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Computation of observables and their gradients on near-term quantum hardware is a central aspect
of any quantum algorithm. In this work, we first review standard approaches to the estimation of
observables with and without quantum amplitude estimation for both cost functions and gradients,
discuss sampling problems, and analyze variance propagation on quantum circuits with and with-
out Linear Combination of Unitaries (LCU). Afterwards, we systematically analyze the standard
approaches to gradient computation with LCU circuits. Finally, we develop a LCU gradient frame-
work for the most general gradients based on n-qubit gates and for time-dependent quantum control
gradient, analyze the convergence behaviour of the circuit estimators, and provide detailed circuit
representations of both for near-term and fault-tolerant hardware.

INTRODUCTION

The fast developing field of quantum computation re-
quires careful analysis of the sampling complexity of
quantum algorithms [1] NISQ quantum algorithms [2],
in particular, can be used to encode specific optimization
problems [3] that depend on classical parameters In this
context, the estimation of fast, reliable gradients of the
output of quantum algorithms with respect to classical
parameters has been studied extensively [4-6] Quantum
algorithms have a vast range of applications

A quantum algorithm is usually implemented as a fam-
ily of one or multiple quantum circuits [7], which in turn
represent physical experiments on one or more of the
available quantum computing platforms, such as super-
conducting quantum circuits [8, 9], trapped-ions [10] or
Rydberg atoms [11] In these models, a quantum state
is first prepared, evolves under the action of unitary op-
erations and is then measured Qubits can be measured
between unitary operations [12] (and subsequently reset
if needed), so that more complex maps involving mixed
states can also be implemented in quantum algorithms
By executing a quantum algorithm multiple times, we
can collect data about the possible different outcomes
For example, in the case of variational quantum algo-
rithms [13-15], the statistics of the measurement process
is used to estimate a cost function, which is then opti-
mized with respect to variational parameters using clas-
sical optimization methods

One of the central aspects is the scaling of the num-
ber of measurements needed to estimate key circuit ob-
servables with precision € Usually, mean values of arbi-
trary observables are estimated by sampling from multi-
ple quantum circuits, each one representing an element
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of an operator basis — e g, the Pauli basis The mean
values of the single elements of the operator basis can be
evaluated using multiple copies of the same circuit In
the most straightforward implementation the scaling is
linear in the number of copies L, ie, O(L/€?)

In shadow tomography models [16, 17] the scaling can
be dramatically improved to reach O(log(L)/€?), whereas
using amplitude amplification the scaling becomes sub-
linear, at the cost of having to implement the amplitude
amplification and the Jordan algorithm routine [18, 19]
O(VL/e) Once the mean values have been estimated,
they are summed together with appropriate coefficients
This further increases the variance linearly in the number
of terms [20]

In this paper, we analyze some specific estimators
of quantum cost functions Most of the proposals in
NISQ circuits assume the use of a linear combination of
measurements for the estimation of observables [20-23],
which we refer to as Standard Estimator (SE) Such esti-
mator is also used in cases in which mixtures of classical
and quantum expectation values need to be computed,
using, e g, quasi-Monte Carlo approaches For example
QML requires the computation of averages over data sets
[24-29] Quantum control and optimization, on the other
hand, for example in the context of so-called robust [30]
or adaptive control/meta-optimization [31, 32], require to
compute averages of cost functions over a certain param-
eter space [31-35], in order to obtain control pulses that
are less sensitive to parameter variations Another ex-
ample of estimators that use both classical and quantum
sampling are (stochastic) parameter-shift rules [4, 36],
which are used to evaluate gradients of quantum cost
functions sampled using variational quantum circuits Fi-
nally, applications of quantum algorithms such as quan-
tum computational fluid dynamics (QCFD) require the
(quantum or classical) summation of several estimates
from quantum circuits to encode, e g, the dynamics of
relevant partial differential equations on quantum hard-



ware [37]

Estimation of quantum cost functions can be also per-
formed by implementing linear combinations of unitary
operations (LCU) [14, 38-42] on quantum hardware The
question is whether this implementation can be benefi-
cial in specific contexts In this work, we compare LCU-
based estimators to the standard estimator for quantum
observables, which uses a different circuit for each non-
zero basis element of the observable, and determine the
conditions in which the implementation of the former is
detrimental or beneficial, i e , where it provides us with a
speed-up over the classical counterpart, limited to when
combined with amplitude estimation We show that the
LCU estimator allows for a v/L speedup over the stan-
dard estimator even for near-term amplitude estimation
algorithms, which is in accordance with [18, 43] We ex-
plore analytical derivations that confirm partial results
and extend their validity to different types of sampling
problems

Furthermore, we analyze the problem of estimating
gradients of quantum cost functions, which has been con-
sidered for both variational NISQ circuits and control cir-
cuits [4, 26, 27, 36, 44-50], as well as more advanced fault-
tolerant algorithms [51] More specifically, we extend the
LCU framework to gradients of multi-qubit gates [44]
and quantum control problems [52, 53] This broader
LCU framework enables us to differentiate a vast class
of quantum cost functions for variational and control cir-
cuits

The paper is structured as follows In Section I we
discuss the basics of observable and gradient estimation
on quantum circuits Afterwards, in Section IIC we in-
troduce basic estimators of quantum cost functions that
make or do not make use of LCU methods and discuss
their properties in accordance to the current literature
In Section (IIT) we introduce and outline the properties
of amplitude estimation methods and show how their use
affect the scaling of previously introduced estimators
We also show how different LCU methods can benefit
differently from amplitude estimation compared to the
standard LCU procedure As a paradigmatic example,
we also test the estimators on a typical QML regression
task In Section IV we introduce the topic of gradient
estimation for quantum circuits and review some of the
basic methods thereof We then extend LCU gradient
circuits to multi-qubit, multi-parametric quantum gates
and quantum control gradients and discuss their relevant
scaling We focus in particular on studying the conver-
gence behaviour of LCU gradients of multi-parametric
gates for specific cost functions, such as those discussed
in Ref [54]

I. PROBLEM STATEMENT

Sampling from one or multiple quantum circuits in-
volves computing linear combinations of binary counts
corresponding to different outputs An example is given

by QUBO problems [3], where a quantity, which is in a
quadratic form with binary arguments, needs to be sam-
pled from various quantum systems In the case of varia-
tional quantum eigensolvers [15], the goal is to minimize
the energy of a Hamiltonian given a certain input state
The n-qubit observable as a whole is usually not available
directly but it can be represented as a linear combination
of Hermitian matrices P;, e g, Pauli strings, which can
potentially be measured using quantum circuits We con-
sider the observable:

L
0= aP;, a€R, (1)

=1

with L < d?> = 4" We limit ourselves wlog to the
case in which O can be decomposed by considering only
one element of the generalized Pauli group, whereby the
expression above becomes:

L
0 =>"aiUiZpoal}, (2)
i=1
S (1)
where Zpoa = @0z is the n-qubit o, operator and

i=1

U;,©» = 1,...,L are appropriate unitary matrices — e g,
they map from Z.oq4 to other elements of the Pauli ba-
sis The choice of Z,,04 is arbitrary: another possibil-
ity is to map the operator to a single-qubit o, opera-
tor Z}S?Od =1®..2 0 @I via CNOT operations, but
any generalized Pauli operator can be used in principle,
as matrices mapping generalized Pauli operator to each
other can all be generated using CNOT, Hadamard and
Phase gates [39, 57] The mean value of the observable
O is computed with respect to a density matrix p, such
that for the expected value of O we can write

L
(0) = tr{p0} = a; tr{pUizpmde}. (3)

i=1

Using this representation, we can implement the unitaries
U;,i = 1,...,L on different quantum circuits and then
measure the register of qubits in the computational basis
We assume that the circuit input state p undergoes a
parametric evolution generated by a variational unitary
As a result, the expression:

L
©0) =Y s {VO)V O ZpoalU] }. ()

encodes an energy minimization problem in up to L dif-
ferent quantum circuits using N real parameters, ie,
® € RY and a n-qubit variational quantum circuit
U(0) € V(d), d =2" Let us first assume that any two
different Pauli strings considered in Eq (1) commute If
this is the case, they can be estimated within the same
circuit run, which significantly reduces the amount of



(a) Trivial estimator with external parameters 6, A (b) LCU sampler with the 8, A-dependent unitaries
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Figure 1. A representation of the two different approaches to observable sampling that are typical of variational quantum
circuits: (a) summarizes the Standard Estimator (SE), which prepares L circuits with the same input density matrix and
an arbitrary unitary operator V(0). The unitaries Un,...,Ur (which are controlled by a parameter vector A) prepare, e.g.,
the different elements of an observable basis or a collection of L non-commuting operators. (b) summarizes the LCU sam-
pler/estimator, which performs the same kind of estimation, but renormalized between, e.g., I = (1,—1). The coefficients of
the linear combination of L estimates are computed using classical methods (a) or loaded in the LCU register with r = [log(L)]
qubits using the operator W, that prepares the state |a) — see Eqgs. (18) and (19) — using a suitable algorithm for state prepa-
ration [55, 56]. The unitary operations R and R» control the type of cost function to estimate: R1 = H, Ry = X estimates a

cost function as in Eq. (3), whereas R; = H and R, = H estimates a cost function as in Eq. (89) — see also Ref. [38].

measurements needed — if all L of them commute, es-
timating their mean values scales as in O([log(L)]/€?)
[18] If they do not commute, up to L circuits need to
be executed Moreover, cost functions for variational cir-
cuits are also averaged over additional external parame-
ters, where relevant parameters A ~ P are sampled from
a probability distribution P:

C(0) = Ex~p [(O(6,N))]. (5)

Therefore, there are two types of parameters: meta-
parameters, denoted by A, which are sampled and av-
eraged over — an example of this is given by Monte-Carlo
sampling, where we want to average a value over a data
set of parameters — and variational parameters, denoted
by @ which are generally used for numerical optimization
in the context of variational algorithms

Sampling using Eq (4) is not the only option to eval-
uate the mean value of the observable We can construct
an estimator for (O(0)) by first constructing estimators
for L different circuits A different estimator can be
constructed based on Linear Combination of Unitaries
[38, 39] using a circuit that forks [58] the state evolu-
tion in different directions based on controlled operations
Our goal is to analyze the behaviour of such an estima-
tor compared to the standard sequential procedure that
uses L circuits A similar approach can be defined also
for gradients of quantum cost functions [26], where the
properties of the gate Hamiltonians are exploited to es-
timate the gradient efficiently As we discuss later in
Section II, this procedure does not really bring any ben-
efit in terms of sampling complexity: on the contrary,

it delivers a log(L) increase in circuit complexity due to
the multi-controlled operations Therefore, in Section ITI
we discuss how to use amplitude amplification to modify
the sampling complexity of the estimators and reach an
effective speedup using LCU methods

In the context of variational algorithms, we are also
interested not only in the (sampled) cost function C(8),
but also in its gradient Gradients of quantum cost func-
tions can be evaluated in terms of parameter-shift rules,
ie, trigonometric interpolation performed on the quan-
tum cost function [4] More specific parameter-shift rules
can also be determined analytically for several classes of
quantum gates [59] and are expressed as linear combina-
tions of cost function values at different points:

0
00;

R
c(o) = Z SiC(0 + aire;), (6)
k=1

where R is the number of shifts, S;;. and «;; are suit-
able values that depend on the spectral properties of the
gates implemented, and, depending on the type of gate,
can be determined analytically [36, 59] or numerically [4]
Another possibility is given by Hadamard-like tests and
LCU approaches [50], which offer a different solution to
the gradient estimation problem Yet a third approach to
gradient estimation, which also finds use also in classical
machine learning, is given by Monte Carlo sampling of
the cost function gradient [60, 61], and also requires the
evaluation of a linear combination of cost function sam-
ples As gradient estimation is essentially a special case of
estimation of the mean value of a quantum observable,
we can make use of the general treatment of LCU vs



standard methods to analyze the sampling complexity of
different gradient estimators

II. LINEAR COMBINATIONS OF ESTIMATES

A. Standard Estimator (SE): linear combinations
of measurements

Our goal is to construct an estimator C' that, using the
measurement outcomes collected from the quantum cir-
cuits, can successfully approximate C' in Eq (5) Let us
consider a collection of circuits numbered 1 to L, each one
implementing a unitary Vi, ..., Vi that we use to perform
a measurement of Z,.,q We refer to this estimator as
the Standard Estimator (SE) This is a straightforward
approach in most of the sampling problems in variational
quantum circuits [15], so we use this name just for clarity
The principle is simple: we have different circuits that are
initialized independently — see Fig 1 (a) For each one
of these circuits we prepare an identical initial state p
We first limit ourselves to the case in which the coeffi-
cients a; are all non-negative (which we later generalize
in Sec IID) Formally, we consider first an estimator de-

noted by the pair (M( R ]n,é) ,i=1,..,

1o L for a state
p [62], where M@

are projectors of the form:

Jijz---gn
MJ(32Jn =Ui (Hjl ® sz . ]n) UT (7)
where j17j2a . ]n € {Oa 1} and

() ) e

This allows us to estimate m; = tr{pUinrodUiT} for a
given p and thus

O>p:Zai Z

=1 Jj1,j2,.-,0n=0,1

(o= pME, )

(9)
where a; are the Pauli basis components of the observ-
able given in Eq (1) Each outcome of a circuit measure-

ment corresponds to a binary string CL‘(() €1,..,2" and
is weighted with a coefficient +1 or -1, depending on its
binary Hamming weight

=3 i), (10)
=0

where 2 = 3", ji(z)2" and ji(z) € {0,1} are the binary
digits of # Finally, C is the map from the measurement
data set to the real line The SE estimator map is given

(L)

Csg = Z 0

We consider here the estimation of the expected values
of L Pauli strings Py, ..., P, The mean value of a Pauli
string for a quantum state p has the following variance:

1_1

o}, = (P?) — (P}, (12)

and due to P? =1 for any Pauli string, we have:
Var(P;) =1 —m?, (13)

where m; = Tr{pP;} € [-1,1] Eq (13) can be consid-
ered as the variance of a Rademacher variable, which can
be transformed into a (binary) Bernoulli variable with
mean p; = %(m; + 1) and variance Var(P;) = 4p; (1 — p;)
Eq (13) can be also seen as the variance of a projective
measurement II;, with p; = Tr{Il;p} € [0,1] Any SE
draws measurement values xl(j()l),...,mgf(l), 1<j5< ngl)
and 1 <4 < L from circuits V7, ...,V acting upon the
Hilbert space H = H @ H? @ ... @ HE) with den-
sity matrices ®Z.L:1 p Each circuit is used to estimate

the mean value of Zprod using ng)

Hence, SE has a variance of

shots from circuit %

(Z-')Pi(l = pi)- (14)

Due to the absence of entanglement between the (pre-
sumed iid) circuits, there are no correlations between
the estimates, so the variance factorizes in the sum of the
variances, which can be written as 1 — m? for Pauli ob-
servables and p;(1—p;) for projectors If we observe that,

for alli =1, ..., @)

L |:ns =:n, and use
the Chebyshev inequality [63], we can lower-bound the

L, n) > ming—p .

2
number of shots per circuit as n, > La 4“‘2‘“‘ where € is the
precision of the estimation For a total of L circuits, this

results in a circuit sampling complexity of
S = O(L?a5,0x/ (4€%)), (15)

where amax = max;—1,.. 1, [a;] — see also Refs [20-22]

B. Linear Combination of Unitaries

The Linear Combination of Unitaries [39] is a quantum
algorithm that allows to implement sums and differences
of unitaries on a quantum computer in a probabilistic
fashion with a certain depth and success rate depend-
ing on the length of the sum to be implemented In its
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Figure 2. (a) Circuit implementing the sum of two unitaries
Vi and V2 on a quantum computer using one control qubit
and (b) circuit implementing the sum of L unitaries using up
to r = [log(L)] qubits (both are based on the circuits given
in Ref. [39]). Upon measuring the control qubit in either
0 or 1, the whole state collapses in a state proportional to
either Vi + V5 or Vi — V5. The LCU can therefore be used
to probabilistically implement arbitrary operators acting on
a state |¢), as those found, e.g., in Hamiltonian simulation.
In its generalized implementation (b), the LCU generates all
possible combinations using coefficients k = (ki,...,kr)T of
sums and differences of L unitaries. The linear combination
with only positive terms is mapped to the zero state, however
the probability of measuring it decreases with 1/L [39].

simplest form it uses the operator:

[ _k 1
Wi = | Ve = (16)

V BT E+1
to create a superposition between control qubit states |0)
and |1) Afterwards, conditional operations V; and V3 are
applied on an arbitrary state |¢), followed by a second
operation W,;r This leads to a superposition of V; + V5
and V; — V4 with different probability amplitudes — see
Fig 2 (a) In particular, we see that the probability of

finding the control qubit in its |1) state is given by

B k _ 2 4k
n= el - WP S e (D)

so that the algorithm implements —=(V; + V5) [¢)) for

N

k —s oo and —=(V; — V) [¢) for k — 0, where ay =

[(¥] (Vi £ V2)T (Vi £ V3) [99)| The algorithm implements
one or the other state probabilistically

If our goal is to apply the sum of L operators, one either
applies the circuit represented in Fig 2 (a) recursively or
uses a circuit with multi-controlled gates — see Fig 2 (b)
and also Appendix in Ref [39], where typically log(L)

qubits are needed In this case the success probability
will be always smaller than p,

The ancillas that implement the summation procedure
can also be encoded in a larger number of qubits [64, 65]
If, eg, L qubits instead of [log(L)] qubits are used,
the implementation requires only single-qubit controlled
gates and no multi-controlled gate The overall depth of
the circuit is then lower [57], but the number of control
qubits scales linearly with the number of qubits imple-
menting V; and V5 The heralded nature of the LCU is
particularly useful for quantum simulation In the case
of quantum estimation however, the encoding advantage
of using [log(L)] qubits is traded off with the increased
scaling of the variance, as we discuss in the next section

C. Estimator with Linear Combination of Unitaries
(LCU)

Variants of the LCU circuit have been proposed for
estimation problems (with some claims of potential
speedup) [38, 58] Our goal here is to characterize the
variance properties of these two estimators We will
see that for bounded variables, speedup is not intrinsi-
cally possible without further algorithmic improvements
Ref [1] gives a more in-depth overview of different vari-
ants of the LCU algorithm, including continuous vari-
ables and integrals We consider a circuit of the type
given in Fig 1 (b), where the unitary W, generates the
state

Wa |0) = |a) (18)

on the LCU register, which uses O([log(L)]) qubits [57],
where

L
1 4=1

fora = (a1,--- ,ar)" and |ja||, = Zle |a;] The weights
of the observable can in general be written in vector form
a = Zle a;e;, where e; are unit vectors in RY We
refer to the normalized probabilities associated with each
amplitude of the state as w;:

la) =

wi = [{ila)? = ﬁ (20)
=1

It is clear than any convex combination of such weights
with coefficients 0 < p; < 1 lies itself between zero and
one The circuit measures the upper control qubit and
the n-qubit system (analogously to the case of SE) We
calculate the mean and variance of the circuit output
measurements We consider here the case in which mea-
surements are drawn from the computational basis

Theorem 1 (Mean and variance of the LCU estima-
tor). The expected value and variance of the observable



Mirov = [0:) (0] ® I, @ I, where I1 is an orthogonal
projector that describes the measurement operation, are
given by

L
p= Z WiPi, (21)
=1
L 2
= Zwipi - (Z szz) 1 - ) (22)
i=1

with p; = %tr{UipUiTH}. If instead the observable

Zrcu = 10c) (0c] @ IL @ Zprog is measured, then the cor-
responding expected value and variance are:

L
m = Zwimi, (23)
=1
L 2
=1- (Z wm> =1-—m?, (24)
=1

with m; = tr{UipUiTmed}.

Proof. The initial input state of the LCU circuit — see
Fig 1 — is given by tensor product of the n-qubit input
density matrix, the zero state of the LCU register and
the zero state of the control qubit:

Pin = ‘Oc> <Oc| ® |0> <O| ® .0 |0> <0| ®p, (25)

T

where r = [log L] The evolved density matrix of the
LCU circuit is given by

A B
Pout = (BT C> ) (26)

where A, C, B are given by [1]:

A=3.> M 10c) (0| ® |8) (il @, (27)

=33 VIS 1) 0 @ 1) Gl @ (Vi) (29
¢= Z_;; M I1e) (Le| ® |i) (j| ® UspUT.  (29)

The entries of A, B, C' may change depending on the
values of the single-qubit unitary gates Ry, Ry — see
Fig 1 — acting on the first control qubit The choice
of R = H and Ry = X leads to the estimation of
tr{VpVTO}, while, e g, the choice of Ry = H and

Ry = H or Ry = SH allows us to estimate Re{tr{pV O}}
or Im{tr{pV O}}, respectively We consider here the first
case, as it resembles Eq (3) The second choice is useful
whenever the target cost function is a real (or imaginary)
overlap Hence, the output probability distribution cor-
responding to the orthogonal projector II acting on the
subspace of the density matrix p and the measurement
line is given by

ﬁ = Tr{poutHLCU}v (30)

where oy =1 @ I, @ I, 11y = |1.) (1] The value of

p is given by

L L
Z % {UipUJH} => wpi. (31
i1 i=1

Each mean value p; represents the probability of success
of a Bernoulli distribution, and it lies between 0 and 1,
which introduces constraints on the values p; that depend
on the different unitaries Uj;:

1
Pi=3 Tr{UipU;‘H}. (32)
The variance of the estimator is given by

o7 = Tr{powTlicu} — Tr{poullicu}’,  (33)

which corresponds to the variance of a Bernoulli-type dis-
tribution, because H%CU = Ilcu

Using Eq (31), we have

L 2
op=p(1-p szpz (Z wipz) : (34)
=1

The mean value of the estimator is bounded between zero
and one, whereas the variance has its maximum at o2 =
1 S
7 When p= 3

Now we turn to the estimation of Z,.,q with B1 = X
and Ry, = I If instead of the projective measurement,
a measurement of Z,.,q is carried out on the n-qubit
subspace, on the whole Hilbert space we will be dealing
with the measurement of the observable Zrcy = II; ®

I ® Zproa In this case we have m; = Tr{UipU;ermd}
and the mean of the measurement is:

L
m = Z w;my;, (35)
i=1
as well as the variance

= (Z w,m7> , (36)

where we used the property Z.; = II; ® [, ® I, and

3\



Zle w; tr{UipUiT} =1 We see that the prefactors of

the estimates, such as, e g , % in Eq (32), heavily depend
on the unitaries Ry and Ry Using Ry = X and Ry =1,
we can also remove the factor % also from p O

We can define a new estimator using the framework
described before: Let ), j = 1,...,n, be shots of the
LCU circuit that are sampled by measuring the control
qubit in 0 and the corresponding Z,;,q operator — or any
other Pauli operator —, then

C'LCU — @9) (J) (37)
with variance
2 2
Var(C'LCU) = ”Z¢(1 _ mQ) S HZ‘HI . (38)

Theorem 1, however, is not sufficient to bound SE
and/or LCU variance, because in principle there could
be covariances between the variables Nonetheless, we
show below that these are also bounded similarly to be-
fore

Theorem 2 (LCU vs Classically Correlated Bernoulli
Samples). Consider values 0 < p;,w; < 1Vi with1 <i <
L, Zle w; = 1. Let X; be Bernoulli-distributed random
variables with parameter p;, i.e., Vi = 1,..., L we have

E[X;] = p; and E [X?] = E[X;] = p;, then we have

L L L
DS wiw BXX,] <) wip. (39)
i=1 j=1 i=1

Proof. By the Cauchy-Schwarz inequality, we know that

E[X: X5 < /E[XG1\EX;] = Vpiv/ps), (40)

where we used the fact that E[X?] = E [X;] = p;, and so

L L
SN wiun EIXi X < (41)
=1 j=1

L L L 2

Now we employ one of the generalized-mean inequalities
[66], i e, we use the fact that for p < ¢:

Q=

L % L
<Z wip? > < (Z wmf) 7 (42)
=1 i=1

setting p = % and ¢ =1 After applying this equation to

Eq (41), we have

e

L
E[X;X;] < Z wip;. (43)

i=1

O

Therefore, we have that for such variables X1, ..., X,
the variance of their linear combination can be bounded
from above as follows:

L L
ZZ w;w; Cov(X;, X;5)

where Cov(X;, X;) = E[X, X,]-E[X;] E[X,] is the covari-
ance The Cauchy-Schwarz inequality provides us with
the upper bound for the variance of the linear combina-
tion, ie:

L L 2
ar (Z wiXi> < (Z wiy/pi(1 _Pi)> . (45)
i=1 i=1

If instead we consider shifted estimates Y; in the interval
I =[-1,1,ie, X; = 2(Y; + 1), we obtain that the
covariance is always bounded by one, which is the first
term in Eq (24) Thus, also in this case we have:

L
) < Z wiw;pi(1 —pj;), (44)

i,j=1

L L L 2
ZZwiijov(Yi,Yj) <1- (Z wmu) . (46)

i=1j=1 =1

The maximum variance for this case can be derived by
applying the same principle as the one used in Eq (45)

We can see immediately that the variance of the LCU
sampler is always larger than the variance of SE in any
circumstance

Theorem 3. Both the LCU and SE samplers/estimators
yield the same sampling complexity S = O(L?a2,,,/€%).

Proof. For the sampling of a bounded quantity, such the
expected value of a Pauli string with respect to varia-
tional angles, the variance given in Eq (38) of the LCU
sampler is O(L%a2,,,/ns) = O(1/n,) and its sampling
complexity is therefore O(1/e?) Conversely, the vari-
ance of SE for the mean is O(La2,,,/ns) = O(L/ny), but
L circuits need to be evaluated, so the overall sampling
complexity given in Eq (15) remains O(1/€?) a

The two algorithms are therefore equivalent again, al-
though the LCU that uses logarithmic encoding has a
slightly — log(L) — deeper circuit This can be further
brought down to log(log(L)) by using log(L) additional
ancillas [64] Unless classical correlations are present or
are not negligible, some of the applications that have
been considered for the LCU circuit [38, 58, 67] may be
useful in specific contexts, but cannot naively provide a



speedup with respect to L in terms of sampling complex-
ity (not even in terms of state preparation, as the vari-
ance of SE is quadratically smaller, which reduces the
total number of shots needed from the L circuits)

D. Extension to real linear combinations

If the coefficients of the linear combination have both
positive and negative values, we need to partially modify
the encoding defined above and the derivations of the
variance scaling We first observe that we can separate
the coeflicients in positive and negative terms in the cost
function:

L
i=1

If we define
+ a;, if Q; 2 0
= 48
% {O, otherwise, (48)
—a;, ifa; <0
T = 49
K {O, otherwise. (49)

We define therefore LT as the number of coefficients with
positive and negative signs respectively, such that L =
LT + L™ In order to be able to construct an estimator
similar for Eq (4) using only positive weights, we have
to first decompose it in its positive and negative terms:

L L L
C =3 afmi—=Y a;m;=llall, Y |wil(m —m]),
i=1 i=1 i=1

(50)
where we used Eq (20) for the definition of |w;| and
mE = myat/|a;] We assume now wlog that the

positive values appear all before LT, ie, at indices
i =1,...,L" and the negative ones after L™, ie, at in-
dices i = LT +1,..., L Using the formulation of Eq (3),
we see that for each one of the positive or negative co-

efficients we have a unitary Uj'/_ for the ith positive
and negative coeflicient, respectively In order to use the
LCU circuit to sample both negative and positive linear
combinations, we use the first control qubit line in Fig 1
(b) to obtain Fig 3 (a) The unitaries U;",i = 1,..., LT
are controlled on the value zero of the qubit and the uni-
taries U, ,i = L + 1, ..., L are controlled on value one,
whereas the rest of the circuit remains unchanged This
leads to the modified output of the circuit — Ry = H and

RQZIZ
1 [ -
=2 (Shlnt 3 o7} | 1)
i=1 i=L+41
1 & -
=35 Z |wi|m;+2|wi|Tr{/’Zpr0d} - (52)
i=L++1 i=1

The difference between qg and ¢; estimates the cost func-
tion C' in Eq (50) that uses positive and negative coef-
ficients up to a bias, ie, term (Z,10a(0)) = Tr{pZproa}
Since empirically using a single LCU register seems to al-
ways induce biases, we generalize in the next Section An
interesting case is one where the number of positive angl

negative terms in the sum is the same,ie, LT = L™ = 5

and the absolute value of each coefficient is |w;| = + In
this case, the bias is the same for both g9 and ¢; and is
removed when subtracting them

In the general case of uniform coefficients, i e, |w;| = 1,
we can write the expression as

11L& L~
qo = 5 E E mj' + T<Zpr0d(0)> ’ (53)
=1
L
1(1 S me Lt
q1 = 2 (Z i— L+ Mt T<Zpr0d(0)>) ’ i

where (Zpr0a(0)) = tr{pZproa}, which leaves us with

s= 20— a)+ (2 ~1) G0 65)

with z = ||a||;C, which, as expected, reduces to the case
z2=2(q —q) for LT = L™ = % Therefore, this pro-
cedure allows us to estimate linear combinations of ex-
pected values that contain both positive and negative

coefficients

1. Unbiased estimator

Now, let us analyze the variance in the case of this more
general kind of linear combination of estimates The bias
will affect the variance of the estimator with a quadratic
factor [71] (2L /L—1)? < 1, which depends on the prob-
lem considered The alternative to this biased estimator
is an estimator that uses two LCU circuits, one for the
positive and one for the negative coefficients and sub-
tracts their average outcome If we instead use a circuit
with two LCU registers instead — see Fig 3 (b) —, we can
encode positive and negative coefficients wjt:

+ +
+ a; a;
w;t = = (56)
DY P



LCU [1, 38, 39, 58] |SE [20-22] [SA-LCU [1]|Classical Shadows [16]
(embarrassing) parallelization no yes yes yes
sampling complexity (iid ) O(L?/e%) O(L?/e%) | O(L?*/€%) O(Llog(L)/e*)
sampling complexity (AE) O(L/e) O(L\L/e)| O(L?/€) O(VLlog(L)/e®)

Table I. A table representing the differences in terms of sampling complexity of the LCU and SE approaches. In case of
normalized sums, all sampling complexities have to be re-scaled by L? for classical estimation and L for amplitude estimation
(AE) [68], or one of its approximate versions [69, 70] — see also Section III A.

(a) LCU: positive and negative linear combinations with one qubit (biased estimator)
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(b) LCU: positive and negative linear combinations with L+ and L™~ register

=

=
()
"
)

@
S @ -

0, @ Mog(L™)1 CR %}7
—A VO Ut HUf U U U

.
/

m

Figure 3. Representation of the circuits used to estimate real linear combinations of estimates. (a) Circuit that uses one single
control qubit and one LCU registerwith r = [log(L)] and as a result gives a biased estimator — see Eq. (55). (b) Circuit that
uses one control qubit and two LCU registers (one for positive and one for the negative terms). Circuit (b) provides us with

an unbiased estimator of the real linear combination of estimates — see Egs. (57) and (58). Here, the unitaries U;", U, ..., U;Zr
and UL_++1, UL_++2, ..., Uy refer to the positive and negative signs of the coefficients, respectively. The control values 1,2, ..., Lt

and LT +1, L% +2, ..., L, are implemented using the gates W and binary encoding with a total of 7 = ¥ + r~ qubits, where
+ = flog(Li)] but other types of qubit encoding for the multi-controlled gates are also possible.

in the first and second register with 7+ = [log(L¥)] III. QUANTUM SAMPLING AND
qubits respectively, whose unitaries are defined as W, AMPLIFICATION

and Wy ,st |aF) =WZF[0),+ For Ry = Hand Ry = I,

if 0 and 1 are the outcome of the control qubit, the circuit

estimates are: A. Amplitude amplification and estimation
1L
+ |yt
e = — s w,: | 57
072 ; i |m; (57) Amplitude amplification (AA) [68] describes a class of
I algorithms based on Grover search [72] that allows to
o1 — 1 Z |wf {m-ﬁ (58) perform faster sampling on quantum computers [73, 74]
173 v If applied to estimation problems in the context of quan-

tum circuits, it is often referred to as amplitude estima-
tion (AE) [68] and can be used to sample the informa-

and, as a result, C = 2(|la™t|,e0 — [la™||,€1) ! ‘ ol ¢
tion hidden inside of amplitudes of quantum states of the



type:

[9) =V|0),, .1 = VP I1) [¥1) + /1 =p|0) [th2), (59)

where p is a positive value that needs to be estimated
and |1h1), [¢2) € C2" and i) € C2""" are general n-qubit
quantum states There exists a quantum algorithm that
outputs to an estimator p of p [68], which is bounded from
above as follows given two integers k£ and n,, where k is
related to the success probability and n, is the number
of oracle queries:

- p(1—p m2k?
lp —p| < 27k (n ) + poRE (60)
q q

The AE routine Succeeds with probability psuce = 8/72 if
k=1and psycec > 1— ( 1f k > 1 The algorithm that
performs multiple apphcatlons of the Grover operator for
AE is simply given by [68]:

Q=-VSyV1s,, (61)

where S, is the reflection operator that switches the sign
of the state if the state is equal to the target, i e , the state
VP |1) [¥1) in Eq (59) (also known as the good state)
[68, 69] and the operator Sy flips the sign of the zero
state Generally, the routine for AE is defined for pure
states and not for mixed inputs, such as those used in
DQC1 (Deterministic Quantum Computation with one
clean qubit [75]), a quantum complexity class which is
closely related to LCU circuits — see also Fig 11 (a)
and (b) and Appendix A 2 for a discussion about DQC1
However, the routine that generates the mixed state can
be expressed as tracing out a pure state of higher dimen-
sionality than the one considered as input to the sampling
circuit As a result, to apply AE to one of our problems,
we have to consider the entire algorithm, the one that
generates the mixed state and the one that generates the
state in Eq (63) As an example and as described in
Ref [54], the n-qubit maximally mixed state p = % can
be generated by creating a 2n-qubit pure state

67) = \/—ZI ® |4) (62)

and tracing out one of the n-qubit subsystems So the
(n + 1)-qubit DQCI circuit can be written as a (2n + 1)-
qubit circuit by including the generation of the mixed
state in its original routine

If we consider NISQ circuits, which are not fault-
tolerant, we quickly realize that the depth of the Grover’s
algorithm, which lies at the core of the AE routine, can-
not be easily implemented on such circuits However,
alternative versions of AE can be potentially applied on
noisy quantum devices [69, 70, 76] AE can be used to
estimate means of data sampled from arbitrary distribu-
tions [77] and has a potentially vast range of industry-
relevant applications, e g, in finance In this context,
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it can also be used to sample quadratically faster from
stochastic processes [78]

1. SE with amplitude amplification

We consider here SE for the trace estimation problem
In this case we need to apply the AE scheme to each SE
circuit with index ¢ = 1, ..., L, after encoding the estima-
tion problem appropriately It is clear that for each term
this bound is quadratically better than classical quasi-
Monte Carlo sampling We assume that each n-qubit
quantum circuit corresponding to each SE term can be
written as [69]:

Vil0),p1 = vPil1) [Yin) + V1 —pi |[0) [thi2),  (63)
for ¢ = 1,...,L and for two quantum states [¢; 1) and

[t)i 2) that are determined by V; This is always possible
by extending the original circuit Hilbert space using an
additional ancilla qubit

For each amplitude encoded in a quantum circuit V;
we have:

i(1—pi 2k
pil=pi) | m

LU

lpi — pi| <27k (64)

where p; is the QAE estimator of p; and nl(;) are the
queries for the ith AE problem Our aim is to achieve an
overall precision € of the full estimation Fori=1,..., L,

nl® (i)

> min;—1,..1, [nq } =: ng, we have:

€= |sz ZP1| < Z |P1 pz‘ < (65)
=1 1=1

L onk k2 Lr?

Z_V (1 —pi) + n27r7

q

where n, is the number of oracle calls for each circuit
i = 1,...,L and k € N5yg and A denotes the use of
the triangle inequality We use here balanced weights
(a; =1fori=1,...,L), but the result can be generalized
straightforwardly to the weighted case The estimation
is probabilistic, i e , it is successful with probability psuce
In the next steps we describe the working principles of
the AE routine, see also Ref [68] The probability of suc-
cess of the AE algorithm can be bound from below using
the trigamma function ™ (k) = 322, 1/s? [68, 79] For
any k € N5 we have:

>1— %w(l)(k). (66)

pSUCC -

As the trigamma function fulfills the identity [68]:

POk < (67)



the lower bound for the success probability can be written
as

1

>1_- -
Psuce = 1 Q(k — 1), (68)

where pguce 18 the success probability of one quantum AE
algorithm running on one of the estimation problems
For k = 1 we have pgycc = % and considering that the
variance p;(1—p;) is always smaller than ;11 for0 <p; <1,
we can use Eq (65) to find a bound for the precision € of
the estimation:

(69)

and after solving the quadratic equation for small € we
obtain for the bound Z—L ~ ¢ Naively, the upper bound
q

for the number of evaluations needed seems to be O(L? /e)
— since we additionally consider the evaluation of L par-
allel AE routines — but a more detailed treatment — see
Appendix B for the derivation from the point of view
of Maximum Likelihood Quantum Amplitude Estimation
(MLQAE) [69] — leads to a better bound which matches
previous results obtained in other similar contexts [18]:

S =O(LVL/e), (70)

that is, L circuits with n, queries calls each, in analogy
with SE — to have convergence with probability psycc

2. LCU with amplitude amplification

In the case of the circuit shown in Fig 1, an amplifi-
cation oracle can be constructed using the methodology
given in Ref [69, 80], which uses an ancilla qubit to en-
code the estimation of arbitrary observables In classical
estimation, the renormalization factor causes the vari-
ance of the LCU estimator to grow quadratically with
the number of estimates In the case of AE, it only in-
creases the error linearly

Vecu [0), = VP 1) [Yrcu1) + V1 —p|0) |¢LCU,2>(7 |
71

where b= (n+1)r, p = Zle w;p; and for two quantum
states |¢Lcu,1) and |[¢rcu,2) that are defined by the ac-
tion of VLoy An amplified LCU circuit C{%; estimates
the same value as Crcu given in Eq (37), but with a
lower variance:

C = E[Crou] = E[C{&] (72)
= pl—p
Var(Gio) = a2 P 2 )

q

where Cpy is the corresponding non-renormalized cost
function and n, the number of queries As usual the

11

variance of the estimator determines the error thresh-
old € The number of samples/queries is thus quadrat-
ically smaller than in standard sampling and as such

ng ~ O(@) = O(L/e) We immediately see that the
sampling complexity of this estimator scales as O(L/e)
for the non-renormalized estimation We can briefly an-
alyze a further important difference between the two al-
gorithms In SE case, we run L different AE routines,
each one with a success probability psuce > % In the
LCU case, we apply the routine to one single circuit
Clearly, the second approach has an advantage in terms
of overall probability of failure In fact, in the former
case there are L independent algorithmic runs that can
return the wrong outcome In the latter case, however,
only one circuit with a corresponding AE routine and

success probability psucc is used

8. Single-ancilla LCU

Estimating a quantum cost function that depends on
parameters 0 requires projective measurements of a den-
sity matrix whose dynamics is described by, e g , a vari-
ational circuit The estimation process can be accom-
plished by preparing independent circuits or by means
of the LCU approach, which requires ancilla qubits to
encode the linear combination A third approach, the
single-ancilla LCU (SA-LCU), is presented in Ref [1] It
uses random sampling of unitaries from the set of weights
that are used in the the linear combination Ref [1] shows
that it provides us with the correct result in the case
of projective measurements In this case, given a collec-
tion of unitaries s = {Uy, ..U} and normalized weights
{wy,...,wr}, such weights induce a probability distribu-
tion my over the set of unitaries [1] Randomly sampling
a unitary according to the distribution of weights and im-
plementing it on the circuit in Fig 1 without using the
linear combination register returns the expected value:

L
D =Eynny, p(U)] = Z w;p;, (74)

where p; is the probability of finding the ith state, ie,
UipUZ-T in the eigenstate of II  This is equivalent to
preparing a mixed state prcy of the type:

L
pLCU = ZwiUiPUJa (75)

i=1

and performing a measurement I on it In other words, if
it is possible to efficiently generate this mixed state, then
one can obtain the same kind of parallelization as with
LCU This approach resembles the one used for trace esti-
mation in DQC1, where we prepare instead a maximally
mixed state p = % If we assume a large number of sam-
ples and only consider the variance with respect to the



sampled random unitaries [81], we obtain the expression:
2

Vary [p(U)] =Eu~my, [p(U)Q] —Ev~m, [p(U)] )
(76)

which gives

L
Varyom, p(U)] = 3 wip? — 52 (77)
=1

However, this derivation is not valid in the few-shot limit,
as we need to consider the nested sampling of both U
and the shots coming from the quantum circuit that we
use to estimate p(U) In the latter case, the variance is
computed using the law of total variance [82] By defining
Z as the random variable associated with a single shot
from the circuit with unitary U, we have

Var(Z) = Ey~n, [Varg(Z)] + Varyor, [Eq(Z]],  (78)

where Var,(z) and E,[Z] refer to the quantum statistics
of the single-shot circuit sampling Eq (78) results in:

Var(z) = p(1 - p), (79)

where p = Eyr, [p(U)], which is exactly the variance of
the LCU circuit The sampling complexity is therefore
O(%) for the renormalized version and O(i—;) for the
non-renormalized one We observe that due to p? < p;,
Eq (77) is always smaller than Eq (76)

Let us now consider the same problem from the point
of view of amplitude estimation, that is, we implement
the SA-LCU estimator given in Eq (74) and perform
amplitude amplification on it In this case, the speed
up seems not to be present, due to the behaviour of the
variance due to the law of total variance [82, 83] We
define the total number of queries n, for AE and the
number of random unitary samples Ny needed by this
approach to reach a certain precision ¢ This is not the
same as the full LCU, as the sampling of the unitaries
from my, is performed classically The estimator pga with
Ey[psa] = p for the amplified ancilla-free LCU that out-
puts the amplified value pag(U) given a unitary U ~ my
has a variance of:

Var (i) = 5 (Evlpas@)] (3 - Bulan()]) +
(50)

< Eulpan(U)?]

N (1 _ %g) Eulpar(U)?]) < No

For the case M = 1 we retrieve the variance of the ancilla-
free and ancilla-based LCU estimator It is therefore
clear that there is no advantage in increasing the number
of samples from the AE estimator, as the reduction in the
variance is purely classical and controlled by the number
of unitaries sampled from the corresponding distribution
rather than the circuit shots Interestingly, this means
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that any average of amplified quantum cost functions re-
tains this property As a consequence, such estimation
problems can be tackled, in theory, by using exclusively
single-shot estimation

On the other hand, the estimator that encodes the sum of
unitaries on the quantum circuit can be amplified to the
Heisenberg limit As the ancilla-free LCU can implement
the mean value of any observable, we conclude that for
any average value of an observable Ex.p [(O()))] (for ex-
ample, the average over a dataset in QML), single-shot
estimators are a better choice, provided the number of
data points available is high enough This is true for both
amplified and non-amplified nested estimation problems
[83]

B. Example: Quantum machine learning

Quantum machine learning (QML) refers to the class of
algorithms that allow to approximate functions on quan-
tum computers using appropriate families of quantum
circuits given a data set The goal is to perform tasks
such as classification, clustering and regression with a
certain speedup compared to the classical case [28, 84]
In this context, we distinguish two main approaches: (1)
Algorithms that make use of known quantum routines,
such as the HHL algorithm [85] and Grover search [72]
and (2) variational algorithms that encode a problem us-
ing quantum circuits and variational families of unitaries
that are then optimized accordingly The latter class of
algorithms is then commonly sub-divided in explicit and
implicit models [86] In these models, we try to construct
an approximator fg with parameters @ € RV — see also
Eq (93) Explicit models are defined by a mapping with
input € € R™:

f(8,z) = tr{p(x)0(0)}, (81)

with O(0) = V(0)OV(0)!, while implicit models are

given by a linear combination of functions of the data
. M
points x1,...,xpy € R™: fop(x) = >, 1 amk(x, )

where the kernel is defined as k(x, z,,) = tr{p(x)p(xm)}
and «a is a vector of parameters Both quantities can
be sampled using the LCU circuit — see Fig 1 (b) As
an illustrative example, we consider the problem of re-
gression for quantum cost functions When dealing with
(quantum) supervised learning, we are usually given a
dataset D made of pairs of inputs ; € R™,...,x; € R™
and corresponding labels y; € [0,1],...,yr € [0,1], ie,
D = {(xi,yi),t = 1,...,L} We consider here only two
possible label options, i e, the problem corresponds to
binary classification and requires two output qubits The
generalization to the k-nary classification problem can be
achieved by considering a vector y € {—1,1}* and using
log(k) qubits, where k is the number of different possible
labels in the data We assume that there exists a func-
tion f: RN x R™ s [0,1],(0,z) — 3 = (0, ) that
depends on parameters 8 that takes x; as inputs and out-



Data encoding and averaging
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Figure 4. A representation of data encoding and sampling
for a QNN [67] (explicit model). Classical data needs to be
loaded on the quantum sampler/estimator. This procedure
can be quite expensive due to the input data size and may
require some classical pre-processing [86], but it can be real-
ized with both LCU and SE approaches. In addition to the
two estimators, (near-term) AE routines can be considered
[68-70, 87]. The cost function is controlled by variational pa-
rameters @ that are optimized classically using gradient-based
[50, 88, 89] or gradient-free [90, 91] algorithms. Different types
of cost functions, such as the one given in Eq. (82), can be
estimated using the LCU method given in Eq. (50) or variants
thereof.

puts guess values y, The regression problem is usually
solved by minimizing the mean-squared-error loss [71],
that is by minimizing the following cost function with
respect to the model parameters 0:

Cl0) = 57 S~ SOz (2)

The solution 8 to the minimization problem is given by
0" = argming Cyr,(6) and can be found using different
optimization procedures [92] Let us now consider the
case in which the model is given by a QNN circuit In this
case, the function approximator f is given by a family of
parametrized quantum circuits — see Eq (81) — where
the input-dependent density matrix p(x) is constructed
by applying a so-called feature map Vi (x) — ¢ are spe-
cific feature encoding parameters — on the initial quan-
tum state p such that p(x) = V¢(:c)quI(:v) Compared
to the standard cost functions of classical machine learn-
ing, this cost function is computed as an average over
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measurement outcomes This type of encoding has been
used extensively in QML and it is available in Ref [67] If
we consider an observable O = Z,,,,4 and measure there-
fore the parity of the circuit output as a function of the
input data, we see that we can simplify the cost function
in Eq (82) using the fact that the squared terms sum to
one we are left with the expression [28]:

CuL(0) = 1 - C1(0) + C2(0), (83)
1 L

Zf 0,x:)y; (84)
l:l

= % PRICEDS (85)

=1

It is clear that this is nothing else than a linear combina-
tion of estimates that contains both positive and negative
coefficients It can therefore be computed using both of
the methodologies outlined in ITA (standard approach,
SE) and IIC (LCU), respectively A schematic diagram
of a QML sampling process and optimization routine is
given in Fig 4

The estimation of such quantity represents a possible ap-
plication of the LCU approach In our case, we make use
of the simplified cost function:

Ci(0

h |

L
Z £(0,2:)y;. (86)

The second part of the cost function can be sampled by
either adding a control operation to the LCU circuit or
by sampling with two different circuits The first is a
LCU circuit that implements Eq (86) The second a is
a circuit that implements C2(6) The latter can be real-
ized by preparing the tensor product of the QNN unitary
that is used to parameterize f(0,x) conditioned on the
LCU register The LCU register implements the summa-
tion process and the tensor product allows us to estimate

f(6, )

1. Sampling cost functions from datasets

We test the implementation of LCU and SE on a
QML problem We employ the Quantum Neural Net-
work (QNN) given in QISKIT [67], which is composed of
a Z7 feature map for encoding the input data x sam-
pled from the data set and a variational circuit V(8) In
this context, we are interested in simply evaluating the
average cost function over the (x;,y;) input values for
i =1,..., L and estimating its variance using the expres-
sions introduced in Eq (11) for SE and Eq (24) for the
LCU estimator applied on the cost function in Eq (86)
Since the linear combination contains both positive and
negative values, we use the expression given in Eq (55)
and modify the variance accordingly As before, in this



context we have the inner expectation value, correspond-
ing to the average over the quantum statistics and the
external one, corresponding to the average over the clas-
sical sampling

For the plots in Fig 5 we use four different datasets: (I)
normally distributed variables & ~ N(04,1;), for which
we have y; = f(x;) = 2-sign(}_;27) — 1, ie, the sign
of the sum of vector components, — (II) — autocorrelated
variables, where each variable x; is defined by the follow-
ing relation:

ViZQ,...,LZ xT; ZZ".’E(), o NN(Od,Hd), (87)

and again y; = f(z;) = 2-sign(3_;2/) —1 The au-
tocorrelated data is used to analyze the behaviour of
SE variance in presence of correlations between different
circuits (IIT) data sampled from the IRIS [93] dataset
— (IV) — data sampled from the MNIST data set [94]
after performing a PCA transformation [95] to achieve
dimensionality reduction [86] The results of our simu-
lations are shown in Fig 5 We used 10000 shots for
each circuit evaluation, and a number ranging from 2 to
100 of estimates of classical data that are summed to-
gether In these plots we show different types of sam-
pled data: in the first row we plot the values of the
cost functions as a function of the number of samples
for the four datasets (autocorrelated, uncorrelated, IRIS
and MNIST, respectively) for both LCU and SE The
values for datasets I, IT and IV are also averaged over 50
different sampling runs Shaded regions show the stan-
dard deviation and the fourth moment of the estimates
We see that the standard deviation for the LCU estima-
tor is always larger than the one of SE The second row
of plots shows the variance of the LCU estimators, SEs
and also the maximum possible variance that hypothetic
classically correlated (Rademacher) variables X, ..., X,
with the same mean values as those used for SE As we
showed already, the maximum of such quantity cannot
exceed the LCU variance, which is confirmed by the re-
sult in each plot

Since the cost functions are initially renormalized, in
order to obtain the sampling complexity we need to mul-
tiply them with an appropriate re-scaling parameter L?
for the LCU estimator and L3 for SE — because we need
to account for the sampling of L different circuits, as
shown in Eq (15) As a result, we see that the sam-
pling complexities of the two estimators are asymptot-
ically the same The maximum possible variance that
SE can achieve is due to the Cauchy-Schwarz inequality
— see also Eq (40) (assuming classical correlations be-
tween the samples are possible) In this case, however,
we have to consider that as a result of the correlations,
some operations may commute, which would reduce the
total number of copies needed to estimate their values
The extreme case is the estimation of the same (Pauli)
observable multiple times: in this case the LCU and SE
become the same estimator Interestingly, this is also the
(classical) case in which the so-called Poisson-Binomial
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probability distribution [96] and its Binomial approxima-
tion are the same — see the discussion in Appendix A 3
This aspect helps us shed light on the different proper-
ties of LCU and SE and how these differences affect the
scaling of estimation on quantum circuits It also shows
that full LCU is mostly indicated for sampling and esti-
mation tasks where full or at least near-term amplitude
amplification algorithms can be implemented

IV. GRADIENTS OF QUANTUM COST
FUNCTIONS

In this Section, we consider the problem of sampling
and estimating gradients of quantum cost functions This
problem has been discussed in several previous works
[4, 26, 27, 36, 44-50, 59], both from the point of view
of LCU-type approaches and SE Here, we want to focus
in particular on the circuit shown in Fig 6 (b) and apply
it to the following problems: the estimation of deriva-
tives with forward propagation [99], see Section IV C, its
application in the calculation of general SU(d) gradients
[44], see Section IV D and Fig 8, and its application in
quantum control [100], see Section IVE These altogether
complete the description of gradient estimation circuits
using LCU approaches and allow for the estimation of
arbitrary gradients of unitary operations

A. Quantum circuit gradients

For general gradients of quantum cost functions — see
Eq (4) — we can write:

Vo(0(0)) = Re{tr(VoV(0)pV'10)}, (88)

which, as shown in Fig 7, can be again implemented by
combining LCU and a Hadamard test [50] Let us con-
sider the outcome of the so-called Power-of-Two-Qubits
circuit or POTQ [54] circuit, a specific type of Hadamard
test that outputs the following overlap between unitaries
V(0) and U and which is shown in Fig 7 (a):

1

p+(0) = 5 (1 + éRe{tr{V(e)UT}}> . (89)

where p4(0) are the probability of finding the control
qubit in the state 1 or 0, respectively The cost func-
tion corresponding to the real trace overlap can then
be estimated as Cporq(0) = 1 — pi(0) — p—(0) =

— L Re{tr{V(6)UT}} The gradient of this cost func-
tion is given by:

1
VoCrorq(8) = —— Re{tr{VeV(O)U}}.  (90)
Eq (90) can be estimated using again a POTQ circuit

where the unitary gradient VgV (8) is implemented
We first consider the specific case in which the unitary
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Figure 5. An example of estimation performed with (simulated) quantum circuits in QISKIT [67] for the regression cost function
C1(0) in Eq. (86), where we use 10000 shots per circuit and from 2 to 100 estimates. The values for datasets I, II and IV
are also averaged over 50 different sampling runs. (Top line) Mean values and sampling complexity of the estimator C1(6) of
C1(0) for a random 6 ~ N (On,In) — see Eq. (86). The sampling complexity is defined as the asymptotical total number of
queries needed to estimate a quantity up to a fixed precision e. (Bottom line) sampling complexities of estimators according
to Egs. (14) and (24) for different types of datasets used as inputs to the QNN for both SE (blue line) and the LCU (orange
line) estimators. In addition, the maximum possible SE variance is also shown (green line), and, as expected from Eq. (40),
it always lies below the LCU variance. Shaded regions show the uncertainty for both mean (standard deviation) and variance
(here we use an approximate estimate of the fourth moment for SE and LCU, while for the maximum of SE we use the fourth
moment of LCU as an upper bound). Column (I) shows the results of sampling auto-correlated quantities as shown in Eq. (87).
(II) shows the results for sampling i.i.d. Gaussian variables. (III) shows the results of sampling from the IRIS dataset and
(IV) from the MNIST dataset (whose dimensionality is reduced first with a PCA transformation, see also the procedure used
in Ref. [86]). We observe that in all cases the variance grows linearly compared to the variance of the LCU, which is always
quadratic. In the auto-correlated case, the particular structure of the data seems to induce a superlinear behaviour, most likely
due to the fact that estimates that are functions of the same unitaries (or highly correlated unitaries) are considered, see also
the discussion in Appendix A 3.

V(0) has a single parameter 0, ie, V(0) = exp{—ifH} B. Parameter-shift rules
for a Hamiltonian H Assuming the Hamiltonian can be
written as H = Y, _; h;P; [26, 27], this gradient can be
implemented using the circuit given in Fig 1 (b), since
V(#) = —iHV () For a quadratic cost function, such as
the standard gate infidelity — see Fig (7) and Ref [54]:

Let us now consider the circuit product ansatz:

N
Vea(0) = _H Vi(6s), (93)

1

2
d? ’

with @ € RV In simulation, the gradient of this circuit
can be effectively computed using the GRAPE algorithm

10)=1- —|tx{V(O)UT}

(91)

we have instead a gradient of the type:

Vol(6) =

2
- Re{tr{(V(0)U") @ (VoV(8)UT)}},
(92)
which can be sampled by modifying the POTQ circuit

with a register of 4n qubits and encoding the gradient of
the unitary operation on the circuit appropriately [50]

[100] However, its evaluation on a real quantum device
seems challenging, as it is not possible to naively store
the results of intermediate unitaries on quantum exper-
iments as we do in classical simulations, though some
proposals for back-propagation on quantum circuits do
exist [5, 6] In the case where Eq (93) is valid, we see
that the gradient of the cost function given in Eq (88)
simplifies to:

0
00;

(0(0)) = z'Tr{OV((li))(O)[Hi, ﬁi(o)]v(%”(a)}, (94)
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Figure 6. Schematic representation of the forward derivative circuit for a general quantum cost function given in Eq. (3).
The cost function circuit is pictured in (a). In the case of parameter-shift rules, the cost function is evaluated multiple
times by shifting the parameter vector along the derivative axis for instance according to Eq. (95), and where a;r, i =

. N,r = 1,..., R represent the shifts in the respective angles. The gradient circuit [38] (b), instead, uses a LCU register
(or two registers for positive-negative coefficients) with controlled operations to perform either parameter-shift rules or finite-
differences [4, 36, 47, 97, 98], or to encode the gradient operator itself [26, 50]. The gradient circuit uses multi-controlled gates
on the values 1,..., NR (assuming w.l.o.g. that each gate Vi, ..., VN requires a total of R shifts). Controlled operations on the
values 1,..., NR can be implemented using binary encoding and [log(NR)] qubits. The LCU unitary Wgs,, encodes both the
coefficient matrix S in Eq. (95) and the forward derivative coefficients v in Eq. (96). To obtain the standard gradient of the
quantum cost function the circuit output needs to be evaluated N times with N different binary input vectors. The forward
derivative, instead, can be evaluated directly by encoding a vector v in the LCU register with r = [log(NR)] qubits (we assume
here for the sake simplicity only positive linear combinations). The forward gradient can be estimated by using a random input

v ~ Q, where @ is a suitable probability distribution, see Ref. [99].

~ N N ;
where £:i(0) = V3,0V 1)0) and V/(6) =
1y Vi(6;) By finding appropriate coefficients Si and

parameter shifts a;, we can use the interpolation ansatz

[4]:

R
= Sin{0(0 + airey)), (95)
k=1

i

where R is the number of parameter shifts (in Ref [4]
it is set as twice the number of distinct eigenvalue dif-
ferences contained in the spectrum of the gate gener-
ator) and e;, i = 1,...,N are unit vectors of the pa-
rameter space RY — see Eq (93) We can substitute
symbolically any type of product ansatz into Eq (95)
to find a suitable formula for the parameter-shift vec-
tors a1 = (ai1,...,a1r)¥, ..., (an1,...,anr)T and the
coefficient matrix S;;  This expression is the general
parameter-shift rule for quantum gradients [4], written
using a different notation Moreover, even in the noise-
less case, one needs O(R?N/€?) circuit evaluations to
compute every parameter variation The same is true if
the gradient is computed through, e g , finite-difference
methods [98], with the notable exception that the scaling
for one finite-difference shift is O [N/(€26?)] [48], which
is generally unfavorable due to the small size of § In this
case, a shift § ~ O(1) is often the optimal choice [44, 98]

It is clear that Eq (95) can also be implemented us-
ing the LCU sampler — see Eq (55) Pauli gates are a
simple application, as they only have two distinct eigen-
values [36] The n-qubit XY gate or Mglmer-Sgrensen
gate offer a more interesting use case with n + 1 and
[n/2] +1 distinct eigenvalues [23, 59] respectively, which
correspond to O[log(n)] control qubits in the LCU reg-
ister However, for arbitrary generators the eigenvalue
structure may also scale more unfavourably

For arbitrary generators with partially known spectra,
several methods of reconstructing their landscape have
been proposed Often, these methods require perform-
ing linear transformations of a vector of estimates, such
as computing their Discrete Fourier Transform (DFT) In
this case, however, the coefficients need to be determined
from the estimates classically, which means that loading
them on the LCU register is less beneficial than approach-
ing the problem using the method given in Ref [26]

C. Directional derivatives and forward propagation

Another application of LCU is represented by forward
propagation [99] While back-propagation seems to be
challenging to implement on quantum computers [5, 6],
forward propagation on quantum circuits can instead be
achieved by using the circuit shown in Fig 10 (d) or by
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Figure 7. Relevant test circuits for quantum compilation in-
troduced in Ref. [54]: (a) Power-of-Two-Qubits (POTQ) cir-
cuit (the original article uses one qubit more, but the result
is analogous) and fidelity or Hilbert-Schmidt test circuit (b).
The operation U+ [54] prepares the 2n-qubit generalized Bell
state [¢") given in Eq. (62) starting from |0Y¥2"™. See Ref. [50]
for a general review of gradients based on Hadamard tests in
the context of parametrized circuits.

implementing it with the SE The forward derivative of
a cost function C that depends on parameters 8 € RY is
defined as:

N

0) = zé‘g—g@ (96)

for a vector v € RY  And the corresponding forward gra-
dient can be obtained by sampling in random directions
[101, 102]:

VoC(8) = Euq [VoC(0)0)], (97)

where v ~ (Q is a random vector with mean zero and
bounded variance sampled from a probability distribu-
tion @ In Ref [102] @ is assumed to be a Rademacher
distribution: values sampled from this distribution can
be implemented in the LCU register using random graph
states [103] Since v can have both positive and negative
values, the circuits given in Fig 3 are needed Despite its
straightforward circuit-centric implementation, the scal-
ing of forward propagation on quantum computers is sig-
nificantly worse than the corresponding scaling on clas-
sical deterministic computers [99] We consider here the
product ansatz circuit given in Eq (93) We assume that
each gate can be written as V;(6;) = exp{—ib;H;} =
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exp{—i@l- Zézl aikPZ-k}, where P;, are arbitrary Pauli
operators and a;; the coefficients of the Hamiltonian of
the ith gate in the Pauli basis [26] The relevant scaling
parameters of forward propagation are the number N of
gates in the product ansatz and the number of Pauli co-
efficients K in each gate according the LCU approach —
see Eq (1) Therefore, the LCU circuit can estimate:

o= =230, au Im{tr{ Prpea(0)0}},  (98)

=1 k=1
VGC(G) = Ev~Q[9v]7 (99)

for pca(0) = VCA(B)pVCtA(O) Eq (98) is the forward
derivative in Eq (96) of the cost function in Eq (4) that

uses the circuit defined in Eq (93) Due to propaga-
N2K?
2

tion of uncertainty, we obtain a O(=——) scaling for the
forward gradient, which is worse than the PSR and LCU-
gradient scaling with respect to N Eq (98) can be es-
timated by combining appropriate parameter shifts and
forward propagation — see Fig (6) (b) —, i e, with a sam-
pling complexity of O(g) An amplified version of
forward propagation computed on the LCU circuit would
reduce the sampling complexity of forward propagation
to O(XE) In this case, we reach the same scaling as
the PSR approach in N and quadratically better scaling
in L This analysis, however, does not cover the total
variance of the estimation problem due to the number of
shots and the variance with respect to v ~ @ In fact,
forward propagation suffers from slowdowns in the opti-
mization due to a curse of dimensionality that limits its
effectivity even in classical settings [102]

D. Most general LCU gradient: SU(d) gradient
circuit

In this case the circuit is a single multi-qubit circuit
parametrized by:

K-1
V(0) = e O = exp{—i Z Gka}.

k=0

(100)

The circuit that provides an unbiased estimator for the
adjoint is given in Ref [50] and Fig 8 Now we need to
combine this circuit with the LCU itself In the case of
a general SU(d) gate, Eq (90) becomes [44]:

VeCrorq(8) = —é Re{Tr{Q(O)V(OUT),  (101)
with the operator
Z |0||1adl ) (VoH(0)),  (102)

l:O



where ad’; ao) (VgH (6)) denotes the nested commutator
of Ith order

adﬁq(e) (VoH(0)) = [H(B),..., [H(0), (VoH(0))]],

[+1 elements

and H is the renormalized version of the Hamiltonian
ie, H(O) = H(0)/]6], with 0], = >~ |9k| as de-
fined in Eq (100) The expression Vo = HGH Vg is a
rescaled nabla operator As such, the derlvatlve of the
unitary for £k = 0,..., K — 1 given in Eq (100) can be
written as an infinite sum of matrices:

aak Z W6

where W;(0) = l+1)' ||0||1adH(9) (H,)V(0) If we com-
bine the estimator circuit given in Eq (55) with the cir-
cuit given in Ref [50], which allows for the computation
of nested commutators — see Fig 8 — we can compute
any unitary gradient with a full quantum circuit up to
a desired approximation order A second LCU register
is necessary to encode H(8) coherently on the quantum
circuit By inserting the expansion given in Eq (102)
into our gradient Eq (101), we obtain

(103)

VoCrorq(0) = > T, (104)
=0
with
7 = - ot ref (o e [vady @]}, (105)
I+ d H ’

where G = ngH(O) = (Hy, ..., Hx_1)7T is a vector of
1

matrices and the trace and matrix multiplications oper-

ations in Eq (105) are carried out in a vectorized form

For an Lth order expansion

VngQTQ( (106)

L
0)~> T,
=0

the remainder is then given by R; = Zfi 1L Here
we focus specifically on the POTQ cost function How-
ever, similar expressions can be derived for arbitrary cost
functions of the type given in Eq (4), whose gradient is
given by Eq (88), as well as for the infidelity gradient
given in Eq (92) We now turn to specific examples of
multi-parameter, multi-qubit gates where Eq (106) can
be implemented using LCU methods In particular, we
analyze the behaviour of the SU(d) gradient approxima-
tion given in Eq (106) on control problems with fixed
and time-dependent control parameters
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1=0 /

(b) Ith commutator circuit CI(Z (Hy)

Figure 8. Representation of the SU(d) gradient circuit [44] us-
ing the nested commutator circuit from Ref. [50] for a control
problem with Pauli gates Hop and H;. The circuit C’gé (H1)
shown in (b) computes the expected value of the adjoint
adly, (H1), i.e., the nested commutator term of order I. Each
commutator term of order | = 0 (which is simply H;), [ =1
(which is [Ho, H1]), etc. is mapped to the corresponding entry
in the LCU register with » = [log(L)] qubits. The LCU state
is prepared by the unitary W*CY. The circuit in (a) can be
simplified further due to the redundancies in the composition
of L multiply-controlled circuits of type (b), each one with a
number of Hamiltonian terms that grows from 1 to L as in
Eq. (106).

1. Exzample

We consider now a simplified unitary operation that is
typical of control problems [104], i e

‘/0(0) = exp{fi(HOHo + 91H1)At}
VO = exp{—i@oHoAt},

(107)
(108)

where Hy and H; are drift and control Hamiltonians re-
spectively, 01 is a control parameter and At is a time
interval This is a special case of Eq (100), where 6 =0
for k=1,..., K — 1 and an additional dynamical evolu-
tion of time At is applied We define therefore the vector
parameter 8 = (6p,01)7 We can compute the control
oV.(8)

gradient of Eq (107) by evaluating =55~ o (10)7 using
Eq (102):
OVe(0) -
= WY, 109
90, ‘0:(1,0)7" Z t (109)

=0

with W = Gi80adl, (H1) Vo
Fig 8 can be used to compute the derivative by imple-

menting Hy and H; using the LCU method if the Hamil-

The circuit given in



tonians are given by sums of Pauli operators [26, 39]

2. LCU implementation

We first consider only two Pauli operators, ie, Hy =
Py and H; = P; This helps us illustrate the structure of
the quantum circuit that we generalize later to arbitrary
Hamiltonians using standard LCU methods In this case,
the circuits given in Fig 8 can be implemented using
(multi-controlled) single-qubit rotations R, R, and R,
and (multi-qubit) Toffoli gates

The number of multi-controlled gates needed to imple-
ment a gradient approximation circuit of order L scales
as O[L?log(L)] For general Hamiltonians Hy and H;
generated by K Pauli operators, the overall depth is
O[K?L?1og(K)log(L)] Note as before that the factor
of log(L) can be further brought down to log(log(L)) by
using log(L) additional ancillas [64] We observe fur-
ther that we do not need all multi-controlled bits for the
(multi-controlled) Pauli gates that implement the con-
trolled operations Py, Py, ..., Py : the first one, P;, acts
on all entries of the LCU state and does not need con-
trols on the LCU register, but only on the first qubit
The other gates are multi-controlled on L — 1, L — 2, ,
1 entries, respectively, so they require only 1, 1, 2,
L multi-controlled bits each This approach reduces the
number of gates by a constant factor, even though the
asymptotic circuit depth remains the same

We now turn to the implementation of the LCU reg-
ister Each commutator circuit (I = 0,...,L) in Fig 8
(a) allows for the estimation of the (renormalized) mean
value — see Eq (15) in Ref [50]:

9= (—%)lRe{(—i)ltr{adh(Ho)vaO}}, (110)

where py, = VOpVOJr —see Eq (108) As a consequence,
the LCU circuit in Fig 8 (a) estimates the quantity:

L
Gr =Y w(At)g, (111)
=0

where w;(At) are appropriate At-dependent LCU
weights that reproduce the coefficients given in Eq (109)
By comparing Eq (110) with Eq (109), we see that the
state we need to prepare in the LCU register is nothing
else than a coherent state with parameter equal to v2At
implemented by the operator WCU shown in Fig 8 (a):

WECY(AL) [0), = ‘\/QAt> : (112)
o AT
’\/ZAt> = 181y (V28] 1) (113)
= V!
The positive weights are given by w;(At) = @?—f)le’mm‘

We observe that compared to Eqs (102) and (109), us-
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ing this state would lead to a [! coefficient rather than
(I4+1)! The derivation of this gradient encoding scheme
is provided in Appendix B1 A generalization to the case
in which the gradient is not computed at §; = 0 and the
Hamiltonians are not just n-qubit Pauli operators (for
example because there are multiple control Hamiltonians
that are kept fixed while performing the derivative with
respect to 01) can be obtained using the LCU approach
to implement the drift Hamiltonian and by encoding co-
efficients proportional to (At)! in the LCU register, see
Eq (112)

3. Ezxpectation value of the truncation error

We want to analyze the convergence behaviour of the
gradient approximation in Eq (106) for a quantum gate
of the type given in Eq (107) In particular, we consider
here the gradient of the POTQ test given in Eq (90)
The square truncation error Ry, is given by:

Rzz(in)z,

l=L+1

(114)

where T} is given in Eq (105) Here we use Ry to de-
scribe the square truncation error of the POTQ gradient,
while R is defined analogously for the gradient of the
infidelity We can estimate the behavior of the expected
value of the truncation error as a function of a random
Hamiltonian generator, in order to potentially determine
the truncation length L that is needed to achieve a given
target precision in the gradient approximation In the
following section, we specifically consider the framework
of quantum control to understand the behaviour of the
SU(d) gradient from the perspective of the LCU imple-
mentation We employ random n-qubit drift and con-
trol Hamiltonians Hy and Hy that are sampled from the
Gaussian Unitary Ensemble (GUE) [105], respectively
We also employ random target unitaries U, generated
with a QR decomposition The gradient is evaluated
at control value equal to zero (#; = 0) to facilitate
the simulation, but this method can be applied to ar-
bitrary control problems, since we can always redefine
the drift Hamiltonian to contain control Hamiltonians,
whose pulse parameters are not varied

The formal derivation of the exact average of the
square truncation error with respect to Hermitian ma-
trices Hy and H; sampled from the GUE is given in
Appendix C The asymptotic behaviour of the squared
truncation error is given by:

A2
iR ~ 0 51 (I6140**).

(115)
where d = 2™, A1 and Ag are the Dyson coefficients of the
distributions of Hy and Hy, and @ is the parameter vec-
tor of the control problem as defined in Eq (107) The
value E[R?] can also provide us with a bound for the av-
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Figure 9. Representation of the convergence of the SU(d) derivative given in Eq. (106), using the parameters defined in Eq. (109)
and as such represented using LCU. We use here the squared approximation error R7 — POTQ, Eq. (90) — and R% — infidelity,
Eq. (92) —, so that we can compare it easily with our theoretical predictions. Numerical simulations of the truncation error are
shown as straight lines and the theoretical prediction as dashed lines, with different colours representing different At. The values
are averaged over 50 random Hamiltonians Hy and H; sampled from the GUE [105] with Dyson coefficient Ag = A1 = 1. (a),
(b) show the gradient approximation of the unitary of a 6-qubit Hamiltonian for the POTQ cost function and the fidelity cost
function, respectively, and for different values of 6 as a function of the order of approximation, n, in the expansion L. Dotted
lines represent the symmetric O(1) finite-difference (FD) approach with a shift of § = 0.75. The O(1) approach is the best
choice when sampling classically from quantum circuits due to the scaling of the variance with § — O(1/6%), see also Ref. [44].
(c) shows the maximum norm of the difference between the true gradient computed with JAX and the gradient approximation
as a function of § — see Eq. (116). (d) shows the precision in the approximation of the first order in the expansion for the
POTQ cost function, which for this case corresponds to terms in the LCU that are proportional to H1 (L = 0) and [Ho, Hi]
(L =1). We see that for several cost functions, a relatively short circuit already produces a high-quality approximation of the
SU(d) derivative.

erage error itself since |[E[R.]| < \/E[R?] We simulate In Fig 9 (c) we show the maximum norm of the unitary
the result by computing the gradient approximation in gradient approximation:

Eq (106) with the problem structure given in Eq (109),

ie, with 1 = 0 and 8y = 1 We average the approxi- d°
mation error over 50 random Hamiltonians Hy and H; L
sampled from the GUE with Ag = A; =1 (see Ref [105]

and Appendix D) for different numbers of qubits and val- for the maximum index considered, i e, forus L =14 as
ues of the parameter § The results of our simulation of & function of the parmeter A¢ This plot helps us visual-
the SU(d) gradient are shown in Fig 9 for different test  1ze the precision of the unitary gradient itself if compared
values of @ The gradient used for comparison is obtained ~ to the precision of the gradient of the two quantum cost
with JAX [106] Full lines and dashed lines represent the ~ functions given in Fig 9 (a) and (b) In Fig 9 (d) we see
simulated average of R2 — POTQ gradient — (a) and R2 s an example the change of R? for L =1 as a function
— infidelity gradient - (b) up to an order L Dotted lines ~ ©of 0: the behaviour of the function reflects the predicted
represent the symmetric finite-difference (FD) approach  dependence of E[R?] from 0, e, O[6*(=+1)], as shown in
with a shift § = 0.75 — see also Ref [44] We see that the ~ Eq (D14) and in more detail in Eq (D13)

theoretical predictions match the average value of the

squared truncation error within the standard deviation

represented by the shaded regions and that the approxi-

c
L

: (116)

o0

ov () ’
0601 le=a,007

mate gradient to order L quickly reaches the precision of E. Gradients of quantum dynamics
a symmetric O(1) FD approach, which is commonly used
when sampling classically from quantum circuits [44] In the case of pulse-level optimization, the problem

usually has a bilinear structure with a drift Hamilto-
nian Hy and control Hamiltonians Hq, ..., Hx_1 — see also
Eq (100) — with corresponding time-dependent control

By setting an appropriate maximum expansion index
L, we can study the convergence of the gradient approx-
imation The convergence with respect to L is partic- P
ularly relevant for the LCU implementation, because, if fields uy*(t), ..., u"7'(t) Wlog, we can assume that
the integer L needed to reach a gradient precision § is rea- these control fields are each parametrized independently
sonably small, so will be the depth of the corresponding by real vectors ¢y,...,¢x ; The gradient of the uni-
LCU-based quantum circuit tary evolution of Hg(t) = Hy + Z,I:;ll uf*‘ (t)Hy, where
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(a) Cost function C(¢) and (continuous) GRAPE gradient
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(b) Circuit that calculates the derivative of C'(¢) with respect to ¢;;
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Figure 10. Schematic representation of the LCU-GRAPE circuit for a general quantum cost function optimized with control
pulses. The cost function circuit is pictured in (a). Compared to the previous example, i.e., Fig. 6, the circuit uses the unitary

evolution Vi (to,T) = Texp{fi ftf H¢(T)d7-}7 where 7 is the time-ordering operator and H(t) = Ho + Zf:_ll ufj (t)H; the
Hamiltonian of a bilinear single-control problem parametrized by a vector ¢p. The LCU-GRAPE circuit shown in (b) is an
estimator of the (renormalized) gradient given in (a) and therefore implements, on a quantum circuit, the gradient sampling

procedure outlined in Refs. [52, 53]. The operation W5V loads the LCU register that uses r = [log(Nr)] qubits (we consider
again for the sake of simplicity only linear combinations of positive coefficients) with coefficients proportional to %@Ati
ij
and can therefore The derivatives with respect to the single time-sliced control pulses can be implemented in different way,
either with the SU(d) gradient circuit — see Fig. (8) and the procedure outlined in Section IV D, or with another type of gate
gradient estimation method, depending on the structure of the spectrum of the gate element Vi (t;),7 = 1,..., Nr itself. We
also see that this gradient resembles the structure of a forward derivative, because each time-sliced gate depends on the same
set of parameters ¢, so the gradient results a sum of each contribution. Overall, this procedure gives a O(T?/e?) and O(T /¢)
sampling complexity for non-amplified and amplified estimates, respectively.

¢ = (b1, brc )", that is of Vy(t) = Te ' Jeo T
where 7 is the time-ordering operator, from the initial
time ¢t = tg to the final time t = T with respect to the
parameters, is given by [100]:

4).
Vg ./T Ou;” (t)
=—1 Vi (to, 7)H; ———Vy (1, T)dr.
a¢ij it ¢( 0 ) J 8¢” 47( )

For a control cost function of the type of Eq (4),ie:

(117)

C(¢) = tr{Vd,(to,T)pV;(to,T)O}, (118)

the gradient is given by — see Appendix B 2 and Refs [52,
53, 107]:

aC(@) [T 4 Ou ()
ra z/t s?(7) dr, (119)

—to 7 0ij

59 (r) = te{p(T)[Hj(to, 7), O]}.

¢ (120)

Eq (119) resembles the implementation of the analog
LCU algorithm [1] Full quantum control gradients are
usually too challenging to implement for basic qubit op-
timization on near-term devices However, quantum con-
trol has been suggested as a possible ansatz to optimize
variational quantum algorithms [108] In these imple-
mentations, the use of LCU algorithms can be consid-
ered beneficial Usually, the gradient given in Eq (119)
is computed for a discretized time dynamics, i e, where
T= ZHNL At,,, in which case we have:

(121)

which is the discretized version of the GRAPE gradient
[100] We refer to the circuit estimator for this quan-
tity as LCU-GRAPE Assuming the variance of the con-
trol operators is bounded, the sampling complexity of
this approach with a classical sampling process scales as
O(T?/e?) and therefore as O(T'/¢) for an amplified sam-
pling The circuit given in Fig 10 (LCU-GRAPE), when



combined with amplitude estimation, potentially allows
for quadratic speed up in the evaluation of GRAPE-
like gradients However, the depth of such LCU cir-
cuits and the additional ancillas makes them impracti-
cal on near-term quantum devices and in the control of
experimental qubits for gate synthesis and state prepa-
ration [109] On the other hand, Ref [52] draws con-
nections between (Ordinary Differential Equation Net-
works) ODENets [110] and quantum dynamics typical of
control systems The analysis contained therein provides
us with training methods for ODENets on quantum sys-
tems using Eq (119) and stochastic parameter-shift rules
[45] As we discussed above, classical estimation of such
a derivative is quadratic in time — O(T?/€?) — both in the
case of SE and LCU, while amplified LCU-GRAPE can
potentially reach O(T'/e) For large parametrized quan-
tum models, this represents a significant speedup While
its relevance is limited for NISQ circuits, it will most
probably increase in the next years as logical error rates
continue to decrease

V. SUMMARY AND CONCLUSION

In this work, we thoroughly analyze the sampling
complexity of different LCU estimators in different
contexts In the first part, we focused on reviewing the
approaches to LCU sampling and estimation compared
to SE The complexity of estimating observables using
LCU and SE without any quantum AE routine is
the same, ie, O(L?/€%) [1] In the case of AE, the
sampling complexity of the LCU estimator reduces to
O(L/e), which is considerably faster than the O(Lv/L/¢)
scaling of SE We also draw connections between clas-
sical probability theory, circuit sampling and DQC1
by considering the SA-LCU approach presented in
Ref [1] In the second part of the work, we focus on
the specific application to gradient estimation, and
more specifically we discuss how LCU can be used to
represent the gradient of arbitrary cost functions that

22

depend on unitary evolution operators, such as the
SU(d) gradient introduced in Ref [44] and GRAPE-like
gradients (LCU-GRAPE) We present and discuss in
particular the circuits that allow for the estimation of
SU(d) gradients and control gradients, and analyze the
convergence properties of the gradient approximation
both from a numerical and an analytical perspective
using concepts from random matrix theory  These
results are relevant for advanced implementations of
gradient-based optimization on quantum hardware that
make use of either non-standard multi-qubit gates or
circuit ansatze based on quantum optimal control theory

VI. CODE AND DATA AVAILABILITY

The code and data used for this work are available at
Ref [111]
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Appendix A: Trace estimation with DQC1
1. DQC1

When dealing with NMR quantum computers [114], it is common to have access to n-qubit mixed states On
these and similar quantum systems, having a quantum computer that only uses mixed states and some control qubits
would be beneficial, rather than using only pure states that undergo unitary evolutions It turns out that there exist
problems that can be solved exponentially faster on this type of quantum computer compared to a classical computer
[115] However, it has been shown that this computation model is also significantly weaker than standard quantum
computation [115, 116] This model is referred to nowadays as DQC1 [75] (Deterministic Quantum Computation
with One Clean Qubit) Several problems involving computing distance measures between unitaries and states using
quantum circuits are DQC1-complete or -hard [117-119] One for all, trace estimation of unitaries is DQC1I-complete
[116] The same is true for energy estimation for Hamiltonians with very low (logarithmic) connectivity [116] It
seems that problems involving LCU-based sampling tend to be DQCI-hard [119] In general, one can construct a
DQC1-cost function by implementing a LCU-type circuit with controlled operations [58]

2. Sampling Unitary traces and DQC1 basics

The complexity class DQC1 that allows direct computation with one clean qubit uses a single- or multi-qubit
controlled unitary V acting on a maximally mixed state (which corresponds to uniformly sampled random pure states)
to perform quantum computation [75] This model has been shown to be hard to simulate on classical computers if
more than three output qubits are considered [120] Estimating the re-normalized real part of the trace of a unitary V
is a complete problem for DQC1 [116] The circuit that allows this estimation is given in Fig 11 (a) for mixed-states
inputs and (b) for pure states
The probability of measuring the control qubit for the circuit that uses mixed states — see Fig 11 (a) — in the zero
(+) or one (-) state is given by

1

ez <1 + éRe{T&r{V}}) . (A1)

The imaginary part can be obtained by inserting an S gate before the final measurement in the circuits given in
Fig (11) We can see that if we want to compute the trace of a unitary, the variance of the estimator for the trace
behaves as a Bernoulli variable [121]:

Var(z) = p4+ (1 — py). (A2)

Here, we consider only one of the two outcomes and thus set p = p;  Without using a maximally mixed state p = %,
computing the trace requires preparing d = 2" orthonormal basis states {|i)}%; and estimating their corresponding

probability distribution p;:
1 . .
p; = 5(1+Re{(z|V|z)}). (A3)

As the real part of the trace of V is given by Re{Tr{V'}} = 2?21 Re{(i| V' |i)}, we can construct an estimator for the
trace by creating an estimator z’ that collects the counts of the d different circuits and sums them together
The variance of this estimator behaves as a sum of independent Bernoulli variables, each one with variance p;(1 — p;):

d
1
Var(z') = = Z (1—=pi), (A4)

and is d-times smaller than the variance of the estimator based on the maximally mixed state

Proof. We prepare the d states |i),i = 1,...,d and apply the Hadamard test on each of them using the controlled
unitary V' Since the states are prepared on d different Hilbert spaces, the variance of the estimates is simply the sum
of the variances, each one equal to p;(1 —p;) for i = 1,...,d Afterwards, we use the fact that p; < /p; for 0 <p; <1
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and write
C.s.

d d d
%ZZ [wij] = pips) sdiZwaz ~ VBiVE)- (A5)

Then we apply one of the generalized mean inequalities (GM) [66], which follows from the Jensen’s inequality [122]:

d

SN Ve S lzp,, (A6)
i=1 j=1
and we obtain
1 d 1 d 1 d
# 22 Bl = pe) < 53 p (1—32m) Var(z). (A7)
=1 j=1 i=1 =1

The last term is the variance of the DQC1 estimator This derivation assumes that the circuits are somewhat
correlated However, if no correlations are present, because the estimators are prepared independently from each
other, the term on the left hand side is d times smaller than the full variance with non-zero covariances Therefore,
we have

Var(z') < dVar( z). (A)

O

We see that the variance of the first estimator is at least d times smaller than the one of the DQCI1 estimator
However, the DQC1 estimator does not require the preparation of d different states, as long as we have access to a
source of randomly distributed pure states in input (or, equivalently, a maximally mixed state) In summary, the
query complexity of both estimators with precision € is O(d?/e?) — in the former case, we need to sample the sum of
d circuit outputs with precision O(d/€?), in the latter we sample from one circuit with precision O(d?/e?)

3. Conditional sampling and averaging

The sampling methods discussed in the previous sections offer some insight in the computational structure of these
methods In particular, we see that an LCU circuit (or the equivalent ancilla-free approach) maps an originally
Bernoulli-like estimation problem to an equivalent Bernoulli-like estimation problem If the original goal is to sum
L Bernoulli estimates p1, ..., pr,, whose value lies between 0 and L, the LCU circuit outputs the renormalized version
of this estimate, whose value lies between 0 and 1 As a consequence, the corresponding non-renormalized estimate
Lp behaves as a sum of strongly correlated variables with variance L?p(1 — p) Eq (45) shows that the correlations
induced by the LCU circuits are stronger than any classical correlation In classical probability theory, the sum of L
independent Bernoulli-distributed trials follows the Poisson-Binomial distribution [96] Interestingly, this distribution
can be approximated by a Binomial distribution with mean p However, the variance of such distribution is always L
times larger than the true variance of the Poisson-Binomial distribution The output of the LCU circuit corresponds
exactly to the approximation of the Poisson-Binomial distribution, which instead is the distribution of L independent
Hadamard tests A different question arises when we sum potentially correlated variables, for example if the originally
independent Hadamard tests are sampled from a joint distribution In this case, there may be potential correlations
present induced, e g , by random circuit sampling [83], due to the law of total variance

Appendix B: SE with near-term amplitude estimation

Before moving to to SE with amplitude amplification, we briefly review the principles of Maximum Likelihood
Quantum Amplitude Estimation (MLQAE) [69] MLQAE starts from the amplified states:

[™) = Q" [¢) = sin((2m +1)0) [1) |1h1) + cos((2m +1)6,) |0) [¢2) , (B1)
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Figure 11. In this figure we consider different types of sampling problems that use the Hadamard-like test circuit normally
employed for DQC1 tasks. In (a) and (b) the same circuits are considered with a fixed unitary V, without any external
dependance. The values Z and x;,i = 1, ...,d represent the Bernoulli counts sampled using the circuits. The circuits (c¢) and
(d) instead depend for some internal degrees of freedom on an external parameter A € Dx C R™ sampled from a probability
distribution P : Dx C R™ ~ [0, 1]. In this case, § and y;,% = 1, ..., d represent the new Bernoulli counts sampled using both the
circuits and the distribution P. Therefore, sampling from these circuits requires averaging over the number of shots sampled
from the circuits and the number of samples obtained from the probability distribution P. In (c), the circuit uses a maximally
mixed state, whereas in (d) the d basis states |i),7 = 1,...,d are prepared and the corresponding probability distribution of
measuring the control qubit in state 0 or 1 is sampled.

where sin(Gp)2 = p, where p is the probability of measuring |1) and also the parameter to estimate, using the language
of estimation theory The states in Eq (B1) are obtained after applying m times the Grover operator of AE [68]:
Q= -VSyV~1S,, as defined in Eq (61) If we prepare m copies of the initial state |¢/) and perform independent runs
of AE each one with one of the operators Q, 92, ..., O™ respectively, the probability distribution of this estimation
problem is given by

M N'm
POy, x, N) =[] [] sin®((2m + 1)6,)"* cos®((2m + 1)8,)' ", (B2)
i=1k=1

where the integers N,, are the number of shots from each circuit implementing Q, 92, ...,OM and z,i, k =
1,...;Np, m = 1,.... M represents the data used for parameter estimation, ie, the binary measurement results
of the shot k from the mth circuit where the state is found in |1) (while 1 — 2,,; is the outcome corresponding to
|0)) All data is represented by the vector = (z11,...,zpnN,,)" and the discrete parameters of the distribution are
given by the vector of integers N = (Ni,..., Nas)T  Ref [69] shows that if one applies the principle of Maximum
Likelihood Estimation on P and if the allocation of the number of shots is chosen optimally, the total number of
queries ng = Z:‘le N, which accounts for both the shots and the repeated applications of the operator ), needed
can potentially reach the Heisenberg limit, that is, the Fisher information of the Maximum Likelihood estimator obeys
the following bound [69]:

F< ﬁ. (B3)

Now we consider again the problem of estimating outputprobabilities p1,...,pr, from quantum circuits V;,...,Vr,
defined as in Eq (63) Each of these circuits resembles a Hadamard test We define the random variables corresponding
to the good outputs of each circuit as X1, ..., X1, where E[X;] = p;, for i = 1,..., L Let us approach the problem from
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the point of view of MLQAE If we assume that each estimate is obtained through MLQAE and that the estimator
reaches the Heisenberg limit, then each estimator py, ..., pr, that uses either near-term AE [69] has an error proportional
to:

€ = = —, (B4)

where 02 = p;(1 — p;) — F is the Fisher information of the ith random variable X; associated with p; — instead of the

classical €2 = 25 However, if these amplitudes are summed classically, the uncertainty propagation obeys again the
n

rules of classical propagation of the uncertainty This is due to the Stam inequality, which argues that for L random
variables X7, ..., X1, the Fisher information of any given parameter obeys the following bound [123, 124]:

1 1 1
> o+ .
F(Xi+..+X1) = F(Xy) F(X1)

(B5)

As a consequence, for the sum of amplified estimates with Heisenberg-like scaling of the classical Fisher information
— see Ref [69] —, we have the following bound for the error:

L
1 o?
2 2 )
€ > > w; ———. B6
T F(Xi 4.+ X)) T Zi:1 NOE (B6)

The total number of queries from all circuits can be minimized with respect to n,(f), 1 = 1,..., L using Lagrange

multipliers [22]:

Wl

L /L 3
N, = Zn((;) = %Z (Z(Zoiwg) > ~ 0 (L\ZZ) . (B11)

As expected, we obtain a partial improvement over the classical evaluation even by implementing MLQAE However,
the improvement is worse than a LCU circuit where MLQAE is applied It seems that the typical LCU entanglement
is needed in order to obtain a better improvment It is unclear whether another MLQAE approach could obtain
an asymptotical sampling complexity of O(L/¢) without the use of an LCU circuit If the estimation is divided on
batches of size k, which are encoded in corresponding LCU circuits and subsequently amplified, and whose results are
then summed classically, one has a complexity of O(% L/k), which reduces to both the LCU and SE amplfied case
for k =1 and k = L, respectively

a. Classical shadow tomography for quantum cost functions

To better contextualize the use of the LCU in estimation, we want to compare it to other popular estimation
strategies that emerged in the last years: Tomography based on classical shadows [16, 84] A classical shadow p is an
estimator of the true density matrix of a quantum experiment p It can be used to estimate the mean value of any
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observable with respect to p In facts, for any channel acting on p — d = 2™ for n qubits —, we can write [16, 81]:

d
Qp) =Y Ey~, [tr{UpUT 1) (1}UT 1) | U], (B12)

=1

where U ~ v denotes random sampling from the Haar measure Then the estimator p
p=Q U (U) (B13)

is an unbiased estimator of p [81], which can be used to estimate mean values of arbitrary observables For an observ-
able with L non-zero non-commuting Pauli coefficients, the sampling complexity is O[Llog(L)/e*] The significant
reduction in the number of queries needed is traded off with a worse scaling with the precision € In the presence of AE
sampling, as we see from Eq (B11) — see also [81] —, the variance of the estimator reduces to O(v/L/¢), which results
in O[V/Llog(L)/€*] In order to be performed efficiently, classical shadows have two requirements: (a) the inversion
operation of the channel needs to be efficient [6] and (b) an efficient method to sample Haar random unitaries U ~ v
needs to be available Both the classical shadow approach and the approach that uses the Jordan algorithm speed
up the oracular evaluation of multiple observables, but do not reduce the variance If the estimation of a quantum
cost function is carried out using the shadow estimation protocol, the estimation of its gradient can, in theory, also
be carried out using the same method [6] General gradient estimation of quantum cost functions based on LCU,
finite-difference or PSR approaches has a linear dependence from the number of variational parameters N, ie, O(N)

This represents a significant bottleneck to the efficient implementation of variational circuits optimization [14] and
quantum machine learning algorithms [24, 27] In this case, we know that estimating the gradient of a quantum cost
function with observable O that evolves with a unitary V; = exp{—iH;6;} corresponds to estimating the mean value of
the observable i [O, H;] For a sequence of independent gates with the same structure, a nested estimation is required

; ; T .
in which i [0;, Hy], O; = [[;, Vip (H;:l Vi) fully determines the gradient component 8%1-0(0@') fori=1,..,N

Ref [6] shows that no general backpropagation can be accomplished without access to a quantum memory However,
there seem to be classes of circuits that are not classically simulable and whose gradients can be sampled in sub-linear
time with respect to the number of parameters N [5]

1. SU(d) gradient with coherent state

We consider the cost function C(0) = tr{V.(0)pVe(0)'Zpoa} A generalization to arbitrary observables can be
achieved by implementing either the SE or the LCU estimator A generalization to positive and negative linear
combinations is given in Section IID The gradient of the cost function is provided in Eq (88) for a unitary V.(0) =
e~ Hobo+H101)AL _ g0 B (107) The derivative with respect to 6, evaluated at 6; = 0 is given by:

0o 9 1 l
ag‘e(f) o = tr{a‘gc—e(f)pVJ(e)Zprod} =2[a||, ;Re{%tr{ (%) aleO(Hl)pc(O)Zprod}} (B14)

where on the right hand side we used the substitution p.(68) = V.(0)pV.(8) We note that for a complex value z € C:

c

—Im{z} | mod4=1

. —Re{z} | mod4=2
Re{i'z} = B15
e{i'z} Im{z} [ mod4=3 (B15)

Re{z} I mod4=0,

so we cannot simply move the i’ outside of the real part operation The adjoint term is computed by the circuit given
in Fig 8 (b) for a given order I Furthermore, we use a Hadamard test-like circuit For a renormalized observable
Zproa whose mean value lies in I = (—1,1), we can always use LCU and a Hadamard test [50, 87] to estimate
1 (1 £ Re{pc(0)Zproa}) (using the Hadamard gate H) and/or 1 (1 +Im{p.(6)Zpr0a}) (using the Hadamard gate and
the S gate, HS) We introduce a multi-controlled register for the LCU summation that goes from 0 to L — 1 with
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r = [log(L)] qubits :

M)

‘\/2AtL> Z 1), (B16)
VM = V!
1 —
where My, = leol |2ﬁt‘ is the renormalization factor We then use a Hadamard test circuit with Z,,04 as measure-

ment and controlled commutator circuits [ =0, ..., L — 1 as in Fig 8 (b), we can estimate the quantity:

L—1 .
gk =1 (u o > 220 Re{tr{(z'/2>laleo<H1>pc<e>zpmd}}>, (B17)

In the limit of L approaching infinity, we have the coherent state:
%  SoAT)
‘\/QAt> =e 12y % Iy, (B18)
1=0 :

and

o l
q:OI:O = % (]_ + ./\/;I.At ; @ Re{tr{(—i/?)ladiqo (Hl)pc(a)Zprod}}> ’ (Blg)

where Ma; = exp{2|At|} is the normalization coeflicient of the coherent state The estimate given by the commutator
circuit is already renormalized thanks to the [l Hadamard gates in Fig 8 The addition of a number [ of .S gates provides
the (—i)! terms Eq (B19) does not match Eq (B14) yet In order to match the two equations up to a constant, we
change the first controlled operation on the LCU register to be the identity, whereas the operator that corresponds
to aleO (H1) is conditioned on the next entry in the register As a result we have:

MAt < +§: (2At)! <—l>l 1Re{l 1tr{ leOl(H1)pc(9)Zprod}}>]v (B20)
I=1

e == |1+

1
2

and

2 Re{ (-i/2)" tr{adl, <H1>pc<0>zpmd}}> = (B21)

1 0
My < (0 )+At6_6‘10( )’ _(1,0)T>’

with the bias b(0) = Re{tr{p.(0)Zpr0d}} that needs to be removed The variance analysis of the LCU approach shown
in Table I implies a O(M3,/€?) = O (64|At‘ / 62) asymptotic sampling complexity For an approximation index L we
have O(M?2 /e?) As the de-biased estimate is multiplied with At, compensating for it will increase the variance by a
factor 1/ At2 As such, the optimal choice for At is O(1) Amplitude estimation reduces the sampling complexities
by a quadratic factor The required coherent states can be constructed efficiently with, e g , the quantum algorithms
developed in [125, 126]

2. Quantum control gradients

In quantum control problems, the unitary dynamics is determined by the Hamiltonian with drift operator Hy and
control operators Hy,..., Hx_1:

K-1
Hy(t) = Ho+ Y Hyup*(t). (B22)
k=1
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The time-dependent control pulses wuy *(t), ..., u??i’ll depend on parameters ¢, ..., ¢px_; The solution of the control

problem depends on a parameter vector ¢ = (¢,...,¢5_1)T The unitary control dynamics with time-ordering
operator 7T is given by:

T

V¢(t0,T) = Texp{—z’ H¢(T)d’7’}. (B23)

t=to

We want now to consider the case, similar to Refs [44, 53], in which we aim to perform a variational pulse-level
optimization of a quantum cost function using the unitary Eq (B23) Therefore, we need to estimate the gradient of
such quantum cost functions with respect to the control dynamics

a. Continuous GRAPE gradient

We study now the derivative of the cost function C(¢) = tr{V¢(to, T)pV(}; (to, T)O} —see Eq (118) — with respect

to the control parameters ¢;;, where i refers to the ith real parameter value of the vector ¢; that corresponds to the
Jjth control operator [52, 53]:

8V¢t T u’s (1)
quIO} +tr V¢pa¢ O, = +i/ tr{p(T)V¢(t0,T)HjV¢(t0,T)O}adeT = (B24)
i to ij

oc(9) _ { Ve
0¢ij 0¢ij

®,
du;” (1)
Oij

T,

T o’ (r T
i tr{p(T)[Hj<to,r>,O]}éTydT=—z‘ | st

where p(T') = Vg (to, T)pVe (T, to), H;(to, ) = Va(to, 7)H; Vs (T, t0) and S?(T) = tr{p(T)[H,(to,T), 0]} Here we used
the property of the propagator V(to,T) = V(to,7)V(7,T) and the cyclic properties of the trace We see that the
gradient of the quantum cost function with respect to the pulse parameters is equal to the time integral of a different

time-dependent quantum cost function multiplied with the derivative of classical time-dependent signals u;bj (1), which
can be determined using classical automatic differentiation of the input pulses coming from an amplitude waveform
generator

b. LCU GRAPE circuit

Similarly as in the case of the SU(d) gradient, the quantum control gradient consists of a (continuous) sum of
estimates of quantum observables Due to the presence of the integral, this gradient can be evaluated using either
the analog or the standard LCU approach [1] Another possibility is to use the GRAPE approach [100]: the time
propagation of the pulse is divided in a sequence of time samples tg,t1, ..., tn,.—1 for a pulse u(tp), w(t1), ..., u(t Ny —1)
In this case, the gradient is given by a discrete sum of terms — see Eq (121) —, which can be estimated using the
circuit given in Fig (10) (b) The length of the circuit grows here as O[Nr log(N7)], which is the number of discrete
time step considered to represent the continuous integral given in Eq (119)

As the GRAPE circuits is particularly challenging to implement on basic quantum devices, it cannot be used to
perform gate set optimization and compilation on quantum hardware It can be implemented, however, in contexts
where quantum control is used as an ansatz for variational quantum algorithms [108] and on a quantum hardware
platform that allows for efficient implementations of multi-qubit operations In particular, the amplified version of this
gradient allows for quadratic speed-up over naive gradient evaluation, due to the presence of a (coherent) quantum
summation process instead of a classical one

Appendix C: Truncation Error in the Gradient Series

By inserting the expansion defined in Eq (102) into the gradient given in Eq (90), we obtain:

VeC(0) = Ti(0), (C1)
=0
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with

T = (z(ff); 611 Re Tr (i) Vadyy (G)U). )

and substituting G = VoH (@) For an Lth order expansion

L
VoCr(0) =Y Ti(6), (C3)
1=0
the remainder is then given by
RL(0)= > Ty(0) (C4)
I=L+1

In the following sections we will derive bounds and estimations for the square of the truncation error Ry,

Appendix D: Gradient Convergence with Random Operators

We consider the Hermitian operators A and B, which are sampled from 2 Gaussian Unitary Ensembles (GUE) of
operators, parametrized by the Dyson indexes 84, 85 and operator norm expectation values A% = E [Tr(AQ)] =
E Y, (AM?], AL =E [Tr(B?)] =E[X,_; AP], where A, AP are the eigenvalues of A, B respectively The GUE
is defined by the following Gaussian measure defined on the space of d x d complex Hermitian matrices [127]:

1 —d i (H)?
- emsu{Hy D1
ZGUE (D1)

2
where the partition function is given by Zgug = 2d/2 (%)ﬁZT In the simulations and derivations that use random
Hamiltonians — see, e g, Fig 9 — such Hamiltonians are sampled using Eq (D1) We furthermore consider the
unitaries to be U,V ~ Haar on U(d), where we first treat the case of independent U and V' to then generalize to the
correlated case as required for partially optimized systems We are interested in deriving statistical properties of the
remainder defined in Equation (C4) Using the unitary invariance of the trace, we can express the operators in the
diagonal basis of A, so that

A =Udiag(\,...,\) UT, (D2)
N——’
A

with the diagonal operator A In this basis B is expressed as
3 d
B=3_ bylp)al- (D3)
p,q=1

For the first order we consider the commutator,

d
[A,B] = ) (A = Ag)by ) (al - (D4)
p,q=1
This generalizes to the adjoint operator recursively:
d
ady(B) = [A,ad’; 1 (B)] = D (\p — Ag)'bpq ) (al, (D5)
p,q=1

which conveniently does not introduce additional sums Multiplication with the unitary operator V', which we also
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represent in the eigenbasis of A as V = ZZ =1 Vpq ) (gl gives

d

Z (Ap — )‘q)lvrpbpq Ir) (al - (D6)
p,q,r=1

The (real) trace of this is then equivalent to the original operators, and reduces to

Fad'; (B)

Re{Tr (Vadg(B))} - Re{Tr (Vadg(é))} - zd; (Ap — Ag) Re{vgpbpq }- (D7)

Similarly for the complete remainder term, we have

00 d 0o
1 (=161 Ay = Ag)"
RFZTF-Z e(vabpa) D T (D8)
d (I+1)!
I=L+1 q=1 I=L+1
The expectation value of the squared remainder follows as
Z Re(o 2 i (=)0 F™E [(Ap — Ag) ™ (9)
L 7 qp qp | | ’
d S LT (m+ DI+ 1)!

Due to circular symmetry of the Haar measure unitary, we have E[v,]
1

3 For B meanwhile we have E[bg]

E[v2)]

qp

0 and E[qup||2]
2 A%
0 and E[”bqp”]

=£ (for p # q) Hence we find
9 1 A%
E [Re(vqpbqp) ] = §E[qup|| JE [”bqp” ] =

22 | summed over d(d — 1) index combinations (p,q) with p # ¢

We will approximate the eigenvalue distribution without correlations, neglecting the level repulsion, using the large
d limiting case known as the Wigner semi-circle law [128], so that the eigenvalue distribution is approximated as

%\/32 — X2 for |\| <R, (D10)

with R = 2A4 Due to the symmetry of the Wigner semi-circle law, the odd moments vanish E[\>™*1] = 0 for the
even moments we have

1 Ry M om
2my __ — 2m
E[A }m+1<2> (m> Cnl4

(D11)
with the Catalan numbers C,, = ni_l (2:) Hence we find using binomial expansion
2m 2m
E[(Ap = Ag)*™] = < l >(—1)Z]E[)\;]IE[)\3’” =A% Z < >ClCm I (D12)
1=0
with all odd terms vanishing
We hence find for the remainder in Equation (D9), using the substitution 2k =1+ m
A2d(d—1) & ok o (2K R 1
E[R]] = 2 —— 6||A CiC— . D13
Bl = 2 S (o™ Y (5)600 Y m (D13)
k=L+1 1=0 m=L+1
To leading order (i e, setting k = L + 1) the final sum contributes only a single term 1/(L + 2)!?, so that
Aj(d—1) 1) es (5T G0
E[R}] ~ 25— (|6]|Aa)" " Z )

L+2)2 (D14)
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1. Generalizing the result for the infidelity

The gradient of the infidelity, which is computed with the Hilbert-Schmidt test, is given by:

VoC(8) = 5 Re{tx{ (V(6)UT) ® (VoV (O)U")}}. (D15)
By using the SU(d) derivative:
VoV (6 Z ' \9||1adH(9) (VeH(0)) V(0) =) W, (D16)
l:O _

so that
ToC(6) = 53 Rl (VO)') & ()} =3 o17)
1=0 =0

We now turn to the squared truncation error of the gradient of the (in)fidelity, which is given in Eq (92) We
denote this truncation error with Ry = Z?iLH 7, The procedure is the same as for the gradient of the POTQ
circuit In this case, Eq (D9) becomes:

d o) 4+m l+m I+m
1 (-1 10| E [()‘p —Ag) ]
E[R?] = 7 Z E [Re(vss ”qpbqp)2] Z X (D18)
| |
d it LIt 1 (m+ D1+ 1)!
where we reuse [V(0)U T] p.q = Upq Using column phase invariance, the expectation values expand as
1 1
E [Re(vss vgpbgp)®] = 5E[Ilvssll2 [[vgp I [1bgp]I*] = 51['3[||vssH2 [vgp|1*] Elllbgp]|”]- (D19)

The v-dependent term contains correlations between the components, due to the column normalization, which can
easily be derived via the fourth order moments for Haar unitaries, so that

= for sé&pq

L for s€pqq=s
E[||vss |I* lvgp1*] = {d(d“) : (D20)

Hence, with E[||bg, %] = %25, we find for the sum

d d
1 2 d—2 d? -2
2] _ 21 _ 2
Ei E [Re(vss vgpbep)*] = 3 E, (d(d+ 0 t T 1) Ellbepll”] = — 5 A5 (D21)
P,q,s=1 p,q=1
__d2-2
TaZ(d-1)

The squared truncation error of the fidelity gradient can therefore be approximated asymptotically as:

A(d? — 2)

a3(d—1) . E[RZ). (D22)

E[R}] = B[R] ~ —

2. Partially optimized U

When using the gradients to optimize V', we can no longer assume random V In the following section we discuss
the changes to our estimation theory introduced by these correlations for the most pertinent case, the minimization

of the infidelity between U and V(6) With a fidelity F = - |tr (V( QSP)UJF)|2 = |t (W))* we can decompose
W = Zf 51 w; P;, where P; are the n qubit normahzed Pauh matrices, with Py = I and the w; are the Pauli

expansion coefficients, so that |wg|? = F and ZZ 1 "Jwi|? =1—F We assume that the remaining d? — 1 components,
that are not constrained by the fidelity, can still be considered as randomly sampled according to the Haar distribution,
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and only constrained to the reduced normalization 1 — F' In order to compute the resulting expectation value, let us
rewrite the gradient of the infidelity from Eq (D15) as

Vol(8) = _Zi Re {Zz (V(O)UT)” tr(ng(e)UT)}, (D23)
—_——
=w}
where we used the property of the trace tr{A ® B} = tr{A}tr{B} for complex matrices A, B We use again the
expansion:

Vol = Z z+1 ||9||l adi9)(Vel1(6)) V., (D24)

so that

Il\.’J
8
|l\3

Vol(6

Re [ (<1181 tr (ady (Vo (6)) W) ] = di (D25)

=0

2
The trace of a product of matrices represented in the (normalized) Pauli expansion picture,ie, A = ijfl a; P; and

2
B = Z?:T b; P;, where P;, P; are normalized n-qubit Pauli strings, is given by:

d?—1

=Y abi. (D26)
1=0

The adjoint operators are composed of commutators, which are traceless, and hence the first Pauli component of the
2
adjoint vanishes By separating W = Wy 4+ W,., so that Wy = woPy and W, = Z?:II w; P;, we can transform

d
tr (adly g (Vo (6) W) = tr (adiy (Vo (0) Wy ) = D7 (p = M) vapbpa, (D27)

p,q=1

where we reuse the previous notation, where B = Vo H (6), but with the reduced amplitude [W,],, = v4p We know,
that W = wol + iy/€A, with |wo|?> = F, e = 1 — F and identifying Wy = wol, W, = i\/€A, where A is unitary We
are then left with E[|v,e|*] = § = 15F Hence, for the correlated remainder R; = >;°; ., 7, the expected value over
random Hamiltonians Hy and H; reads:

d 00

(=00 E [(Ap =A™
= ‘qu‘ E[|bgp| ]lm;—H (m+ D+ 1)
[1-FO)]A}; D)™ E [(A = A)*™]

_ P S 2 B -3
d? d(d ) 2d? lm;+1 (m+ DI+ 1)!

2 1IFE) - PO §~ DO E 0, — 3]

(m+ DI + 1) (D28)




