- Ph]n+ ds Zk-+ Chffdqdmsh]akd ]m],
knf pt]mstl bnlotshmf enq noshlhy]shnm ]mc bnmsqnk+
hm Oqnbddchmfr ne sgd 25sg HmsdqmZshnmZk Bnmedqdmbd nm
MdtqZk HmenqlZshnm Oqnbdrrhmf Rxrsdlr+ MHOR ø11 ’Btq,
q]m =rrnbh]sdr Hmb-+ Qdc Gnnj+ MX+ TR=+ 1/13(-

Z42[ J- Jnssl]mm ]mc M- Jhkknq]m+ Du]kt]shmf ]m]kxshb fq],
chdmsr ne otkrd oqnfq]lr nm pt]mstl bnlotsdqr ’1/12(+
]qWhu912/8-05645-

Z43[ R- Jg]sqh+ Q- K]Qnrd+ =- Onqdla]+ ds Zk-+ Pt]mstl,
]rrhrsdc pt]mstl bnlohkhmf+ Pt]mstl 2+ 03/ ’1/08(-

Z44[ Q- Hsdm+ Q- Bnkadbj+ H- Jtjtki]m+ I- Gnld+ ]mc L- Bgqh,
rs]mck+ Pt]mstl bhqbthsr enq hrnldsqhdr+ Ogxrhb]k Qd,
uhdv = 82 ’1/05(-

Z45[ =- I- c] Rhku] ]mc C- J- O]qj+ Khmd]q,cdosg pt]mstl
bhqbthsr enq ltkshptahs bnmsqnkkdc f]sdr+ Ogxrhb]k Qduhdv
= 0.5 ’1/11(-

Z46[ =- A]qdmbn+ B- G- Admmdss+ Q- Bkdud+ ds Zk-+ Dkdldm,
s]qx f]sdr enq pt]mstl bnlots]shnm+ Ogxr- Qdu- = 41+
2346z2356 ’0884(-

Z47[ C- J- O]qj+ H- Rhm]xrjhx+ L- Ehmfdqgtsg+ ds Zk-+ O]q]kkdk
pt]mstl sq]idbsnqhdr uh] enqjhmf enq r]lokhmf vhsgnts
qdctmc]mbx+ Mdv Intqm]k ne Ogxrhbr 10+ /72/13 ’1/08(-

Z48[ E- Oqdsh+ L- Rbghkkhmf+ R- Idqah+ ds Zk-+ Gxaqhc chrbqdsd,
bnmshmtntr bnlohk]shnm ne sq]oodc,hnm pt]mstl bhqbthsr
vhsg cddo qdhmenqbdldms kd]qmhmf+ Pt]mstl 7+ 0232
’1/13(-

Z5/[ R- Lng]ldc+ L- Qnrb]+ L- Ehftqmnu+ ds Zk-+ Lnmsd b]qkn
fq]chdms drshl]shnm hm l]bghmd kd]qmhmf+ Intqm]k ne L],
bghmd Kd]qmhmf Qdrd]qbg 10+ 0 ’1/1/(-

Z50[ =- Rdptdhq]+ K- O- R]msnr+ ]mc K- R- A]qanr]+ Onkhbx
fq]chdmsr trhmf u]qh]shnm]k pt]mstl bhqbthsr+ Pt]mstl
L]bghmd Hmsdkkhfdmbd 4+ 07 ’1/12(-

Z51[ L- G]x]rgh+ PtZmstl HmenqlZshnm Sgdnqx9 LZsgdlZs,
hbZk EntmcZshnm ’Roqhmfdq Adqkhm Gdhcdkadqf+ 1/06(-

Z52[ K- V]rrdql]m+ :kk ne rsZshrshbr 9 Z bnmbhrd bntqrd hm
rsZshrshbZk hmedqdmbd ’Roqhmfdq+ Mdv Xnqj+ 1/0/(-

Z53[ E- Lnsynh+ L- O- J]hbgdq+ ]mc E- J- Vhkgdkl+ Khmd]q
]mc knf]qhsglhb shld bnlonrhshnmr ne pt]mstl l]mx,
ancx nodq]snqr+ Ogxr- Qdu- Kdss- 008+ 05/4/2 ’1/06(-

Z54[ H- E- =q]tin+ C- J- O]qj+ E- Odsqtbbhnmd+ ]mc =- I-
c] Rhku]+ = chuhcd,]mc,bnmptdq ]kfnqhsgl enq pt]mstl
rs]sd oqdo]q]shnm+ Rbhdmshfib Qdonqsr 00+ 5218 ’1/10(-

Z55[ O- R- Atkkdm+ GZmcanni ne LdZmr Zmc Sgdhq HmdptZkhshdr
’Roqhmfdq Mdsgdqk]mcr+ 1//2(-

Z56[ =- I]u]ch,=ag]qh+ L- Sqdhmhrg+ J- Jqrtkhbg+ B- I-
Vnnc+ I- Khrgl]m+ I- F]bnm+ R- L]qshdk+ O- C- M]shnm+
K- R- Ahrgno+ =- V- Bqnrr+ A- Q- Ingmrnm+ ]mc I- L-
F]ladss]+ Pt]mstl bnlotshmf vhsg Phrjhs ’1/13(+
]qWhu913/4-/770/-

Z57[ F- Aq]rr]qc+ O- Gnxdq+ L- Lnrb]+ ]mc =- S]oo+ Pt]m,
stl ]lokhstcd ]lokhfib]shnm ]mc drshl]shnm+ Bnmsdl,
onq]qx L]sgdl]shbr 2.4+ 42 ’1//1(-

Z58[ X- Rtytjh+ R- Tmn+ Q- Q]xlnmc+ ds Zk-+ =lokhstcd dr,
shl]shnm vhsgnts og]rd drshl]shnm+ Pt]mstl Hmenql],
shnm Oqnbdrrhmf 08 ’1/1/(-

Z6/[ C- Fqhmjn+ I- F]bnm+ B- Ynte]k+ ]mc R- Vndqmdq+ Hs,
dq]shud pt]mstl ]lokhstcd drshl]shnm+ moi Pt]mstl
Hmenql]shnm 6+ 41 ’1/10(-

Z60[ R- L- J]x+ EtmcZldmsZkr ne rsZshrshbZk oqnbdrrhmf) unk,
tld H ’Oqdmshbd G]kk+ Oghk]cdkogh]+ O=+ 0882(-

Z61[ K- J- Fqnudq+ = e]rs pt]mstl ldbg]mhb]k ]kfnqhsgl enq
c]s]a]rd rd]qbg+ hm Oqnbddchmfr ne sgd Svdmsx,Dhfgsg
:mmtZk :BL Rxlonrhtl nm Sgdnqx ne Bnlotshmf +
RSNB ø85 ’=rrnbh]shnm enq Bnlotshmf L]bghmdqx+ Mdv
Xnqj+ MX+ TR=+ 0885( o- 101z108-

Z62[ I- Bth+ O- I- R- cd Aqntvdq+ R- Gdqadqs+ O- Hms]k,
ktq]+ B- J]qfh+ F- Jnqo]r+ =- Jq]idmaqhmj+ V- Rgnn,
rlhsg+ H- Vhkkh]lr+ ]mc A- Ygdmf+ Pt]mstl lnmsd b]qkn
hmsdfq]shnm enq rhltk]shnm,a]rdc noshlhr]shnm ’1/13(+
]qWhu9130/-/2815-

Z63[ F- M]mmhbhmh+ Pt]mstl ]kfnqhsglr enq noshlhydqr
’1/14(+ ]qWhu913/7-/6/75-

Z64[ D- Jmhkk ]mc Q- K]fi]lld+ Onvdq ne nmd ahs ne pt]mstl
hmenql]shnm+ Ogxr- Qdu- Kdss- 70+ 4561 ’0887(-

Z65[ J- Okdjg]mnu+ L- Qnrdmjq]my+ L- Ehnqdmshmh+ ds Zk-+
U]qh]shnm]k pt]mstl ]lokhstcd drshl]shnm+ Pt]mstl 5+
56/ ’1/11(-

Z66[ O- Rgx]lrtmc]q+ Mnm,annkd]m pt]mstl ]lokhstcd
]lokhfib]shnm ]mc pt]mstl ld]m drshl]shnm ’1/10(+
]qWhu910/1-/3864-

Z67[ M- Rs]l]snontknr+ C- I- Dffdq+ X- Rtm+ ds Zk-+ Noshnm
Oqhbhmf trhmf Pt]mstl Bnlotsdqr+ Pt]mstl 3+ 180
’1/1/(-

Z68[ L- =aq]lnvhsy ]mc H- =- Rsdftm+ G]mcannj ne l]sg,
dl]shb]k etmbshnmr vhsg enqltk]r+ fq]ogr+ ]mc l]sgd,
l]shb]k s]akdr ’0853(-

Z7/[ J- V]c]+ J- Etjtbgh+ ]mc M- X]l]lnsn+ Pt]mstl,
dmg]mbdc ld]m u]ktd drshl]shnm uh] ]c]oshud ld]rtqd,
ldms+ Pt]mstl 7+ 0352 ’1/13(-

Z70[ =- =- Ldkd+ Hmsqnctbshnm sn G]]q Ld]rtqd Snnkr hm
Pt]mstl Hmenql]shnm9 = Adfhmmdqør Stsnqh]k+ Pt]m,
stl 7+ 023/ ’1/13(-

Z71[ I- Rnbg ds Zk-+ Rs]soqnneannj.rs]soqnneannj-fhsgta-hn9
Sgd annj ne rs]shrshb]k oqnner ’1/13(-

Z72[ L- Gdhmqhbg+ L- Jkhdrbg+ ]mc H- Qnsg+ Q]mcnlhydc
admbgl]qjhmf vhsg q]mcnl pt]mstl bhqbthsr ’1/12(+
]qWhu91101-/5070-

Z73[ G-,X- Gt]mf+ Q- Jtdmf+ ]mc I- Oqdrjhkk+ Oqdchbshmf
l]mx oqnodqshdr ne ] pt]mstl rxrsdl eqnl udqx edv
ld]rtqdldmsr+ M]stqd Ogxrhbr 05+ 0/4/ ’1/1/(-

Z74[ =- V- G]qqnv+ =- G]rrhchl+ ]mc R- Kknxc+ Pt]mstl
]kfnqhsgl enq khmd]q rxrsdlr ne dpt]shnmr+ Ogxr- Qdu-
Kdss- 0.2+ 04/4/1 ’1//8(-

Z75[ R- Idqah+ K- I- Ehcdqdq+ G- O- M]tsqto+ I- L- Jt̃akdq+
G- I- Aqhdfdk+ ]mc U- Ctmijn+ Pt]mstl l]bghmd kd]qm,
hmf adxnmc jdqmdk ldsgncr+ M]stqd Bnlltmhb]shnmr 03
’1/12(-

Z76[ J- Nrghn+ X- Rtytjh+ J- V]c]+ J- Ghr]m]f]+ R- Tmn+
]mc M- X]l]lnsn+ =c]oshud ld]rtqdldms rsq]sdfx enq
mnhrx pt]mstl ]lokhstcd drshl]shnm vhsg u]qh]shnm]k
pt]mstl bhqbthsr+ Ogxr- Qdu- = 00.+ /51312 ’1/13(-

Z77[ E- Lnsynh+ I- L- F]ladss]+ R- S- Ldqjdk+ ds Zk-+ Noshl]k
bnmsqnk ldsgncr enq q]ohckx shld,u]qxhmf g]lhksnmh]mr+
Ogxr- Qdu- = 73+ /112/6 ’1/00(-

Z78[ L- C]kf]]qc+ E- Lnsynh+ I- G- L- Idmrdm+ ds Zk-+ Gdrrh]m,
a]rdc noshlhy]shnm ne bnmrsq]hmdc pt]mstl bnmsqnk+
Ogxr- Qdu- = 0.1+ /31501 ’1/1/(-

Z8/[ S- B]mdu]+ S- B]k]qbn+ ]mc R- Lnms]mfdqn+ Bgnoodc
q]mcnl,a]rhr pt]mstl noshlhy]shnm+ Ogxr- Qdu- = 73+
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/11215 ’1/00(-
Z80[ I- =- Mdkcdq ]mc Q- Ld]c+ = Rhlokdw Ldsgnc enq

Etmbshnm Lhmhlhy]shnm+ Sgd Bnlotsdq Intqm]k 6+ 2/7
’0854(-

Z81[ L- Nrs]rydvrjh+ D- Fq]ms+ ]mc L- Admdcdssh+ Rsqtbstqd
noshlhy]shnm enq o]q]ldsdqhydc pt]mstl bhqbthsr+ Pt]m,
stl 4+ 280 ’1/10(-

Z82[ Q- =- Ehrgdq+ Hqhr+ TBH L]bghmd Kd]qmhmf Qdonrhsnqx
’0877(-

Z83[ K- Cdmf+ Sgd lmhrs c]s]a]rd ne g]mcvqhssdm chfhs hl,
]fdr enq l]bghmd kd]qmhmf qdrd]qbg+ HDDD Rhfm]k Oqn,
bdrrhmf L]f]yhmd 18+ 030 ’1/01(-

Z84[ B- L- Ahrgno+ OZssdqm Qdbnfmhshnm Zmc LZbghmd
JdZqmhmf ßHmenqlZshnm Rbhdmbd Zmc RsZshrshbr(+ 0rs dc-
’Roqhmfdq+ 1//6(-

Z85[ X- G- V]mf+ Nm sgd mtladq ne rtbbdrrdr hm hmcdodmcdms
sqh]kr+ Rs]shrshb] Rhmhb] 2+ 184 ’0882(-

Z86[ K- Ahssdk+ I- V]ssx+ ]mc L- Jkhdrbg+ E]rs fq]chdms dr,
shl]shnm enq u]qh]shnm]k pt]mstl ]kfnqhsglr ’1/11(+
]qWhu9110/-/5373-

Z87[ =- L]qh+ S- Q- Aqnlkdx+ ]mc M- Jhkknq]m+ Drshl]shmf
sgd fq]chdms ]mc ghfgdq,nqcdq cdqhu]shudr nm pt]mstl
g]qcv]qd+ Ogxr- Qdu- = 0.2+ /013/4 ’1/10(-

Z88[ =- F- A]xchm+ A- =- Od]qkltssdq+ =- =- Q]ctk+ ds Zk-+
=tsnl]shb chffdqdmsh]shnm hm l]bghmd kd]qmhmf9 ] rtqudx+
Intqm]k ne L]bghmd Kd]qmhmf Qdrd]qbg 07+ 0 ’1/07(-

Z0//[ M- Jg]mdi]+ S- Qdhrr+ B- Jdgkds+ ds Zk-+ Noshl]k bnmsqnk
ne bntokdc rohm cxm]lhbr9 cdrhfm ne mlq otkrd rdptdmbdr
ax fq]chdms ]rbdms ]kfnqhsglr+ Intqm]k ne L]fmdshb Qdr,
nm]mbd 061+ 185 ’1//4(-

Z0/0[ =- F- A]xchm+ A- =- Od]qkltssdq+ C- Rxld+ ds Zk-+ Fq]ch,
dmsr vhsgnts a]bjoqno]f]shnm ’1/11(+ ]qWhu911/1-/7476-

Z0/1[ F- Adkntyd+ Noshlhy]shnm vhsgnts a]bjoqno]f]shnm
’1/11(+ ]qWhu911/8-/52/1-

Z0/2[ I-,X- Vt+ L- Qnrrh+ G- J]lodql]mm+ R- Rdudqhmh+
K- B- Jvdj+ B- L]bbgh]udkkn+ ]mc C- Aqt¯+ Q]mcnlhydc
fq]og rs]sdr ]mc sgdhq dms]mfkdldms oqnodqshdr+ Ogxrh,
b]k Qduhdv = 78 ’1/03(-

Z0/3[ R- L]bgmdr+ T- R]mcdq+ R- I- Fk]rdq+ ds Zk-+ Bnlo]q,
hmf+ noshlhyhmf+ ]mc admbgl]qjhmf pt]mstl,bnmsqnk ]k,
fnqhsglr hm ] tmhexhmf oqnfq]llhmf eq]ldvnqj+ Ogxr-
Qdu- = 73+ /112/4 ’1/00(-

Z0/4[ S- S]n+ Snohbr hm qZmcnl lZsqhw sgdnqx+ Fq]ct]sd rstc,
hdr hm l]sgdl]shbr ’=ldqhb]m L]sgdl]shb]k Rnbhdsx+
Oqnuhcdmbd+ QH+ 1/01(-

Z0/5[ I- Aq]catqx+ Q- Eqnrshf+ O- G]vjhmr+ L- I- Ingmrnm+
B- Kd]qx+ C- L]bk]tqhm+ F- Mdbtk]+ =- O]ryjd+ I- U]m,
cdqOk]r+ R- V]mcdql]m,Lhkmd+ ]mc P- Yg]mf+ I=W9
bnlonr]akd sq]mrenql]shnmr ne Oxsgnm)MtlOx oqn,
fq]lr ’1/07(-

Z0/6[ L- G- Fndqy+ Noshlhyhmf Qnatrs PtZmstl FZsdr hm
Nodm PtZmstl Rxrsdlr+ Og-C- sgdrhr+ J]rrdk+ Tmhudq,
rhs]̃s J]rrdk+ E]bgadqdhbg L]sgdl]shj tmc M]stqvhr,
rdmrbg]esdm ’1/04(-

Z0/7[ =- A- L]f]mm+ B- =qdmy+ L- C- Fq]bd+ ds Zk-+ Eqnl
otkrdr sn bhqbthsr ]mc a]bj ]f]hm9 = pt]mstl noshl]k
bnmsqnk odqrodbshud nm u]qh]shnm]k pt]mstl ]kfnqhsglr+
OQW Pt]mstl 1+ /0/0/0 ’1/10(-

Z0/8[ I- Jdkkx+ Q- A]qdmcr+ A- B]loadkk+ ds Zk-+ Noshl]k pt]m,
stl bnmsqnk trhmf q]mcnlhydc admbgl]qjhmf+ Ogxr-
Qdu- Kdss- 001+ 13/4/3 ’1/03(-

Z00/[ Q- S- Bgdm+ X- Qta]mnu]+ I- Adssdmbntqs+ ds Zk-+ Mdt,
q]k nqchm]qx chffdqdmsh]k dpt]shnmr+ =cu]mbdr hm mdtq]k
hmenql]shnm oqnbdrrhmf rxrsdlr 20 ’1/07(-

Z000[ E- Oqdsh+ gssor5..fhsgta�bni.cpVmu10/3.EGQPt:rs

’1/14(-
Z001[ H- E- =q]tin+ H- B- R- =q]t́in+ K- C- c] Rhku]+ B- Ak]mj+

]mc =- I- c] Rhku]+ Pt]mstl bnlotshmf khaq]qx ’1/12(-
Z002[ R- J- K]l+ =- Ohsqnt+ ]mc R- Rdhadqs+ Mtla]9 = kkul,

a]rdc oxsgnm ihs bnlohkdq+ hm Oqnbddchmfr ne sgd Rdb,
nmc Vnqirgno nm sgd JJUL Bnlohkdq HmeqZrsqtbstqd hm
GOB ’1/04( oo- 0z5-

Z003[ I- =- Inmdr+ Pt]mstl bnlotshmf vhsg mlq+ Oqnfqdrr
hm Mtbkd]q L]fmdshb Qdrnm]mbd Rodbsqnrbnox 48+ 80
’1/00(-

Z004[ O- V- Rgnq ]mc R- O- Inqc]m+ Drshl]shmf inmdr onkxmn,
lh]kr hr ] bnlokdsd oqnakdl enq nmd bkd]m ptahs+ Pt]m,
stl Hmen- Bnlots- 7+ 570z603 ’1//7(-

Z005[ C- Rgdogdqc+ Bnlots]shnm vhsg tmhs]qhdr ]mc nmd otqd
ptahs ’1//5(+ ]qWhu9pt]ms,og./5/7021-

Z006[ C- Ontkhm+ Q- Aktld,Jngnts+ Q- K]fi]lld+ ]mc G- Nk,
khuhdq+ Dwonmdmsh]k roddcto vhsg ] rhmfkd ahs ne pt]mstl
hmenql]shnm9 Ld]rtqhmf sgd ]udq]fd ficdkhsx cdb]x+ Ogxr-
Qdu- Kdss- 81+ 0668/5 ’1//3(-

Z007[ R- Jg]hqx+ Q- Rg]xctkhm+ K- Bhmbhn+ ds Zk-+ Kd]qmhmf sn
noshlhyd u]qh]shnm]k pt]mstl bhqbthsr sn rnkud bnlahm],
snqh]k oqnakdlr+ Oqnbddchmfr ne sgd ===H Bnmedqdmbd
nm =qshfibh]k Hmsdkkhfdmbd 23+ 1256 ’1/1/(-

Z008[ B- Aq]un,Oqhdsn+ Q- K]Qnrd+ L- Bdqdyn+ X- Rta]rh+
K- Bhmbhn+ ]mc O- I- Bnkdr+ U]qh]shnm]k pt]mstl khmd]q
rnkudq+ Pt]mstl 6+ 0077 ’1/12(-

Z01/[ S- Lnqhl]d+ J- Etihh+ ]mc I- E- Ehsyrhlnmr+ G]qcmdrr ne
bk]rrhb]kkx rhltk]shmf sgd nmd,bkd]m,ptahs lncdk+ Ogxr,
hb]k Qduhdv Kdssdqr 001 ’1/03(-

Z010[ C- =g]qnmnu+ U- Inmdr+ ]mc Y- K]mc]t+ = onkxmnlh]k
pt]mstl ]kfnqhsgl enq ]ooqnwhl]shmf sgd inmdr onkxmn,
lh]k ’1//5(+ ]qWhu9pt]ms,og./400/85-

Z011[ I- K- V- U- Idmrdm+ Rtq kdr enmbshnmr bnmudwdr ds kdr
hmd́f]khsd́r dmsqd kdr u]kdtqr lnxdmmdr+ =bs] L]sgdl]shb]
2.+ 064 ’08/5(-

Z012[ =- Rs]l+ Rnld hmdpt]khshdr r]shrfidc ax sgd pt]mshshdr
ne hmenql]shnm ne firgdq ]mc rg]mmnm+ Hmenql]shnm ]mc
Bnmsqnk 1+ 0/0 ’0848(-

Z013[ R- F- Anajnu+ F- O- Bghrsx]jnu+ ]mc E- Fñsyd+ Ehrgdq
hmenql]shnm ]mc sgd bdmsq]k khlhs sgdnqdl+ Oqna]ahkhsx
Sgdnqx ]mc Qdk]sdc Ehdkcr 048+ 0 ’1/03(-

Z014[ I- L- =qq]ynk]+ S- Q- Aqnlkdx+ I- Hy]]b+ B- Q- Lxdqr+
J- Aq]́ckdq+ ]mc M- Jhkknq]m+ L]bghmd kd]qmhmf ldsgnc
enq rs]sd oqdo]q]shnm ]mc f]sd rxmsgdrhr nm ognsnmhb
pt]mstl bnlotsdqr+ Pt]mstl Rbhdmbd ]mc Sdbgmnknfx
3+ /13//3 ’1/08(-

Z015[ Q- Kht+ R- U- Qnldqn+ H- Nqdfh+ D- Nr]a]+ D- Uhkk]q,
Qncqhftdy+ ]mc X- A]m+ Chfhs]k pt]mstl rhltk]shnm ]mc
bhqbths kd]qmhmf enq sgd fdmdq]shnm ne bngdqdms rs]sdr+
Dmsqnox 13 ’1/11(-

Z016[ L- Onssdqr ]mc I-,O- Antbg]tc+ : Ehqrs Bntqrd hm QZm,
cnl LZsqhw Sgdnqx9 enq Ogxrhbhrsr) Dmfhmddqr Zmc CZsZ
Rbhdmshrsr ’B]laqhcfd Tmhudqrhsx Oqdrr+ 1/1/(-

Z017[ D- O- Vhfmdq+ Nm sgd chrsqhatshnm ne sgd qnnsr ne bdq,
s]hm rxlldsqhb l]sqhbdr+ =mm]kr ne L]sgdl]shbr 56+
214 ’0847(-
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:oodmchw :9 SqYbd drshlYshnm vhsg CPB0

0- CPB0

Vgdm cd‘khmf vhsg MLQ pt‘mstl bnlotsdqr Z003“+ hs hr bnllnm sn g‘ud ‘bbdrr sn m,ptahs lhwdc rs‘sdr. Nm
sgdrd ‘mc rhlhk‘q pt‘mstl rxrsdlr+ g‘uhmf ‘ pt‘mstl bnlotsdq sg‘s nmkx trdr lhwdc rs‘sdr ‘mc rnld bnmsqnk ptahsr
vntkc ad admdfibh‘k+ q‘sgdq sg‘m trhmf nmkx otqd rs‘sdr sg‘s tmcdqfn tmhs‘qx dunktshnmr. Hs stqmr nts sg‘s sgdqd dwhrs
oqnakdlr sg‘s b‘m ad rnkudc dwonmdmsh‘kkx e‘rsdq nm sghr sxod ne pt‘mstl bnlotsdq bnlo‘qdc sn ‘ bk‘rrhb‘k bnlotsdq
Z004“. Gnvdudq+ hs g‘r addm rgnvm sg‘s sghr bnlots‘shnm lncdk hr ‘krn rhfmhfib‘mskx vd‘jdq sg‘m rs‘mc‘qc pt‘mstl
bnlots‘shnm Z004+ 005“. Sghr lncdk hr qdedqqdc sn mnv‘c‘xr ‘r CPB0 Z64“ ’Cdsdqlhmhrshb Pt‘mstl Bnlots‘shnm
vhsg Nmd Bkd‘m Ptahs(. Rdudq‘k oqnakdlr hmunkuhmf bnlotshmf chrs‘mbd ld‘rtqdr adsvddm tmhs‘qhdr ‘mc rs‘sdr trhmf
pt‘mstl bhqbthsr ‘qd CPB0,bnlokdsd nq ,g‘qc Z006z008“. Nmd enq ‘kk+ sq‘bd drshl‘shnm ne tmhs‘qhdr hr CPB0,bnlokdsd
Z005“. Sgd r‘ld hr sqtd enq dmdqfx drshl‘shnm enq G‘lhksnmh‘mr vhsg udqx knv ’knf‘qhsglhb( bnmmdbshuhsx Z005“. Hs
rddlr sg‘s oqnakdlr hmunkuhmf KBT,a‘rdc r‘lokhmf sdmc sn ad CPB0,g‘qc Z008“. Hm fdmdq‘k+ nmd b‘m bnmrsqtbs ‘
CPB0,bnrs etmbshnm ax hlokdldmshmf ‘ KBT,sxod bhqbths vhsg bnmsqnkkdc nodq‘shnmr Z47“.

1- RYloihmf TmhsYqx sqYbdr Ymc CPB0 aYrhbr

Sgd bnlokdwhsx bk‘rr CPB0 sg‘s ‘kknvr chqdbs bnlots‘shnm vhsg nmd bkd‘m ptahs trdr ‘ rhmfkd, nq ltksh,ptahs
bnmsqnkkdc tmhs‘qx U ‘bshmf nm ‘ l‘whl‘kkx lhwdc rs‘sd ’vghbg bnqqdronmcr sn tmhenqlkx r‘lokdc q‘mcnl otqd rs‘sdr(
sn odqenql pt‘mstl bnlots‘shnm Z64“. Sghr lncdk g‘r addm rgnvm sn ad g‘qc sn rhltk‘sd nm bk‘rrhb‘k bnlotsdqr he
lnqd sg‘m sgqdd ntsots ptahsr ‘qd bnmrhcdqdc Z01/“. Drshl‘shmf sgd qd,mnql‘khydc qd‘k o‘qs ne sgd sq‘bd ne ‘ tmhs‘qx U
hr ‘ bnlokdsd oqnakdl enq CPB0 Z005“. Sgd bhqbths sg‘s ‘kknvr sghr drshl‘shnm hr fhudm hm Ehf. 00 ’‘( enq lhwdc,rs‘sdr
hmotsr ‘mc ’a( enq otqd rs‘sdr.
Sgd oqna‘ahkhsx ne ld‘rtqhmf sgd bnmsqnk ptahs enq sgd bhqbths sg‘s trdr lhwdc rs‘sdr z rdd Ehf. 00 ’‘( z hm sgd ydqn
’*( nq nmd ’,( rs‘sd hr fhudm ax

n̆± ¡
0

1


0± 0

b
Qd{Sq{U {{


. ’@0(

Sgd hl‘fhm‘qx o‘qs b‘m ad nas‘hmdc ax hmrdqshmf ‘m R f‘sd adenqd sgd fim‘k ld‘rtqdldms hm sgd bhqbthsr fhudm hm
Ehf. ’00(. Vd b‘m rdd sg‘s he vd v‘ms sn bnlotsd sgd sq‘bd ne ‘ tmhs‘qx+ sgd u‘qh‘mbd ne sgd drshl‘snq enq sgd sq‘bd
adg‘udr ‘r ‘ Adqmntkkh u‘qh‘akd Z010“9

U‘q’w̆( ¡ n̆)’0� n̆)(. ’@1(

Gdqd+ vd bnmrhcdq nmkx nmd ne sgd svn ntsbnldr ‘mc sgtr rds n̆ ¡ n̆). Vhsgnts trhmf ‘ l‘whl‘kkx lhwdc rs‘sd ρ ¡ �
c +

bnlotshmf sgd sq‘bd qdpthqdr oqdo‘qhmf b ¡ 1m nqsgnmnql‘k a‘rhr rs‘sdr {|h⟩{cd80 ‘mc drshl‘shmf sgdhq bnqqdronmchmf
oqna‘ahkhsx chrsqhatshnm nd9

nd ¡
0

1
’0 * Qd{}h|U |h⟩{(. ’@2(

@r sgd qd‘k o‘qs ne sgd sq‘bd ne U hr fhudm ax Qd{Sq{U {{ ¡ c
d80Qd{}h|U |h⟩{+ vd b‘m bnmrsqtbs ‘m drshl‘snq enq sgd

sq‘bd ax bqd‘shmf ‘m drshl‘snq w̆′ sg‘s bnkkdbsr sgd bntmsr ne sgd b chffdqdms bhqbthsr ‘mc rtlr sgdl snfdsgdq.
Sgd u‘qh‘mbd ne sghr drshl‘snq adg‘udr ‘r ‘ rtl ne hmcdodmcdms Adqmntkkh u‘qh‘akdr+ d‘bg nmd vhsg u‘qh‘mbd nd’0� nd(9

U‘q’w̆′( ¡
0

b1

c

d80

nd’0� nd(. ’@3(

‘mc hr b,shldr rl‘kkdq sg‘m sgd u‘qh‘mbd ne sgd drshl‘snq a‘rdc nm sgd l‘whl‘kkx lhwdc rs‘sd.

Lpnne- Vd oqdo‘qd sgd b rs‘sdr |h⟩ . h ¡ 0. .... b ‘mc ‘ookx sgd G‘c‘l‘qc sdrs nm d‘bg ne sgdl trhmf sgd bnmsqnkkdc
tmhs‘qx U . Rhmbd sgd rs‘sdr ‘qd oqdo‘qdc nm b chffdqdms Ghkadqs ro‘bdr+ sgd u‘qh‘mbd ne sgd drshl‘sdr hr rhlokx sgd rtl
ne sgd u‘qh‘mbdr+ d‘bg nmd dpt‘k sn nd’0� nd( enq h ¡ 0. .... b. @esdqv‘qcr+ vd trd sgd e‘bs sg‘s nd ≤

√
nd enq / ≤ nd ≤ 0
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‘mc vqhsd

0

b1

c

d80

c

i80

’C Zwdwi “� ndni(
A,Q,
≤ 0

b1

c

d80

c

i80

√
nd
√
ni’0�

√
nd
√
ni(. ’@4(

Sgdm vd ‘ookx nmd ne sgd fdmdq‘khydc ld‘m hmdpt‘khshdr ’FL( Z55“+ vghbg enkknvr eqnl sgd Idmrdm&r hmdpt‘khsx Z011“9

c

d80

c

i80

√
nd
√
ni
EL
≤ 0

b

c

d80

nd. ’@5(

‘mc vd nas‘hm

0

b1

c

d80

c

i80

’C Zwdwi “� ndni( ≤
0

b

c

d80

nd


0� 0

b

c

d80

nd


¡ U‘q’w̆(. ’@6(

Sgd k‘rs sdql hr sgd u‘qh‘mbd ne sgd CPB0 drshl‘snq. Sghr cdqhu‘shnm ‘rrtldr sg‘s sgd bhqbthsr ‘qd rnldvg‘s
bnqqdk‘sdc. Gnvdudq+ he mn bnqqdk‘shnmr ‘qd oqdrdms+ adb‘trd sgd drshl‘snqr ‘qd oqdo‘qdc hmcdodmcdmskx eqnl d‘bg
nsgdq+ sgd sdql nm sgd kdes g‘mc rhcd hr b shldr rl‘kkdq sg‘m sgd etkk u‘qh‘mbd vhsg mnm,ydqn bnu‘qh‘mbdr. Sgdqdenqd+
vd g‘ud

U‘q’w̆′( ≤ 0

b
U‘q’w̆(. ’@7(

Vd rdd sg‘s sgd u‘qh‘mbd ne sgd fiqrs drshl‘snq hr ‘s kd‘rs b shldr rl‘kkdq sg‘m sgd nmd ne sgd CPB0 drshl‘snq.
Gnvdudq+ sgd CPB0 drshl‘snq cndr mns qdpthqd sgd oqdo‘q‘shnm ne b chffdqdms rs‘sdr+ ‘r knmf ‘r vd g‘ud ‘bbdrr sn ‘
rntqbd ne q‘mcnlkx chrsqhatsdc otqd rs‘sdr hm hmots ’nq+ dpthu‘kdmskx+ ‘ l‘whl‘kkx lhwdc rs‘sd(. Hm rtll‘qx+ sgd
ptdqx bnlokdwhsx ne ansg drshl‘snqr vhsg oqdbhrhnm ϵ hr N’b1<ϵ1( z hm sgd enqldq b‘rd+ vd mddc sn r‘lokd sgd rtl ne
b bhqbths ntsotsr vhsg oqdbhrhnm N’b<ϵ1(+ hm sgd k‘ssdq vd r‘lokd eqnl nmd bhqbths vhsg oqdbhrhnm N’b1<ϵ1(.

2- BnmchshnmYi rYloihmf Ymc YudqYfhmf

Sgd r‘lokhmf ldsgncr chrbtrrdc hm sgd oqduhntr rdbshnmr nffdq rnld hmrhfgs hm sgd bnlots‘shnm‘k rsqtbstqd ne sgdrd
ldsgncr. Hm o‘qshbtk‘q+ vd rdd sg‘s ‘m KBT bhqbths ’nq sgd dpthu‘kdms ‘mbhkk‘,eqdd ‘ooqn‘bg( l‘or ‘m nqhfhm‘kkx
Adqmntkkh,khjd drshl‘shnm oqnakdl sn ‘m dpthu‘kdms Adqmntkkh,khjd drshl‘shnm oqnakdl. He sgd nqhfhm‘k fn‘k hr sn rtl
K Adqmntkkh drshl‘sdr n0. .... nK+ vgnrd u‘ktd khdr adsvddm / ‘mc K+ sgd KBT bhqbths ntsotsr sgd qdmnql‘khydc udqrhnm
ne sghr drshl‘sd+ vgnrd u‘ktd khdr adsvddm / ‘mc 0. @r ‘ bnmrdptdmbd+ sgd bnqqdronmchmf mnm,qdmnql‘khydc drshl‘sd
Kn̆ adg‘udr ‘r ‘ rtl ne rsqnmfkx bnqqdk‘sdc u‘qh‘akdr vhsg u‘qh‘mbd K1n̆’0 � n̆(. Dp. ’34( rgnvr sg‘s sgd bnqqdk‘shnmr
hmctbdc ax sgd KBT bhqbthsr ‘qd rsqnmfdq sg‘m ‘mx bk‘rrhb‘k bnqqdk‘shnm. Hm bk‘rrhb‘k oqna‘ahkhsx sgdnqx+ sgd rtl ne K
hmcdodmcdms Adqmntkkh,chrsqhatsdc sqh‘kr enkknvr sgd Onhrrnm,Ahmnlh‘k chrsqhatshnm Z85“. Hmsdqdrshmfkx+ sghr chrsqhatshnm
b‘m ad ‘ooqnwhl‘sdc ax ‘ Ahmnlh‘k chrsqhatshnm vhsg ld‘m n̆. Gnvdudq+ sgd u‘qh‘mbd ne rtbg chrsqhatshnm hr ‘kv‘xr K
shldr k‘qfdq sg‘m sgd sqtd u‘qh‘mbd ne sgd Onhrrnm,Ahmnlh‘k chrsqhatshnm. Sgd ntsots ne sgd KBT bhqbths bnqqdronmcr
dw‘bskx sn sgd ‘ooqnwhl‘shnm ne sgd Onhrrnm,Ahmnlh‘k chrsqhatshnm+ vghbg hmrsd‘c hr sgd chrsqhatshnm ne K hmcdodmcdms
G‘c‘l‘qc sdrsr. @ chffdqdms ptdrshnm ‘qhrdr vgdm vd rtl onsdmsh‘kkx bnqqdk‘sdc u‘qh‘akdr+ enq dw‘lokd he sgd nqhfhm‘kkx
hmcdodmcdms G‘c‘l‘qc sdrsr ‘qd r‘lokdc eqnl ‘ inhms chrsqhatshnm. Hm sghr b‘rd+ sgdqd l‘x ad onsdmsh‘k bnqqdk‘shnmr
oqdrdms hmctbdc+ d.f.+ ax q‘mcnl bhqbths r‘lokhmf Z72“+ ctd sn sgd k‘v ne sns‘k u‘qh‘mbd.

:oodmchw A9 RD vhsg mdYq)sdql Yloihstcd drshlYshnm

Adenqd lnuhmf sn sn RD vhsg ‘lokhstcd ‘lokhfib‘shnm+ vd aqhdfix qduhdv sgd oqhmbhokdr ne L‘whltl Khjdkhgnnc
Pt‘mstl @lokhstcd Drshl‘shnm ’LKP@D( Z58“. LKP@D rs‘qsr eqnl sgd ‘lokhfidc rs‘sdr9

|ψl⟩ ¡ Pl |ψ⟩ ¡ rhm’’1l* 0(θn( |0⟩ |ψ0⟩* bnr’’1l* 0(θn( |/⟩ |ψ1⟩ . ’A0(
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-b(

L . C� ⊆ Il → Z5: z“

AiVrrhbVi oVpVldsdpr
edmdpVsdc ax V chrsphatshnm

C� ⊆ Il

�z
5

z

1

2

3�z

5

z

1

2

3
5

501

503

L’rz( L’r1(

rz r1

L

5

4 · z5�1
50z

50z4

L’rz: r1(

|5〉 D D

ρ ¡ E
c U’�(

∼ x̃ .¡ r̃’�(

�Zx̃“ ¡ ��∼L Z}r’�(〉“ ¡ ��∼L Z ñ’�(“
UVp’x̃( ¡ ��∼L Z ñ’�(“ ’z���∼L Z ñ’�(“(

|5〉 D D

{|d〉{cd¡z U’�(

∼ xd .¡ rd’�(

�Zxd“ ¡ ��∼LZ}rd’�(〉“ ¡ ��∼L Znd’�(“
UVp’xd( ¡ ��∼L Znd’�(“ ’z���∼L Znd’�((“

-c(

-V(

|5〉 D D

ρ ¡ E
c U

}r̃〉 ¡ ñ
σ1r̃ ¡ ñ’z� ñ(

∼ r̃

-a(

|5〉 D D

{|d〉{cd¡z U

∼ rd

}rd〉 ¡ nd
σ1rd ¡ nd’z� nd(

Ehftqd 00- Hm sghr fiftqd vd bnmrhcdq chffdqdms sxodr ne r]lokhmf oqnakdlr sg]s trd sgd G]c]l]qc,khjd sdrs bhqbths mnql]kkx
dloknxdc enq CPB0 s]rjr- Hm ’]( ]mc ’a( sgd r]ld bhqbthsr ]qd bnmrhcdqdc vhsg ] fiwdc tmhs]qx U + vhsgnts ]mx dwsdqm]k
cdodmc]mbd- Sgd u]ktdr ú ]mc ua. d : 0. .... a qdoqdrdms sgd Adqmntkkh bntmsr r]lokdc trhmf sgd bhqbthsr- Sgd bhqbthsr ’b( ]mc
’c( hmrsd]c cdodmc enq rnld hmsdqm]k cdfqddr ne eqddcnl nm ]m dwsdqm]k o]q]ldsdq λ ∈ C� ⊆ Nl r]lokdc eqnl ] oqna]ahkhsx
chrsqhatshnm O 9 C� ⊆ Nl → Z/. 0[- Hm sghr b]rd+ x́ ]mc xa. d : 0. .... a qdoqdrdms sgd mdv Adqmntkkh bntmsr r]lokdc trhmf ansg sgd
bhqbthsr ]mc sgd chrsqhatshnm O - Sgdqdenqd+ r]lokhmf eqnl sgdrd bhqbthsr qdpthqdr ]udq]fhmf nudq sgd mtladq ne rgnsr r]lokdc
eqnl sgd bhqbthsr ]mc sgd mtladq ne r]lokdr nas]hmdc eqnl sgd oqna]ahkhsx chrsqhatshnm O - Hm ’b(+ sgd bhqbths trdr ] l]whl]kkx
lhwdc rs]sd+ vgdqd]r hm ’c( sgd a a]rhr rs]sdr |d⟩ . d : 0. .... a ]qd oqdo]qdc ]mc sgd bnqqdronmchmf oqna]ahkhsx chrsqhatshnm ne
ld]rtqhmf sgd bnmsqnk ptahs hm rs]sd / nq 0 hr r]lokdc-

vgdqd rhm’θn(
1
¡ n+ vgdqd n hr sgd oqna‘ahkhsx ne ld‘rtqhmf |0⟩ ‘mc ‘krn sgd o‘q‘ldsdq sn drshl‘sd+ trhmf sgd k‘mft‘fd

ne drshl‘shnm sgdnqx. Sgd rs‘sdr hm Dp. ’A0( ‘qd nas‘hmdc ‘esdq ‘ookxhmf l shldr sgd Fqnudq nodq‘snq ne @D Z57“9
P ¡ �UR.U�0Rχ+ ‘r cdfimdc hm Dp. ’50(. He vd oqdo‘qd l bnohdr ne sgd hmhsh‘k rs‘sd |ψ⟩ ‘mc odqenql hmcdodmcdms qtmr
ne @D d‘bg nmd vhsg nmd ne sgd nodq‘snqr P.P1. ....PL qdrodbshudkx+ sgd oqna‘ahkhsx chrsqhatshnm ne sghr drshl‘shnm
oqnakdl hr fhudm ax

O ’θn.w.M ( ¡

L

d80

Ml

j80

rhm1’’1l* 0(θn(
wlj bnr1’’1l* 0(θn(

0�wlj . ’A1(

vgdqd sgd hmsdfdqr Ml ‘qd sgd mtladq ne rgnsr eqnl d‘bg bhqbths hlokdldmshmf P.P1. ....PL ‘mc wlj+ j ¡
0. .... Ml. l ¡ 0. ....L qdoqdrdmsr sgd c‘s‘ trdc enq o‘q‘ldsdq drshl‘shnm+ h.d.+ sgd ahm‘qx ld‘rtqdldms qdrtksr
ne sgd rgns j eqnl sgd lsg bhqbths vgdqd sgd rs‘sd hr entmc hm |0⟩ ’vghkd 0 � wlj hr sgd ntsbnld bnqqdronmchmf sn
|/⟩(. @kk c‘s‘ hr qdoqdrdmsdc ax sgd udbsnq w ¡ ’w00. .... wLML (S ‘mc sgd chrbqdsd o‘q‘ldsdqr ne sgd chrsqhatshnm ‘qd
fhudm ax sgd udbsnq ne hmsdfdqr M ¡ ’M0. .... ML (S. Qde. Z58“ rgnvr sg‘s he nmd ‘ookhdr sgd oqhmbhokd ne L‘whltl
Khjdkhgnnc Drshl‘shnm nm O ‘mc he sgd ‘kknb‘shnm ne sgd mtladq ne rgnsr hr bgnrdm noshl‘kkx+ sgd sns‘k mtladq ne

ptdqhdr mp ¡
L

l80Ml+ vghbg ‘bbntmsr enq ansg sgd rgnsr ‘mc sgd qdod‘sdc ‘ookhb‘shnmr ne sgd nodq‘snq P+ mddcdc
b‘m onsdmsh‘kkx qd‘bg sgd Gdhrdmadqf khlhs+ sg‘s hr+ sgd Ehrgdq hmenql‘shnm ne sgd L‘whltl Khjdkhgnnc drshl‘snq nadxr
sgd enkknvhmf antmc Z58“9

C ≤
m1p

n’0� n(
. ’A2(

Mnv vd bnmrhcdq ‘f‘hm sgd oqnakdl ne drshl‘shmf ntsotsoqna‘ahkhshdr n0. .... nK eqnl pt‘mstl bhqbthsr Ud. ....UK

cdfimdc ‘r hm Dp. ’52(. D‘bg ne sgdrd bhqbthsr qdrdlakdr ‘ G‘c‘l‘qc sdrs. Vd cdfimd sgd q‘mcnl u‘qh‘akdr bnqqdronmchmf
sn sgd fnnc ntsotsr ne d‘bg bhqbths ‘r W0. .... WK+ vgdqd CZWd“ ¡ nd+ enq h ¡ 0. .... K. Kds tr ‘ooqn‘bg sgd oqnakdl eqnl
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sgd onhms ne uhdv ne LKP@D. He vd ‘rrtld sg‘s d‘bg drshl‘sd hr nas‘hmdc sgqntfg LKP@D ‘mc sg‘s sgd drshl‘snq
qd‘bgdr sgd Gdhrdmadqf khlhs+ sgdm d‘bg drshl‘snq n̋0. .... n̋K sg‘s trdr dhsgdq md‘q,sdql @D Z58“ g‘r ‘m dqqnq oqnonqshnm‘k
sn9

ϵ1d ¡
0

C ’Wd(
¡

σ1d

Zm
!d(
p “1

. ’A3(

vgdqd σ1d ¡ nd’0� nd( z C hr sgd Ehrgdq hmenql‘shnm ne sgd hsg q‘mcnl u‘qh‘akd Wd ‘rrnbh‘sdc vhsg nd z hmrsd‘c ne sgd

bk‘rrhb‘k ϵ1d ¡
σ1
d

m
�d(
p

. Gnvdudq+ he sgdrd ‘lokhstcdr ‘qd rtlldc bk‘rrhb‘kkx+ sgd tmbdqs‘hmsx oqno‘f‘shnm nadxr ‘f‘hm sgd

qtkdr ne bk‘rrhb‘k oqno‘f‘shnm ne sgd tmbdqs‘hmsx. Sghr hr ctd sn sgd Rs‘l hmdpt‘khsx+ vghbg ‘qftdr sg‘s enq K q‘mcnl
u‘qh‘akdr W0. .... WK sgd Ehrgdq hmenql‘shnm ne ‘mx fhudm o‘q‘ldsdq nadxr sgd enkknvhmf antmc Z012+ 013“9

0

C ’W0 * ...*WK(
≥ 0

C ’W0(
* ...*

0

C ’WK(
. ’A4(

@r ‘ bnmrdptdmbd+ enq sgd rtl ne ‘lokhfidc drshl‘sdr vhsg Gdhrdmadqf,khjd rb‘khmf ne sgd bk‘rrhb‘k Ehrgdq hmenql‘shnm
z rdd Qde. Z58“ z+ vd g‘ud sgd enkknvhmf antmc enq sgd dqqnq9

ϵ1 ≥ 0

C ’W0 * ...*WK(
≥

K

d80

v1d
σ1d

Zm
!d(
p “1

. ’A5(

Sgd sns‘k mtladq ne ptdqhdr eqnl ‘kk bhqbthsr b‘m ad lhmhlhydc vhsg qdrodbs sn m
!d(
p . h ¡ 0. .... K trhmf K‘fq‘mfd

ltkshokhdqr Z11“9

K’m!d(p . .... m!K(p .λ( ¡

K

d80

m!d(p * λ


K

d80

v1d σ
1
d

Zm
!d(
p “1

� ϵ1


’A6(


∀0 ≤ h ≤ K 9

>K
>m
!d(
p

¡ /


∧

>K
>λ

¡ /


. ’A7(

Sgd lhmhlhy‘shnm oqnbdctqd qdrtksr hm9

∀0 ≤ h ≤ K 9 Zm!d(p “2 ¡ 1σdv
1
d λ ’A8(

1λ ¡


0

ϵ1

K

d80

’v1d σd(
0
2

 2
1

. ’A0/(

‘mc kd‘cr sn ‘ sns‘k mtladq ne ptdqhdr Mp dpt‘k sn

Mp ¡

K

d80

m!d(p ¡
0

ϵ

K

d80


K

d80

’1σdv
1
d (

0
2

 0
1

∼ N


K
√
K

ϵ


. ’A00(

@r dwodbsdc+ vd nas‘hm ‘ o‘qsh‘k hloqnudldms nudq sgd bk‘rrhb‘k du‘kt‘shnm dudm ax hlokdldmshmf LKP@D. Gnvdudq+
sgd hloqnudldms hr vnqrd sg‘m ‘ KBT bhqbths vgdqd LKP@D hr ‘ookhdc. Hs rddlr sg‘s sgd sxohb‘k KBT dms‘mfkdldms
hr mddcdc hm nqcdq sn nas‘hm ‘ adssdq hloqnuldms. Hs hr tmbkd‘q vgdsgdq ‘mnsgdq LKP@D ‘ooqn‘bg bntkc nas‘hm
‘m ‘rxlosnshb‘k r‘lokhmf bnlokdwhsx ne N’K<ϵ( vhsgnts sgd trd ne ‘m KBT bhqbths. He sgd drshl‘shnm hr chuhcdc nm
a‘sbgdr ne rhyd j+ vghbg ‘qd dmbncdc hm bnqqdronmchmf KBT bhqbthsr ‘mc rtardptdmskx ‘lokhfidc+ ‘mc vgnrd qdrtksr ‘qd
sgdm rtlldc bk‘rrhb‘kkx+ nmd g‘r ‘ bnlokdwhsx ne N’K�


K<j(+ vghbg qdctbdr sn ansg sgd KBT ‘mc RD ‘lokfidc b‘rd

enq j ¡ 0 ‘mc j ¡ K+ qdrodbshudkx.

Z- BkZrrhbZk rgZcnv snlnfqZogx enq ptZmstl bnrs etmbshnmr

Sn adssdq bnmsdwst‘khyd sgd trd ne sgd KBT hm drshl‘shnm+ vd v‘ms sn bnlo‘qd hs sn nsgdq onotk‘q drshl‘shnm
rsq‘sdfhdr sg‘s dldqfdc hm sgd k‘rs xd‘qr9 Snlnfq‘ogx a‘rdc nm bk‘rrhb‘k rg‘cnvr Z05+ 73“. @ bk‘rrhb‘k rg‘cnv ]ρ hr ‘m
drshl‘snq ne sgd sqtd cdmrhsx l‘sqhw ne ‘ pt‘mstl dwodqhldms ρ. Hs b‘m ad trdc sn drshl‘sd sgd ld‘m u‘ktd ne ‘mx
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nardqu‘akd vhsg qdrodbs sn ρ. Hm e‘bsr+ enq ‘mx bg‘mmdk ‘bshmf nm ρ z b ¡ 1m enq m ptahsr z+ vd b‘m vqhsd Z05+ 70“9

P’ρ( ¡

c

k80

CT±ν


sq

TρT † |k⟩ }k|


T † |k⟩ }k|T


. ’A01(

vgdqd T ∼ ν cdmnsdr q‘mcnl r‘lokhmf eqnl sgd G‘‘q ld‘rtqd. Sgdm sgd drshl‘snq ρ̋

ρ̋ ¡ P�0’T † |k⟩ }k|T( ’A02(

hr ‘m tmah‘rdc drshl‘snq ne ρ Z70“+ vghbg b‘m ad trdc sn drshl‘sd ld‘m u‘ktdr ne ‘qahsq‘qx nardqu‘akdr. Enq ‘m nardqu,
‘akd vhsg K mnm,ydqn mnm,bnlltshmf O‘tkh bndflbhdmsr+ sgd r‘lokhmf bnlokdwhsx hr NZK knf’K(<ϵ3“. Sgd rhfmhfib‘ms
qdctbshnm hm sgd mtladq ne ptdqhdr mddcdc hr sq‘cdc nff vhsg ‘ vnqrd rb‘khmf vhsg sgd oqdbhrhnm ϵ. Hm sgd oqdrdmbd ne @D
r‘lokhmf+ ‘r vd rdd eqnl Dp. ’A00( z rdd ‘krn Z70“ z+ sgd u‘qh‘mbd ne sgd drshl‘snq qdctbdr sn N’

√
K<ϵ(+ vghbg qdrtksr

hm NZ
√
K knf’K(<ϵ2“. Hm nqcdq sn ad odqenqldc dflbhdmskx+ bk‘rrhb‘k rg‘cnvr g‘ud svn qdpthqdldmsr9 ’‘( sgd hmudqrhnm

nodq‘shnm ne sgd bg‘mmdk mddcr sn ad dflbhdms Z5“ ‘mc ’a( ‘m dflbhdms ldsgnc sn r‘lokd G‘‘q q‘mcnl tmhs‘qhdr T ∼ ν
mddcr sn ad ‘u‘hk‘akd. Ansg sgd bk‘rrhb‘k rg‘cnv ‘ooqn‘bg ‘mc sgd ‘ooqn‘bg sg‘s trdr sgd Inqc‘m ‘kfnqhsgl roddc
to sgd nq‘btk‘q du‘kt‘shnm ne ltkshokd nardqu‘akdr+ ats cn mns qdctbd sgd u‘qh‘mbd. He sgd drshl‘shnm ne ‘ pt‘mstl
bnrs etmbshnm hr b‘qqhdc nts trhmf sgd rg‘cnv drshl‘shnm oqnsnbnk+ sgd drshl‘shnm ne hsr fq‘chdms b‘m+ hm sgdnqx+ ‘krn
ad b‘qqhdc nts trhmf sgd r‘ld ldsgnc Z5“. Fdmdq‘k fq‘chdms drshl‘shnm ne pt‘mstl bnrs etmbshnmr a‘rdc nm KBT+
fimhsd,chffdqdmbd nq ORQ ‘ooqn‘bgdr g‘r ‘ khmd‘q cdodmcdmbd eqnl sgd mtladq ne u‘qh‘shnm‘k o‘q‘ldsdqr M + h.d.+ N’M(.
Sghr qdoqdrdmsr ‘ rhfmhfib‘ms ansskdmdbj sn sgd dflbhdms hlokdldms‘shnm ne u‘qh‘shnm‘k bhqbthsr noshlhy‘shnm Z03“ ‘mc
pt‘mstl l‘bghmd kd‘qmhmf ‘kfnqhsglr Z13+ 16“. Hm sghr b‘rd+ vd jmnv sg‘s drshl‘shmf sgd fq‘chdms ne ‘ pt‘mstl bnrs
etmbshnm vhsg nardqu‘akd N sg‘s dunkudr vhsg ‘ tmhs‘qx Ud ¡ dwo{�hGdθd{ bnqqdronmcr sn drshl‘shmf sgd ld‘m u‘ktd ne
sgd nardqu‘akd h ZN. Gd“. Enq ‘ rdptdmbd ne hmcdodmcdms f‘sdr vhsg sgd r‘ld rsqtbstqd+ ‘ mdrsdc drshl‘shnm hr qdpthqdc

hm vghbg h ZNd. Gd“+ Nd ¡
d

i80 Udρ
d

i80 Ud

†
etkkx cdsdqlhmdr sgd fq‘chdms bnlonmdms >

>θd
B’θa( enq h ¡ 0. .... M .

Qde. Z5“ rgnvr sg‘s mn fdmdq‘k a‘bjoqno‘f‘shnm b‘m ad ‘bbnlokhrgdc vhsgnts ‘bbdrr sn ‘ pt‘mstl ldlnqx. Gnvdudq+
sgdqd rddl sn ad bk‘rrdr ne bhqbthsr sg‘s ‘qd mns bk‘rrhb‘kkx rhltk‘akd ‘mc vgnrd fq‘chdmsr b‘m ad r‘lokdc hm rta,khmd‘q
shld vhsg qdrodbs sn sgd mtladq ne o‘q‘ldsdqr M Z4“.

0- RTfia( fqYchdms vhsg bngdqdms rsYsd

Vd bnmrhcdq sgd bnrs etmbshnm B’θ( ¡ sq

Ub’θ(ρUb’θ(

†Yopnc

. @ fdmdq‘khy‘shnm sn ‘qahsq‘qx nardqu‘akdr b‘m ad

‘bghdudc ax hlokdldmshmf dhsgdq sgd RD nq sgd KBT drshl‘snq. @ fdmdq‘khy‘shnm sn onrhshud ‘mc mdf‘shud khmd‘q
bnlahm‘shnmr hr fhudm hm Rdbshnm HHC. Sgd fq‘chdms ne sgd bnrs etmbshnm hr oqnuhcdc hm Dp. ’77( enq ‘ tmhs‘qx Ub’θ( ¡
d�d!F+θ+)F0θ0(�s z rdd Dp. ’0/6(. Sgd cdqhu‘shud vhsg qdrodbs sn θ0 du‘kt‘sdc ‘s θ0 ¡ / hr fhudm ax9

>B’θ(

>θ0


θ8!0..(M

¡ sq


>Ub’θ(

>θd
ρU †

b ’θ(Yopnc


¡ 1|a|0

∞

k8.

Qd


’�1h∆s(k
’k * 0(!

sq


0

1

k

‘ck
F+

’G0(ρb’θ(Yopnc


’A03(

vgdqd nm sgd qhfgs g‘mc rhcd vd trdc sgd rtarshstshnm ρb’θ( ¡ Ub’θ(ρU
†
b ’θ(. Vd mnsd sg‘s enq ‘ bnlokdw u‘ktd y ∈ �9

Qd

hky


¡





� Hl{y{ k lnc 3 ¡ 0

�Qd{y{ k lnc 3 ¡ 1

Hl{y{ k lnc 3 ¡ 2

Qd{y{ k lnc 3 ¡ /.

’A04(

rn vd b‘mmns rhlokx lnud sgd hk ntsrhcd ne sgd qd‘k o‘qs nodq‘shnm. Sgd ‘cinhms sdql hr bnlotsdc ax sgd bhqbths fhudm
hm Ehf. 7 ’a( enq ‘ fhudm nqcdq k. Etqsgdqlnqd+ vd trd ‘ G‘c‘l‘qc sdrs,khjd bhqbths. Enq ‘ qdmnql‘khydc nardqu‘akd
Yopnc vgnrd ld‘m u‘ktd khdr hm H ¡ ’�0. 0(+ vd b‘m ‘kv‘xr trd KBT ‘mc ‘ G‘c‘l‘qc sdrs Z4/+ 76“ sn drshl‘sd
0
1 ’0± Qd{ρb’θ(Yopnc{( ’trhmf sgd G‘c‘l‘qc f‘sd G( ‘mc.nq 01 ’0± Hl{ρb’θ(Yopnc{( ’trhmf sgd G‘c‘l‘qc f‘sd ‘mc
sgd R f‘sd+ GR(. Vd hmsqnctbd ‘ ltksh,bnmsqnkkdc qdfhrsdq enq sgd KBT rtll‘shnm sg‘s fndr eqnl / sn K � 0 vhsg
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q ¡ ⌈knf’K(⌉ ptahsr 9


√
1∆sK


¡

0√LK

K�0

k8.

’
√
1∆s(k
’k(!

|k⟩ . ’A05(

vgdqdLK ¡
K�0

k8.
}1�s}k

k¯ hr sgd qdmnql‘khy‘shnm e‘bsnq. Vd sgdm trd ‘ G‘c‘l‘qc sdrs bhqbths vhsg ˘Yopnc ‘r ld‘rtqd,
ldms ‘mc bnmsqnkkdc bnllts‘snq bhqbthsr k ¡ /. .... K� 0 ‘r hm Ehf. 7 ’a(+ vd b‘m drshl‘sd sgd pt‘mshsx9

pK± ¡
0

1


0± 0

LK

K�0

k8.

’1∆s(k

k!
Qd


sq

’�h<1(k‘ck

F+
’G0(ρb’θ(Yopnc


. ’A06(

Hm sgd khlhs ne K ‘ooqn‘bghmf hmfimhsx+ vd g‘ud sgd bngdqdms rs‘sd9


√
1∆s


¡ d�}�s}

∞

k8.

’
√
1∆s(k
’k(!

|k⟩ . ’A07(

‘mc

p∞± ¡
0

1


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L�s

∞

k8.

’1∆s(k

k!
Qd


sq

’�h<1(k‘ck

F+
’G0(ρb’θ(Yopnc


. ’A08(

vgdqdL�s ¡ dwo{1|∆s|{ hr sgd mnql‘khy‘shnm bndflbhdms ne sgd bngdqdms rs‘sd. Sgd drshl‘sd fhudm ax sgd bnllts‘snq
bhqbths hr ‘kqd‘cx qdmnql‘khydc sg‘mjr sn sgd k G‘c‘l‘qc f‘sdr hm Ehf. 7. Sgd ‘cchshnm ne ‘ mtladq k ne R f‘sdr oqnuhcdr
sgd ’�h(k sdqlr. Dp. ’A08( cndr mns l‘sbg Dp. ’A03( xds. Hm nqcdq sn l‘sbg sgd svn dpt‘shnmr to sn ‘ bnmrs‘ms+ vd
bg‘mfd sgd fiqrs bnmsqnkkdc nodq‘shnm nm sgd KBT qdfhrsdq sn ad sgd hcdmshsx+ vgdqd‘r sgd nodq‘snq sg‘s bnqqdronmcr
sn ‘ck

F+
’G0( hr bnmchshnmdc nm sgd mdws dmsqx hm sgd qdfhrsdq. @r ‘ qdrtks vd g‘ud9

d∞± ¡
0

1


0± 0

L�s


a’θ( *

∞

k80

’1∆s(k

k!


�0

1

k�0
Qd


hk�0 sq


‘ck�0

F+
’G0(ρb’θ(Yopnc


. ’A1/(

‘mc

d∞) � d∞� ¡
0

L�s


a’θ( * 1∆s

∞

k8.

’1∆s(k

’k * 0(!k
Qd


’�h<1(k sq


‘ck

F+
’G0(ρb’θ(Yopnc


¡ ’A10(

0

L�s


a’θ( *∆s

>

>θ0
B’θ(


θ8!0..(M


.

vhsg sgd ah‘r a’θ( ¡ Qd{sq{ρb’θ(Yopnc{{ sg‘s mddcr sn ad qdlnudc. Sgd u‘qh‘mbd ‘m‘kxrhr ne sgd KBT ‘ooqn‘bg rgnvm

hm S‘akd H hlokhdr ‘ N’L1
�s<ϵ

1( ¡ N
�
d3}�s}<ϵ1


‘rxlosnshb r‘lokhmf bnlokdwhsx. Enq ‘m ‘ooqnwhl‘shnm hmcdw K vd

g‘ud N’L1
K<ϵ

1(. @r sgd cd,ah‘rdc drshl‘sd hr ltkshokhdc vhsg ∆s+ bnlodmr‘shmf enq hs vhkk hmbqd‘rd sgd u‘qh‘mbd ax ‘
e‘bsnq 0<∆s1. @r rtbg+ sgd noshl‘k bgnhbd enq ∆s hr N’0(. @lokhstcd drshl‘shnm qdctbdr sgd r‘lokhmf bnlokdwhshdr
ax ‘ pt‘cq‘shb e‘bsnq. Sgd qdpthqdc bngdqdms rs‘sdr b‘m ad bnmrsqtbsdc dflbhdmskx vhsg+ d.f.+ sgd pt‘mstl ‘kfnqhsglr
cdudknodc hm Z014+ 015“.

1- PtYmstl bnmsqni fqYchdmsr

Hm pt‘mstl bnmsqnk oqnakdlr+ sgd tmhs‘qx cxm‘lhbr hr cdsdqlhmdc ax sgd G‘lhksnmh‘m vhsg cqhes nodq‘snq G. ‘mc
bnmsqnk nodq‘snqr G0. .... GH�09

Gϕ’s( ¡ G. *

H�0

j80

Gjt
ϕj
j ’s(. ’A11(
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Sgd shld,cdodmcdms bnmsqnk otkrdr t
ϕ0
0 ’s(. .... t

ϕB�0

H�0 cdodmc nm o‘q‘ldsdqr ϕ0. ....ϕH�0. Sgd rnktshnm ne sgd bnmsqnk

oqnakdl cdodmcr nm ‘ o‘q‘ldsdq udbsnq ϕ ¡ ’ϕ0. ....ϕH�0(
S. Sgd tmhs‘qx bnmsqnk cxm‘lhbr vhsg shld,nqcdqhmf

nodq‘snq S hr fhudm ax9

Uϕ’s.. S ( ¡ S dwo


�h

 S

s8s+

Gϕ’τ(bτ


. ’A12(

Vd v‘ms mnv sn bnmrhcdq sgd b‘rd+ rhlhk‘q sn Qder. Z33+ 42“+ hm vghbg vd ‘hl sn odqenql ‘ u‘qh‘shnm‘k otkrd,kdudk
noshlhy‘shnm ne ‘ pt‘mstl bnrs etmbshnm trhmf sgd tmhs‘qx Dp. ’A12(. Sgdqdenqd+ vd mddc sn drshl‘sd sgd fq‘chdms ne
rtbg pt‘mstl bnrs etmbshnmr vhsg qdrodbs sn sgd bnmsqnk cxm‘lhbr.

Z- Bnmshmtntr FQ:OD fqZchdms

Vd rstcx mnv sgd cdqhu‘shud ne sgd bnrs etmbshnm B’ϕ( ¡ sq

Uϕ’s.. S (ρU

†
ϕ’s.. S (N


z rdd Dp. ’007( z vhsg qdrodbs

sn sgd bnmsqnk o‘q‘ldsdqr ϕdi + vgdqd h qdedqr sn sgd hsg qd‘k o‘q‘ldsdq u‘ktd ne sgd udbsnq ϕi sg‘s bnqqdronmcr sn sgd
isg bnmsqnk nodq‘snq Z41+ 42“9
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>ϕdi
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
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
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>ϕdi
bτ ¡ ’A13(
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 S
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sq{ρ’S (ZGi’s.. τ(.N“{
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ϕi
i ’τ(

>ϕdi
bτ ¡ �h

 S

s+

rϕi ’τ(
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ϕi
i ’τ(

>ϕdi
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vgdqd ρ’S ( ¡ Uϕ’s.. S (ρUϕ’S. s.(+ Gi’s.. τ( ¡ Uϕ’s.. τ(GiUϕ’τ. s.( ‘mc r
ϕ
i ’τ( ¡ sq{ρ’S (ZGi’s.. τ(.N“{. Gdqd vd trdc

sgd oqnodqsx ne sgd oqno‘f‘snq U ’s.. S ( ¡ U ’s.. τ(U ’τ. S ( ‘mc sgd bxbkhb oqnodqshdr ne sgd sq‘bd. Vd rdd sg‘s sgd
fq‘chdms ne sgd pt‘mstl bnrs etmbshnm vhsg qdrodbs sn sgd otkrd o‘q‘ldsdqr hr dpt‘k sn sgd shld hmsdfq‘k ne ‘ chffdqdms

shld,cdodmcdms pt‘mstl bnrs etmbshnm ltkshokhdc vhsg sgd cdqhu‘shud ne bk‘rrhb‘k shld,cdodmcdms rhfm‘kr t
ϕi
i ’τ(+ vghbg

b‘m ad cdsdqlhmdc trhmf bk‘rrhb‘k ‘tsnl‘shb chffdqdmsh‘shnm ne sgd hmots otkrdr bnlhmf eqnl ‘m ‘lokhstcd v‘udenql
fdmdq‘snq.

a- JBT FQ:OD bhqbths

Rhlhk‘qkx ‘r hm sgd b‘rd ne sgd RT’b( fq‘chdms+ sgd pt‘mstl bnmsqnk fq‘chdms bnmrhrsr ne ‘ ’bnmshmtntr( rtl ne
drshl‘sdr ne pt‘mstl nardqu‘akdr. Ctd sn sgd oqdrdmbd ne sgd hmsdfq‘k+ sghr fq‘chdms b‘m ad du‘kt‘sdc trhmf dhsgdq
sgd ‘m‘knf nq sgd rs‘mc‘qc KBT ‘ooqn‘bg Z0“. @mnsgdq onrrhahkhsx hr sn trd sgd FQ@OD ‘ooqn‘bg Z0//“9 sgd shld
oqno‘f‘shnm ne sgd otkrd hr chuhcdc hm ‘ rdptdmbd ne shld r‘lokdr s.. s0. .... sMM�0 enq ‘ otkrd t’s.(. t’s0(. .... t’sMM�0(.
Hm sghr b‘rd+ sgd fq‘chdms hr fhudm ax ‘ chrbqdsd rtl ne sdqlr z rdd Dp. ’010( z+ vghbg b‘m ad drshl‘sdc trhmf sgd
bhqbths fhudm hm Ehf. ’0/( ’a(. Sgd kdmfsg ne sgd bhqbths fqnvr gdqd ‘r NZMS knf’MS (“+ vghbg hr sgd mtladq ne chrbqdsd
shld rsdo bnmrhcdqdc sn qdoqdrdms sgd bnmshmtntr hmsdfq‘k fhudm hm Dp. ’008(.

@r sgd FQ@OD bhqbthsr hr o‘qshbtk‘qkx bg‘kkdmfhmf sn hlokdldms nm a‘rhb pt‘mstl cduhbdr+ hs b‘mmns ad trdc sn
odqenql f‘sd rds noshlhy‘shnm ‘mc bnlohk‘shnm nm pt‘mstl g‘qcv‘qd. Hs b‘m ad hlokdldmsdc+ gnvdudq+ hm bnmsdwsr
vgdqd pt‘mstl bnmsqnk hr trdc ‘r ‘m ‘mr‘sy enq u‘qh‘shnm‘k pt‘mstl ‘kfnqhsglr Z0/7“ ‘mc nm ‘ pt‘mstl g‘qcv‘qd
ok‘senql sg‘s ‘kknvr enq dflbhdms hlokdldms‘shnmr ne ltksh,ptahs nodq‘shnmr. Hm o‘qshbtk‘q+ sgd ‘lokhfidc udqrhnm ne sghr
fq‘chdms ‘kknvr enq pt‘cq‘shb roddc,to nudq m‘hud fq‘chdms du‘kt‘shnm+ ctd sn sgd oqdrdmbd ne ‘ ’bngdqdms( pt‘mstl
rtll‘shnm oqnbdrr hmrsd‘c ne ‘ bk‘rrhb‘k nmd.

:oodmchw B9 SqtmbYshnm Dqqnq hm sgd FqYchdms Rdqhdr

Ax hmrdqshmf sgd dwo‘mrhnm cdfimdc hm Dp. ’0/1( hmsn sgd fq‘chdms fhudm hm Dp. ’8/(+ vd nas‘hm9

∇θB’θ( ¡

∞

k8.

Sk’θ(. ’B0(
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vhsg
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‘mc rtarshstshmf F ¡ ∇θĞ’θ(. Enq ‘m Ksg nqcdq dwo‘mrhnm

∇θBK’θ( ¡
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k8.

Sk’θ(. ’B2(

sgd qdl‘hmcdq hr sgdm fhudm ax

QK’θ( ¡

∞

k8K)0

Sk’θ(. ’B3(

Hm sgd enkknvhmf rdbshnmr vd vhkk cdqhud antmcr ‘mc drshl‘shnmr enq sgd rpt‘qd ne sgd sqtmb‘shnm dqqnq QK.

:oodmchw C9 FqYchdms Bnmudqfdmbd vhsg QYmcnl NodqYsnqr

Vd bnmrhcdq sgd Gdqlhsh‘m nodq‘snqr A ‘mc A+ vghbg ‘qd r‘lokdc eqnl 1 F‘trrh‘m Tmhs‘qx Dmrdlakdr ’FTD( ne
nodq‘snqr+ o‘q‘ldsqhydc ax sgd Cxrnm hmcdwdr βA+ βA ‘mc nodq‘snq mnql dwodbs‘shnm u‘ktdr Λ1A ¡ C


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
¡
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
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
+ Λ1A ¡ C


Sq
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
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
d80 λ

A
d


+ vgdqd λA

d + λ
A
d ‘qd sgd dhfdmu‘ktdr ne A+ A qdrodbshudkx. Sgd FTD

hr cdfimdc ax sgd enkknvhmf F‘trrh‘m ld‘rtqd cdfimdc nm sgd ro‘bd ne b· b bnlokdw Gdqlhsh‘m l‘sqhbdr Z016“9

0

YETC
d�

c
1 sp{F{1 . ’C0(

vgdqd sgd o‘qshshnm etmbshnm hr fhudm ax YETC ¡ 1c,1
�
π
c

 c1
1 . Hm sgd rhltk‘shnmr ‘mc cdqhu‘shnmr sg‘s trd q‘mcnl

G‘lhksnmh‘mr z rdd+ d.f.+ Ehf. 8 z rtbg G‘lhksnmh‘mr ‘qd r‘lokdc trhmf Dp. ’C0(. Vd etqsgdqlnqd bnmrhcdq sgd
tmhs‘qhdr sn ad T. U ∼ G‘‘q nm T’b(+ vgdqd vd fiqrs sqd‘s sgd b‘rd ne hmcdodmcdms T ‘mc U sn sgdm fdmdq‘khyd sn sgd
bnqqdk‘sdc b‘rd ‘r qdpthqdc enq o‘qsh‘kkx noshlhydc rxrsdlr. Vd ‘qd hmsdqdrsdc hm cdqhuhmf rs‘shrshb‘k oqnodqshdr ne sgd
qdl‘hmcdq cdfimdc hm Dpt‘shnm ’B3(. Trhmf sgd tmhs‘qx hmu‘qh‘mbd ne sgd sq‘bd+ vd b‘m dwoqdrr sgd nodq‘snqr hm sgd
ch‘fnm‘k a‘rhr ne A+ rn sg‘s

A ¡ T ch‘f’λ0. . . . .λc(  
xA

T †. ’C1(

vhsg sgd ch‘fnm‘k nodq‘snq A̋. Hm sghr a‘rhr A hr dwoqdrrdc ‘r

A̋ ¡

c

n.p80

anp |n⟩ }p| . ’C2(

Enq sgd fiqrs nqcdq vd bnmrhcdq sgd bnllts‘snq+

ZA̋. A̋“ ¡

c

n.p80

’λn � λp(anp |n⟩ }p| . ’C3(

Sghr fdmdq‘khydr sn sgd ‘cinhms nodq‘snq qdbtqrhudkx9

‘ck
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’A̋( ¡ ZA̋. ‘ck�0
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’A̋(“ ¡

c

n.p80

’λn � λp(
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